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Abstract

In this paper, we show that the convergence order of the numerical scheme introduced
in [12] for sweeping processes is equal to one. The considered differential inclusions involve
a set-valued map, given by a finite number of constraints. The proof rests on a metric
qualification condition between the sets associated with each constraint.
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1 Introduction

In [I2], an implementable scheme was introduced to compute the discretized solutions of some
sweeping processes. Its convergence was proved by using compactness arguments. The aim
of this paper is to specify the convergence order of this scheme by directly estimating the
approximation error.

Let us briefly recall the mathematical framework. A problem of perturbated sweeping process
is a first order differential inclusion which can be expressed as follows

dq

)+ N@QU).a(0) >t (1), (1)
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where Q(-) is a set-valued map, N denotes the proximal normal cone (see Definition [Z1]) and f
represents a perturbation. We refer the reader to [9, [2, B] for an overview of this topic.

The current work falls within the realm introduced in [12] (recalled in Section[2). We deal with a
set-valued map Q(+), defined by a finite number of smooth convex constraints (more precisely for
all ¢, the set Q(t) is the intersection of complements of convex sets). The considered numerical
scheme is based on a local approximation of Q(t) by convex sets, which makes this algorithm
implementable.

In this context, we prove the following result:

Theorem 1.1. There exists a constant Cy > 0 such that for h small enough

larn — allzejo.77) < Coh,

where q and qp, are the continuous and discrete solutions of ().

We emphasize that this new approach allows us to go around the compactness arguments, used
n [12]. So it permits to extend the convergence result of[12] in an infinite dimensional Hilbert
space (see Remark [3.5]).

The paper is structured as follows: In Section 2, we describe the mathematical framework by
specifying notations and assumptions which will be used throughout the paper. Then in Sec-
tion 3] after recalling the prediction-correction scheme proposed in [12], we prove in Theorem [3.4]
that the discretized solution converges to the exact solution with order 1 . This proof rests on
a metric qualification condition which is checked in Section @l

2 Preliminaries

In the sequel, the space R? is equipped with its Hilbertian structure. We write B(xz,r) for the
closed ball of center 2 € R? and radius r > 0.

We consider perturbed sweeping process by a set-valued map @ : [0,7] = R satisfying that
for every t € [0,T], Q(t) is the intersection of complements of smooth convex sets. Let us first
specify the set-valued map Q. For i € {1, ...,p}, let g; : [0,7] x R? = R be a convex function
with respect to the second variable. For every t € [0,T], we introduce the sets Q;(t) defined by

Qi(t) == {aeR?, gilt.q) = 0}, (2)
and the feasible set Q(t) (supposed to be nonempty) is
P
Q) = () Qi(1) (3)
i=1

The associated perturbed sweeping process can be expressed as follows:

%(t) + N(Q(t),q(t)) > f(t,q(t)) for a.e. t € [0,T] n

q(0) = qo € Q(0).

We write N(Q(t), ¢(t)) for the proximal normal cone to Q(t) at ¢(t), below defined.



Definition 2.1 ([I]). Let S be a closed subset of RY.
The proximal normal cone to S at x is defined by:

N(S,x) := {v eR? Ja>0, x € Pgs(x+ av)} ,
where
Ps(y)={z €5, ds(y) =ly —zl}, with ds(y):=infly -z
corresponds to the Fuclidean projection onto S.

This differential inclusion can be thought as follows: the point q(¢), submitted to the pertur-
bation f(¢,q(t)), has to stay in the feasible set Q(t). To obtain well-posedness results for (),
we will make the following assumptions which ensure the uniform prox-regularity of Q(t) for all
t € [0,T]. We suppose there exists ¢ > 0 and for all ¢ in [0,T] open sets U;(t) D Q;(t) such that

dH(Qz (t)v Rd \ Ui (t)) > c, (AO)

where dy denotes the Hausdorff distance. We set U (¢) := (i_; U;(t). Moreover we assume there
exist constants a, 3, M > 0 such that for all ¢ in [0, T}, g;(t,-) belongs to C%(U;(t)) and satisfies

