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TRIANGLE-FREE TRIANGULATIONS, HYPERPLANE
ARRANGEMENTS AND SHIFTED TABLEAUX

RON M. ADIN AND YUVAL ROICHMAN

ABSTRACT. Flips of diagonals in colored triangle-free triangulations of a
convex polygon are interpreted as moves between two adjacent chambers
in a certain graphic hyperplane arrangement. Properties of geodesics in
the associated flip graph are deduced. In particular, it is shown that every
diagonal is flipped exactly once in a geodesic between distinguished pairs of
antipodes.

1. INTRODUCTION

It was shown in [I] that the diameter of the flip graph on the set of all colored
triangle-free triangulations of a convex n-gon (to be defined in Subsection [2ZT]) is
exactly n(n — 3)/2. Observing that this is the number of diagonals in a convex
n-gon, it was conjectured by Richard Stanley that all diagonals are flipped in a
geodesic between two antipodes.

In this paper Stanley’s conjecture is proved for distinguished pairs of antipodes
(Corollary B3] below). The proof applies a C,,-action on arc permutations, which
yields an embedding of the flip graph in a graphic hyperplane arrangement.
Geodesics between distinguished antipodes in the flip graph are then interpreted
as minimal galleries from a given chamber ¢ to the negative chamber —c, while
diagonals are interpreted as separating hyperplanes.

Furthermore, the number of geodesics between (distinguished) antipodes is
equal to twice the number of Young tableaux of a truncated shifted staircase
shape. Motivated by this result, formulas for this number were given by Greta
Panova [10] and Ronald C. King and the authors [2]; see Section [3

2. TRIANGLE-FREE TRIANGULATIONS
In this Section we recall basic concepts and main results from [IJ.

2.1. Basic Concepts.

Label the vertices of a convex n-gon P, (n > 4) by the elements 0,...,n —1
of the additive cyclic group Z,. Counsider a triangulation (with no extra ver-
tices) of the polygon. Each edge of the polygon is called an external edge of the

Date: August 20, '10.


http://arxiv.org/abs/1009.2628v1

2 RON M. ADIN AND YUVAL ROICHMAN

Ficure 2.1. I'7

triangulation; all other edges of the triangulation are called internal edges, or
chords.

Definition 2.1. A triangulation of a convexr n-gon P, is called triangle-free if
it contains no triangle with 3 internal edges. The set of all triangle-free triangu-
lations of P, is denoted TFT (n).

A chord in P, is called short if it connects the vertices labeled ¢ — 1 and 7 + 1,
for some i € Z,. A triangulation is triangle-free if and only if it contains two
short chords [I, Claim 2.3].

A proper coloring of a triangulation T € TFT(n) is a labeling of the chords
by 0,...,n —4 in the following inductive way: Choose a short chord and label it
0. Inductively, a chord which was not yet labeled and is contained in a triangle
whose other chord has been labeled i, is labeled 7 + 1. It is easy to see that
this uniquely defines the coloring. The set of all properly colored triangle-free
triangulations is denoted CTFT(n).

Each chord in a triangulation is a diagonal of a unique quadrangle (the union
of two adjacent triangles). Replacing this chord by the other diagonal of that
quadrangle is a flip of the chord.

Definition 2.2. The colored flip graph I',, is defined as follows: the vertices are
all the colored triangle-free triangulations in CTFT(n). Two triangulations are
connected in Iy, by an edge labeled i if one is obtained from the other by a flip of
the chord labeled 1.

2.2. A C,_4-Action on Triangle-Free Triangulations.

Let C,, be the affine Weyl group generated by

S = {807817-' -7871—17871}
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subject to the Coxeter relations

(1) si=1  (Vi),

(2) (sis))> =1 (lj—il>1),
(3) (sisis1)’ =1 (1<i<n-—1),
and

(4) (sisip)* =1 (i=0,n—1).

The group Cy_s acts naturally on CTFT(n) by flips: generator s; flips the
chord labeled i in T' € CTFT(n), provided that the resulting colored triangula-
tion still belongs to CTFT (n). If this is not the case, T is unchanged by s;.

Proposition 2.3. [I Proposition 3.2] This operation determines a transitive
Cr—4-action on CTFT (n).

This affine Weyl group action on CT FT'(n) was used to calculate the diameter
of T'y,.

Theorem 2.4. [1l Theorem 5.1] For n > 4 the diameter of Ty, is exactly
n(n —3)/2.

