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BRAIDED SYMMETRIC ALGEBRAS OF SIMPLE
Uy(sla)-MODULES AND THEIR GEOMETRY

SEBASTIAN ZWICKNAGL

ABSTRACT. In the present paper we prove decomposition formulae for the
braided symmetric powers of simple Uq(sl2)-modules, natural quantum ana-
logues of the classical symmetric powers of a module over a complex semisimple
Lie algebra. We show that their point modules form natural non-commutative
curves and surfaces and conjecture that braided symmetric algebras give rise
to an interesting non-commutative geometry, which can be viewed as a flat
deformation of the geometry associated to their classical limits.
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1. INTRODUCTION

Braided Symmetric and Exterior Algebras were introduced by A. Berenstein and
the author in [2] as quantum analogs for the symmetric and exterior algebras of
finite-dimensional modules over a quantized enveloping algebra U,(g). One moti-
vation for this project was to develop a new, quantum, approach to the following
classical problem which is still open, and not completely settled even in the case of
g= SZQ ((C)

Problem 1.1. Let V be a finite-dimensional module over a semisimple complex
Lie algebra g. Find a decomposition formula for the symmetric and exterior powers
of V.

The main result of the present paper is such a decomposition formula for the
simple Uy (sla)-modules (Theorem and Theorem B.I)). Let us briefly explain
the definition of the braided powers and algebras, and outline their relation to the

1


http://arxiv.org/abs/1009.2931v1

2 SEBASTIAN ZWICKNAGL

classical counterparts and some other objects in algebra and geometry. Then we will
briefly outline the proof and explain some of the consequences in non-commutative
geometry and the relation to Poisson geometry.

Recall that the category of finite-dimensional U, (g)-modules is braided monoidal,
with braiding Ry,y : U®V = V®U given by the permutation of factors composed
with the action of the uiversal R-matrix. We define for each finite-dimensional
Uq(g)-module V, the braided exterior square AgV C V ® V to be the span of all
"negative” eigenvectors of Ry v (i.e. of the form —¢", r € Z), and the braided
symmetric square Sg V C V' ®V to be the span of all positive eigenvectors of Ry v
(i.e. of the form ¢", r € Z). Note that

VeV =AVeaesSV,

since R%/,v is a diagonalizable endomorphism whose eigenvalues are powers of g. We
define the braided symmetric algebra S, (V') to be the quotient of the tensor algebra
T(V) by the ideal generated by AgV, and analogously for the braided exterior
algebra A,(V). Note that these algebras are naturally Z>( graded. Additionally
we constructed braided symmetric and exterior powers and were able to show that
they are isomorphic as U,(g)-modules to the respective graded components of the
braided symmetric and exterior algebras. We show in [2] that the algebras S, (V)
are deformations of the classical symmetric algebras S(V') of the semiclassical limit
V of V (see Section 2.3)). and a complete classification of the cases in which this
deformation is flat was obtained by the author in [I6]. The first examples of non-
flat quantum symmetric algebras were obtained much earlier by Vancliff [I4] and
Rossi-Doria [13].

The list of simple modules with this property almost coincides with the list of
maximal parabolic subalgebras with Abelian nilradical, and they play an important
role in classical invariant theory (see e.g. Howe’s article [§]), and provide many
known examples of quantized coordinate spaces and exterior powers (see e.g. [6]
and [I0]). This explains why braided symmetric algebras have been recently used
by Lehrer, Zhang and Zhang in [I1] to study non-commutative classical invariant
theory.

Howe studies classical invariant theory from the point of view of multiplicity
free-actions, i.e. he considers symmetric algebras of modules, where each graded
component splits into a direct sum of pairwise non-isomorphic simple modules. In
the present paper, we show that the braided symmetric algebras of simple U,(sl2)-
modules have this property, and prove an explicit decomposition formula, the follow-
ing Main Theorem, where Vj, denotes a (k+ 1)-dimensional simple U, (sl2)-module.

Main Theorem 1.2. (a) If ¢ is odd, and n > 3, then
%
SgVe 2 @ Vaeai . AgVe=0.
i=0
(a) If € is even, and n > 3, p > 4, then
ne 3e—2

4 4
SgVe = @Vné—éli , AgVe = @ Vae—4i-2 s AZVe =0.

=0 i— L
=3

The results for the exterior powers and the symmetric cubes were already ob-
tained in [2], hence the main accomplishment of the present work is the explicit
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computation of the higher braided symmetric powers. The main idea of the proof
is as follows: First, notice that the classical limit of a braided symmetric algebra
Sq(V) is a Poisson algebra with the Poisson bracket defined by the standard clas-
sical r-matrix (see also Section [Z3). It can be described as a quotient of S(V)
by some ideal. The classical r-matrix defines a skew-symmetric bracket on S(V))
which does not necessarily satisfy the Jacobi identity—hence it need not be Poisson.
The obstruction is an ideal generated in degree 3, and it allows us to construct the
minimal quotient of S(V) which is Poisson, the Poisson closure. The generators
of the obstruction ideal were computed in [2], and in the present paper we show
that S,(V) is isomorphic to the Poisson closure of S(V) if V is an even-dimensional
simple U, (sl2)-module, by employing results on quantum Howe-duality (see [15])
obtained in [2].