VqeUi(t), a <|Vagi(t,q)| <8, (A1)
VqeR?, 0gi(t,q)| < B, (A2)
VqeUt), |0:Vqgi(t,q)| < M, (A3)
and
VaqeUt), |Digilt,a)| < M. (A4)
For all t € [0,T] and q € Q(t), we denote by I(t,q) the active set at g
I(t,q) :={ie{1,...,p}, gi(t,q) = 0} (5)
and for every p > 0, we put:
L(t,a) :=={ie{l,....,p}, g(t.a) < p}. (6)

In addition we assume there exist v > 0 and p > 0 such that for all ¢t € [0, 7],

VaeQ(t), YAi=0, > MNVaglt,d)l <v| Y AiVqgi(tq)|. (A5)

iclp(tq) i€lp(t,q)

We will use the following weaker assumption:

VaeQ), YA >0, > XlVqgt,al <v| D AiVqgilt,q). (A57)
i€l(t,q) i€l (t,q)

In particular, this last assumption implies that for all ¢, the gradients of the active inequality
constraints Vg gi(t,q) are positive-linearly independent at all q € Q(t), which is usually called
the Mangasarian-Fromowitz constraint qualification (MFCQ). Conversely the MFCQ condition
at a point q yields a local version of Inequality (A5).

We recall some useful results established in [12] (Propositions 2.8, 2.9, 2.11 and Theorem 2.12
in [12]).



Proposition 2.2. For allt € [0,T] and q € Q(t),

N@Q(t),q) =Y N(Qi(t).q) =— Y R'Vggilt.q).

i€l(t,q)

Proposition 2.3. Under assumptions (A1), (A7) and (A5]), the set Q(t) is n-proz-regular with
a
- e te0,7).
n e for every 0,7
Proposition 2.4. Under assumptions (AQ), (A1), (A2) and (A3), the set-valued map Q is
Lipschitz continuous with respect to the Hausdorff distance. More precisely there exists Ky > 0

such that
Vi, s € [0,T], dg(Q(t),RQ(s)) < K|t — s|.

Theorem 2.5. Let T > 0 and f: [0,T] x RY — R? be a measurable map satisfying:

3K >0, Vae | Q(s), vt €[0,T), |f(t,q) — f(t,@)| < Kilq — q (7)
s€[0,T]

3L >0, Vae | Qs), Vt€[0,T], [f(t,q)| < Le(1 + |al). (8)
s€[0,7T

Then, under Assumptions (Ad), (A1), (A2), (A4) and{AF) for all qy € Q(0), the following

problem
%(t) + N(Q(t),q(t)) 3 {(t,q(t)) for a.e. t €[0,T) )
q(0) = qo,

has one and only one absolutely continuous solution q satisfying q(t) € Q(t) for every t € [0,T].

3 Time-stepping scheme

Let us detail the numerical scheme proposed in [12] to approximate the solution of (@) on the
time interval [0,T]. Let n € N*, h = T'/n be the time step and ¢} = kh be the computational
times. We denote by qj the approximation of q(¢}) with qff = qo. The next configuration is
computed as follows:

Qi = Pog, g (i + Bt ) (10)

with
Qt,q) = {a €R?, gi(t,q) + (Vqgi(t,q),d—q) =0 Vi} for q € U(t) := [ Ui(1).

i=1

We recall that all the gradients V g;(t, q) are well-defined provided that q € U(t). Indeed it can
be checked that this scheme is well-defined (more precisely Q(tZH, qp) C Q(tE1) C U(ti,,))
for h < - with ¢ and K, respectively given by Assumption (A0) and Proposition 2.4 (see
Proposition 3.1 in [12]). Thus every computed configuration is feasible and the set Q(t, q) can
be seen as an inner convex approximation of Q(t) with respect to q.

This scheme is a prediction-correction algorithm: predicted position vector qi + hf(t}, q}}), that

may not be admissible, is projected onto the approximate set of feasible configurations.