For any colored triangle-free triangulation 7' denote by 7% the colored triangle-
free triangulation obtained by reversing the labels of the chords of T'; namely,
the chord labeled 4 in T is labeled n — 4 — 4 in T,

Theorem 2.5. [I, Proposition 5.6] For every n > 4 and T € CTFT(n), the
distance between T and T is exactly n(n —3)/2.
3. A C,_>-ACTION ON ARC PERMUTATIONS
3.1. Arc Permutations.
Let S, be the symmetric group on the letters 1,...,n. Denote a permutation
m € Sy, by the sequence [7(1),...,7m(n)] and transpositions by (i, ).

Intervals in the cyclic group Z,, are subsets of the form {é,i + 1,...,7 + k},
where addition is modulo n.

Definition 3.1. A permutation m € S, is an arc permutation if, for every
1 <k < mn, the first k letters in m form an interval in Z,, (where n =0, namely,
the letter n is identified with zero).

Example. 7 = [1,2,5,4,3] is an arc permutation in S5, but = = [1,2,5,4, 3, 6]
is not an arc permutation in Sg, since {1,2,5} is an interval in Zs but not in Zg.

The following claim is obvious.

Claim 3.2. The number of arc permutations in S, is n2" 2.
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Proof. There are n options for 7(1) and two options for every other letter except
the last one. g
Denote by U, the set of arc permutations in S,,.
Definition 3.3. Define ¢ : U,, — Z, x Z3~ % as follows:
o(m)1 = (1),
For every 1l <i<n-—1, if {r(1),...,7(i—1)} is the arc [k,m] then 7 (i) is either
k—1orm+1.
0, ifn(i)=k—-1;
TR S
1, if7r(@)=m+1.
¢ is clearly a bijection.
3.2. A C’n,Q-Action.
Let {o; : 1 <i<n—1} be the Coxeter generating set of the symmetric group
Sn, where o; is identified with the adjacent transposition (i, + 1).

Definition 3.4. For every 0 <i <n — 2 define a map p; : U, — U, as follows:

iv1, if wo; Un;
pi(m) = {WU +1, W7o € (Vr e U,)

m, otherwise.
Note that, for 7 € Uy, w011 € Uy, iff either i € {0,n—2} or ¢(7); 11 # d(7)i12-
Observation 3.5. For every w € U,
o(m)o—1 (mod n), if j=1and ¢(r)s = 0;
o(m)o+1 (modn), if j=1and ¢(r)s =1;
¢(m)1+1 (mod2), ifj=2;
o(m) s, if j #1,2,

(¢(pi7))j = ¢(7T)Ui+l(j) (O <i<n-—2, Vj),

(@(pom)); =

and
o(m);, ifj#n-—1;

((pn—2m)); = {gb(w)nl +1 (mod?2), ifj=n—1.

Proposition 3.6. The maps p;, when extended multiplicatively, determine a well
defined transitive Cy,_s-action on the set of arc permutations U, .

Proof. To prove that the operation is a én,g—action, it suffices to show that it is
consistent with the defining Coxeter relations of Crs (where the operator p; is
interpreted as an action of the generator s;). All relations may be easily verified
using Observation We leave verification of the details to the reader.

To prove that the action is transitive, notice first that (pom)(1) = 7(2) =
m(1) £1 (mod n). It thus suffices to prove that for every 1 < k < n, the maximal
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parabolic subgroup (s1,...,Sp—2) of Ch_o acts transitively on the set Uk =
{m € U, : w(1) = k}. Indeed, this parabolic subgroup is isomorphic to the
classical Weyl group B,,_s. By Observation B8 the restricted B,,_s-action on
Uék) may be identified with the natural B, _s-action on all subsets of

{1,...,n — 2}, and is thus transitive.

4. A GrRAPHIC HYPERPLANE ARRANGEMENT

4.1. Real Hyperplane Arrangements.

Let A be an arrangement of finitely many linear hyperplanes in R that is
central and essential, meaning that Ngec 4 H = {0}. Let L = I_I;-i:OLi be the cor-
responding graded poset of intersection subspaces, ordered by reverse inclusion.
L is a geometric lattice.

Define a graph structure G1(A) on the set C of chambers of A, in which two
chambers ¢, ¢’ are connected by an edge when they are separated by exactly
one hyperplane in A. It is well-known that the diameter of the graph Gi(A) is
|L1] = |A|, that is, the number of hyperplanes.

The reflection arrangement A,,_1 of type A, _1, corresponding to the symmet-
ric group S, has ambient space R" ™!, identified with the quotient of R™ having
coordinates x1,...,x, by the subspace 1 = o = --- = x,. Its hyperplanes
are H;j = {z; = z;} for 1 <i < j < n. The chambers may be identified with
permutations in Sy, via ¢x = {Z € R"™!' : 2,4) < Zr2) < -+ < Tr(no1)}-
The symmetric group S, acts on the chambers via o;(¢x) := ¢ro,, the unique
chamber which is separated from ¢, by the hyperplane Hy ;) (i+1)- Then, for
every m € Sy, ¢ and —¢; = Cqy, are antipodes in the graph Gi(A,,—1), where
wp = (n,n—1,...,1) is the longest element in S,.

