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TILTING MUTATION OF BRAUER TREE ALGEBRAS

TAKUMA AIHARA

ABSTRACT. We define tilting mutations of symmetric algebras as the endomorphism algebras of
Okuyama-Rickard complexes. For Brauer tree algebras, we give an explicit description of the change of
Brauer trees under mutation.

In representation theory of algebras, derived and stable equivalences play a crucial role. Rickard [Ri]
proved that derived equivalent classes of Brauer tree algebras are determined by the same numerical
invariants. Okuyama and Rickard [OK, [Ri2] introduced tilting mutation for tilting complexes in the case
of symmetric algebras, and their tilting mutation plays a crucial role for the study of Broué’s abelian
defect group conjecture. In this paper, we will show tilting mutations of Brauer trees using their tilting

mutation.

1. MAIN THEOREM

In this paper, let A be a finite dimensional k-algebra for an algebraically closed field k and we assume
that A is basic and indecomposable as A-A-bimodules. Let {e,es,--- ,e,} be a basic set of orthogonal
local idempotents in A and put £ = {1,2,--- ,n}. For any i € E, we set P, = ¢;A and S; = P;/radP;.

We denote by mod-A the category of finitely generated right A-modules, by proj-A the full subcate-
gory of mod-A consisting of finitely generated projective right A-modules, by mod-A the stable module
category of mod-A and by KP(proj-A) the homotopy category of bounded complexes over proj-A.

In [Okl], Okuyama constructed a tilting complex induced by a subset of E for a symmetric algebra.
Let us start with the following definition.

Definition 1.1. Let Ey be a subset of E' and put e = ZieEo e;. For any i € F, we set a complex by

(0th) (1st)
T, = P ———0 (i € Eo)
Q; Y P (Z € EO)

where Q; = P; is a minimal projective presentation of e;A/e; Ae A. Now we define T' = ®;cpT; and call

it the Okuyama-Rickard complex with respect to Ey.

Note that this is a special case of silting mutation defined in [A]].
We have the following observation.

Proposition 1.2. [Okl Proposition 1.1] If A is symmetric, then any Okuyama-Rickard complex T is a

tilting complex. In particular Endgo (r0i-4) (T') is derived equivalent to A.

Note that an Okuyama-Rickard complex is not necessarily a tilting complex if we drop the assumption

that A is symmetric.
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Definition 1.3. Let B be a finite dimensional k-algebra. For any ¢ € F, we say that B is the mutation
of A with respect to i and write A = B or B = u;(A) if B is the endomorphism algebra of the Okuyama-
Rickard complex with respect to Ey = E\{i}.

The aim of this paper is to give an explicit description of the change of Brauer trees under mutation.

Let us recall the definitions of Brauer trees and Brauer tree algebras

Definition 1.4. [Alp, [GR] A Brauer graph G is a finite connected graph, together with the following
data:

(i) There exists a cyclic ordering of the edges adjacent to each vertex, usually described by the clockwise
ordering given by a fixed planar representation of G;
(ii) For each vertex v, there exists a positive integer m, assigned to v, called the multiplicity. We call

a vertex v exceptional if m, > 1.

A Brauer tree G is a Brauer graph which is a tree and having at most one exceptional vertex.
A Brauer tree algebra A is a basic algebra given by a Brauer tree G as follows:
(i) There exists a one-to-one correspondence between the simple A-modules S; and the edges i of G;
(ii) For any edges i of G, the projective indecomposable A-module P; has soc(P;) ~ P;/rad(P;) and
rad(FP;)/soc(F;) is the direct sum of two uniserial modules whose composition factors are, for the
cyclic ordering (4,41, - ,iq,¢) of the edges adjacent to a vertex v, S;,, -+, Si,, S, Si,, -, 5, (from
the top to the socle) where S; appears m, — 1 times.
Any Brauer tree algebra is a symmetric algebra which is uniquely determined by the Brauer tree up

to isomorphism.
Now we state main theorem in this paper.