In the case of odd-dimensional simple Uy(sls)-modules Vo we consider the k-
th Veronese algebra V,(2,k) of Sq(V2) = Cylxo, x1,22]). There exists a surjective
Uy(slz2)-module algebra map S, (Var) = A C V,(2, k) where A is a certain subalge-
bra of V,(2,k). We then easily conclude the assertion of Theorem 3.1

The previous paragraph suggests a connection to non-commutative geometry.
Following Artin, Tate and Van Den Bergh, as well as Polishchuk [I2] one de-
fines the following notion of Proj for non-commutative algebras. Let A be a
non-commutative algebra. Then, Proj(A) is the quotient of the category of A-
modules by the finite-dimensional modules. This allows for the definition of non-
commutative point schemes (see e.g. [I]). In this paper we show that the non-
commutative point-schemes attached to the braided symmetric algebras for simple
Uq(slz)-modules are obtained from Veronese varieties. Moreover, they are defor-
mations of the point schemes of their respective classical limits (see Section [A.2)).
In the case ¢ = 3, this was first noticed by Vancliff in [14]. That the symmetric
algebra of the four-dimensional simple sls-module allows no flat deformations was
first published by Rossi-Doria in [I3]. While non-commutative geometry, in gen-
eral, appears to be very difficult, we therefore conjecture that braided symmetric
and exterior algebras give rise to a beautiful and natural geometry, which can be
obtained from the geometry of the classical limits.

Finally, while classical symmetric and exterior powers, in general, are given as
intersections of highly non-generic subspaces-if A’V C V ® V was generic, then
A3V = 0- it appears from the results of [2], [I6] and our results that braided
symmetric and exterior powers are as generic as the can be while still respecting
the weight grading. We therefore believe that these algebras are natural objects
which may shed significant insight into Problem [L.11

The paper is organized as follows: First we recall the notions of braided sym-
metric algebras and their classical limits in Section [2l The following Section [3] is
devoted to Theorem [B.I] and its proof, while Section [] considers the applications to
the theory of Poisson closures and non-commutative geometry. Finally, we provide
some facts about classical and quantum Veronese algebras in Appendix [Al

Acknowledgements 1.3. The author would like to thank A. Berenstein for many
stimulating discussions about braided symmetric algebras. However, he would have
never been able to see the connection to Veronese algebras and surfaces, if M. Van-
cliff had not told him about the results of her dissertation [14], where she obtained
that the point-modules of braided symmetric algebra of the irreducible 4-dimensional
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representation form a Veronese curve. She was therefore also the first person to no-
tice that the 4-dimensional irreducible Uy (sl2)-module does not permit a symmetric
algebra which is a flat deformation of the classical symmetric algebra.

2. BRAIDED SYMMETRIC ALGEBRAS

2.1. The Quantum Group U,(g) and its Modules. We start with the definition
of the quantized enveloping algebra associated with a complex reductive Lie algebra
g (our standard reference here will be [3]). Let h C g be a Cartan subalgebra, P(g)
the weight lattice and let A = (a;;) be the Cartan matrix for g. Additionally, let
(+,-) be the standard non-degenerate symmetric bilinear form on §.

The quantized enveloping algebra U is a C(q)-algebra generated by the elements
E; and F; for i € [1,r], and K for A € P(g), subject to the following relations:
K K, = Ky, Ko=1for \,u € P; K\E; = ¢“*NE, Ky, K\F;, = ¢~ VF K,
for i € [1,r] and A € P;

Ko, — K_q,
for i,j € [1,r], where d; = w, and the quantum Serre relations
1-aq; 1—aq;
0 Y CPET IR 03 PR o
p=0 p=0
for i # j, where the notation Xi(p ) stands for the divided power
kd; —kd;
() X A
2.3 XPV=__—"__ (k)j=—
(2 e

The algebra U is a g-deformation of the universal enveloping algebra of the
reductive Lie algebra g, so it is commonly denoted by U = U,(g). It has a natural
structure of a bialgebra with the co-multiplication A : U — U ® U and the co-unit
homomorphism ¢ : U — Q(q) given by

(2.4) A(EZ) =EQl+K, QF;, A(E) =FoK_,,+1QF;, A(K)\) =K\K),,

(2.5) e(F;)=¢e(F;) =0, e(Ky=1.

In fact, U is a Hopf algebra with the antipode anti-homomorphism S : U — U
given by
(2.6) S(E;))=—K_u,F;, S(F;) = —F;Ka,, S(K))=K_» .

Let U~ (resp. U% U™T) be the Q(q)-subalgebra of U generated by Fi,...,F,
(resp. by Kx(\ € P); by E1,...,E,). It is well-known that U = U~ - UY - U™
(more precisely, the multiplication map induces an isomorphism of vectorspaces
U-oU@U* = U).

We will consider the full sub-category Oy of the category U,(g) — Mod. The ob-
jects of Oy are finite-dimensional Ugy(g)-modules V' having a weight decomposition

V= ®H€PV(M) )

where each K acts on each weight space V (1) by the multiplication with ¢* 1#) (see
e.g., [3} 1.6.12]). Note that for convenience we only consider the modules of type I
in the terminology of Jantzen [9], but that the results hold of course for any finite-
dimensional module over Ugy(g). The category Oy is semisimple and the irreducible
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objects V) are generated by highest weight spaces V) (\) = C(q) - vx, where A is a
dominant weight, i.e, A belongs to P = {A € P : (M| a;) > 0V i € [1,7]}, the
monoid of dominant weights.