A (simple undirected) graph G = (V, E) of order n consists of a set V =
{v1,...,v,} of vertices and a set E of edges, which are unordered pairs of distinct
vertices. Given a (simple undirected) graph G = (V, E), the associated graphic
arrangement A(G) is the hyperplane arrangement in R"~! determined by the
hyperplanes

A(G) :=={z; =x;: (vi,v;) € E}.
For example, let K,, be the complete graph of order n, whose set of edges consists

of all unordered pairs of vertices. The associated graphic arrangement A(K,,) is
the reflection arrangement of type A,_;. For more information see [7].

4.2. The Graph of Chambers G;(U},).

For every graph G of order n, the associated graphic arrangement A(G) has
the reflection arrangement of type A,,_1 as a refinement. Thus, every graph G of
order n induces a G-equivalence relation on S,: two permutations w, T € S, are



6 RON M. ADIN AND YUVAL ROICHMAN

G-equivalent if the points (7(1),...,7m(n)), (7(1),...,7(n)) € R™ lie in the same
chamber of the associated graphic arrangement.

Let the vertices in the complete graph K, be indexed by 1,...,n and consider
the graph K/, obtained by deleting the edges {(i,i+1): 1 <i<n}U{(1,n)}
from the complete graph K,. Let A} _, := A(K],) be the associated graphic
arrangement. Two permutations w,7 € S,, are K/ -equivalent if and only if there
exist 1 < i < n, such that 7 = 7o; and woyr~ ! € {o;: 1 <j<n}uU{(l,n)},
i.e., if the letters j and j + 1 (or 1 and n) are adjacent in m, and 7 is obtained
from 7 by switching their positions.

Let U, be the subset of arc permutations in S,, and let U], be the set of K/ -
equivalence classes in U,.

Observation 4.1. For n > 3 all K/ -equivalence classes in U, consist of four
permutations {mw, 101, T0p_1,TO10p_1}.

Proof. For every m € U, and 1 <i<n—2,if 7(i+1) = 7(i) £ 1 then wo; & U,.
On the other hand, for every 7 € U,, and i € {1,n — 1}, wo; € U,. O

Let G1(U}) be the subgraph of G1(A!,_;) induced by the chambers in U},.

5. STANLEY’S CONJECTURE

It was conjectured by Richard Stanley that all diagonals are flipped in a geo-
desic between two antipodes in the flip graph I';, of colored triangle-free triangu-
lations. A bijection between the set of triangle-free triangulations in CTFT(n)
and the subset U}, of chambers in the graphic hyperplane arrangement A(K),),
which preserves the underlying graph structure, is applied to prove Stanley’s
conjecture.

Theorem 5.1. The flip graph T, (without edge labeling) is isomorphic to the
graph of chambers G1(U!).

Furthermore,

Theorem 5.2. There exists an edge-orientation of the flip graph I'y,, such that
for any oriented edge of adjacent triangulations (T,S), S is obtained from T by
flipping the diagonal [i, j] if and only if the corresponding chambers are separated
by the hyperplane x; = x;.

An affirmative answer to Stanley’s conjecture follows.

Corollary 5.3. For every colored triangle-free triangulation T € CTFT(n),
every diagonal is flipped exactly once along the shortest path from T to same
triangulation with reversed coloring TF.
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6. PROOF OoF THEOREM [5.1]
6.1. A C,_4-Action on U/.

For every m € U, denote the K -class of 7 in U, by #. By Observation [£]]
for every m € U,, @ € U] may be represented by a series of n — 2 subsets:
{r(1),7(2)},{x(3)},...,{m(n—=2)},{w(n—1),m(n)}, where all subsets except of
the first and the last are singletons.

For every simple reflection o; € S,,_2, 1 < i < n — 3, let To; be the series
of subsets obtained from 7 by replacing the letters in the i-th and i + 1-st sub-
sets. Let wo; be obtained from 7 by replacing letters in the first two subsets
as follows: if {w(1),7(2)} = {7(3) — 2,7(3) — 1} then the first two subsets in
7oy are {m(3),m(3) — 1}, {w(3) — 2}; {n(1),7(2)} = {#x(3) + 1,7(3) + 2} then
the first two subsets in 7oy are {7(3),7(3) + 1}, {w(3) + 2}. Similarly, 7o,_3 is
obtained from 7 by replacing the letter in the n — 3-rd subset with w(n —2) — 2
if {mr(n—1),7(n)} = {7(n —2) —2,7(n — 2) — 1} and with 7(n + 2) otherwise.