Before stating the result of convergence, we introduce some notations. We define the piecewise
constant function f™ as follows,

(1) = S0 ) i € [ il b <noand £(T) = £y d) ). (11)

4



We denote by " the continuous, piecewise linear function satisfying for k € {0,...,n}, q"(t}) =
qp. To finish, we introduce the functions p and 6 defined by

p"(t) =ty and 0"(t) =t if t € [ty th [, p"(T) =T and 0"(T) =T.

We recall some results about these approximate solutions (see Subsection 3.2 in [12] for details) :
Theorem 3.1. Let suppose that for all q € Use[o 7] Q(s),
f(-,q) s Riemann-integrable on [0,T)]. (12)

Then with the assumptions of Theorem 23, q™ tends to q in C°([0,T],R?), where t + q(t) is
the unique solution of (9).

Remark 3.2. If we replace the definition ({I1) of f™ with

1 tz+1 1 T
o) =g [ s if v gl k<n and 00 =4 [ fs.al s
k

the hypothesis (I2) is unnecessary.
Proposition 3.3. There exists C, D, K > 0 such that

n d n
sup |q4" || zoe o,y < €, sup ‘E <K
and for n large enough,
dQ(tZﬂ,QlZ)(qZ) < Dh. (13)

We now come to the main result of the present paper which specifies the convergence order of
the previous scheme.

Theorem 3.4. There exists a constant Cy > 0 such that for n large enough
T
la™ = allzeeo,17) < Cog,

where q is the solution of ().

Proof. We check that the sequence (q"),, is of Cauchy type.
Let m > n be large enough. Since for k € {0,..,n — 1}

Q1 = Pogp., g (G + BECER, o))

and Q(tg e qp) is a closed convex set, it comes : for all y € R¢

{aie + Aty di) — diesrs ¥ — dirn) < i+ PRI Ak) — diraldgn | g (¥)- (14)
By Assumption () and Proposition B3] we get for almost ¢ € [0, 77,
n dq”
f (t)—ﬁ(t) < Li(1+C)+ K. (15)

Consequently by dividing () by h, we obtain for all y € R?

dqn mn n n
(50 = 0~ O 0)) < gy
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with C; :=L(1+C) + K.
Taking y = q™(0™(t)), it follows

- <%(f) —£"(t),q™(0™(t)) — q"(an(t))> < Crdggn 1) .qn o o) (@™ (O™ (1))

First case : |¢"(6™(t)) — " (p"

t))| < r/8 (with r introduced in Theorem [£.9).
Let us chose w € Pggn(y)) (qm( m(t

))). Hence w € Q(6™(t)) and

jw—q"(p"(1))] < w—q™ (O™ (@))] + g < du(Q0"(1)), Q0™ (1)) +

-
8

by Proposition 2.4] for n large enough. Moreover q"(p"(t)) € Q(p"(t)) C U(0™(t)) for n > K, /c

and Inequality (I3]) implies that

n n T
A5(on (t)qn (o2 (4 (P" (1)) = 7
for n large enough. Then, by Theorem 4.9 and Proposition B.6l we deduce
o om (1 g (o (1) (W) < KlA" (0" (1)) — wl?
where x := OpM/(2«). Hence with Propositions B3] and 2]

A3 (om (1) .qn (o (1) (@7 (07 (1)) < Kla" (0" (1)) = w]” + a™ (0™ (2)) — wl
< wlq"(p" (8)) — w|* + du (Q(6™(1)), Q(6™ (1))
2

Finally,
— <d(gi:(t) — £7(t), g™ (0™ (1)) — qn(en(t))> < 201k|q™ () — ()| + %’

with Cy := Cl(KL + QH(K + KL)2).

Second case : |[q"(0™(t)) — q"(p"(t))| > r/2.
Then by (I5),

_ <%Z(t) — (1), a™(0"(1)) ~ q"(H"(t))> < Crla™(6™(1) = a" (0" (1))]
< %Cﬂqm(@m(t)) —q"(0" (1)

4 4 2K\ 2
<ol - PR+ o (—) |
T T n

End of the proof :
By setting C3 := max{2C}x,4C}/r} and C4 := max{Cy, 1607}K2}, we get

dq”

- (O = 0.a"07(0) " (0) ) < Cala"(0) — " +

n .