By definition,the universal R-matrix R € U, (g)@)Uq(g)R has can be decomposed
as

(2.7) R=RoRy = RiRy

where Ry is ”the diagonal part” of R, and R; is unipotent, i.e., Ry is a formal
power series

(2.8) Ri=1®1+(q— a1+ (¢g— 1)z +---,

where all 73, € U’ ®cjq,q-1] U'Y, where U'™ (resp. U'") is the integral form of
U™, ie., U™ is aClg,q ']-subalgebra of U,(g) generated by all F; (resp. by all E;)
and U’} (vesp. U'}) is the k-th graded component under the grading deg(F;) = 1
(resp. deg(E;) = 1).

By definition, for any U,V in O, and any highest weights elements uy € U()),
v, € V() we have Ro(uy ®@v,) = ¢* 1 Wuy @ v,,.

Let R°P be the opposite element of R; i.e., R’ = 7(R), where 7 : U,(g)®U,(g) —
U,(g)2U,(g) is the permutation of factors. Clearly, R’ = RoR;" = R’ Ry.

Following [4, Section 3], define D € U,(g)®U,(g) by

(2.9) D= Ro\/ R’ Ry = \/R¥"R1 Ry .

Clearly, D is well-defined because R{”R; is also unipotent as well as its square
root. By definition, D? = R°’R, D°’R = RD.
Furthermore, define

—1
(2.10) R:=RD'=(D”)"'R=R, <1 /R;’PRl)

It is easy to see that

(2.11) R? =R

-~

According to [4, Proposition 3.3], the pair (Uy(g), R) is a coboundary Hopf algebra.
For definition and properties of coboundary Hopf algebras see e.g. [17].

The category Oy is naturally braided, with braiding defined by Ryv : U®V —
V @ U, where

Ruyv(u®v)=T1R(u®v)
foranyueU,v eV, with7:U®V — V ®U being the ordinary permutation of
factors. .
Denote by C € Z(U4(g)) the quantum Casimir element which acts on any irre-
ducible U,(g)-module V3 in O; by the scalar multiple ¢\*| 2 where 2p is the

sum of positive roots.
The following fact is well-known.

Lemma 2.1. One has R?> = A(C~1)o(C®C). In particular, for each \, u,v € Py
the restriction of R? to the v-th isotypic component I3, of the tensor product

VA ® 'V, is scalar multiplication by gAM M wl) = ) +@p [ Atp—v)
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We now define the diagonalizable C(g)-linear map Dyy : UV — U ®V by
Dyyv(u®v) = D(u®wv) for any objects U and V' of Oy. It is easy to see that the
operator Dy, vy, : VA ®@V, — VA ® V), acts on the v-th isotypic component I} , 0

Vi ® V,, by the scalar multiplication with g2 (ANl W= )+ [ Au—v),
The coboundary Hopf algebra (U,(g), R) provides Oy with the structure of a
coboundary or cactus category in the following way. For any U and V' in Oy define

the normalized braiding oy v by

(2.12) ouyv(u®v) = TR(u®v) ,
Therefore, we have by (Z10):
(2.13) ouv = DyyRoyv =RuvDyly -

We will sometimes write oy, in a more explicit way:

(2.14) ouy = \/RyuRyyvRuy = Ruyvy\/Ryy Ry

The following fact is an obvious corollary of ([2TT]).

Lemma 2.2. oy yooyy =idygy for any U,V in Of. That is, o is a symmetric
commutativity constraint.

Remark 2.3. If one replaces the braiding R of Oy by its inverse R™*, the sym-
metric commutativity constraint o will not change.

2.2. Braided Symmetric and Exterior Powers. In this section we will recall
the definitions and some basic properties of the braided symmetric and exterior
powers and algebras introduced in [2].

For any morphism f : V@V — V ®V in Oy and n > 1 we denote by f&+1
i=1,2,...,n — 1 the morphism V®" — V®" which acts as f on the i-th and the
(i + 1)st factors. Note that oi}f{ﬁl is always an involution on V®m.

Definition 2.4. For an object V' in Oy and n > 0 define the braided symmetric
power SV C V™ and the braided exterior power ATV C V& by:

S;.LV = ﬂ (KGT Oii+1 — Zd) = ﬂ (Im Oi,i+1 + ’Ld) 5

1<i<n—1 1<i<n—1
AZV = ﬂ (Ker 0ii+1 + Zd) = ﬂ (Im Oiitl — Zd),
1<i<n—1 1<i<n—1

where we abbreviate o; ;41 = O':}l;; .

Remark 2.5. Clearly, —R is also a braiding on Oy and —o is the corresponding
normalized braiding. Therefore, ATV = S™ V and S}V = A" V. That is, infor-
mally speaking, the symmetric and exterior powers are mutually ”interchangeable”.
Remark 2.6. Another way to introduce the symmetric and exterior squares in-
volves the well-known fact that the braiding Ry,v is a semisimple operator V@V —
V®V, and all the eigenvalues of Ry, are of the form £q", where r € Z. Then

positive eigenvectors of Rv,v span S2V and negative eigenvectors of Ry,v span
A2V,

Clearly, SOV =C(q) , S}V =V A%V =C(q) , ALV =V, and
SV ={veVaV|oy@) =v}, A3V={veVaVloyy()=—uv}.

The following fact is obvious.
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Proposition 2.7. For each n > 0 the association V +— S7V is a functor from Oy
to Oy and the association V — ALV is a functor from Oy to Of. In particular, an
embedding U — V in the category O induces injective morphisms

SU < S™V, AU < A"V .