For every 0 <i <mnlet 6; : U, — U/ be

Toiv1, if To;1 € U,
0i(7) = { "L DO Y gz )
T, if 7o41 € U,
Observation 6.1. The maps 6;, (0 <i < n—4), when extended multiplicatively,
determine a well defined transitive Cy,—4-action on U),.
Proof is similar to the proof of Observation and is omitted.

Observation 6.2. Two chambers in 7,7 € U}, are adjacent in G1(U}) if and
only if there exist 0 < i <n —4, such that 0;,(7) = 7.

6.2. A Graph Isomorphism.

Let f: CTFT(n) — U], be defined as follows: if [a,a + 2] is the short chord
labeled 0 then let {w(1),7(2)} = {a,a+ 1}. For 0 < i < n — 4, assume that the
chord labeled ¢ — 1 in T is [a — k,a + m] for some k,m > 1, k+m =14+ 1. The
chord labeled i is then either [a — k —1,a+m] or [a — k,a +m + 1]. Let i + 1-st
subset be {a — k — 1} in the former case and {a + m} in the latter. Finally, let
the last subset consist of the remaining two letters.

Claim 6.3. The map f: CTFT(n)— U] is a bijection.

Proof. The map f is invertible. |
Recall the definition of T# from Section

Observation 6.4. For every T € CTFT(n), f(T) is obtained from f(T) by

reversing the order of the subsets.
Recall from Subsection the affine Weyl group C,_s-action on CTFT(n).
To complete the proof of Theorem (.11 it suffices to show that
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Proposition 6.5. For every Cozeter generator s; of Cha (0<i<n-—4) and
T € CTFT(n)

f(sT) = s f(T),
where s; f(T) := 0;(f(T)).

Proof. For i =0, let [a, a + 2] be the short chord labeled 0 in T'. Then the chord
labeled 1 is either [a,a + 3] or [a — 1,a + 2]. In the first case the short chord
labeled 0 in s¢T is [a+ 1, a+ 3] and all other chords are unchanged, in particular,
the chord labeled 1 in soT is [a,a + 3]. By definition of the map f, the first
two subsets in f(T) are {a,a + 1}, {a + 2} and the first two subsets in f(soT)
are {a + 1,a + 2},{a} and the rest are not changed. On the other hand, by
definition of 6y, the first two subsets in sof(T) are {a+1,a+ 2}, {a} and the rest
are unchanged. A similar analysis shows that f(soT") = sof(T") when the chord
labeled 1 is [a — 1,a + 2].

For 0 < ¢ < n — 4 let the chord labeled i — 1 in T be [a — k,a + m] for
some k,m > 1, k+m = 14+ 1. The chords labeled ¢ and 7 + 1 are then either
[a—k—1,a+m], [a—k—2,a+m] respectively, or [a—k,a+m+1], [a—k, a+m+2]
orfa—k—1,a+m],[a—k—1,a+m+1]or [a—k,a+m+1],[a—k—1,a+m+1].
In the first two cases ;7 = T, so f(s;T) = f(T). On the other hand, in these
cases f(T)o; € U!, so s;f(T) = f(T).

If the chords labeled ¢ and i +1in T are [a—k—1,a+m],[a—k—1,a+m+1]
respectively, then the chords labeled ¢ and ¢+ 1 in ;T are [a — k,a+m+1],[a —
k—1,a+m+1]. So, the i-th and ¢+ 1-st subsets in f(7T') are {a—k—1}, {a+m},
and they are switched in s; f(T"), so same as the corresponding subsets in f(s;T).
The proof of the forth case is similar.

Finally, by Observation[64l f(soT") = sof(T) implies that f(s,—4T) = sp—af(T).

|

7. PROOF OF THEOREM
7.1. Coloring the Colored Flip Graph.

The goal of this subsection is to equip the colored flip graph I';,, with an edge
orientation that will be used to encode the location of the flipped diagonals. It
will be proved later that this orientation satisfies the conditions of Theorem
Our starting point is the edge labeling, mentioned in Section 2l which encodes
the order of the chords.

