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THE GAUSS IMAGE OF ENTIRE GRAPHS OF HIGHER
CODIMENSION AND BERNSTEIN TYPE THEOREMS

J. JOST, Y. L. XIN AND LING YANG

ABSTRACT. Under suitable conditions on the range of the Gauss map of a com-
plete submanifold of Euclidean space with parallel mean curvature, we construct
a strongly subharmonic function and derive a-priori estimates for the harmonic
Gauss map. The required conditions here are more general than in previous work
and they therefore enable us to improve substantially previous results for the
Lawson-Osseman problem concerning the regularity of minimal submanifolds in
higher codimension and to derive Bernstein type results.

1. INTRODUCTION

We consider an oriented n-dimensional submanifold M in R"* with n > 3, m >
2. The Gauss map v : M — G, ,,, maps M into a Grassmann manifold. In fact,
for codimension m = 1, this Grassmann manifold G, ; is the unit sphere S". In
this paper, however, we are interested in the case m > 2 where the geometry of this
Grassmann manifold is more complicated. By the theorem of Ruh-Vilms [16], 7 is
harmonic if and only if M has parallel mean curvature. This result applies thus in
particular to the case where M is a minimal submanifold of Euclidean space.

Now, the Bernstein problem for entire minimal graphs is one of the central prob-
lems in geometric analysis. Let us summarize the status of this problem, first for
the case of codimension 1. The central result is that an entire minimal graph M of
dimension n < 7 and codimension 1 has to be planar, but there are counterexam-
ples to such a Bernstein type theorem in dimension 8 or higher. However, when the
additional condition is imposed that the slope of the graph be uniformly bounded,
then a theorem of Moser [15], called a weak Bernstein theorem, asserts that such
an M in arbitrary dimension has to be planar. Thus, the counterexamples arise
from a non-uniform behavior at infinity. In fact, by a general scaling argument, the
Bernstein theorems are intimately related to the regularity question for the minimal
hypersurface equation.

A natural and important question then is to what extent such Bernstein type
theorems generalize to entire minimal graphs of codimension m > 2. Moser’s result
has been extended to higher codimension by Chern-Osserman for dimension n = 2
[3] and Barbosa [2] and Fisher-Colbrie [5] for dimension n = 3. For dimension n = 4
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and codimension m = 3, however, there is a counterexample given by Lawson-
Osserman [14]. In fact, their paper emphasizes the stark contrast between the
cases of codimension 1 and greater than 1 for the minimal submanifold system,
concerning regularity, uniqueness, and existence. The Lawson-Osserman problem
then is concerned with a systematic understanding of the analytic aspects of the
minimal submanifold system in higher codimension. As in the case of codimension
1, the Bernstein problem provides a key towards this aim.

While the work of Lawson-Osserman produced a counterexample for a general
Bernstein theorem, there are also some positive results in this direction which we
shall now summarize. Hildebrandt-Jost-Widman [10] started a systematic approach
on the basis of the aforementioned Ruh-Vilms theorem. That is, they developed and
employed the theory of harmonic maps and the convex geometry of Grassmann man-
ifolds, and obtained Bernstein type results in general dimension and codimension.
Their main result says that a Bernstein result holds if the image of the Gauss map
is contained in a strictly convex distance ball. Since the Riemannian sectional cur-
vature of G, ,,, is nonnegative, the maximal radius of such a convex ball is bounded.
In codimension 1, this in particular reproduces Moser’s theorem, and in this sense,
their result is optimal. For higher codimension, their result can be improved, for
the following reason. Since the sectional curvature of G, ,, for n,m > 2 is not con-
stant, there exist larger convex sets than geodesic distance balls, and it turns out
that harmonic (e.g. Gauss) maps with values in such convex sets can still be well
enough controlled. In this sense, the results of [10] could be improved by Jost-Xin
[12], Wang [18] and Xin-Yang [21]. In [I2], the largest such geodesically convex set
in a Grassmann manifold was found.

Formulating it somewhat differently, the harmonic map approach is based on the
fact that the composition of a harmonic map with a convex function is a subhar-
monic function, and by using quantitative estimates for such subharmonic functions,
regularity and Liouville type results for harmonic maps can be obtained. The most
natural such convex function is the squared distance from some point, when its do-
main is restricted to a suitably small ball. As mentioned, the largest such ball on
which a squared distance function is convex was utilized in [10]. As also mentioned,
however, this result is not yet optimal, and other convex functions were system-
atically utilized in [21I]. In that paper, also the fundamental connection between
estimates for the second fundamental form of minimal submanifolds and estimates
for their Gauss maps was systematically explored. On this basis, the fundamental
curvature estimate technique, as developed by Schoen-Simon-Yau [17] and Ecker-
Huisken [4], could be used in [21].

Still, there remains a large quantitative gap between those positive results and
the counterexample of Lawson-Osserman. In this situation, it could either be that
Bernstein theorems can be found under more general conditions, or that there exist
other counterexamples in the so far unexplored range.

In the present paper, we make a step towards closing this gap in the positive
direction. We identify a geometrically natural function v on a Grassmann mani-
fold and a natural quantitative condition under which the precomposition of this
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function with a harmonic (Gauss) map is (strongly) subharmonic (Theorem [B.1]).
When the precomposition of v with the Gauss map of a complete minimal subman-
ifold is bounded, then that submanifold is an entire graph of bounded slope. On
one hand, this is the first systematic example in harmonic map regularity theory
where this auxiliary function is not necessarily convex. On the other hand, the
Lawson-Osserman’s counterexample can also be readily characterized in terms of
this function. Still, the range of values for v where we can apply our scheme is
strictly separated from the value of v in that example. Therefore, still some gap
remains which should be explored in future work.

Our work also finds its natural position in the general regularity theory for har-
monic maps. Also, once we have a strongly subharmonic function, we could derive
Bernstein type results within the frame work of geometric measure theory, by the
standard blow-down procedure and appeal to Allard’s regularity theorem [I]. By
building upon the work of many people on harmonic map regularity, we can obtain
more insight, however. In particular, we shall use the iteration method of [10], we
can explore the relation with curvature estimates, and we shall utilize a version
of the telescoping trick (Theorem [ALT]) to finally obtain a quantitatively controlled
Gauss image shrinking process (Theorem [5.1]and Theorem [6.1]). In this way, we can
understand why the submanifold is flat as the Bernstein result asserts. More pre-
cisely, we obtain the following Bernstein type result, which substantially improves
our previous results.

Theorem 1.1. Let z® = f(z',--- ,a2"), a = 1,---,m, be smooth functions de-
fined everywhere in R™ (n > 3,m > 2). Suppose their graph M = (z, f(z)) is
a submanifold with parallel mean curvature in R"™™. Suppose that there exists a
number By < 3 such that

Of*Of*\13
(1.1) Ay = [det (5 + Za: o 9a)| <00
Then fY,---, f™ has to be affine linear, i.e., it represents an affine n-plane.