Definition 2.8. For any V € Ob(O) define the braided symmetric algebra Sy (V')
and the braided exterior algebra A, (V') by:

(2.15) Se(V)=T(V)/(AZV), Aa(V) =T (V)/(SV) ,

where T(V') is the tensor algebra of V' and (I) stands for the two-sided ideal in
T(V) generated by a subset I C T'(V).

Note that the algebras S, (V) and A, (V) carry a natural Z>¢-grading:

So(V) =D S (V)n, As(V) =P Ac(V)n

n>0 n>0
since the respective ideals in T'(V') are homogeneous.
Denote by Og,. ¢ the sub-category of U, (g) — M od whose objects are Z>-graded:

V= @Vn,

’ﬂEZZo

where each V;, is an object of Of; and morphisms are those homomorphisms of
U,(g)-modules which preserve the Zx>o-grading.

Clearly, Oy s is a tensor category under the natural extension of the tensor
structure of Of. Therefore, we can speak of algebras and co-algebras in Oy, ¢.

By the very definition, S,(V') and A, (V) are algebras in Oy, ¢.

Proposition 2.9. The assignments V +— Sy (V) and V +— Ay (V) define functors
from Oy to the category of algebras in Oy, 5.

We conclude the section with two important features of braided symmetric ex-
terior powers and algebras.

Proposition 2.10. [2, Prop.2.11 and Eq. 2.3] Let V be an object of Oy and V*
its dual in Of. We have the following Uq(g)-module isomorphisms.

(2.16) (SEV*) 2 Sy (V)ny (AZVH)* 2 Ap(V), -

Proposition 2.11. [2, Prop.2.13] For any V in Oy each embedding Vy — V
defines embeddings V,n < SV for all n > 2. In particular, the algebra Sy (V') is
infinite-dimensional.

2.3. The Classical Limit of Braided Algebras. In this section we will discuss
the specialization of the braided symmetric and exterior algebras at ¢ = 1, the
classical limit. All of the results in this section are either well known or proved
in [2]. For a more detailed discussion of the classical limit we refer the reader
to [2l Section 3.2]. The explicit construction of the classical limit involves the
consideration of integral lattices in U,(g) and its modules, which we will omit here
for brevity’s sake (see e.g. [2 Section 3.2], or for a shorter version [16] Section 4.3]).

Definition 2.12. Let C and D be two categories. We say that a functor F : C — D
is an almost equivalence of C and D if:

(a) for any objects ¢, of C an isomorphism F(c) = F(c) in D implies that ¢ = ¢
inC;
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(b) for any object d in D there exists an object ¢ in C such that F(c) = d in D.

Denote by Oy the full (tensor) sub-category category of U(g) — Mod, whose
objects V are finite-dimensional U (g)-modules having a weight decomposition V =
@uepV (1). We have the following fact.

Proposition 2.13. [2| Cor 3.22] The categories O and Oy are almost equivalent.
Under this almost equivalence a simple Uqy(g)-module Vy is mapped to the simple
Ul(g)-module V.

Let V@ Vi € Op. Wecal V=@V, € Oy the classical limit of V
under the almost equivalence of Proposition 213

The following result relates the classical limit of braided symmetric algebras and
Poisson algebras.

Theorem 2.14. [2, Theorem 2.29] Let V be an object of Of and let a V in O¢
be be the classical limit of V.. Then:

(a)The classical limit Sy(V') of the braided symmetric algebra S,(V') is a quotient
of the symmetric algebra S(V)). In particular, dimg(g) So(V)n = dime(S,(V)) <
dime S(V),,.

(b)Moreover, Sy (V) admits a Poisson structure defined by {u,v} = r~ (uAv), where
r~ 4s an anti-symmetrized classical r-matriz.

For more on classical r-matrices and their relation to the R-matrices associated
to quantum groups, we refer the reader to [2], [I7] or [5].

3. THE CLASSIFICATION THEOREM

k —k
Let g = slo. For convenience we denote the quantum numbers by [k], = L=L+.

We will employ the following notations for g-factorials [k],! = [k]q[k — 1]4...[1]4

and g¢-binomial coefficients (’z)q = % . Recall that the irreducible U, (slz)-
modules are labeled by non-negative integers, and that dim(V;) = ¢+ 1. The
module V; has a natural weight basis vg,v1,...,v, such that K(v;) = ql’ivi and
E(v;) = [i]qui—1. Moreover note that it follows from classical Lie theory and the
definition of braided powers (Definition [2.4]) that

L

£—1
3 N
Vi@ Vi=AVea SiVe, SoVe=Varai s AZVe =D Var2-ai -
i=0 i=0
We will now state our main result.

Theorem 3.1. (a) Let £ be odd and let Vy be the (£ + 1)-dimensional irreducible
Uy(slz2)-module. The n-th braided symmetric power splits as

£4—1
2

SrVe) = P Var-ai -
i=0

(b) Let £ be even and let V; be the £ + 1-dimensional irreducible Uy (sla)-module.
The n-th braided symmetric power splits as

ntk
4

SE(Ve) = P Vaeai -
=0
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Remark 3.2. The above decomposition was originally conjectured in [2, Conjecture
2.37], based on computer calculations.

Proof.  We first recall the main result of the paper [2] which established the
Theorem in the case n = 3.