Recall from [I] the bijection
¢©:CTFT(n) — Z, x Z4~*

defined as follows: Let T € CTFT(n). If the (short) chord labeled 0 in T is
[a—1,a+1] for a € Zy, let ¢(T)g := a. For 1 <1i < n—4, assume that the chord
labeled ¢ — 1 in T is [a — k,a + m] for some k,m > 1, k+m =i+ 1. The chord
labeled ¢ is then either [a —k —1,a+ m] or [a — k,a +m + 1]. Let o(T); be 0 in
the former case and 1 in the latter.
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By definition of the map ¢,

Claim 7.1. For every vector v = (vg,...,Vp—4) € Ly X Zg_4 and every 0 <
i <n—4, the diagonal labeled i in the triangulation T = ¢~ (v) is [k, m] where

ki=(v—1—i4+ > v;) (mod n) and m:= (vg+ 1+ > v;) (mod n).
i=1 j=1

It follows that
Corollary 7.2. [Il Lemma 5.7] For every T € CTFT(n), if o(T) = (vo, ..., Vn)

n—4

then o(TT)g = (24 Y v;) (mod n) and p(TH); =1 v, 3; (1 <i<n—4).
i=0

Observation 7.3. [1, Observation 3.1] For every T € CTFT (n) and a Cozxeter

generator s; of Cp_y

o(T);, if j#0,1,

o(T)o+1 (modn), if j=0and p(T); =0,
(psg))y = 4 0+ mocm) 1T =g andeCh =

o(T)o—1 (modn), if j=0and o(T); =1,

o(T)1+1 (mod2), if j=1and o(T); =0;

P(T);, if j #n,
o(T)p,+1 (mod?2), ifj=mn;
and

(0(s:T))j = oMoy (0<i<n—4);
where o; := (1,44 1) the adjacent transposition.

We use this observation to orient the edges in I';,.

Definition 7.4. Orient the edges in T'y, as follows: If the last diagonal labeled
n — 4 is flipped orient the corresponding edge from the triangulation encoded by
last entry 0 to the one with last entry 1. If the flip is of the diagonal labeled
0 < i <mn—4 orient the edge from T with o(T); = 0,p(T);+1 = 1 to the one
with these two entries switched; if it flips the diagonal labeled O orient it by the
first entry from j to j+1; .

Lemma 7.5. For every T € CTFT(n), the orientation of the edges along any
geodesic from T to T® is coherent with the orientation of T',, described in Def-
ingtion [T namely, all edges in a geodesic have the same orientation as in the
oriented Iy, or all have an opposite orientation.

Proof. Consider the dominance order on vectors in Z, X 2374; namely,

(00, Up—a) < (ug, ..., Un—4a)

k k
if and only if > v; < > w; forall 0 <k <n—4.
i=0 i=0
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The resulting poset is ranked by
n—4

L(vg, .y Up—y) i= Z(n -3 —1)u;.

i=0

Using Corollary [[.2] the reader can verify that for every T' € CTFT(n)
-3

(") — t(p(r)) = =2

which is the distance between T' and T (Theorem [Z.H).
Finally, notice that for every edge e = (51,52) in I, the edge e is oriented
from S7 to Sy if and only if

£(p(S2)) = £(p(S1)) =1 mod n(n —3)

mod n(n — 3),

One concludes that either all steps in a geodesic increase the rank function by
one modulo n(n — 3) or all steps decrease it by one. Hence the lemma holds.
|

We note that this proof essentially appears (implicitly) in [I], where an alge-
braic interpretation of the rank function as a length function on C,,_4 is given;
see, in particular, [I Sections 3.3 and 5.2].

Now color each edge (S, 52) of T'y,, oriented from Sy to Sz, by the chord [, j]
which is erased from S;. Ignore the edge-orientation and let I';, be the resulting
edge-labeled flip graph.

7.2. Edge-Colored Graph Isomorphism.

Consider an edge-labeled version of the graph G, (U’,), denoted by G1(U),
where the edge between two adjacent chambers is labeled by the separating hy-
perplane.

Theorem 7.6. The edge-labeled graphs G1(U!) and T, are isomorphic.
Note that this theorem implies Theorem

Proof. By Observation[6.2] two chambers 7, 7 € U, are adjacent in G (U),) if and
only if there exist corresponding arc permutations 7,7 € U, and 1 <i <n — 1,
such that mo; = 7. The separating hyperplane is then z;, = x,, if and only if
(k,m)m = 7, or equivalently mo;m~1 = (k,m), for the transposition (k,m) € S,,.

Recall the bijection f : CTFT(n) — U}, defined in Subsection Since f
induces a graph isomorphism, for every 1 < i < n — 1, if m,mo; are two arc
permutations then f~1(7), f~!(7o;)) forms an edge in T',. In order to prove
Theorem (.2} it suffices to show that f~!(70;)) is obtained from f~!(7) by
flipping the diagonal [k, m], when the edge is oriented from f~1(7) to f~!(7o;).
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Indeed, an edge is oriented from f~1(7) to f~*(7o1) if and only if the latter
triangulation is obtained from the first by flipping the short chord labeled 0
[a — 1, a+ 1]; namely, by replacing the diagonal [a — 1,a + 1] by [a,a + 2], where
the diagonal labeled 1 is [a — 1, a + 2]|. By definition of the map f the first two
subsets in 7 are {a — 1,a},{a + 1} and in To1: {a,a + 1},{a — 1}. Letting
7 = [a,a — 1,a+1,...] one gets moy7~ ' = (a — 1,a + 1), so the separating
hyperplane is z4,—1 = Tqy1.

