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Abstract

We extend our previous study of quaternionic analysis based on representation theory to
the case of split quaternions Hg. The special role of the unit sphere in the classical quater-
nions H identified with the group SU(2) is now played by the group SL(2, R) realized by the
unit quaternions in Hg. As in the previous work, we use an analogue of the Cayley trans-
form to relate the analysis on SL(2,R) to the analysis on the imaginary Lobachevski space
SL(2,C)/SL(2,R) identified with the one-sheeted hyperboloid in the Minkowski space M.
We study the counterparts of Cauchy-Fueter and Poisson formulas on Hg and M and show
that they solve the problem of separation of the discrete and continuous series. The continu-
ous series component on Hpg gives rise to the minimal representation of the conformal group
SL(4,R), while the discrete series on M provides its K-types realized in a natural poly-
nomial basis. We also obtain a surprising formula for the Plancherel measure on SL(2,R)
in terms of the Poisson integral on the split quaternions Hg. Finally, we show that the
massless singular functions of four-dimensional quantum field theory are nothing but the
kernels of projectors onto the discrete and continuous series on the imaginary Lobachevski
space SL(2,C)/SL(2,R). Our results once again reveal the central role of the Minkowski
space in quaternionic and split quaternionic analysis as well as a deep connection between
split quaternionic analysis and the four-dimensional quantum field theory.

Keywords: Harmonic analysis on SL(2,R) and SL(2,C)/SL(2,R), minimal representation of
S0O(3,3), Cauchy-Fueter formula, split quaternions, Minkowski space, imaginary Lobachevski
space, conformal group, Cayley transform.

1 Introduction

Six years after William Rowan Hamilton’s fundamental discovery of quaternions, in 1849 James
Cockle introduced a related algebra of “coquaternions”, which in modern language is called the
algebra of split quaternions Hg. As an algebra, Hpg is isomorphic to the real 2 x 2 matrices
and has signature (2,2) with respect to the determinant viewed as a quadratic form. Unlike
Hamilton’s quaternions, not every non-zero element in Hyg is invertible. However, there is a
strong parallel between the geometry and analysis on the two algebras.

In our previous paper [FL1] we began studying analysis on the algebra of quaternions H
from the point of view of representation theory of the quaternionic conformal group SL(2, H).
It is well-known that the spaces of harmonic, left- and right-regular functions admit natural
actions of SL(2,H) by fractional linear transformations. We regarded H as a real form of
the space of complex quaternions Hgc, and the questions of unitarity of these representations
led us to another real form in Hg, namely the Minkowski space M. The conformal group of
M is naturally identified with SU(2,2) and acts by unitary transformations on the spaces of
harmonic, left- and right-regular functions on M. By harmonic functions on M we mean the
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solutions of the wave equation; similarly, left- and right-regular functions on M are solutions of
the the left and right Weyl equations, which together form the massless Dirac equations. To
relate these two real forms of H¢ we considered the Cayley transform which maps M into U (2)
and the unit two-sheeted hyperboloid H? C M into the unit sphere S® C H. The quaternionic
picture, however, had an important advantage over M — it gave a natural realization of the
K-types of the unitary representations of SU(2,2) as the spaces of polynomials in quaternionic
coordinates. While the group SU(2,2) does not act naturally on H, its maximal compact
subgroup K = S(U(2) x U(2)) does act there and one can identify the basis of K-types with
the matrix coefficients of the group U(2) and its subgroup SU(2).

In this work we consider analysis on another real form of H¢, namely the split quaternions
Hpg, and study the action of the conformal group SL(2, Hg) ~ SL(4,R). Just as the quaternionic
analysis on H is based on analysis on the unit sphere identified with the group SU(2), the split
quaternionic analysis on Hg has at its foundation analysis on the unit hyperboloid identified
with the group SL(2,R) ~ SU(1,1). It is a classical result that the analysis on SL(2,R) has
the discrete and continuous components corresponding to the two types of irreducible unitary
representations of this group. All results in this paper will come in two flavors — for left-
/right-regular functions and solutions of the appropriate wave equation. For simplicity, in this
introduction we only announce the results for left-regular functions.