The essential point is to show that v := Ay is subharmonic when < 3. In fact,
when v < By < 3, then Av > Ky|B|* where K| is a positive constant and B is the
second fundamental form of M in R™™™. This principle is not new. Wang [18] has
given conditions under which logv is subharmonic and has derived Bernstein results
from this, as indicated above. He only needs that v be uniformly bounded by some
constant, not necessarily < 3, but in addition that there exist some 6 > 0 such
that for any two eigenvalues \;, A\; with ¢ # j, the inequality |[\;\;| < 1 — ¢ holds
(the latter condition means in geometric terms that df is strictly area decreasing on
any two-dimensional subspace). Since subharmonicity of logv is a weaker property
than subharmonicity of v itself, his computation is substantially easier than ours,
and our results cannot be deduced from his. In fact, v* = [](1 + A?), and while the
condition of [12] which can be reformulated as v? being bounded away from 4 implies
the condition of [I§] so that the latter result generalizes the former, the condition

needed in the present paper is only the weaker one that v? be bounded away from
9.
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In fact, somewhat more refined results can be obtained, as will be pointed out in
the final remarks of this paper.

2. GEOMETRY OF GRASSMANN MANIFOLDS

Let R™™ be an (n 4+ m)-dimensional Euclidean space. Its oriented n-subspaces
constitute the Grassmann manifold Gy, ,,,, which is the Riemannian symmetric space

of compact type SO(n +m)/SO(n) x SO(m).

G,,.m can be viewed as a submanifold of some Euclidean space via the Pliicker
embedding. The restriction of the Euclidean inner product on M is denoted by
w: Gy, X G — R

w(P,Q)={e1 N---Nep, fi N+ N\ fn) =det W

where P is spanned by a unit n-vector e; A --- A e,, () is spanned by another unit
n-vector fi A--- A fn, and W = ({e;, f;)). It is well-known that

WTW = OTAO

with O an orthogonal matrix and
A=

Here each 0 < p? < 1. Putting p := min{m,n}, then at most p elements in
{u? -, u2} are not equal to 1. Without loss of generality, we can assume p? = 1
whenever i > p. We also note that the u? can be expressed as

1
2.1 2o~

The Jordan angles between P and () are defined by
0; = arccos(p;) 1<i<p.
The distance between P and () is defined by

(2.2) d(P,Q)=1/> 02
Thus, (21]) becomes
(2.3) A; = tan;.
In the sequel, we shall assume n > m without loss of generality. We use the
summation convention and agree on the ranges of indices:
1<ipkl<n 1<a,B,vy<m, a,b,---=1,--- . n+m.

Now we fix Py € Gy, ,,. We represent it by n vectors ¢;,, which are complemented
by m vectors €4, such that {e;, €,1,} form an orthonormal base of R™".
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Denote
U:={P € G, w(P, Fy) > 0}.
We can span an arbitrary P € U by n-vectors f;:
fi= €+ Ziatnia
The canonical metric in U can be described as
(2.4) ds®* =tr((I, + 22" dz(I,, + Z* Z2)*dz"),

where Z = (Z;,) is an (n X m)-matrix and I, (res. I,,) denotes the (n x n)-identity
(res. m x m) matrix. It is shown that (2.4]) can be derived from (2.2) in [20].

For any P € U, the Jordan angles between P and Fy are defined by {6;}. Let
FE;., be the matrix with 1 in the intersection of row ¢ and column « and 0 otherwise.
Then, sec6; sec 0, E;, form an orthonormal basis of TpG,, ,, with respect to (2.4]).
Denote its dual frame by w;,.

Our fundamental quantity will be
(2.5) v(-, Py) :=w (-, Py) on U.

For arbitrary P € U determined by an n x m matrix Z, it is easily seen that

1 m m 1
(2.6) (P, Py) = [det(I, + 2Z")]* = [ [ secto = [ —.
fha
a=1 a=1
where 64, --- , 60, denote the Jordan angles between P and F.

In this terminology, Hess(v(-, Py) has been estimated in [2I]. By (3.8) in [21], we
have

Hess(v(-, Ry)) = Zv Wi, + Z(l +2X2)v W2+ Z AaA3U(Waa ® Wep + Wap @ Waa)
i#a « a#f
= Z v Wi+ Z(l + 222 W + Z Ao AU Waa @ Wag

m+1<i<n,a a#f

(2.7) )
+>a+ Aaxﬁ)v(g(wag +wsa))
a<f
+ (1 — )\a)\g)v<g(waﬁ — wﬁa)>2} .
It follows that

(2.8) v(-, Py) 'Hess(v(-, Py)) = g+ Z 20202+ Z Ao g (Waa @ wsg + Wap @ Waa)-
o aFp

The canonical Riemannian metric on Gy, ,, derived from (2.2) can also be de-
scribed by the moving frame method. This will be useful for understanding some of
the sequel. Let {e;, €,14} be alocal orthonormal frame field in R"*™. Let {w;, wpia}
be its dual frame field so that the Euclidean metric is

9= sz'2+zw72l+a'
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The Levi-Civita connection forms wey, of R™* are uniquely determined by the equa-

tions
dwa = Wab N\ W,

Wab + Wha = 0.

It is shown in [20] that the canonical Riemannian metric on Gy, ,, can be written as

(2.9) ds® = Zw?nJra.

3. SUBHARMONIC FUNCTIONS

Let M™ — R"™™ be an isometric immersion with second fundamental form B.
Around any point p € M, we choose an orthonormal frame field e;,--- e, in
R™™ such that {e;} are tangent to M and {e,. 4} normal to M. The metric on M
is g =Y, w?. We have the structure equations
(31) Wi nta = hoeijwja
where h,;; are the coefficients of second fundamental form B of M in R**™.

Let 0 be the origin of R"*™ SO(m + n) be the Lie group consisting of all or-
thonormal frames (0;e;, €,44), TF = {(p; e1, - ,en) :p € Mye; € T,M, (e;,ej) =
5ij} be the principle bundle of orthonormal tangent frames over M, and NF =
{(p; Cntly 5 Cnim) D E M, eniq € NpM} be the principle bundle of orthonormal
normal frames over M. Then 7@ : TF & NF — M is the projection with fiber
SO(n) x SO(m).

The Gauss map v : M — G, ,, is defined by
v(p) = T,M € G

via the parallel translation in R"*™ for every p € M. Then the following diagram
commutes

TF&NF —— SO(n+m)
M  —= Gy
where 4 denotes the inclusion map and 7 : SO(n +m) — G,,,, is defined by

(05 €4y €nta) —e1 A Aey.