By summing the previous inequality and the other one obtained by changing the role of n and
m, it yields

dq™ dq™ 2, Cs
— () — —(),q" () — q"(t) ) < (2C Ko)|q™(t) — 4" (¢ —
(%50 - 0,070 - ') ) < (0 + Kla™(6) (O +
where Ly is introduced in ([{) and Cs := 2Cy + 4K?(K¢ + 1).
By applying Gronwall’s Lemma, we have
m_ Cy
lla™ = a*[ze= ([0, T]) < —= exp((2C5 + Le)T).

Then, we conclude the proof by taking the limit for m — oo. O

Remark 3.5. This proof allows us to get around the compactness arguments employed in [12)]
to obtain the convergence of qn. Consequently, this result can be extended to the Hilbertian
case. Then it can be checked that the limit satisfies the differential inclusion (4)) by following the
same reasoning as in [12]. In particular, we also find the existence of solutions again. However
the uniqueness requires the uniform prox-reqularity of sets Q;(t) (which implies the uniform
proz-reqularity of sets Q(t)).

It remains to prove Proposition and Theorem .9 We now check the first result whereas the
second one will be established in the next Section.

Proposition 3.6. For allt € [0,T], qo € U(t) and all q € Q(t), we have for all i € {1,...,p}

M
A, (t.q0) (@) < %M - qol*. (16)

Proof. Let consider i € {1,...,p}, qo € U(t) and q € Q(t) C Q;(t). We assume that q ¢ Q;(t, qo)
(otherwise (I6) obviously holds).
For ¢ > 0, we define

2(0) = q+ {Vygi(t, qo).

The point z(£) belongs to Q;(t,qo) if and only if

gi(t, d0) + (Vgi(t, q0),a — o) + £|Vgi(t, q0)[* > 0,
which is equivalent to

gi(t,aq0) + (Vgi(t,q0),q — qo)

>0y :=— > 0.
- Vit ao)? -
Thus,
000 (@) < la = 2(l0)] < ol Vgi(t,q0)
~ gi(t,d0) + (Vgi(t, do). 9 — qo)
- [Vgi(t, qo)|
1 T
< ——— sD 3 t, + s — - IS d87
Voitt o)) /0 39i(t,do + s(q —qo))(q4 — q0,9 — qo)
because g;(t,q) > 0. We conclude to (I6]) by Assumptions (Al and (A4]). O



4 Metric qualification condition

This section is devoted to the proof of Theorem [4.9] which corresponds to a metric qualification
condition for the sets ;. Aiming that, we recall some notions of subdifferential calculus.

Definition 4.1 (proximal subdifferential). Let f : R? — R be a lower semicontinuous function
which is finite at x € RY. The prozimal subdifferential of f at x is defined by:

OF f(x) = {a" €RY, 30,8>0, VI < B, f(x+h)— f(x) > (", h) — alh*}

Definition 4.2 (limiting subdifferential). Let f : R? — R be a lower semicontinuous function
which is finite at x € R®. The limiting (or Mordukhovich) subdifferential of f at x is defined by

oF f(x) == {x* € Ry z* = lim x with 2} € 07 f(xp), ap — 2 and  f(xr) — f(x)}

k—o00

Definition 4.3 (Clarke subdifferential). Let f : R? — R be a Lipschitzian function. The Clarke
subdifferential O€ f(x) of f at x can be defined (see [1]) as the closed convex hull of the limiting
subdifferential :

A f(x) := conw AL f(x).

This notion has been extended for less regular functions, we refer the reader to [I1] for details.

The following property is a special case of the exact sum rule for the Clarke subdifferential (see
Theorem 2 of [11]):

Lemma 4.4 (Optimality property). Let f : R? — RU{4o00} be a lower semicontinuous function
and ¢ : R — R a convex Lipschitz function. If x € R? is a finite local minimum of f + ¢ then

0 € d%f(x) +0%¢(x).

Let us recall the variational principle of Ekeland (see [4]).

