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CYCLIC POLYGONS IN CLASSICAL GEOMETRY

REN GUO AND NILGUN SONMEZ

ABSTRACT. Formulas about the side lengths, diagonal lengths or radius of the
circumcircle of a cyclic polygon in Euclidean geometry, hyperbolic geometry
or spherical geometry can be unified.

1. INTRODUCTION

In Euclidean geometry, hyperbolic geometry or spherical geometry, a cyclic poly-
gon is a polygon whose vertexes are on a same circle. In Euclidean geometry, the
side lengths and diagonal lengths of a cyclic polygon satisfy some polynomials.
Ptolemy’s theorem about a cyclic quadrilateral and Fuhrmann’s theorem about a
cyclic hexagon are examples. The two theorems also hold in hyperbolic geometry,
for example, see [S]. Tt is also observed in [S] that the formulas for hyperbolic ge-
ometry are easily obtained by replacing an edge length [/2 in Euclidean geometry
by sinh /2. In the paper we will show this is a general principle to translate a result
in Fuclidean geometry to a result in hyperbolic geometry. Also we get formulas
in spherical geometry by replacing an edge length [/2 in Euclidean geometry by
sinl/2.

In Euclidean geometry, the radius of the circumcircle of a cyclic polygon can
be calculated from the side lengths. For more information about the radius of the
circumcircle of a cyclic polygon, see, for example, [MRR], [FP, [P} [V]. As a corollary
of our main result, the formulas of radius of the circumcircle of a cyclic polygon in
FEuclidean geometry, hyperbolic geometry or spherical geometry can be unified.

In this paper, we do not give any new theorems about a cyclic polygon in Eu-
clidean geometry. But we show that once there is a formula about sides lengths,
diagonal lengths and radius of circumcircle of a cyclic polygon in Euclidean ge-
ometry, there is an essentially same formula in hyperbolic geometry or spherical
geometry. In other words, we provide a machinery to generate theorems in hyper-
bolic geometry or spherical geometry.

For recent development of the study of cyclic polygons in Euclidean geometry,
see, for example, [P}, [P2)].

In section 2, 3 and 4, the general principle are illustrated by examples about
triangles, cyclic quadrilaterals and cyclic hexagons. In section 5, the main result,
Theorem [ is stated formally. Section 6 establishes a lemma and section 7 proves
Theorem [T1
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2. TRIANGLE

For a triangle on the Euclidean plane, assume that it has the side lengths a, b, ¢
and the radius of circumcircle r. Then
2 (abc)?
C(a+b+c)btc—a)atc—b)at+b—c)
For a triangle on the hyperbolic plane, assume that it has the side lengths a, b, ¢
and the radius of circumcircle . Then
1 b2 — (sinh ¢ sinh & sinh £)2 7
4 Ap(Ap — 2sinh 2)(Aj, — 2sinh 2)(A, — 2sinh £)

where Ay = sinh § + sinh g + sinh 5.
For a triangle on the unit sphere, assume that it has the side lengths a, b, ¢ and
the radius of circumcircle . Then

0@ gin D oain €)2
12, (sin § sin 3 sin 5) 7
4 Ag(Ay —2sin 2) (A, — 2sin 2)(A, — 2sin g)

c

where A; = sin § +sin % +sin . The three formulas are essentially the same. They
can be unified by introduce the following function:

z in Euclidean geometry

2
s(x) =4 sinh§  in hyperbolic geometry
sin 3 in spherical geometry

The unified formula is

38(27‘)2 _ (s(a)s(b)s(c))2
4 As(Az — 2s(a))(As — 25(b)) (A3 — 2s(c))’

where As = s(a) + s(b) + s(c).

3. CYCLIC QUADRILATERAL

Nl

FIGURE 1. Ptolemy’s theorem

We can observe the similar phenomenon in the case of a quadrilateral inscribed
in a circle which is called a cyclic quadrilateral. That means the formula about the
side lengths, diagonal lengths and radius of circumcircle of a cyclic quadrilateral
can be unified in Euclidean geometry, hyperbolic geometry and spherical geometry.
Assume the side lengths are a,b,c,d, the diagonal lengths are e, f as labeled in
Figure [l and the radius of the circumcicle is . Then the Ptolemy’s theorem says

s(e)s(f) = s(a)s(c) + s(b)s(d).