For 1 < i < n — 3, an edge is oriented from f~1(7) to f~!(7o;) if and only if
the chord labeled i — 1 is [a — k,a + m] and the latter triangulation is obtained
from the first by flipping a diagonal [a — k — 1, a + m]; namely, by replacing the
diagonal [a —k —1,a+m] by [a — k,a+m+1]. Then the i-th and 7+ 1-st subsets
in 7, which are {a — k — 1}, {a + m}, are switched in To;71. So 7(i) =a—k — 1
and (i +1)=a+m+1,and no; 17 ' = (a —k —1,a+m).

Finally, an edge is oriented from f~!(7) to f~(77,_3) if and only if the chord
labeled n — 5 is [b — 2,b + 1] and the latter triangulation is obtained from the
first by flipping the short chord labeled n — 4 [b — 1, b+ 1]; namely, by replacing
the diagonal [b — 1,b + 1] by [b,b + 2]. Then the last two subsets in 7 are
{b—1},{b,b+ 1} and in To,—3: {b},{b—1,b}. Som =[...,b—1,b+1,b] one
gets mo,_3m L= [b—1,b+1].

O

8. PROOF OF COROLLARY [5.3]
Recall that T and T'# are antipodes (Theorem 2.5]).

Proposition 8.1. For every colored triangle-free triangulation T € CTFT (n),
the corresponding chambers in A(K)) satisfy

CrTR) = ~CHD)-

Proof. Let wg := [n,n — 1,n — 2,....1] be the longest permutation in S,. It
follows from Observation that for every 7 € U,

(fHm)" = f~(7wo).
Noticing that the points 7 and mwg in R™ belong to negative chambers complete

the proof.
O

Proof of Corollary 5.3l By Proposition Bl the set of hyperplanes, which
separate the chamber ¢y (1) from the chamber cypr) is the set of all hyperplanes
in A(KJ). By Theorem together with Lemma one deduces that all di-
agonals have to be flipped at least once in a geodesic from T to 7. Finally,
by Theorems [Z4] and 5] the distance between T' and T'% in T',, is equal to the
number of diagonals in a convex n-gon. Hence, each diagonal is flipped exactly
once.

O
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9. GEODESICS AND SHIFTED TABLEAUX

Let Ty be the canonical colored star triangle-free triangulation; that is the trian-
gulation, which consists of the chords [0, 2], [0, 3], ..., [0,n—2] labeled 0, ..., n—4
respectively.

9.1. Order on the Diagonals.

By Corollary 5.3l every geodesic from the canonical colored star traingle-free
triangulation Ty to T determines a linear order on the diagonals. The following
theorem characterizes these linear orders.

Theorem 9.1. An order on the set of diagonals {[i,j]: 1<i<j—1<n-—1} of
a convex n-gon appears in geodesics in Ty, from Ty to its reverse T if and only
if it is a linear extension of the coordinate-wise order with respect to the natural
order

0<l<2< - <n—1,

or its reverse
O=n<n—-1<n—-2<---<1.

Proof. Clearly, every geodesic from Ty to T starts with either flipping [0, 2] or
[0,n — 2]. By symmetry, exactly half start by flipping [0, 2].

First, we will prove that an order on the set of diagonals of a convex n-gon
corresponding to geodesics from Ty to T¥, which start by flipping [0,2], is a
linear extension of the coordinate-wise order with respect to the natural order
0<l<2<---<n—1.

Recall that by Corollary 5.3l every hyperplane is not crossed more than once.
Thus, in order to prove this, it suffices to show that in every gallery from the iden-
tity chamber cjg1,2,... »n—1] to its negative, that start by crossing the hyperplane
Hy 2, the hyperplane H},; is crossed after the hyperplane H; ;, whenever i+1 < 7,
k+1 <, and (4,5) < (k,l) in point-wise coordinate order. In other words, it
suffices to prove that for every arc permutation 7w € U,, if # € U], corresponds
to a chamber in such a gallery then 7=1(i) < 771(j) = = 1(k) <7 1(0).