It follows that
(3:2) |dW|2 = Zhiw = |B|2-

(X?Z?]

(2.8)) was computed for the metric (2.4]) whose corresponding coframe field is wj,.
Since (2.4) and (2.9) are equivalent to each other, at any fixed point P € G, ,,
there exists an isotropic group action, i.e., an SO(n) x SO(m) action, such that w;,
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is transformed to w; 14, namely, there are a local tangent frame field and a local
normal frame field such that at the point under consideration,

(33) Wi nta = ’}/*(A)Z'a.
In conjunction with (3] and (B.3]) we obtain
(3.4) V Wia = Naijw;

By the Ruh-Vilms theorem [16], the mean curvature of M is parallel if and only
if its Gauss map is a harmonic map. Now, we assume that M has parallel mean
curvature.

We define
(3.5) vi=wv(-, Py)on,

This function v on M will be the source of the basic inequality for this paper. Its
geometric significance is seen from the following observation. If the v— function
has an upper bound (or the w—function has a positive lower bound), M can be
described as an entire graph on R™ by f : R® — R™, provided M is complete. In
this situation, \; is the singular values of df and

(3.6) v = det (@ﬁzgﬁ%)]é

Using the composition formula, in conjunction with (2.8), (3.2]) and (3.4]), and the
fact that 7(v) = 0 (the tension field of the Gauss map vanishes [16]), we deduce the
important formula of Lemma 1.1 in [5] and Prop. 2.1 in [1§].

Proposition 3.1. Let M be an n—submanifold in R™™™ with parallel mean curva-
ture. Then

(3.7) Av =B +v> 22202 i +v > Aads(haaihs s+ hasihpa),
o, a#B,j

where h,j are the coefficients of the second fundamental form of M in R"™™ (see

(3.1).

A crucial step in this paper is to find a condition which guarantees the strong
subharmonicity of the v— function on M. More precisely, under a condition on v,
we shall bound its Laplacian from below by a positive constant times squared norm
of the second fundamental form.

Looking at the expression (3.7)), we group its terms according to the different
types of the indices of the coefficients of the second fundamental form as follows.

38) v A=Y "Y"h2 4+ L+ Y I+ Y. [HomjLZ[V
a i,j>m j>m j>m,a<f a<f<y
where

(3.9) L= (24+222)h2 0+ > XaXshaaihss),
a a#p
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(3.10) ITjas = 2R2 5, + 213 o5 + 2Xasha sihs.a;,
2
(311) Iy =2R2 5 + 215 o + 282 o5
+ 20N sha 5y 8 e 4 228 A8 a0 & 20 Aaliy. 08P e
and
IVo =(14+2X2)h2 oo+ Y (B2 55+ (24 2)3)03 4,)
(3.12) ore
+) MM pahna + 2 Aadsha,sshs sa-
B#Y BF#a
It is easily seen that
(3.13) I = ZA heas) +Z (2+22) hiaJ22Zh(MJ
Obviously
(3.14) ITjap = AaXs(hapj + hpai)® + (2 = XaXg) (B2 55+ hi o).

1
v= (Ha(l—i-)\i)) * implies (T+A2)(1423) <02 Assume (14+X2)(1423) = C < 02,
then differentiating both sides implies
AadXo  AgdAg

=0.
L4+A2 0 1+ 23

Therefore
d(Mads) = Agdha + Aadg
d\
— D214+ A2) = A2 (1 +22)]—2
(3.15) R e A U wiswey
d\
— (A2 )
(s Q)A5(1+)\3)

It follows that (Aa, A\g) — A A attains its maximum at the point satisfying A\, = Ag,
which is hence ((Cz — 1)z, (C2 — 1)%). Thus A >\ﬁ < (% —1 < v—1 and moreover

Lemma 3.1. [T1,3, > (3= v)(h2 5, + 30 + 12 o)

Proof. 1t is easily seen that
]IIOCB’Y ( )(h'aﬁ'y_l—h'ﬁ'ya_‘_h'yaﬁ)
=(Aahapy + Ashsaa + Ayhyas) + (v — 1= A0)hq
+(v=1=X)h3 0+ (v —1—=X)h

a, By

V0B
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If A2, 03,02 < v —1, then IT1.sy — (3 —v)(hZ g, + h .. + 2 ,5) is obviously

nonnegative definite. Otherwise, we can assume )\3/ > v—1 without loss of generality,
then (14 X2)(1+ A3)(1+ A2) < o® implies A2 <v — 1,23 <v — 1.
Denote s = Aaha gy + Aghg o, then by the Cauchy-Schwarz inequality,

s* = (Aaha,py + Ashpqa)?

A A 2
Ny iy vy S —.  R— WP T CY NS
<V”‘1—A3 7 Jo—1-x2 BM)

( NN (=182

< 1 2 1 _\2 apy T (v—1- )‘%)h%vw)
v—1-=X v—1-A3
ie.
A2 22 -1
27,2 2y72 a A 2
(317) (v—=1=A)hg s, + (v —=1=A3)h5 ., > (U_ i _A%) s”.
Hence
I agy = (3= v)(ha gy + 1o + 12 0p)
9 )\i A% -1 2 2\1,2

A2 Y. 17, )
_[l_l_ <U— 1 _)\a + v—1 _)\%> i|8 + ('U— 1)h77aﬁ+2)‘78h%a6-

It is well known that ax? + 2bzy + cy? is nonnegative definite if and only if a,c > 0
and ac — b* > 0. Hence the right hand side of (3.I8) is nonnegative definite if and
only if

e >‘26 - 2
_ ! )2 >
(3.19) (v 1)[1+<U_1_A3+U_1_A%) |-2>0
ie.
1 1 1 2
(3.20)

< .
U—1—>\3+U—1—)\%+U—1—>\%_U—1

Denote x = 14+ A2, y =1+ A3, 2z =1+ A2. Let C be a constant < v?, denote
Q:{(x,y,z)€R3:1§x,y<v, Z >0, a:yz:C}
and f: Q — R

1 1 1
(x,y,2) — + + .
v—x v—Y vV—2z

We claim f < —2_on Q. Then follows and hence
v—1

ITlasy = (3= 0)(h2 gy + Df o + 12 05)

is nonnegative definite.
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We now verify the claim. For arbitrary € > 0, denote
1 1 1
f e =

v+e—x v+e—y v+e—2z
then f. is obviously a smooth function on
Q. ={(z,y,2) eR*: 1 <z,y<v, z2>0v+2, ayz=C}.