CYCLIC POLYGONS IN CLASSICAL GEOMETRY 3

For more information about generalization of Ptolemy’s theorem in hyperbolic
and spherical geometry, see [VIl [V2].
The formulas representing diagonal lengths in terms of side lengths are

RN () FIC) B (O
(©)* = (s(a)s(e) + s(b)s(d) 5220
P2 Calalate) o s(b1a(ay 2@5()  5(0)s(@)
Ptolemy’s theorem is a corollary of the two formulas.
The formula involving the radius is

Loyt — B@5(0) +5(@)s(@) (s(0)s(e) + 5(0)s(d))(s(a)s(d) + 5(0)s(e))
4 (Ay — 25(a))(Ays — 25(0)) (A4 — 25(c))(Aq — 25(d))

where Ay = s(a) + s(b) + s(c) + s(d).

)

S
S

4. CYCLIC HEXAGON

FIGURE 2. Fuhrmann’s theorem

One more example is Fuhrmann’s theorem about a cyclic hexagon in Euclidean
geometry. This theorem also holds in hyperbolic and spherical geometry. And the
formula can be unified in the three cases. Assume that a convex cyclic hexagon
in Euclidean geometry, hyperbolic geometry and spherical geometry have the side
lengths a,a’,b,V, ¢, and ¢/, and diagonal lengths e, f, and g as labeled in Figure 2]
then

s(e)s(f)s(g) = s(a)s(a’)s(e)+s(b)s(t)s(f)+s(c)s(c')s(g)+s(a)s(b)s(c)+s(a)s(b)s(c).
The generalization of Fuhrmann’s theorem into hyperbolic geometry is treated
in Wilson Stothers’ web page about hyperbolic geometry [S].

5. CYCLIC POLYGON

We can expect that the similar phenomenon holds for general polygon inscribed
in a circle which is called the cyclic polygon. In this paper we show that the same
relationships about the side lengths, diagonal lengths and the radius of the circum-
cicle hold in Euclidean geometry, hyperbolic geometry and spherical geometry. To
make the statement formal, we introduce the following notations.

Fix an integer n > 3.

The set &, of polynomials is defined as follows. A polynomial f of @ vari-
ables is in the set &, if f(|P;Pj|e,re) = 0 for any n points P;, P, ..., P, on a circle
of radius 7. on the Euclidean plane, where |P; P;|. denotes the Euclidean distance
between the two points F; and P;.
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n(n+1)
2

The set H,, of polynomials is defined as follows. A polynomial f of vari-

ables is in the set H,, if f(sinh 22i% Lginhr,) = 0 for any n points Py, Py, ..., P,
on a circle of radius 7, on the hyperbolic plane, where | P, P;|;, denotes the hyper-
bolic distance between the two points F; and P;.

The set S, of polynomials is defined as follows. A polynomial f of nlntl)

2
variables is in the set Sy, if f(sin %, % sinrs) = 0 for any n points Py, Py, ..., P,
on a circle of radius rs on the unit sphere, where |P;P;|s denotes the spherical

distance between the two points P; and P;.
Theorem 1. &, =H, = S,.

R. J. Gregorac |G| generalized Ptolemy’s theorem to a convex cyclic polygon on
the Euclidean plane and generalized Fuhrmann’s theorem to a convex cyclic 2n-
gon on the Euclidean plane. By Theorem [II Gregorac’s two results can be easily
generalized into hyperbolic and spherical geometry and the formulas can be unified.
For example, we consider the later one.

Corollary 2. Letn > 3. Let {Vy, V1, ..., Van—1} be points on a circle in Fuclidean
geometry, hyperbolic geometry or spherical geometry. Let l;; denote the length of
the geodesic segment V;V; for i # j. Then
det(aij) =0
where
aji = (=1)°9 (s(lai—2,2j-1)s(l2j-1,2:)) "

and 0;5 is the Kronecker delta.