Proposition 3.3. [2, Theorem 2.35] (a) Let £ be odd and let Vy be the £ + 1-
dimensional irreducible Ugy(sly)-module. The third braided symmetric power splits
as

0—1
2

S2(Ve) = @Vszfu .
i=0

(b) Let ¢ be even and let V; be the £ + 1-dimensional irreducible Ugy(sla)-module.
The third braided symmetric power splits as

SIS

S3(V) =D Var—uai -
i=0
Prove (a) first. Note that the assertion holds in the case n = 2, and in the case
n = 3 by Proposition [33[a).
We first prove that one can find copies of the modules V,,p_4;, 1 =0, ..., ele in
So(Ve)n. Note that if v is a highest weight vector in Vp ® V4, then v ® ’U((ng_Q is a
highest weight vector in VZ®". We obtain the following result.

Proposition 3.4. (a) Let v; be a highest weight vector in S2V, C Vo @V of weight
20 —4i for 0 <i < Z_Tl. Then, for alln >3

VI = Vi@ v ¢ (A2VE) -

(b) Moreover, vl is a highest weight vector of weight nf — 4i.

Proof. Part (b) is obvious. The vector v} is clearly invariant under all o, ;41
for j > 3, hence it suffices to prove the assertion of part (a) in the case n = 3.
To do so, we have to employ the results from [2, Section 3.4]. Using Howe duality,
we identify the set Ve®3’+(3£ — 4i) of highest weight vectors of weight 3¢ — 4i with
the weight space Var_2;2i,0(0) of the gls-module of highest weight (3¢ — 24,21, 0).
Note that Vag_2;2i0(0) has odd dimension. We additionally construct two bases
By = {b},....,b8,,.1} and Bo = {b3,...,b3,,,1} in V2> ¥ (3¢ — 44) such that S2V; ®
VNV2*T (30— 40) is spanned by {b},b3,..., b} 1} and A2V, @ VNV,2>T (30— 40)
is spanned by {b3, b}, ..., b}, }, whereas V ® S2V, N V,*> ¥ (3¢ — 4i) and V @ A2V, N
V23 (30 — 4i) are spanned by {3,03, . .. 03,41}, resp. {b3, b3, ..., b3,,}, for more
details see [2 Theorem 3.40 and Lemma 3.55]. Moreover, we can identify v with
the basis vector bi, since it corresponds to the a;-string of minimal length passing
through Vsy_2; 2:.0(0) (see [2] (3.19)]). Note that [2) Theorem 3.43] implies that the
set {b3,bL,... b b3.b3,...,b3 ) spans

(A2V, @ V +V @ A2V)nV,E25F (30—4i) = (A2Vp)snV,E5 T (30—4i) # V22 (30—44) .
We then obtain from [2, Theorem 3.43] that the set {b }U{b3,b},...,b3,,,b3,b3,...,b3.}

2m»

is linearly independent, and hence that v ¢ (A2V})3. Proposition3.4]is proved. O
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Now we have to prove the reverse inclusion. Consider V, the (£ + 1)-dimensional
irreducible U (sly)-module. Denote by J C S(V;) the Jacobean ideal, generated by

£—1

=

@7771741' cS(Ve)scS(Vy) .

i=0
Remark 3.5. In [2] the following was proved: Consider the bracket defined by the
skew-symmetrized classical T-matriv v~ = EANF on S(Vy). The Jacobean ideal

is the obstruction to the bracket being a Poisson bracket, i.e. satisfying the Jacobi
identity. Hence the name.

The ideal J is Z-graded and homogeneously generated in degree 3. We obtain
the following fact.

Proposition 3.6. Employ notation as above. The quotient of the n-th graded
component S(V ), by the I,, splits as

SVi)n/Tn = Vne—si -

=0
Proof. Recall that S(V),, and analogously S™(V,) has a basis ¥;, i, =
Uiy * Uig .. 0, with 0 <47 < ... <4, < £+ 1. We order the basis-vectors

lexicographically, which means that v;, .. ;. <7j,,... ;. if there exists k, 1 <k < n,
such that i, = jj for all h < k and iy < jx. If W € S(Vy),, then we refer to the
smallest basisvector 7;,, . ;, with non-zero coefficients as the initial monomial of
w. Also note that the weight of U;, . ;, is nl — 2(i1 + ... + iy). The weight-space
S(V¢)n(k) is therefore spanned by the v, such that nl — 2(i1 + ... +1in) = k.
We need the following fact.

..... in

Lemma 3.7. Suppose that the space of highest weight vectors S(V)3(k)t of weight
k is d-dimensional. Then, it has a basis consisting of d elements whose initial
monomials are the d smallest monomials of weight d.

Proof. Suppose that w = 20§i1§i2§i3§6+1 Ciy i isVirinis € S(Ve)3(k)T where
30 — 2(i1 + 19 + i3) = k. We have
Eiiz,is) = 1100y ~1i5is + 120i1,i5—1,i5 + 130iy iz ig—1 -
We obtain that the c¢;, i, i, satisfy the following system of linear equations:
(11)¢Ciy ig,i5 + (12 + 1)Ci —1i541,35 + (13 + 1)Ciy— 105,541 = 0,
for all (i1, 42, 13) such that 3¢—2(i1+i2+i3) = k. We have to argue that the resulting
matrix can be transformed into row-echelon-form without column operations. But

this is straightforward, since given any two rows, there is at most one column in
which both rows have non-zero entries. The lemma is proved. (|

We are now able to complete the proof of Proposition by employing the
following lemma.

Lemma 3.8. Let d > 0 be an integer, and let T C S(V ) be an ideal generated in
degree S(Vi)p, p > 2, by homogeneous elements, with respect to the weight-grading,
such that there exist wy, . .. s WaimS(V ) (k)—d € T such that the initial monomial of

wj is the i-th smallest monomial in S(Vy), (k). Then, the dimension of the quotient
dim(S(Ve); (k) /Zp(k)) < d for all j > p.