The compactness of €). implies the existence of (xg, yo, 20) € (2 satisfying

(3.21) fe(w0, 90, 20) = Sup e
Fix zg, then (3:21]) implies that for arbitrary (y, z) € R? satisfying 1 <y < v, 2z >
v+ 2 and yz = %, we have
1 1 1 1
fewo(y,2) = <

- < + .
V+E—Y UV+E—Z VH+E—Y V+E—2
Differentiating both sides of yz = x% yields dy—y + d—zz = (. Hence

1 1 d d
i . o

vte—y v4e—z (v+e—y)? (v+e—2)?
v = gy (P p=) dy
(vte—y)? (wte—20ly (v+e—yPlote—2)P>y

(3.22)

It implies that f. ., (y, y%o) is decreasing in y and yo = 1. Similarly, one can derive
2o = 1. Therefore
2 1 2
= f.(1,1,C) = < :
Sglzlspfa fe( ) v+5—1+v+5—0 vt+e—1

Note that f. — f and 2 C lim._+ €2.. Hence by letting ¢ — 0 one can obtain

2
f<5

O
Lemma 3.2. There exists a positive constant €y, such that if v < 3, then
IV > eo(hl go + > (h2 55+ 203 5.)).
Ba

Proof. For arbitrary ¢ € [0,1), denote C' = 1 — &g, then
(3.23)

Vo = 0(hae + D (1 55 + 215 5a)

BFo
Z Ashgga)® + (C A+ A)RE oo + Y [Ch2 g5+ (2C + A3)B3 5o + 2XaAsha 3505 50
B#a

ObV10usly

Ch2 55+ CTININERS 5o + 2XaAsha,5R5 50
> (C2he s + C 2 Aadghppa)? > 0,
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hence, the third term of the right hand side of (3:23)) satisfies

(3.24) ChZ 55+ (2C + X5)h3 5, + 2XaAshasshs sa > (2C + X5 — CTININ)RE 4,

If there exist 2 distinct indices 3,y # « satisfying
20+ 05— CTIAAE <0
and
20+ A2 — CT'A2N2 <0,
then A2 > C and
202 202

2 2
ABZW, )\72)\2_0

It implies

(A2 +1)(\2 +2C% — (C)?
(A2 - C)?

L+ M)+ A1+ A2) >

Define f :z € (C,+00) — (Hl)éﬁé(;; _0)2, then a direct calculation shows

1 2 2 (z-CR2CH+3))(z+0O)
t+1  2420°-C 1-C @+ D@12 =Yz =C)

(log f)' =

It follows that f(z) > f(C(2C +3)) = CZH e,

(2C+1)3

(3.25) v? > (1+A3)(1+A§)(1+A3) > o

If C' =1, then @0+1)° _ 2—27 > 9; hence there is £; > 0, once g9 < g1, then C'=1—¢

C+1
(2C+1)3

satisfies =5~ > 9, which causes a contradiction to v? < 9.

Hence, one can find an index v # «, such that
(3.26) 20 + )\% — C’_l)\i)\% >0 for arbitrary 5 # «, 7.

Denote s =}, Aghg ga, then by using the Cauchy-Schwarz inequality,

(C+ N2 0o+ D (20 + 22— CTINA)R 4,
(3.27) BF oy
. 2 )\2 -1
> < A 4 Z . B 2) $2
CH+X2 " £= 2C+25 - O

Foy
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Substituting (3.27) and (3.24)) into (3.23)) yields

IV — E() hi aa Z .88 + Qh%,ﬁa))

Ba
>\2
> (s+ )‘vh%va)2 + (

>\2
Z B
C+A2jL 2C+A2

-1
)
TN

(3:28) + 20+ A2 - CLR2 )\Z)hZ

vve
> 1+ (Ciixg - Z 2012 iﬁc—ugxg)_jg

+(2C +2X — C 1)\2 SAVR2 o+ 2M8hy qa.

e

)\2
_ _ 3 _
Note that when m = 2, s = Ayhaaa and ) Braq TR C- TN = 0.

The right hand side of ([B.28) is nonnegative definite if and only if

(3.29) 20 + 202 = C7'A2A2 > 0
and
330) .
)\OC p - 2 —1y2y2 2
1 <C+/\2 " Z 20+ N2 — C—lAaA%> Jee 23— o7 - N 20

B,

Assume 2C 4 2)2 — C7'AZ\2 < 0, then A2 > 2C and A2 > /\220;0’ which implies
2 2 _ x x
(T4+A2)(1+A2) > (’\“H)(/(\gf;g(c L) Define f : 2 € (2C, +00) — * +1)(x+22g(c )
then

(log )’ = N 1 B 1 B 2?2 —4Cx — 2C?*(2C - 1)
&1 =T r+2C(C—-1) z-2C (v+1)(x+2C(C —1))(z—20C)
and hence

min f = f(C(2+ VAC +2)) =2C% +2C + 1 + 20V4C + 2.

In particular, when C = 1, min f = 5 + 2v/6 > 9. There exists €5 > 0, such that
once g < &, one can derive min f > 9 and moreover v* > (1 4+ A2)(1+ A2) > 9,
which contradicts v < 3. Therefore (3:29) holds.

If 20 + X2 — C~'AZN2 > 0, (B:30) trivially holds.

At last, we consider the situation when there exists v, v # «, such that
2 —112 2
204+ X —C7 AN <0
In this case, (3:30) is equivalent to
2
)\B

)\2
31 2 <-1
(3:51) C+A2+B§;QC+/\%—C—1A§A%_

«
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Noting that

A3 e 203 1
20+ X2 —CIN2N2 C— A2 (C_)\g{)21+)\%+)%_,_g_(7£_1)
and let 25 = 1+ A%, then (B.31)) is equivalent to
Ty — 1 C 203 1
32— - < -1
(33) xa+C—1+L§[[C+1_Ia (C+1_xa>2xﬁ_xa:f€é:?_l]_
Denote ;
To — 1  re+20°-C -1
e R 5
C 20°
R A (A TN
Let
Q:{(ajl’... ,Im) ERm:xa>C+1,1gng<gp(za) forallﬁ;«éa,%
(3.33) 2y > (1), Hxﬁ _ 1)2}
B

and define f: Q) — R

(21, am) = ¥la) + D [C(wa) -

BFa
We point out that in (8:33), o and ~ are fixed indices.