One of the central results of our paper is a solution of the problem of separation of the series
on SU(1,1) using the main formulas of quaternionic analysis on Hpg, namely the counterparts
of the Cauchy-Fueter and Poisson integrals. Again, the relationship between the analysis on Hg
and M is an important tool of our study. We use an analogue of the Cayley transform previously
studied in [Kou@] which now maps M into U(1,1) and the unit one-sheeted hyperboloid Hp; C
M into the unit hyperboloid H3 C Hg (Proposition58). There are natural identifications Hyy ~
SL(2,C)/SU(1,1) and H ~ SU(1,1), and this Cayley transform interchanges the discrete and
continuous components on H3; and H3. The study of harmonic analysis on SL(2,C)/SU(1,1)
— also known as the imaginary Lobachevski space — goes back to Gelfand and his school [GGV]
and is based on the geometry of horospheres. These methods were used for the problem of
separation of the series on SU(1,1) in more recent works by Gindikin |Gill [Gi2]. (See also
references therein for related work on this problem.) In our approach we realize functions on
SL(2,C)/SU(1,1) and SU(1,1) using harmonic extensions to the flat spaces M and Hg. This
idea was previously explored in greater generality by Strichartz [St]. In our work the methods
and formulas of quaternionic analysis are naturally applied to solve the problems of harmonic
analysis on SU(1,1) and SL(2,C)/SU(1,1).

We study first the discrete series component of split quaternionic analysis, which goes in a
strong parallel with the case of (classical) quaternions following the results and constructions
of our paper [FLI]. It turns out that the discrete components of the harmoni, left- and right-
regular functions on Hg yield the same unitary representations of the group SU(2,2) as in the
(classical) quaternionic case. The unitary structure and the identification of the representations
become transparent after the Cayley transform relating M with U(1, 1) and mapping the tube
domains TT in Hg (see Section 3.5 in [FL1]) into certain complex semigroups I't with the Shilov
boundary U(1,1). These are Ol’shanskii semigroups which were first introduced in [Vin], [Ol].

One can obtain again polynomial realizations of the discrete components of the harmonic
and regular functions on Hg by restricting the group SU(2,2) to another subgroup Kr =
S(U(1,1)xU(1,1)) and identifying the polynomial basis of Kr-representations with the matrix
coefficients of the discrete component of the group U(1,1) and its subgroup SU(1,1). In
particular, the two irreducible representations V¥ of SU (2, 2) realized in the space of left-regular

!By harmonic functions on Hg we mean the solutions of the ultrahyperbolic wave equation, which is in parallel
with the Minkowski case M.



functions on Hg are decomposed with respect to the shifted degree operator Héé = deg+1 as

follows:
Vv =PV n), vi=Fvimn (1)

neZ nel

where V™ (n) (respectively V1 (n)), n # 0, are the irreducible representations from the holo-
morphic (respectively antiholomorphic) discrete series, and the case n = 0 corresponds to the
limit of the holomorphic (respectively antiholomorphic) discrete series. Then the Fueter for-
mula yields projections PT of the space of left-regular functions f onto the holomorphic or
antiholomorphic discrete series components depending on the domain of the variable W e I'T
in

1 (Zz-w)~!

-5 pen m xdZ - f(Z) = (P:F fso—PT f<o)(W), 2)

where PT fq (respectively PT f() denote the sum of the components in () of positive (respec-
tively negative) shifted degree (Theorem [49). Note that the components P fyo and PT f
enter with opposite signs and the limits of the discrete series would cause the integral to be
divergent. (In the case of Poisson formula the limits of the discrete series are projected out,)
Since H ~ SU(1,1) lies inside the Shilov boundary of I'F, the values of the functions on HJ
can be recovered by taking limits. The Fueter formula for the right-regular functions and the
Poisson formula for harmonic functions have similar structures. The results and formulas for
the middle series of representations of SU(2,2) obtained in [FLI] have even more exact ana-
logues for the discrete component of split quaternionic analysis. In particular, the limits of the
discrete series do not occur in the restrictions of these representations to K.

Fundamentally new features of split quaternionic analysis appear when we study the contin-
uous series component. Now the space of harmonic functions on Hg of the continuous series com-
ponent gives rise to a single irreducible representation of the conformal group SL(4,R)/{£1} ~
SO(3,3), known as the minimal representation@. It was studied for an arbitrary signature in
[Kob@)] (also see references therein for the previous work on this subject). Again, the represen-
tation theory of SL(4,R) is crucial for studying the continuous component of split quaternionic
analysis. On the other hand, the latter illuminates various aspects of the representation theory.
In particular, applying the Cayley transform to the space of harmonic functions on Hg span-
ning the minimal representation, we realize the minimal representation in a space DI(\\)/H with basis
consisting of certain harmonic polynomials on M. This basis appears naturally when we restrict
the minimal representation of SL(4,R) to its subgroup Ky = R>? x SL(2,C). Decomposing
Dgﬂ with respect to the shifted degree operator a(;g on M yields

D}y = P Diu(n),

nez

where each DY (n), n € Z, is an irreducible representation of SL(2,C) and can be decom-
posed further into the irreducible polynomial subspaces with respect to the compact subgroup
SU(2) € SL(2,C). This description also gives an explicit realization of the K-types of the
minimal representation relative to the maximal compact subgroup K’ = SO(4) C SL(4,R).
The Poisson and Cauchy-Fueter integrals provide us projections onto the discrete component
on M, but now the procedure is more subtle than the case of discrete series projectors in Hg
such as (2)). The projection is obtained as a boundary value of these integrals in the sense of