Theorem 1.5. Let A be a Brauer tree algebra and B the mutation of A with respect to the edge 1. Then
B is a Brauer tree algebra, and the Brauer tree of B is given by the following rule, where the multiplicities

of vertices do not change:

(1) the case of which the edge 1 is not at the end;

[e] [e]

(e]
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2. PROOF OF MAIN THEOREM

We define an (n x n)-matrix C4 as C{;‘- = dimzHom 4 (P;, P;) for any i, j € E, called the Cartan matriz
of A. Note that if A is symmetric, then we have C{? = Cﬁ for any i,j € E.
We have the following property.

Lemma 2.1. Let A be a Brauer tree algebra. Then the following hold:
(1) If the Brauer tree of A is given, then the Cartan matriz C4 of A is determined as follows:
(the sum of the multiplicities of the ends of the edge i) if i = j;
C{? = < (the multiplicity of v) if i # j and the edges i and j have the common vertex v;
0 otherwise.
(2) If the Cartan matriz C* of A and dimjExt} (S;, S;) for any i, j € E are given, then we can determine
the Brauer tree of A explicitly.

Proof. The assertion (1) can be checked easily. We show the assertion (2). To prove the assertion (2), we
shall give the cyclic ordering of the edges. Fix i € E. We define a subset [ of Eby I = {j € F' | C’i‘? #0}.
Since G is a Brauer tree, we have a disjoint union I = {i} U Iy U I; satisfying the following:

If ig € Ip and iy € I, then C{:}il =0

Since G is a Brauer tree, for any j € Iy there uniquely exists j' € {i} U Iy such that Ext’(S;,S;/) # 0.
Therefore there exist sequences

i=1d%dt % =i in (iU T

i=4% gt 30 =iin iU L
such that Exty (S, Sje11) # 0 for any 0 < 2 < a and Exth(Sjy,SJ—yH) # 0 for any 0 < y < b. Hence we

can explicitly determine the Brauer tree of A

The following result was proved by [Ri.

Theorem 2.2. [Ril Theorem 4.2] For any Brauer tree algebras A, there exists a tilting complex P in
KP(proj-A) such that the endomorphism algebra Ende(proj_A)(P) of P is a Brauer tree algebra for a star
with exceptional vertex in the center. In particular, up to derived equivalence, a Brauer tree algebra is

determined by the number of the edges and the multiplicity of the Brauer tree.
We show the following easy observation.

Proposition 2.3. Let A and B be derived equivalent symmetric k-algebras. If A is a Brauer tree algebra,

then so is B.

Proof. By Theorem [2.2], A is derived equivalent to a Brauer tree algebra C for a star with the exceptional
vertex in the center. This implies that B is stable equivalent to C'. Note that C' is a symmetric Nakayama
algebra. Hence the assertion follows from [ARS| X, Theorem 3.14]. O
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We also need the following result.

Lemma 2.4. [OK, Lemma 2.1] Let Ey be a subset of E and put e = 3, p e;. Suppose that A is
symmetric and T is the Okuyama-Rickard complex with respect to Ey. Now the endomorphism algebra
B = Endgs (proj-a)(T') of T' is stable equivalent to A and we denote the stable equivalence by F' : mod-A =
mod-B. Then the following hold:
(1) Ifi & Ey, then F(QU(S;)) is a simple B-module;
(2) Ifi € Ep, then F(QUX;)) is a simple B-module where an A-module X; satisfies the following condi-
tions:
(i) top(X,) ~ Si;
(1) soc(X;)e = soc(X;);
(7i1) Q(X;)e ~ S;.

Now we are ready to prove Theorem

Proof of Theorem Let T be the Okuyama-Rickard complex with respect to Ey = {2,3,--- ,n}.

Then T is defined as the direct sum of the following complexes:

(Oth) (1st)
T : P® Ps—— P
T; : P; 0 (1 #1)

(If the edge 1 is at the end, then replace the above first complex with P, — P; or P3 — P;.) Put
B = Endgs (proj-4)(T'). Since T is tilting by Proposition [L2, B is a Brauer tree algebra by Proposition
To determine the Brauer tree of B, we shall calculate the Cartan matrix of B and the extensions
among simple B-modules.

Let C4,CP be Cartan matrices of A, B. We calculate Cg. For any i € E, we denote by PP a

projective indecomposable B-module corresponding to T;.