£(Ta)
T — @(1a)d

Now we claim
(3.34) sup f =sup f
Q r
where
I'= {(zl,--- JTy) ER™ g > C+ 1,253 =1for all §# a,y,
(3.35) Ty > P(Tq), Hxﬁ =v*} C Q.
B

When m = 2, obviously T' = Q and (3.34) is trivial. We put

Pe(Ta) = @(Ta + ), C(Ta) = ((Ta +¢), &(Ta) =E&(a +¢)
for arbitrary € > 0. If m > 3, as in the proof of Lemma B.1] we define

fa _ ¢($a) + Z [Ce(l'a) _ ge(l'a)

B#a 1'5 - ‘Pa(za)
then f. is well-defined on
Q. = {(:El,--- ) ER™ iy > C 41,1 <ap < o (z,) for all 5 # a,7,

Ty > @%(SL’Q),HSL’B =0’}
B
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The compactness of (2. enables us to find (y1, -, ym) € ¢, such that

(3.36) (ﬂ(yh---,ym)::igpf;
Denote b = ¢.(y), then ([B.30) implies for arbitrary 5 # «,~ that
1 1 1 1
+ > +

xg—b xy—b yg—0 y,—b
holds whenever ZIJ'BZZ'«/ = Ys¥y, 1 < 15 < p2c(Ya) and 7, > = (ya). Differentiating
both sides yields — ﬁ + dm” =0, thus
1 1 dz dx
d(:% ) = G0 b
_ (b* — w1, (24 — 25) dug
(x5 = b)*(zy —b)* x5

Yo (Yo +e+2C2—-C—1)2
(Ya+e—C— 1)

that C' = 1—¢¢) and &, is sufficiently small. In conjunction with y,2s2, = yaysy, <
v?* < 9, we have b* — xgx, > 0. Hence (3.37) implies y5 = 1 for all 5 # «,7. In
other words, if we put

Fa:{([lfl’-.- ,xm) ele'azc+1, [L’B:]_for allﬁ#a’v’
Ty 2 W%(%{)aH&“g =v*},
B

then maxq, f. = maxr, f.. Therefore, (8:34) follows from 2 C |
and lim._,o f. = f.

To prove [B.30), i.e. f < —1 , it is sufficient to show on I,

(3.37)

Similarly to (3.25), one can prove y,b* =

> 9 when gy < g1 (note

Q,r'cy

e>0 €>0

(3.38) U(ra) + (1) = -1

whenever z, > C 4+ 1 and % > ¢(x,). After a straightforward calculation, the

above inequality is equivalent to
(3.39)
224 (2C% — O —2)22 +(C* = 3C* + C+ 1)1y — 02 (22 — (C+2)1q — (C*—C —1)) > 0.

It is easily seen that if

. S+ (207 -C=2)2+ (C?=3C*+C+ 1)t
(340) 2—(C+2)til(lcf‘2—0—l)>0 22— (C+2)t—(C?-C—-1)

then (339) naturally holds and furthermore one can deduce that IV, —eo(h2 .,
> pra(he gs + 203 5,)) is nonnegative definite.

When C' = 1, ([340) becomes

> 9,

t2(t—1
(3.41) inf —i——l—>9
t>3+ft —3t+1
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If this is true, one can find a positive constant 3 to ensure ([3.40) holds true whenever
g0 < e3. Finally,, by taking ¢g = min{ey, £9,e3} we obtain the final conclusion.

(BAT) is equivalent to the property that h(t) = t*(t — 1) — 9(t* — 3t + 1) =
t3 — 10t? + 27t — 9 has no zeros on (%, +00). W(t) = 3t* — 20t + 27 implies
h'(t) < 0 on (%, 10%@) and 1/(t) > 0 on (%, +00), hence

1o+m> B 187—38\/E>

27 0

inf h:h(

> 3+2\/3 3

and (3.41)) follows.

In conjunction with (B.13), (8.16), Lemma B.1] and B.2] we can arrive at

Theorem 3.1. Let M" be a submanifold in R™*™ with parallel mean curvature, then
for arbitrary p € M and Py € Gy, once v(y(p), Po) < 3, then A(v(-, Py) o) >0
at p. Moreover, if v(y(p), Po) < qBo < 3, then there exists a positive constant K,
depending only on By, such that

(3.42) A(v(-, Py) o) > Ko|BJ?
at p.

We also express this result by saying that the function v satisfying (3.42]) is
strongly subharmonic under the condition v(y(p), Fy) < By < 3.

Remark 3.1. If logv is a strongly subharmonic function, then v is certainly strongly
subharmonic, but the converse is not necessarily true. Therefore, the above result
does not seem to follow from Theorem 1.2 in [18].

4. CURVATURE ESTIMATES

Let 2% = f*(x',--- ,2"),a = 1,--- ,m be smooth functions defined on Dy, C R™.
Their graph M = (x, f(x)) is a submanifold with parallel mean curvature in R™*™.
Suppose there is fy € [1,3), such that

Of*df*\13
Denote by €1, -+ , €4, the canonical basis of R"™™ and put Py = € A -+ A €,.

Then by (4.1
U('>P0)07 < 50
holds everywhere on M. Putting v = v(+, Fy) o 7, Theorem B.1] tells us

(4.2) Av > Ko(Bo)| B>
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Let n be a nonnegative smooth function on M with compact support. Multiplying
both sides of (4.2) by 1 and integrating on M gives

(4.3) KO/ |B|277*1§—/ Vn - Vo x 1.
M M

F : Dg, — M defined by
T = (xla"' 7$n) = (xvf(x))

. . . . « . .
is obviously a diffeomorphism. F, aaz =€ + %e,ﬂra implies

0 I e
<F*%’F*@> =0 +; Ot wi

Hence

afe afe .
(4.4) Frg = (% + Z ;; : a—J;;> dridad

where ¢ is the metric tensor on M. In other words, M is isometric to the Euclidean
ball Dg, equipped with the metric g;;dz'dz? (g;; = ;5 + >, %J;l gj; -). It is easily
seen that for arbitrary £ € R",

N2
(4.5) Eigue = €I° + Z (Z &) > e
On the other hand, A; < By implies [[;, ps < B3, with pq, -« -, i, the eigenvalues
of (g;;), thus
(4.6) €96 < BylEl* < 9lE”.
In local coordinates, the Laplace-Beltrami operator is

1 0 0
A=——(VGg'—).
VG Oz (fg 895])
Here (g”) is the inverse matrix of (g;;), and G' = det(g;;) = A}. From (I), (&3)
and (L0) it is easily seen that

1 - i G\ ¢
(47) Sl < B3Il < €(VGgT)E < folel” < Bl¢f”
Following [11] and [I3] we shall make use of the following abbreviations: For
arbitrary R € (0, Ry), let
(4.8) Br = {(x,f(x)) cx € DR} C M.
And for arbitrary h € L>°(Bg) denote

_ hx*1
hirSsuph,  h_g™ =infh,  hg déf'][ h o= Jo el
(4.9) Br Br Br  |Vol(Bg)
’ 1

o™ (£ 10P) (€ (o0, +00),
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(A7) shows that A is a uniform elliptic operator. Moser’s Harnack inequality [L5]
for supersolutions of elliptic PDEs in divergence form gives

Lemma 4.1. For a positive superharmonic function h on Bg with R € (0, Ry,
p € (0,-25) and 0 € [5,1), we have the following estimate

|7L‘p,€R < yh_gg.