2Strictly speaking, SO(3,3) does not have a minimal representation, so by “minimal representation of
SO(3,3)” we mean the representation @ ? of O(p, ¢) in the notations of [Kob@| for p=¢=3. Whenp+g > 8
one gets a genuine minimal representation.



hyperfunctions, namely as a limit of the difference of two integrals. Thus for the Fueter integral
we obtain the following result:

lim ((I)(VV, 26) . <I>(I/Va —i€)) _ (PdiscT(M) fs0 — PdiscT(M) f<0) (W)’ (3)
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where ‘ v W)+
/l —
O(W,ie) = —=
(W ie) om2 /YeHg41 (det(Y — W) + i)

and P#sc" (M) ig the projection of the space of left-regular functions on M onto the discrete series
component (Theorem B4]). Note that, as in the case of the discrete series projectors on Hy (2)),
pdiserM) ¢ and P#serM) ¢_o enter with opposite signs and the functions f with Efeg f=0
would cause the integrals to be divergent. (In the case of Poisson formula the functions in
D (0) are projected out.) Thus we can view D{;(0) as the limit of the discrete series on
H ~ SL(2,C)/SU(1,1).

Finally, we return to the Hg-setting and study the continuous series component by applying
the Cayley transform to the discrete series component on M. Quite surprisingly, the Poisson and
Cauchy-Fueter integrals do not give the projectors as in ([B]), (@), but instead become diagonal
operators commuting only with the subgroup S(GL(2,R) x GL(2,R)) of the conformal group
SL(4,R), and the diagonal density is precisely the inverse of the Plancherel density on SL(2,R)!
Recall that in the parameterization of the continuous series by x = (I,¢), where [ = —% + i\,
A €Rand e € {0, %}, the Plancherel density is given by

5 *xdY - f(Y) (4)

Atanh(wA) if e =0;
Pl(x) = () . .
Acoth(m)) if e = 3.

Then we have the following identity

Lz 2o (W)
EIE&(CI)(VV, ie) — ®(W, —ic)) = P W e SU(1,1), (5)
where
& : L Px(X) 3
O(W,ie) = — dXx 6
( 7Z€) 27T2 /XGSU(I,I) det(X - W) + ie ( )

and ¢, (X) belongs to the linear span of matrix coefficients of the irreducible representation
corresponding to x = (I,&) (Theorem [94). We remark that for the discrete series of SL(2,RR)
the Plancherel density is —(2] + 1), and we could rewrite the Poisson integral for the discrete
series projector in a form similar to (B)-(6) using the kernels (det(X — W) + is)_l. Thus
quaternionic analysis over the split quaternions Hg naturally reveals the important salient
features of harmonic analysis on SL(2,R).

To summarize our studies of quaternionic analysis on H in [FL1] and split quaternionic
analysis on Hpg in this work we would like to point out once again the special role of the
Minkowski space M related to the two algebras of quaternions by the two types of Cayley
transform. Thus analysis on H and Hpg is equivalent to analysis on the two-sheeted and one-
sheeted hyperboloids in M respectively. Moreover, doing analysis on M in many ways facilitates
and clarifies analysis on H and Hg. The relation between H, Hgr and M also reveals the hierarchy



of the symmetry groups of these three spaces, which can be presented as follows:

SO(5,1) S0(4,2) S0(3,3)
AN / AN /
S0O(4,1) S0(3,2)
/ AN / AN
SO(4) SO(3,1) S0(2,2)
! ! !
H ~ R* M ~ R31 Hp ~ R%?

(In this diagram some groups are replaced with locally isomorphic ones.) Clearly, the groups
at the bottom of the diagram are the metric-preserving transformations of the three real forms
of H¢ of our interest, while the groups at the top row are the corresponding conformal groups.
The groups in the middle row appear as subgroups of the conformal groups preserving the
hyperboloids. Thus the Minkowski space literally plays the central role in quaternionic analysis
on H¢ and its real forms H and Hg.

In the same way as various results in quaternionic analysis on H can be generalized to Clifford
analysis on arbitrary Euclidean spaces (the book [GSp] contains a comprehensive bibliography
on these subjects), split quaternionic analysis on Hpg as well as analysis on the Minkowski
space M can be further extended to Clifford analysis on real vector spaces of arbitrary signa-
ture. However, quaternionic analysis on H, Hr and M is singled out because of its relation
to the harmonic analysis on the simplest groups SU(2), SL(2,R) and homogeneous spaces
SL(2,C)/SU(2), SL(2,C)/SL(2,R) as well as uniqueness of the space of quaternions H. More-
over, we believe that the special role of the four-dimensional case will reveal itself at deeper
levels in the future developments of the subject when the relation with exotic smoothness in
four-dimensional topology and renormalization in four-dimensional quantum field theory be-
comes more transparent.