(i) We show C’g = C{;‘- for any i # 1 and j # 1. Assume i # 1 and j # 1. We can calculate as follows:

Cff = dimgHomp (PP, P)
= dimgHomgs (proj-4) (T3, T})
= dimyHom 4 (P;, P))
_ (A
—cA
Assume ¢ ¢ {1,2,3}.
(i) We show Cf} = 0if Cf} # 0 and C3} # 0. Assume Cf} # 0 and Cg # 0. Then we have Cf} = C3;

and C4 = 0. Therefore we obtain an equation

CE = dimyHomp(PE, PP)
= dimyHomp (proj- ) (11, T;)
= dimpHomy (Pz, P;) 4+ dimgHom 4 (Ps, P;) — dimgHom 4 (P, F;)
=Ch+Cq —CA
=0.

Similary, we have CE = 0 if C{} # 0 and C3} # 0.
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(iii) We show CE # 0 if C{} = 0 and Cs: # 0. Assume Cf} = 0 and Cj} # 0. Then we have C4 = 0.
Therefore we obtain an equation
CE = dimyHomp (P, PP)
= dimyHomgs (proj- 4y (11, T})
= dimpHomy (P2, P;) 4+ dimgHom 4 (Ps, P;) — dimgHom 4 (P, F;)
=03+ C3 — O

—_ (A
_C2i=

which implies C£ # 0. Similary, we have CE # 0 if Cf} = 0 and C4} # 0.
(iv) We can easily show CE =0 if CF = CEZ = CB = 0.

For any i € E, we put SZ = PP/radPP. We calculate dimkExt}g(SzB,SjB). We denote by F' :

mod-A — mod-B the stable equivalence between A and B given by T'.

(a) We show Exth(SP, SP) ~ Ext!(S;, S;) for any 4,5 ¢ {1,2,3}. Let i € {1,2,3}. Since Ext}(S1,5;) =
0, by Lemma 2.4l we have F(S;) ~ SEZ. Therefore for any 4,j ¢ {1,2,3}, we have Ext}g(SlB,Sf)
Ext}(S;, S;).

(b) We show Exth(S¥, SP) # 0. We define Y5 as a maximal submodule of P, satisfying (Y2)e ~ soc(Ps)
and put Xo = P,/Y5. By Lemma 24 F(Q(X2)) is isomorphic to a simple B-module S and

F(Q(S1)) is isomorphic to a simple B-module SE. Therefore we have an isomorphism

R

Exty (S5, SP) ~ Exth(Xs,S1)
~ Hom 4 (Y3, S1).

Since Ext) (S1,S2) # 0, we have Extj(S¥, SP) # 0. Similary, we have Extp(S¥, SP) # 0.

(c) Let (1,2,i1,--- ,4p,1) be the cyclic ordering of the edges in the Brauer tree of A. We show that the
Brauer tree of B has the cyclic ordering (2,11, - - - ,is,2) of the edges. By (i) and (ii), we have C£ # 0
and CB = 0 for any i € {iy,---,in}. If j € E satisfies Cﬁ # 0 for any i € {i1, -+ ,in}, then we
have j € {2,41,--- ,in}. Therefore our assertion follows from (a). Similary, for the cyclic ordering
(1,3,41,- -+ ,je, 1) of the edges in the Brauer tree of A, the Brauer tree of B has the cyclic ordering
(3,71, ,je,3) of the edges.

(d) Let (2,4],---,4,,,2) (4, # 1) be the cyclic ordering of the edges in the Brauer tree of A. We show
that the Brauer tree of B has the cyclic ordering (2, 1,4}, - ,},,2) of the edges. By (i) and (iii), we
have C3} # 0 and Cf} # 0 for any i € {i},--- , i}, }. I j € E satisfies CJ # 0 for any i € {i},--- , i}, },
then we have j € {2,1,4},---,4},}. By (b), the next edge of the edge 2 is the edge 1. Therefore our
assertion follows from (a). Similary, for the cyclic ordering (3,71, -+, jp, 3) (j) # 1) of the edges in
the Brauer tree of A, the Brauer tree of B has the cyclic ordering (3,1, j1, - , 7/, 3) of the edges.

Hence the assertion (1) and (2) follow from Lemma 2.1 and its proof.