Here vy is a positive constant only depending on n, p and 6, but not on h and R.

(E2) shows the subharmonicity of v, and therefore v, p — v + € is a positive
superharmonic function on By for arbitrary ¢ > 0. With the aid of Lemma 1] one
can follow [11] to get

Corollary 4.1. There is a constant 6y € (0, 1), depending only on n, such that

U, R < (1 —50)U+,R+50T2%.

vl

Denote by G” the mollified Green function for the Laplace-Beltrami operator on
Bpg. Then for arbitrary p = (y, f(y)) € Bg, once

B,(p) = {(z, f(z)) € M :x € Dg(y)} C Bg

we have

Br B, (p)

for every ¢ € Hy?(Bg). The apriori estimates for mollified Green functions of [§]
tell us

Lemma 4.2. With o := (0, f(0)), we have

(4.10) 0< Gi( ,0) < cy(n)R*™" on Bpg
G2(-,0) > ci(n)R*™" on Bx.
For arbitrary p € B%,
(4.11) G’(-,p) < C(n)R*™ on BR\B%
Moreover if p < %,
(4.12) / C|verGp) [P 1 < Cn)RP
Br\Bp

Based on (4.3)), Corollary 4.1l and Lemma [£.2] we can use the method of [11] to
derive a telescoping lemma a la Giaquinta-Giusti [6] and Giaquita-Hildebrandt [7].
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Theorem 4.1. There exists a positive constant C, only depending on n and Sy,
such that for arbitrary R < Ry,

(4.13) Rz_"/ |B|* 1 < Cy(vyp— v+7g)
Bpr

2

Moreover, there exists a positive constnat Cy, only depending on n and By, such that
for arbitrary e > 0, we can find R € [exp(—Cae™ )Ry, Ry), such that

(4.14) 1-22—"/ |IBI?*1 <e.
Bpr

Proof. With

R
2

w’ = R™?Vol(Br)G2(-,0)  where o = (0, f(0)),

vl

then

/ va~v¢*1:R—2/ o 1.
BR B%

Choosing (wf)? € Hy?(Bg) as a test function in (@3], we obtain

KO/ |IBI*(w®)?x1 < — V(wH)? - Vuxl= —2/ V' WiV (v — vy g) * 1
Br

Bpr Br
=-2 V- (V(w (v —vir)) — (v—vep) VW) 1
Br
< -2 V- V(w(v — vy g)) * 1
Br
= —2R_2/ wi(v — vy g)* 1.
g

By (@I0]), there exist positive constants cg, ¢4, depending only on n, such that

B> on Br
Hence
/ \B|2 x1 < —2K510Z10§R_2/ (v—vip)*1
(415)

< ¢s(n, Bo) R" *(vyn — 17%)-

By Corollary 41|, vy g — Ur < 5o (ver — v+7g); substituting it into (4LIH]) yields

EI3).
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For arbitrary k € Z*, (£13) gives
k k
SR [ IBP1SCY (whan -~ veain)
(4.16) i=0 Ba—izip, i=0
= C1(V4,R, — V42-+-1R,)
< Ci(fy—1) <20,

For arbitrary € > 0, we take

k= [2018_1],
then we can find 1 < j <k, such that
. 2
(2_]R0)2_n/ |B|2 x1 < —Cl <e.
B. .. k+1
2—7J Rg
Since 277 > 27F > 27201e71 — oxp [ — 2(log2)Cie71], it is sufficient to choose

02 = —2(10g 2)01
O

5. A GAUSS IMAGE SHRINKING PROPERTY

Lemma 5.1. For arbitrary a > 1 and By € [1,a), there exists a positive constant
e1 = ei1(a, Bo) with the following property. If P1,Q € Gy, satisfies v(Q, Py) <
b < By, then we can find Py € Gy m, such that v(P, Py) < a for every P € Gy, m
satisfying v(P, P) < b, and

1 ifb<vV2(14a )2

b—eq otherwise.

(5.1) 1< 0(Q,Py) < {

Proof. Obviously w(P, P) = 1 for every P € G, ,,, which shows G,,,, is a sub-
manifold in a Euclidean sphere via the Pliicker embedding. Denote by r(-,-) the
restriction of the spherical distance on Gy, ,,, then by spherical geometry, w = cosr
and hence v = secr.

Denote o = arccos(a™!) and 8 = arccos(b™!). Now we put v = o — 3 and
(5.2) c=secy= (a0 4+ (1 —a?)2(l—b2)2)"
Once v( Py, P) < ¢, the triangle inequality implies
r(P, Py) < r(P,P)) +r(P,, P,) < arccos(b™!) + arccos(c™!) = a
for every P satisfying v(P, P;) < b, and thus v(P, P,) < a follows.

If b < v2(1 + a‘l)_%, then a direct calculation shows 3 < §, hence v > 3 and
moreover v(Q), P;) < b < c¢. Thereby P, = @ is the required point.

Otherwise b > v/2(1 + a_l)_% and hence ¢ < b. Obviously one of the following
two cases has to occur:
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Case 1. v(Q, P;) < c¢. One can take P, = @ to ensure v(-, P,) < a whenever
v(+, P;) < b. In this case

(5.3) b—v(Q,P)=b—1>vV2(1+a )2 —1.

Case 1I. v(Q, P;) > c. Denote by 6y,---,0,, the Jordan angles between @) and
Py, and put L* = >7,_ . 02, then as shown in [19], if we denote the shortest
normal geodesic from @) to P; by ~, then the Jordan angles between ) and ~(t) are

%t, cee %t, while the Jordan angles between ~(t) and P, are %(L—t), e %’”(L—t).
Hence

o(@.(1)) = [T see (1),

v(v(t), P) = Hsec (%(L —1)).

Since ¢ — [], sec (% (L —t)) is a strictly decreasing function, there exists a unique

to € [0,L), such that I, sec (%(L —t;)) = c. Now we choose P, = 7(to), then
v(Py, P1) = ¢ and

(5.4) b—v(Q,P) =b— H sec (%to).

It remains to show b—[ ], sec (%‘*to) is bounded from below by a universal positive
constant £o. Once this holds true, in conjunction with (5.3) and (5.4),

(5.5) e = min{vV2(1+a")"7 — 1,6}
is the required constant.

to can be regarded as a smooth function on

0= {(b, O, ,0,) € R \/5(1+a—1)—% <b< By,0<6, < g,c < Hsec(@a) < b}

which is the unique one satisfying
O
1;[sec (f(L — o)) =c.