Proposition 4.5 (Ekeland variational principle). Let f : RY — R U {400} be a lower semi-
continuous which is bounded from below. Let € > 0 and x € R?* such that

inf f < f(z) <inf f +e.
Then for all A > 0, there exists w € R? satisfying
o f(w) < f(=)
o |z —wl <A
o forall z #w, f(z) > f(w) — |z —w|.
The following result comes from Theorem 2.1 in [5]. For an easy reference, we detail the proof.

Lemma 4.6. Let f : R? — R U {400} be a lower semi-continuous function and xo with
f(zo) = 0. Assume there exist v,d > 0 such that for all

e |J 0%
z€B(z(,29)
f(z)>0

we have |x*| > ~. Then for all x € B(wo,6), dy—gy(z) <y 1 f(z).

8



Proof. Let x € B(xg,0). If f(x) > ~d, then
dij—oy(z) <o —wo| <6 <77 f(a).

Now, we assume that 0 < f(z) < 76 and we set € := f(x). Applying the variational principle
of Ekeland (see Proposition 5] to f with e and any A €]y "', §[. There exists w = w()\) € R?
such that f(w) < f(z), |xr —w| < X and

Vit w, f(z)> f(w) - ho -2l

Consequently, w minimizes f 4+ eA™!| - —w| and by Lemma &4 it comes

0 € 9% f(w) + 8%y (w)

where 1(-) = eA71| - —w|.

So there exists 2* € 9° f(w) with |z*| < eA™! < 7. That is in contradiction with the assumptions
as |w — xg| < |w— x|+ |z — z9| < 20 and so we deduce that necessarily f(w) = 0. Then we
conclude to the desired result, since

dip=oy(z) < |z —w[ <A
holds for every A\ €]y~ e, d]. O

Frow now on, we come back to the framework of the previous sections and prove the metric
qualification condition of sets Q);.

p
In the sequel, we introduce convex sets C; for i € {1,...,p} and their intersection C' = ﬂ C;.

i=1
We consider the following set-valued map F

RY = R%
F{x = F(z):=(C1—x)x - x (Cp—x). (17)
Let us note that 0 € F/(z) if and only if x € C.

Proposition 4.7. Consider the function f defined by f(x) := dp(,(0) where F' is given by (17).
The map f is Lipschitzian and for all x ¢ C,

o' fl@) c of@) =4 S f’—, ,
i, v¢C; y

where y = Pp)(0). In other words, for all i € {1,..,p}, yi + © € Pg,(z), hence —y; €
N(Ci,x—l—yi).

Proof. For all x € R,
f(z) = dp@)(0) = du(é(z))
where I := ®_,C; and ¢(z) == (z,...,2) € R®. For z ¢ C,
0“f (@) = 0% (dn 0 d)(x) ="(1,..., 1) - 8% dn(¢(x))

thanks to Corollary 1 in [11]. By convexity of the sets Cj, dpr is a convex functions and so

8Cf(x) = t(17 ) 1) ’ 8Pdn(¢(1')),



see Remark .8 First we claim that
O dn(¢(x)) C [®Y_,&(2)]()S(0,1), (18)

with & (z) = w((x)))apdc (x) if z ¢ C; and &;(x) := {0} else.
Indeed, let x* belong to 0P dr(¢(z)). By definition, for some o > 0 and for all small enough
h € R,

du(¢(z) + h) — dn(é(x)) > (z*, h) — afhl>.

Let us fix an index i € {1,...,p}. It follows that for all small enough h; € R?

\/dn(¢(ﬂf))2 +do, (x + hi)?2 — do, (2)? — V/du(d(x))? > (2}, hi) — afhi*.
By a first order expansion, we get

dC¢ (m + hi)Q — dCi (x)Z
2dn(¢(2))

with another numerical constant o/. Then, we obtain with another constant o and for all small
enough h; € R?