A cyclic polygon in Euclidean, hyperbolic or spherical geometry is uniquely de-
termined by its side lengths. Therefore any diagonal length or radius of the cir-
cumcircle is a function of side lengths. In the case of Euclidean geometry, it is not
difficult to see that these functions are algebraic functions. As a corollary of The-
orem [I] these functions are unified in Euclidean, hyperbolic or spherical geometry.

Corollary 3. For a Euclidean, hyperbolic or spherical cyclic polygon with vertezes
Py, P, ..., P, and the side lengths |PiP;y1| = l;i41 where n+ 1 =1, the length l;;
of the diagonal P;P; (|j —i| > 2) is

s(lij) = Fij(s(li2), s(l23), -, 5(ln1))
for some algebraic function F;; which is independent of the three kinds of geometry.
The radius r of the circumcircle circle satisfies

s(2r) = G(s(l12), s(l23), .., 8(ln1))
for some algebraic function G which is independent of the three kinds of geometry.
6. HOMOGENEITY
To prove Theorem [} we need the following lemma.
Lemma 4. If f € £, UH, US,, then f is homogeneous.

Proof. Assume f € &,. Then f(|P;Pjle,re) = 0 for any n points Py, P, ..., P, on
a circle of any radius r. on the Euclidean plane. We can assume the center of the
circle is the origin. For any & > 0, by multiplying the coordinates of Py, P, ..., P, by
x, we obtain new points Py, Pj, ..., P! with is on the circle of radius xr. centered at
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FIGURE 3.

the origin, see FigureB{(a). The distance | P} P}|. = x|P;P;|. and the radius z7. also
satisfy the polynomial f, i.e., f(z|P;iPj|e,xre) = 0. Therefore f is homogeneous.

Assume f € H,,. Then f(sinh @, % sinhry,) = 0 for any points Py, Py, ..., P,
on a circle C of radius 7, on the hyperbolic plane. We use the Poincaré disk model
of the hyperbolic plane: {z € C: |z| < 1}. Assume the center of the circle is the
origin O. For any x > 0, there is another circle C’ centered at O with radius 7},
satisfying sinhr} = xsinhry. For each ¢, let P/ be the intersection point of C’ and
the geodesic ray starting from O and passing though P; as in Figure Bl(b). By the

law of sine of a hyperbolic triangle, we have

sinh —‘Pi?lh . ZP,OP; sinh —IPi};j‘h __sinh —IPiI;j‘h
sinhr, st 2 ~ ginh rh ~ zsinhr,
where ZP,0P; € (0, n]. Therefor sinh @ = xsinh @.
Since f € H,, the equation f(sinh @, £ sinh7},) = 0 holds. Thus
P, P; 1.
f(zsinh %, =5 sinhr,) =0

holds for any x > 0. Therefore f is homogeneous.

Assume f € S,,. Then f(sin %, % sinry) = 0 for any points Py, Py, ..., P, on
a circle C' of radius r5 on the unit sphere. Assume the center of the circle is the
south pole S. For any x € (0, 1), there is another circle C’ centered at south pole
with radius r/, satisfying sinr, = xzsinr,. For each i, let P/ be the intersection point
of C' and the geodesic ray starting from O and passing through P; as in Figure
Blc). By the law of sine of a spherical triangle, we have

. PP . |P'P!|. . |P/P.
sin % . ZP,OP; sin l 12" sin | szl
——— =sin =——=—= -
sinrg 2 sinr, xsinrg
. |P/P!l, . |PP;ls
where ZP,0OP; € (0, 7]. Therefor sin l 12” = zsin . 2J|
. . PP, g .
Since f € S, the equation f(sin | 2]| , % sinr]) = 0 holds. Thus
f(a:sm| 2J| ,xgsmrs):()

holds for any = € (0,1). Therefore f is homogeneous.
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7. PROOF OF THEOREM [I]

7.1. &, C Hy. Let f be a polynomial in &,.