Clearly, this holds for the arc permutations which correspond to the identity
chamber cg1,...n—1] and to its negative —cpg1,...n—1] = Cn—1,n—2,..,0]- With
regard to all other chambers in these galleries, notice first, that all geodesics from
Ty to Td* must end by flipping either [n — 3,n — 1] or [1,3]. Let S € CTFT(n)
be the triangulation, which consists of the chords [1, 3], [0, 3],[0,4],...,[0,n — 2]
labeled 0,1,...,n — 4 respectively. Then T? is obtained from S® by flipping
[1,3] and S is obtained from Ty by flipping [0,2]. Since S and S are antipodes,
it follows that S does not appear in a geodesic from Ty to Tg* which start by
flipping [0,2]. Thus every geodesic from T, to T, which start by flipping [0, 2]
must end by flipping [n—3,n—1]. One concludes that for every m € U,, if # € U},
is a chamber in such a gallery which is not first or last, then 7=1(2) < 7=1(0)
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and 77 (n — 3) < 77 !(n — 1). Thus the first letter in 7, 7(0), is not 0 or n — 1.
There are three cases to analyze:

If 7(0) = 1 then, since 77 1(n —3) < 7~ '(n — 1) and 7 is an arc permutation,
O=r11) <2< - <7 l(n-3)<r n-1)).

If 7(0) = n — 2 then, since 77!(2) < 7~'(0) and 7 is an arc permutation,
O=n"tn-2)<rtn-3) < - <7 12) <7 10).

Finally, if 2 < 7(0) < n — 3 then, since 77*(n —3) < 7~ 1(n — 1), 771(2) <
771(0) and 7 is an arc permutation, letting m(0) := 4 the following holds: 0 =
i) <ati—1)--<a'2)<aH0)and 0 =7 (i) <7 i+ 1) < <
7t n—-3)<nm n-1).

It follows that for every m € U,, such that 7 is a chamber in a gallery from
the identity chamber to its negative that start by flipping [0,2], there is no
(,7) < (k,1) in point-wise coordinate order, with ¢ + 1 < j and k+ 1 < [, such
that 7=1(i) < 771(j) but 7=1(k) > 7~ 1(I). One concludes that there is no
(,4) < (k,1) in point-wise coordinate order, with i + 1 < j and k + 1 < [, such
that [¢, j] is flipped after [k, ].

It remains to prove the opposite direction, namely, to show that every linear
extension of the coordinate-wise order appears as a geodesic. To prove this, first,
notice that the lexicographic order does appear. Then observe that if ¢ < j <
k <l and [i,1] and [}, k] are consequent flipped diagonals in the geodesic then
it is possible to switch their order in the geodesic. This completes the proof for
geodesics from Tp to Tdt, which start by flipping [0, 2].

Finally, to prove that geodesics from Tp to T, which start by flipping [0, n—2],
are characterized by linear extensions with respect to the order 0=n<n—-1<
n—2 < --- < 1, observe that these geodesics may be obtained from geodesics
that start by flipping [0, 2] via the reflection which maps every 0 < i <n —1 to
n—i.

O
9.2. Skew Shifted Young Lattice.

Definition 9.2. For a positive integer n let A(n) be the set of all partitions with
largest part < n and with all parts distinct, except possibly the first two parts
when they are equal to n. Namely,

A(n)z{)\z()\l,,)\k) D k>20,n>AM > > A3 > > M >0 and
[either A1 > A2 or A\; = Ay =n]}.

Let (A(n),C) the poset of partitions in A(n) ordered by inclusion of the corre-
sponding Young diagrams.

Example 9.3.
AB)= { (3,3,2,1), (3,3,2), (3,3,1), (3,3),
3,2,1), (3,2), 3:1), 3), (2,1), (2), (1), O }-
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Consider the standard tableaux of truncated shifted staircase shape (n—1,n—
1,n—2,n-3,...,2,1). Denote this set by Y (n).

Example 9.4. The truncated shifted staircase shape (3,3,2,1) is drawn in the
following way:

X X X =
X X X
X X
X
There are four standard tableaux of this shape
1 2 3 x 1 2 4 =« 1 2 3 = 1 2 4 =
4 5 6 3 5 6 4 5 7 3 5 7
7T 8" 7 8" 6 8~ 6 8
9 9 9 9
Observation 9.5. 1. The maximal chains in (A(n),C) are parameterized

by the set of standard tableaux of truncated shifted staircase shape (n —
ILn—1,n-2...,1).
2. The linear extensions of the coordinate-wise order on the set
{(G,7): 0<i+1<j<n}\{(0,n)}
are parameterized by the set of standard tableauz of truncated shifted
staircase shape (n —1,n—1,n—2,...,1).

With any standard tableau of truncated shifted staircase shape T associate
two words of size () — 1, 7(T) and ¢(T'), where 7(T); (¢(T);), (1 <i < (5) — 1),
is the row (respectively, column) where entry ¢ is located.