We shall show that the position of the exceptional vertex does not change. Assume that the edge 1
does not have the exceptional vertex. By the above argument of the Cartan matrix of B, we have our
assertion. Assume that the common vertex of the edges 1 and 2 of the Brauer tree of A is the exceptional

vertex. Since C4} = C3b, the edge 2 of the Brauer tree of B must have the exceptional vertex. We have
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an equation
CE = dimpHomp(PE, PP)
= dimgHomgo (proj-4) (11, T2)
= dimpHomy (P2, Py) 4+ dimgHom 4 (Ps, Py) — dimgHom 4 (Py, Ps)
=Csy + Cs — O
=1.
This implies our assertion. Assume that the edge 1 of the Brauer tree of A has the exceptional vetex

which is at the end. Since C’g = C’{;‘ for any 7,5 € Ey, the edge 1 of the Brauer tree of B must have the

exceptional vertex and the edges except the edge 1 do not have it. This implies our assertion. 0

3. APPLICATIONS OF MAIN THEOREM

In this section, we give some applications of Theorem

We can prove the following stronger statement than Theorem

Corollary 3.1. Let A be a Brauer tree algebra. Then there exists a tilting complex T € KP(proj-A) of
length 2 such that the Brauer tree of the endomorphism algebra of T is a star with exceptional vertex in

the center.

Proof. Take the edge ¢ whose next edge has the exceptional vetex;

i

@] [e] L]

Let B be the mutation of A with respect to 7. By T.h.éoremm the edge i of the Brauer tree of B has the
exceptional vertex. In applying this mutation to each edge at most once, we can mutate A to a Brauer
tree algebra for a star with exceptional vertex in the center.

For any edges i, we denote by F; : KP(proj-u;(A)) — KP(proj-A) the derived equivalence between
A and p;(A) induced by the Okuyama-Rickard complex of A with respect to i. Take distinct edges
1,2,--- L. Put By =pg---p1(A), Tp = Fy--- Fy(By) and Ty = A. Then P, is a direct summand of Ty
and terms of Tp_1\ Py are 0 unless Oth and 1st. Since Ty is an extension of Py[—1] and Ty—_1\ Py, we have
that T} is of length 2. This implies the assertion. O

The corollary below is an immediate consequence of Corollary Bl and its proof.

Corollary 3.2. Let A be a Brauer tree algebra. Any basic algebra which is derived equivalent to A is

obtained from A by successive mutation.

The corresponding statement is shown for representation-finite symmetric algebras in [A].

Using Theorem [[L5] we can also show the following result.

Corollary 3.3. Let A be a Brauer tree algebra. Then for any edges i,j of the Brauer tree of A, we have
the following relations:

(1) (u:)%(A) =~ A for some positive integer s;

(2) pipi(A) = pipi(A) if © and j are not mutually the next edges in the cyclic ordering;

(3) pipjpei(A) > pip; (A) if j is the next edge of © in the cyclic ordering.

Proof. (1) We denote by Br(n,m) the set of labeled Brauer trees which have n edges and multiplicity m
of the exceptional vertex. We can regard mutation as group action to Br(n,m). Since Br(n,m) is a

finite set, the order of mutation is finite.
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(2) This assertion can be checked easily from Theorem
(3) Let 5 be the next edge of ¢ being not j and j1, j2 the next edges of j. By Theorem [[L5], we have a

mutation of the Brauer tree of A

() o] o]
J1
J
] (o)
k
i o .
J
7’ !
J J
o] o] 0] 0] 0] o]
7 \J; x
(2
o— =0 o j o
J
(o) ]
J .
1
i relabel

Therefore we have p;p;pi(A) = pip;(A).

We close this paper by giving an example of Theorem
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Example 3.4. Let A be a Brauer tree algebra with the following Brauer tree:

o

7N

O @]

where the vertex e is the exceptional vertex. Then we have the following diagram of mutations of A up

to Morita equivalence:

(@]
1
[ ]
3
2
(@] 0]
1,2,3l Tl
3 2 1

() [ ] o] ()
()
2 1
2 3 3
) L 2,3 °
() o]
1,3 2
1

[ ) ]

where for each Brauer tree, we relabel the edges. These are all finite dimensional k-algebras which are

L] @]

derived equivalent to A, up to Morita equivalence.
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