Consider n points Py, Ps, ..., P, on a circle of radius 7, on the hyperbolic plane.
We use the Poincaré disk model of the hyperbolic plane. Assume that the center
of the circle is the origin O. In the hyperbolic triangle Ay P;OP; which can be
degenerated into a line segment, by the law of sine, we have

. /P,OP; _ sinh 20l
sin =

2 sinh r,
where ZP,0P; € (0,7].
On the other hand, this circle is also a Euclidean circle. We consider the Eu-
clidean triangle A.P;OP;, by the law of sine, we have

ZP,OP; P, Pj|.
sin L= Lidi] .

2 27re
Hence L
PiP; i
sinp LBl _ sibrn -
2 2re
Obviously,
1 . W sinh 7y,
—sinhry, = “Te.
2 "o
Since f € &, f(|PiPjle,Te) = 0. By Lemma []

P, P; 1 .
f(sinh %, 3 sinhrp,) = f(x|P;Pjle, xre) = 0,

where z = 8887 Hence f € H,p,.

2re

7.2. Hy 2 E,. Let f be a polynomial in H,,.

For any points Py, Ps, ..., P, on a circle of radius r, centered at the origin on the
Euclidean plane. For a number y € (0, %), consider the circle C’ centered at the
origin and with radius yr.. For any i, let P/ be the the intersection point of C' and
the ray starting from O and and passing through P;. For any i, j, we consider the
Euclidean triangle A, P;OP; which can be degenerated. On the other hand, Since
all the points P/, Pj, ..., P/ are in the unit disk which is considered as the hyperbolic
plane, for any 4, j, there is also a hyperbolic triangle A, P;OP;. By the law of sine,
we have L

sinh (22l /P,OP; |P/Pjl. |P,Pj].
snh 0P, 2 2yre 2re

By Lemma [ f(zsinh @,x% sinh |OF/|;) = 0 for any = > 0. By taking

= ﬁm’ we have f(|P;Pjle,r.) = 0. Thus f € &,.

To sum up, we have proved that £, = H,.

7.3. &, € S,. Let f be a polynomial in &,.

Consider n points Py, Ps,..., P, on a circle of radius rs on the unit sphere
{(z,y,2): 22 + y? + 22 = 1}. Assume that the center of the circle is the south pole
S. In the spherical triangle A P;SP; which can be degenerated, by the law of sine,
we have
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For any i, let P/ be the image of P; under the stereographic projection from
the north pole, i.e., the intersection point of the plane z = 0 and the line passing
through the north pole and P;. Then P|, Py, ..., P, are points on a circle of radius
re centered at the origin O on the Euclidean plane z = 0. In the Euclidean triangle
A P;OP;, by the law of sine, we have

ZPIOP] PP
2 2.
Since ZP;SP; = ZP/OP], we have

sin

sin |P;Pjls  sinrg

_ ! !
2 2r, IPiPjle.
Obviously,
. sinrg
—sinrg = T
2 s 27r¢ €

Since f € &, f(|P{Pfle,;re) = 0. By Lemma[dl

PPils 1 .
f(sin %, 3 sinrg) = f(x| P Pjle, x7e) = 0,

where z = *7"=. Hence f € S,,.
.

74. S, C&,. Let g be a polynomial in S,.

For any points By, Bo, ..., B, on a circle of radius 7. centered at the origin O on
the Euclidean plane. Consider the stereographic projection from the north pole of
the unit sphere {(z,y, 2) : 22 + 4%+ 22 = 1}. The image of By, Ba, ..., B,, under the
stereographic projection are points Bf, B, ..., B!, on a circle of radius rs centered
at the south pole S on the unit sphere. By the law of sine, we have

. /B,OB; |BiBjl.
n = y

si
2 2re
. |B!B|s
. 4{B}SB; sin - ZQJI
sin = -
2 sinrg

Since /B;OB; = /B;SB, we have

2, B;Bj|s
|BiBjle = 4 -sin| 3|.

sinrg 2

Obviously,

2re 1 .
Te = — - —sinry.
sinrs 2

Since g € Sy, g(sin %, % sinrg) = 0. By Lemma [4]
B!B; 1
g(xsin | 12 jls T3 sinrg) = g(|BiBjle,me) =0,
where © = bfnri Hence g € &,.

To sum up, we have proved that &, = S,,.
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