(By (52), ¢ can be viewed as a function of b.) The smoothness of ¢, follows from
the implicit function theorem. Therefore F': 2 — R

(01, ,0p) —b— Hsec (%to)

is a smooth function on 2. ty < L implies F' > 0; then the compactness of ) gives
infq F' > 0, and €9 = infq F' is the required constant.

O

Remark 5.1. ¢, is only depending on a and By, non-decreasingly during the iteration
process in Theorem [G1.
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Theorem 5.1. Let M = {(z, f(z)) : © € Dg, C R"} be a graph with parallel mean
curvature, and Ay < By with By € [1,3). Assume there exists Py € Gy, such that

v(, Py)oy<bonM withl <b< . Ifb< @, then for arbitrary € > 0, one can
find a constant § € (0,1) depending only on n, By and € such that

(5.6) 1<v(,P)oy<l+e on Bsg,

for a point P, € Gy, If b > @, then there are two constants 09 € (0,1) and

g1 > 0, only depending on n and [y, such that
(57) 1 S’U(’Pl)o’}/gb—z—l on B(S()Ro

for a point P, € Gy, p,.

Proof. Let H be a smooth function on Gy, ,,,, then h = H o~y gives a smooth function
on M. Let n be a nonnegative smooth function on M with compact support and ¢
be a H%“?-function on M, then by Stokes’ Theorem,

O:/ div(enVh) * 1

M

:/ gpvn~Vh*1+/ an0~Vh*1+/ enAh 1
M M M

:/ ¢V17-Vh>x<1+/ VQO-V(nh)*l—/ tho-Vn*1+/ ©enAh * 1.

M M M M

Hence

(5.8) / V@-V(nh)*lz—/ goVn-Vh*1+/ hV(p-Vﬁ*l—/ onAh 1.
M M M M

For arbitrary R < Ry, we take a cut-off function n supported in the interior of Bg,

0<np<1l,n=1on Bg and |Vn| < ¢qgR™. For every p < %, denote by G” the
mollified Green function on Bg. For arbitrary p € B 5, inserting ¢ = G”(-,p) into

(E8) gives
(5.9)

VGr(-,p) - V(nh)* 1

Bpr

:—/ G”(-,p)Vn-Vh*l—l—/ hVGp(-,p)-Vn*l—/ G?(-,p)nAh x 1.
Br Br Br
We write (£.9) as

I,=11,+111,4+1V,.

By the definition of mollified Green functions,

(5.10) I, :][ nh =][ h.
By (p) By (p)

Hence

(5.11) lim 1, = h(p).

p—0t
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Noting that |dv|*> = |B|?, we have |Vh| < |VYH||dy| = |VEH||B|. Here and in
the sequel, V¢ denotes the Levi-Civita connection on G, ,,. In conjunction with

(4.11)), we have
uaﬁs%/ GP (-, p)| V|| Vh| * 1
Tr

< sup G*(-, p) sup [V|sup [VEH| [ |B| 1
Tr Tr v Br

(5.12)

NI

< C(n)R*™ sup \VGH|</ |B|? # 1)5\/01(33)
\%

Br

gcl(n)sup\VGH|<R2_"/ \B|2*1)§.
v

Br
Here Tg def BR\BQ and

V={PeG,n: v(PPR) <3},
which is a compact subset of U.

As shown in Section 2] there is a one-to-one correspondence between the points in
U and the n x m-matrices. And each n X m-matrix can be viewed as a corresponding
vector in R™". Define T : U — R"™

Z

Z s (det(I + 227)F —1)————
(tr(ZZT))>

Note that (tr(ZZT))% =(Yia Z2)% equals | Z| when Z is treated as a vector in R™™.

Since ¢ € [0,+00) — [det (I + (tZ)(tZ)T)}% is a strictly increasing function and
maps [0, +00) onto [1,4+00), T is a diffecomorphism. By (2.6)), |7(Z)| = v(P, Py) — 1.
Via T', we can define the mean value of v on Bg by

fBR (T o ’y) * ]_:|

(5.13) =17 Vol(Bp)

Note that 7" maps sublevel sets of v(+, Py) onto Euclidean balls centered at the origin.
Hence the convexity of Euclidean balls gives

(5.14) v(FRr, Py) < supv(-, Py) oy <b.

Br

The compactness of V ensures the existence of positive constants K; and K5, such
that for arbitrary X € TV,

K| X| < |TLX| < Ks|X].

The classical Neumann-Poincaré inequality says

| to-dp<cwm [ |pop.
Dr

Dr
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As shown above, B can be regarded as Dg equipped with the metric g = g;;dz’da?,
and the eigenvalues of (g;;) are bounded. Hence it is easy to get

[ o-arsi<cwm [ [wopa
Bpr Br
Here ¢ can be a vector-valued function.

Denote by d¢ the distance function on Gy, ,,,. Then, by using the above Neumann-
Poincare inequality we have

_ _ 2
/ d%(v,7r) * 1 < K2 }Toq—T(yR)‘ * 1
Bgr Bpgr

< C(n)Kf2R2/ |d(T o)[* % 1
(5.15) B
< C(n)Kl—?KgR?/ |dy|? % 1

Br

= C(n)Kl—?KgR?/ |B|? % 1.

Br

Now we write
h=Hoxy=Hr)+ (Hoy—H(r)),
then

(56.16) 111, = H(¥R) VGP(-,p)-Vn*1+/ (Hoy—HR))VG’(-,p)- Vx1.

Bgr Tr
Similar to (5.10),
(517)  Tim H(7) / VG (,p)-Vyxl= lim H(7p) ][ 0= H(m).
p—)o+ BR p—)0+ Bp(p)

The second term can be controlled by
| oy~ HGW)VE(p)- T
Tr

(5.18) <sup|VEH[sup V| [ da(v,7R)|[ VG (-, p)| * 1
V TR TR

<coR™'sup |[VOH| (/
A\

Bpr

Substituting (£I12)) and (5.13)) into (5.I8) yields

&0w) ([ 9erepper)

(5.19) /T (HOV—H(WR))VGp(gp)-Vn*lgcg(n)s%mVGH\(RZ_"/B |B\2*1>%.