BRAIDED SYMMETRIC ALGEBRAS OF SIMPLE U,(sl2)-MODULES AND THEIR GEOMETRNY

Proof. The assertion in the case j = p is obvious. By induction, it now suffices to
prove the assertion in the case of j = p+1. Now assume that w of weight % has initial
monomial v, . ;,,., and suppose that vy, ; ., is its immediate successor. Then
there exist 1 < ¢ <r < p+1 such that j, = ¢, + 1 and j, =4, — 1 while j, =, for

all s # q,r. Now, let s # ¢,r. Then, v, foipis <V Jodott in S(Ve)p(k—is).
Hence, if there are d monomials greater than v;, .. 4,,, in S(V¢)p41(k), then there
exists Ui, feipit € Z,, and hence Uiy ,ooippr € Z. The lemma is proved. O

Notice that the Jacobian ideal satisfies the conditions of Lemma B.8 with p = 3
and d = “Tl. However, we know from Proposition [3.4] and the basic properties of
the classical limit (Theorem 2:14))

£—1

2
S(Vé)n/zn D @VnZ—M .

=0

The proposition is proved. O

Theorem B3] (a) is proved.

It remains to prove part (b). First, recall the definition and properties of the
classical and quantum Veronese algebras from Appendix [A] in particular the nat-
ural U(slz), resp. Uy(slz)-module algebra structure. Notice that if £ is even, then
we can embed V; into Sg(‘/Q)% and we obtain a homomorphism from S,V to

V,(2,%) (see Lemma [A4). Its image is the subalgebra A(2, %), introduced in
Appendix [A] Proposition B.3] Lemma [ABa) and Lemma [A3] now imply that
A(2,5)2 = (S5(Vy))2 and A(2,%)3 = (S;(Vi))s. The kernel is an ideal generated by
homogeneous elements in degrees 2 and 3, by Lemma [A.5(b). We obtain therefore
that S, (Vi) = A(2, £) as U,(slz)-module algebras. Now, Theorem 311 (b) is a direct

consequence of Lemma [A.3 and Lemma [A.5)a). Theorem [3.]is proved. O

Remark 3.9. Numerical experiments and the philosophy of [10] lead us to conjec-
ture in the case of g = sl similar description of the braided symmetric algebras of
Vakw, @0 terms of Veronese algebras of Va,, where wi denotes the first fundamen-
tal weight of g = sl,,. This is particularly interesting, as Vo, = S*(V,,,) is a flat
Uy(sly)-module (see [16, Theorem 1.1])

3.1. The Radical. In this section we will consider the set of nilpotent elements in
the algebras S, (V). First note the following facts.

Proposition 3.10. (a) Let £ be even. Then 0 is the only nilpotent element.
(b) Let € be odd. The set of nilpotent elements N is a graded Uq(slz)-module ideal
of S5 (Vo). More precisely,

oo L
N = PN, ,where N, =P Vorui -
n=2 =1

Proof. Part (a) follows from the description of S,(V;) as a subalgebra of the
quantum Veronese algebra V(2, %) which clearly has no zero divisors. In order to
prove part(b), we first show that the submodules N,, are contained in the radical.
Consider v € N,,. If v¢ # 0, then v € S, (V}), lies in a submodule which contains
no highest weight vector of weight greater than ¢n¢ — 4¢. But Theorem Bl implies
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that there exists no such highest weight vector in S, (V7)ne, hence v = 0. Now
suppose that v¢ # A. There exists n > 0 such that v = u + w, where u € V,,; C
So(Ve)n, and w € Ny, @, _,, S+ (Ve);. Suppose that E¥(u) # 0 while EF1(u) = 0.
We easily obtain from the action of U,(slz) on S,(V;) that E™F(u™) # 0 for all
m > 1, hence v is not nilpotent. It is easy to verify that A is indeed a U,(slz)-
module ideal. Part(b) is proved. The proposition is proved. (I

4. APPLICATIONS

4.1. The Poisson Closure. In this section, we will connect the results on braided
symmetric and exterior powers to the semiclassical limits, and the notion of the
Poisson closure, as developed in [2]. Recall from Theorem 214 (b) that the semiclas-
sical limit S, (V) of S;(V) admits a Poisson bracket defined as {u,v} =r~ (u A v).
In [2] and [I6] one considers the Jacobian map:

J:S(V)-S(V)-S(V)— S(V),

w@v@w s {u, {v,wh} + {w, {u, v} + {v, {w,u}}
Indeed, we showed that the image of J is a graded U(g)-module ideal and that
S(V)/J together with the bracket induced by 7~ is a Poisson algebra, which we
refer to as the Poisson closure of (S(V),{-,-}) (Theorem 214 (b) and [2, Corollary
2.20)).

Using the construction of the classical limit developed in Section 23] we now
derive the following corollary from Theorem Bl

Corollary 4.1. Let V be a simple Uy(sl2)-module. The classical limit of the braided
symmetric algebra S, (V') is isomorphic, as an algebra, to the Poisson closure, of

S(V).

Employing the notion of bracketed superalgebras (see [2 Section 2.2]), an analo-
gous assertion for the braided exterior algebras of simple Uy (sl2)-module was proved
in [2]. Thus, our result gives further evidence for the following conjecture.

Conjecture 4.2. Let V' be an object in Of. The classical limit of the braided
symmetric, resp. exterior algebra SU(V),Lesp. Ay (V) is isomorphic, as an algebra,
to the Poisson closure, of S(V'), resp. A(V).