> <.%':, hl> - al‘hi‘27

de, ()
drr
If x € C; then d¢,(z) = 0 and so we deduce that 7 = 0. If ¢ C; then by definition of the

proximal normal cone,
dii(¢(x))

de; (z)

(6(x)) (e, (@ + i) — de, (x)) > (@}, hi) — o' | il

zf € dde, (z) € 5(0,1),

see Remark (4.8
So |z¥| = dg, (w)dn(¢(z)) ! and so |z*| = 1, which concludes the proof of (IH).
Let us now finish the proof of the proposition. Thus

fa)c Y & c Y d Z@Pdc()
1, x¢C} i, x¢C; H

We set 2 = (21,...,2p) € R¥? with for all i, 2; = P¢,(x) or equivalently z = Pp(¢(x)). By
Theorem 1.105 in [10],

0P de, (z) € dde,(2) N S(0,1) = { R } .

|z — z|

Consequently, we have

c r) T—z | T — z
“ec Y awc] ¥ ety 8 Y S

i, x¢C; i, x¢C; i, x¢C}y

We finish the proof by choosing y := ¢(z) — z € R, O

Remark 4.8. Let S C R? be a closed convex set and x ¢ S, then 0Fdg(x) = 0%ds(z) C
S(0,1). Indeed with w := Pg(z) and vectors h = e(w — x) for small enough €, we remark that
ds(r+e(w—12)) = dg(x) — ejw —z|. Hence, by Definition [}, we obtain for every x* € OFdg(x)

—|h| > (z*, h) — a|h|?.

By dividing by |h| and letting € go to 0, we deduce that |x*| > 1. We also conclude to |z*| =1
since dg is 1-Lipschitz.

10



Theorem 4.9. There exist r and © such that for allt € [0,T], qo € U(t) satisfying d@(t qo)(qo) <
r/4 and all q € B(qo,r/4)(Q(t),

p
d tOLo) q) <O Z tqo

Indeed we can choose © = % and r = min(—G%, )

Proof. Consider r = min(d5, z377)- Let us fix t € [0,T], qo € U(t) satisfying A (1.q0)(0) < 7/4
Consequently there exists q; € B(qg,7/4) such that q; € Q(t, qo). We define a Lipschitz map
[ = dp()(0) where F' is given by ([I7) with C; = Q;(t,qo). First we check the assumptions of
Lemma [£.6] for the function f with 2o = q1. Indeed f(q1) = 0 because q; € Q(t, qQo)-

Let us consider q € B(q1, ) N Q(t,qo)° N Q(t), so q € B(qo,2r). By Proposition &1, 9 f(q) =
{q*} where

=Y
i7 Q¢Qz(t7QO)

with p* = p/|p| and p = Pp(q)(0). Moreover for i satisfying q ¢ Qilt, q0), —p; € N(Ci,q + pi)-
Let us define

J(t,q) = {j, g;(t,q0) + (Vgj(t,do),a —qo) < 0} = {4, a & Q;(t,a0)}-

It is well-known that there also exist nonnegative reals (A;)icj(,q) satisfying

> AiVgilt, qo)-

i€J(t,q)

Hence by Assumption (A4])

"l =] D AiVailt,qo)

i€J(t,q)

Z AiVgi(t,q)| — 2Mr Z i

i€J(t,q) ieJ(t,q)

v

Since q + p; € P¢;(q) and q € Q(t), Proposition yields |p;| = d¢;(q) < %7’2. Moreover for
all i € J(t,q), q+ p; € 9Q(t,qo) so we have by Assumption (ATl

9i(t,d0) = —(Vgi(t,do),a+ pi — o) < B(la — qol + [pil)
< 20r <1 + %> .
o
Hence by Assumption (A7),
) < 290 (2420,

Due to the choice of r, we deduce that 28r (2 + %) < p and thus J(t,q) C I,(t,q). From

11



Assumptions (ATl), (A4)) and (A5]), we deduce that

Q1> DD NValta)l —2Mr YA
i€J(t,q) i€J(t,q)

> (ay™! —2M7) Z Ai

i1€J(t,q)
> 3
726]( q)
(6%
253 > |Vt )l
’y 1€J(t,q)
o
> > v}l
VﬂzEth
o «
> o=l = 5=
2vB 2vB

We can also apply Lemma [£.6] and we obtain that for all q € B(qi,7/2) D B(qg,r/4)

1/2
P
2
dQ(t,Om)(q) <0 Z in(t,%)(q) < @Zdéi(h%)(q)'
i€J(t,q) i=1
O
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