4 R
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From (5.9), 11), 512), (5.16), ((I7) and (519), letting p — 0 we arrive at

h(p) <H(¥r) + c3(n)sup |VOH| <R2_"/ | B|? * 1)5
(5.20) M Br
— lim sup G?(-,p)nAh * 1.
p—0t Br

for every p € B%

The compactness of G, ,, implies the existence of a positive constant K3, such
that

(5.21) IV(-, P)| < K3 whenever 1 < wv(-,P) <3
for arbitrary P € Gy, ,,. Hence by inserting H = v(-, P) into (5.20) one can obtain
1
o00). P) <o(im P) + ks (B [ B <1)’
(5.22) br
— limsup/ G*(-,p)nA(v(-, P) o) * 1.
p—)o+ Br

By Lemma[B5.1], if we put P, = Ag, then 1 < v(-, P;) < 3 whenever 1 < v(-, F)) <

b provided that b < @, which implies v(-,4g) oy is a subharmonic function on Bg.
Letting P = g in (5.22)) yields

(5.23) v(y(p), 7r) < 1+ 3K (1-22—" /

1
| B|? * 1) ’
Br
forallp € B 5. By Theorem [4.1], for every £ > 0, there is 6 € (0, 1), depending only

on n, By and ¢, such that

(5.24) R*™ /B |B|? 1 < c32 K5 %€?
R

for some R € [40 Ry, Ro]. Substituting (5.24) into (5.23)) gives (5.6]).

Ifo > ?, we put g1 = £1(3,50) as given in Lemma Bl Then Theorem K]
enables us to find R € [409 Ry, Ry] such that

1
(5.25) R2—"/B |B?*1 < Zch;?e%,
R

where &y only depends on n and ). Applying Lemma [5.1], one can find P, € G, 1,
such that
(526) U(’_)/R,Pl) S b—€1
and 1 < w(-, P;) < 3 whenever 1 < (-, Fy) < b. Theorem [3.1] ensures that v(-, P;)o~y
is a subharmonic function on Bg. Taking P = P; in (5.22)) yields

1
(5.27) v(1(p), ) < v(3n, P) + cay( 502K 'eDE < b= %
for all p € B 5. Here we have used (5.25]) and (5.26]). From the above inequality

(577) immediately follows.
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6. BERNSTEIN TYPE RESULTS

Now we can start an iteration as in [10] and [9] to get the following estimates:

Theorem 6.1. Let M = {(z, f(z)) : * € Dg, C R"} be a graph with parallel
mean curvature, and Ay < [y with By € [1,3), then for arbitrary € > 0, there exists
d € (0,1), only depending on n, By and €, not depending on f and Ry, such that

1 <wv(,7y(0)oy<1l+c¢ on Bsg,,
where o = (0, f(0)). In particular, if |Df|(0) = 0, then
Af§1+€ on D(SRO-

Proof. Let {e1, -+, €,tm} be canonical orthonormal basis of R"™ and put Py =

1N+ Ne€,. Then Ay < By implies v(-, Py) < fp on Bg,. If 5y < @, we put

Qo = Py. Otherwise by Theorem [5.1] one can find P, € Gy, ,,, such that
(6.1) v(-, Pr)oy < fy—er on By, g,

with constants g and e; depending only on n and (y. Similarly for each j > 1,
if By — je1 < @, then we put Q)9 = P;; otherwise Theorem [5.1] enables us to find
P11 € Gy, ,, satistying

(6.2) v(-, Pig1) oy < Bo — (j + )&y on Byisip .

Denoting

k=[(3- ?)51—1] +1,

then obviously £y — ke < @. Hence there exists Qo € Gy, 1, such that

V6
(63) ’U(~’Q0> oy S b < 7 on B(;IOcRO.

Again using Theorem .| for arbitrary € > 0, there exists 6; € (0, 1), depending
only on n, 8y and ¢, such that

(6.4) (5 Q) oy V214 (1+2)7) 2 on Byyp,
for a point @1 € G,,,,. With r(+,-) as in the proof of Lemma [5.], then
1
7(-,Q1) 0oy = arccosv(-, Q1) Loy < 5 arccos(1 +¢)7".

Using the triangle inequality we get

r(7(0) 0y < 7(-, Q1) o7 +7(7(0), Q1) 0y < arccos(1+¢) 7"
Thus v(-,7(0)) oy < 1+ € on By g, 1t is sufficient to put § = 5108,
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Letting Ry — 400 we can arrive at a Bernstein-type theorem:

Theorem 6.2. Let 2 = f(z!,--- 2"), a = 1,---,m, be smooth functions de-
fined everywhere in R™ (n > 3,m > 2). Suppose their graph M = (x, f(x)) is
a submanifold with parallel mean curvature in R"™™. Suppose that there exists a
number By < 3 with

Of*0f*\12
. - ’ YN < B,
(6.5) Ay = [det (3 + Za: o a7 )| <00
Then f1,--- | f™ has to be affine linear (representing an affine n-plane).

Final remarks

For any Py € G, ,, denote by r the distance function from Fy in G, ,,. The
eigenvalues of Hess(r) were computed in [12]. Then define

Bix(Py) = {P € Gy, : sum of any two Jordan angles between P and Py < g}

in the geodesic polar coordinate neighborhood around F, on the Grassmann mani-
fold. From (3.2), (3.7) and (3.9) in [12] it turns out that Hess(r) > 0 on B,x(5).
Moreover, let 3 C Bx () be a closed subset, then 6, + 05 < 3y < § and

Hess(r) > cot 3y g,

where g is the metric tensor on Gy, ,,,. Hence, the composition of the distance function
with the Gauss map is a strongly subharmonic function on M, provided the Gauss
image of the submanifold M with parallel mean curvature in R"*™ is contained in X.
The largest sub-level set of v(-, Py) in Byx(P) were studied in [12]. The Theorem
3.2 in [12] shows that

1
max{w(P, Py); P € 0B;x(Py)} = 5

Therefore,
{P - Gn,m; U(',Po) < 2} C BJ)((P()),
and

{P € G v(-, Ry) =2} 0B,x(Py) # 0.
On the other hand, we can compute directly. From (2.7)) we also have

Hess(v(+, Py)) = Z v wl + Z(l + 222 w2+ Z AaABU Waa @ Wag
m+1<i<n,a « a#f
V2

+ Z [(1 + )\QAB)U(T(WOJB + wﬁa)>2

a<p
(- Aaxﬁ)v(g(wag _ wﬁa))z].
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It follows that v(-, %) is strictly convex on B;x(F). Moreover, if 0, + 0 < 8y < 7,
then

Hess(v(-, Py)) > (1 — tanf, tanfg)v g = %vg > cos fByv g
a B

where g is the metric tensor of Gy, ,, and

Av(y(+), Py) > cos Bov|B|* > cos By| B>

Now, we define

X(Fy) = Byx(Fy) U{P € Gum; (-, Po) <3} C Gy

The function v(-, Fy) is not convex on all of ¥(F). But, its precomposition with
the Gauss map could be a strongly subharmonic function on M under suitable
conditions.

Therefore, we could obtain a more general result: Let M be a complete subman-

ifold in R™*™ with parallel mean curvature. If its image under the Gauss map is
contained in a closed subset of 3(F) for some Py € Gy, then M has to be an
affine linear subspace.
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