4.2. Non-Commutative Geometry. In this section we will associate the braided
symmetric algebras with non-commutative geometry in the sense of Artin, Tate and
Van den Bergh [1]. First we will recall some of their definitions and results. Let V/
be a n-dimensional vectorspace. Every element of f € (V*)®* defines a multilinear
form on V®*. It induces a form on (PV)®* where PV is the projective space of
lines in V. Since the form is multi-homogeneous, it defines a zero locus in (PV)®*.
Let Z be a graded ideal in T(V*). Then the d-th graded component Z; of Z defines a
scheme I' g, where I'y is the scheme of zeros of Z; C (IP’V)®d. We have the following
fact.

Proposition 4.3. [, Proposition 3.5 ii] Let PV; denote the i-th factor of (PV)®¢
and for 1 < i < j < d denote by pry; the projection of (PV)®? onto PV; x ... x PVj.
Then pri;(Tq) is a closed subscheme of T'j_;11.
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Notice that by applying projections prig_1) to (PV)®4, therefore mapping I'y
to I'y_1, we can now consider the inverse limit I of the sets I'y. We need it in order
to classify the point modules which we introduce in the following. Denote by A the
algebra A = T(V*)/T.

Definition 4.4. [I, Definition 3.8] A graded right A-module M is called a point
module if it satisfies the following conditions:

e M is generated in degree zero,
e My==k, and
o dimM; =1 for all i > 0.

Artin, Tate and Van Den Bergh classified the point modules in the following
terms.

Proposition 4.5. [I, Corollary 3.13] The point modules of A are in one-to-one
correspondence with the points of T'.

Using our explicit description of the braided symmetric algebras of simple U, (sl2)-
modules we obtain the following result.

Theorem 4.6. (a) Let ¢ be odd. Then the point modules of Sy (Vz) are parametrized

by the points of the curve, defined by the Veronese algebra Vy(1,¢) in PVj.

(b) Let € be even. Then the point modules of S,(Vi) are parametrized by the points

of the surface, defined by the Veronese algebra Vg (2, %) in PV, which we embed
£

)

PV, CP as the generating set of Sy(Vy), as in the proof of Theorem[31] (b).

Proof. Part (b) follows directly from Proposition and the proof of Theorem
B (h).

In order to prove (a) we have to observe that the quotient of S,(V;) by the
ideal NV is isomorphic to the Veronese algebra V,(1,¢). The assertion follows. The
theorem is proved. ([

Remark 4.7. The assertion of Theorem [[.06] was proved in the special case { = 3
by Vancliff in [14].

APPENDIX A. VERONESE ALGEBRAS—CLASSICAL AND QUANTUM

In this section we shall review the definitions of the quantum and classical
Veronese algebras and varieties. For more details and proofs of the classical facts
see e.g. [7]. Recall the definition of the skew polynomials Cy[xo,. .., x,] which are
defined as the free algebra generated by zg,. ..z, and subject to the relations

Tir; = qilxixj
for all 0 < 7 < 7 < n. Note that it is a flat deformation of the polynomial algebra

Clzo, ..., xp]. Yy =4 .. .25, and zy = xj, ...z, withi; < ...igand j; <...jq4,
then denote by A(Z,J) the number

4
ALY =Y max{k :ig < jm} -
m=1

A(L,J)

Clearly z;xy =q T, where K =z, ... 2, , with k1 <ko <. < kgyo.
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Definition A.1. (a)The Veronese algebra V (n,d) is the subalgebra of Clxo, . .., Ty
generated by the homogeneous elements of degree d.

(b)The quantum Veronese algebra Vy(n,d) is the subalgebra of Cylzo,...,xn] gen-
erated by the homogeneous elements of degree d.

The Veronese algebra induces a map from P — ]P’(n;d)_l. Its image is called

the Veronese variety V(n,d). The relations defining the Veronese variety can be

described easily. Notice that we can describe the label coordinate functions x; on
n+d

c("d’) by the d-element partitions I = (0 < i3 < iy < ... < ig < n), or rather
T =i, ... T;,. We have the following fact.

Lemma A.2. (a) [1, example 2.4] The Veronese variety V(n,d) is the zero locus
of all relations xjxy; = xxwp € (C[,'EO,...,(E(n+d)71] such that xjxy = TgxL €
d
Clzo, ..., 2n]. In particular, all the relations are quadratic.
(b) The quantum Veronese algebra is the quotient of Cglzo, .. .,x(n+d)_1] by the
d

ideal generated by the relations
zrry =MD ppear € Cylzo, ..y w0
where A(I, J; K, L) =A(I,J) — A(K,L).

We will now consider the Veronese subalgebras in the case of n =1 and n = 2.
Recall that Clzo,z1] and Clzg,x1, z2], resp. Cqlzo,z1]and Cgylxo, z1,z2] can be
interpreted as symmetric algebras of the simple U (slz)-modules S(V1) and S(V2),
resp. the simple Uy (sl2)-modules S, (V1) and S,(V2). We can therefore think about
the classical and quantum Veronese algebras as graded U (slz), resp. U,(sl2)-module
algebras. Using the well known decomposition of the symmetric powers of Vi and
V4, we obtain the following fact.