Example 9.6. Let P, Q be the first two tableaux in Example[@4l Then r(P) =
(1,1,1,2,2,2,3,3,4), ¢(P) = (1,2,3,2,3,4,3,4,4), r(Q) = (1,1,2,1,2,2,3,3,4)
a’nd C(Q) = (1, 27 2, 37 3, 47 3, 47 4)7

9.3. Geodesics and Tableaux.

Denote the set of geodesics from Ty € CTFT (n) to T starting by flipping
0,2] by D(To)*.

Proposition 9.7. 1. There is a bijection from the set of standard tableauz
on truncated shifted staircase partition (n—3,n—3,n—4,...,1), Y(n—3),
to the set of geodesics D(Tp)™

¢:Y(n—3)— D(To)*.
2. For every geodesic uw € D(Ty)*t, the diagonal flipped at the i-th step is
[r(¢™ " (u)i — L, e(¢™ (w))i + 1.
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Example 9.8. The bijection ¢ maps the tableau

1 2
3

IS N
© o> %

to the series of diagonals: [0,2],[0,3],[1,3],[0,4],[1,4],[1, 5],[2,4], [2, 5], [3, 5]
Proof. Combining Theorem [0.1] with Observation [0.5(2). O

Let d,, denote the number of geodesics from the canonical star triangulation Ty
of an n-gon to its reverse T*. By Proposition[@.7] d,,/2 is equal to the number of
standard tableaux of truncated shifted staircase shape (n—3,n—3,,n—4,...,1).
Partial results regarding d,, were stated in an early version of this preprint.
Subsequently, an explicit multiplicative formula was proved by Greta Panova [10]
and Ronald C. King and the authors [2].

Theorem 9.9. The number of geodesics from the canonical star triangulation
Ty of a convex n-gon to its reverse T is

n—"7

. N\ 8(2n-9)  NI-82n—9)
dn =g 6]'<4n—15)' n—3 _(4n—15)!-(n—3)'g

i!

2i+1)

where gl" =6 .= ¢(n=6.2=T.--1) 45 the number of standard Young tableauz of shifted

staircase shape (n —6,n—7,...,1) and N :=n(n — 3)/2.

REFERENCES

[1] R. M. Adin, M. Firer and Y. Roichman, Triangle Free Triangulations, Adv. Appl.
Math., to appear. arXiv:0901.4299

[2] R. M. Adin, R. C. King and Y. Roichman, Enumeration of standard Young tableauz
of certain truncated shapes, in preparation.

[3] A. Bjorner and F. Brenti, Combinatorics of Coxeter groups. Graduate Texts in Math-
ematics, 231. Springer, New York, 2005.

[4] J. H. Conway and H. S. M. Coxeter, Triangulated polygons and frieze patterns, Math.
Gaz 57 (1973), 87-94 and 175-186.

[5] P. Dehornoy, Dual presentation of Thompson’s group F and flip distance between
triangulations, Lecture notes (CIRM, June 2008).

[6] P. Dehornoy, The rotation distance between binary trees, preprint, 2009,
arXiv:0901.2557.

[7] P. Orlik and H. Terao, Arrangements of hyperplanes, Springer-Verlag, Berlin, 1992.

[8] B. E. Sagan, Proper partitions of a polygon and k-Catalan numbers, Ars Combin. 88
(2008), 109-124.

[9] D. D. Sleator, R. E. Tarjan and W. P. Thurston, Rotation distance, triangulations,
and hyperbolic geometry, J. Amer. Math. Soc. 1 (1988), 647-681.

[10] R. P. Stanley, personal communication.


http://arxiv.org/abs/0901.4299
http://arxiv.org/abs/0901.2557

16

RON M. ADIN AND YUVAL ROICHMAN

DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY, RAMAT-GAN 52900, ISRAEL
E-mail address: radin@math.biu.ac.il

DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY, RAMAT-GAN 52900, ISRAEL
E-mail address: yuvalr@math.biu.ac.il



	1. Introduction
	2. Triangle-Free Triangulations
	2.1. Basic Concepts
	2.2. A n-4-Action on Triangle-Free Triangulations

	3. A n-2-Action on Arc Permutations
	3.1. Arc Permutations
	3.2. A n-2-Action

	4. A Graphic Hyperplane Arrangement
	4.1. Real Hyperplane Arrangements
	4.2. The Graph of Chambers G1(U'n)

	5. Stanley's Conjecture
	6. Proof of Theorem ??
	6.1. A n-4-Action on U'n
	6.2. A Graph Isomorphism

	7. Proof of Theorem ??
	7.1. Coloring the Colored Flip Graph
	7.2. Edge-Colored Graph Isomorphism

	8. Proof of Corollary ??
	9. Geodesics and Shifted Tableaux
	9.1. Order on the Diagonals
	9.2. Skew Shifted Young Lattice
	9.3. Geodesics and Tableaux

	References