Lemma A.3. The graded components of the Veronese algebras V(1,d), V,(1,d),
V(2,d), V4(2,d) split as follows:

V(1,d)r 2 Via, Vo(1,d) =2 Via,

kd kd
2 2

V(2,d), = @Vdelei . Vo(2,d) = @%kdfu .
i=0 i=0

Additionally, we have the following fact, relating Veronese algebras with classical
and braided symmetric algebras.

Lemma A.4. (a) Let V be a U(sly)-submodule of V(n,d);. Then there ezists a
surjective U (sla)-module homomorphism from the symmetric algebra S(V') onto the
subalgebra of V,, 4 generated by V.

(b) Let V be a Uy(slz)-submodule of Vy(n,d)1, n = 1,2. Then there exists a sur-
jective Uq(sla)-module homomorphism from the braided symmetric algebra S, (V')
onto the subalgebra of Vy(n,d) generated by V.

Proof. We first prove (b), and the proof of (a) will be analogous. Notice that
if V.C V,(n,d)1, then we can embed V in V,2¥¢. Recall the alternate defiition
of S;(V) as in Remark Recall that we can write Ria.. kd,(kd+1)...2kd acting
on V& @ VOkd a5 a product of R;;11. Because S, (V) is flat when n = 1,2,
we see that if v € V®F @ V@ ig in the subspace spanned by the ”positive”
eigenvectors for each R; ;41 then it can be expressed as a sum of eigenvectors with
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positive eigenvalue for Ris. kd,(kd+1)...2kd- The homomorphism 7'(V) — V(n,d)
therefore factors through S, (V). Part (b) is proved. Part(a) follows by an analogous

argument, as the symmetric algebras S(V,,) are trivially flat. (Il

Notice that Vag C V(2,d); and Vaog C V4(2,d); . We have the following fact
about the subalgebras A(2,d), resp. A4(2,d) generated by Va4 and Vag.

Lemma A.5. (a) The subalgebra A(2,d) C V(2,d) is a graded U(slz)-module
algebra and Aq(2,d) C V4(2,d) is a graded Uy(slz)-module algebra. If k > 2 then

A(2,d)k = V(2,d)k N and Aq(2,d)k = ‘/:1(2,d)k .

(b) The ideal of relations of A(2,d), resp. Aq(2,d) is generated by quadratic and
cubic elements.

Proof. Prove (a) first. We prove the assertion by induction on k. First, consider
the submodule Vay C V(2,d)1 of resp. Vag C V4(2,d);. It is generated by fg,
resp. #d. We have the following fact which can be proved by an easy induction

proof using the definitions of Section 2.1

Claim A.6. (a) For each m > 0, we have

F@g) = ) empr w,
i,j>0
Fm(zd) = Z cijxéxffifjxé ,
4,J

where €;; € Zq resp. the classical limit of c;; is a positive integer, if and only if
2i — 2§ = 2d — 2m (i.e. the monomial lies in the correct weight-space). Otherwise
Cij =¢Cij = 0.
(b) There exists a unique solution (i,j) € Z2, of the system of equations i +j = d
and i —j = d —m if and only if m is even. That means that if m is odd, then
F(xd) is divisible by x.

Secondly, we also need the following fact which is easy to prove.

Claim A.7. The highest weight vectors Vi in S(Va), resp. vin in Sy(Va)r of
weight 2d — 2m are of the form

m
/m o .
Vi = E (—1)Z<Z_> xg Mgt
; q

Now consider the products Vag - Vg C V(2,d)2 and Vag - Vag C Ve(2,d)2. Tt is
easy to see that

(A.1)
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we have to verify, however, that ¥; # 0 € V(2,d), resp. vi # 0 € V,(2,d). Claim
[A6 (a) and (b) and (A1) allow us to determine that

K2 .
(i
Vi = E (—=1) <]>vﬂ)2Z ;=TT 4T (L)

=0

3 .
vim Y07 (1) vy = et 4 ()
=0 1/ q
with non-zero ¢, because of the following argument. Terms of the form xg kx’j,
resp. azg ka appear only in the weight vectors Uag, resp. v in Voq. But these
terms appear only in summands with positive sign in (AJ). This implies that
¢ # 0. Hence the Vi, resp. vj are highest weight vectors of the desired weight and
Vaa - Vaa , therefore, generates V (2, d)a, while Va, - Vag generates V,(2,d)s.

In the case of V(2,d); and V4(2,d)x, k > 3, assume by induction that the
assertion has been proven for £k —1. We observe that we can express any monomial

— =] —kd— kd—i—j
Ty Ty T , Tesp. X)x| Ty as

—i ) —kd— _
Th T T = E A O

J _kd—i—j
x0x332 Am * Um

where a,, € V(2,d)r—1 and v, € Va4 as defined above. In the cases when i > 2d or
kd —1i— 7 > 2d, then it is obvious as there is only one nonzero summand vy or vaq.
In the remaining cases, we will set up a system of equations as follows. We write

—i =) kd— _
T T _ah Z]—E A O

J kd—i— 37
x0x332 Am * Um

and it is easy to see that we can solve the resulting system of equations for the a,,.
Lemma [A5)(a) follows.

Now consider (b). Recall that A(2,d) is a quotient of the tensor algebra by an
ideal generated by homogeneous relations. Since A(2,d)r = V(2,d)y, for £ > 2 and
A2,d) - A(2,d)e = V(2,d), for all k+ £ = m, for k,¢ > 2 and since there are
only quadratic relations in V' (2, d), the ideal is generated by homogeneous elements
of degree higher < 3. One argues analogously in the case of A,4(2,d) and V(2,d).
Part(b) and, therefore, Lemma are proved. O
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