By design, analysis on the Minkowski space has many connections with the four-dimensional
physics. In our previous paper [FL1] we noted several relations between representation theory
underlying quaternionic analysis and Feynman diagrams. Split quaternionic analysis adds an-
other important connection between the mathematical and physical structures. To make the
connections with physics more apparent, in both cases we consider various results of quater-
nionic analysis over H and Hp in the Minkowski space realization. The projectors onto the
continuous and discrete components on M are expressed using the kernels:

1 1 1 1
det Z 4 320’ det Z — icz0’ det Z + i’ det Z —ic’

Z=Y-W, (7)

20 denotes the time coordinate of Z, in the case of Poisson integrals and their Vy-derivatives
in the case of Cauchy-Fueter integrals. But these are precisely the massless singular functions
that form the foundation of the theory of Feynman integrals! (See, for example, [BSh|.) Any
other singular function appearing in physics is a linear combination of the ones listed in (7).
Since there is a linear relation between these kernels:

1 1 1 1

det Z + iezV + det Z —iez0  det Z + ie + det Z — ic’

there are only three essentially different kernels in the list ([7]), which is exactly the number of ir-
reducible components of the space of functions on imaginary Lobachevski space SL(2,C)/SU(1,1)!
Thus the problem of separation of the series on SL(2,R) and SL(2,C)/SU(1,1), which was
solved by means of quaternionic analysis, inevitably leads to the heart of four-dimensional
quantum field theory! Unfortunately, our representation-theoretic approach does not naturally



include the massive versions of the singular functions in (7). However, in our forthcoming work
[FL2] we will show that, in spite of the enormous rigidity of quaternionic analysis, it is possible
to make a one-parameter deformation that we expect to include the missing mass.

The paper is organized as follows. In Section 2 we introduce notations and overview basics
of split quaternionic analysis. In particular, we derive an analogue of the Cauchy-Fueter formula
for regular functions on Hg. We also give the bases for the the spaces of harmonic, left- and
right-regular on Hg. In Section 3 we study the discrete series component of split quaternionic
analysis (over Hg). First we find the polynomial bases of the spaces of harmonic, left- and
right-regular functions D, V, V' and describe the action of the Lie algebra sl(4,C) in those
bases. After a brief review of Ol’shanskii semigroups, we obtain expansions of the Poisson
and Fueter kernels in terms of the matrix coefficients of the discrete series of SU(1,1). From
these expansions we derive the discrete series projectors. In Section 4 we prove that the Cayley
transform between Hgr and M interchanges the discrete and continuous series components on
Hg and M. Using results of Section 3 we obtain the continuous series projectors onto the same
spaces D, V and V' in the new setting of the Minkowski space. Then we study the minimal
representation of SL(4,R) realized in the space of harmonic functions on M, find a polynomial
basis for the K-types and use that basis to derive the discrete series projector. In Section 5 we
study the Poisson integrals and their effect on the discrete and continuous series on Hgr. We
end this section with the proof that the boundary value of the Poisson integral in the sense of
hyperfunctions yields a diagonal operator with density given by the inverse of the Plancherel
measure on the group SL(2,R). In the Appendix we give a brief introduction to the special
functions that we use throughout the paper and list their properties.

The first author was supported by the NSF grants DMS-0457444 and DMS-1001633; the
second author was supported by the NSF grant DMS-0904612.

2 Split Quaternionic Analysis

2.1 The Quaternionic Spaces H¢, Hrx and M

In this article we use notations established in [FL1]. In particular, ey, e1, €2, es denote the
units of the classical quaternions H corresponding to the more familiar 1, i, j, k (we reserve
the symbol i for /=1 € C). Thus H is an algebra over R generated by eq, e1, ea, e3, and the
multiplicative structure is determined by the rules

2 o
eoe; = ejeq = €;, (€;)* = —eo, eiej = —e;ej, 1<i<y <3,

and the fact that H is a division ring. Next we consider the algebra of complexified quaternions
Hc = C ® H. We define a complex conjugation on H¢ with respect to H:

Z = Veg+ 2tes + 220 + 2Pes > Z¢= 20y + zleg + 22eq + 23es, 20,21, 22 23 eC,

so that H = {Z € H¢; Z¢ = Z}. The quaternionic conjugation on Hc is defined by:
Z = zoeo + 2161 + 2’262 + 2’363 —  ZT = zoeo — zlel — 2262 — 2’363, 20,21,22,23 e C;

it is an anti-involution:
(ZW)t =WwtZzT, VZ,W € Hc.

We will also use an involution

Z v 7~ = —e3les (conjugation by e3).



Then the complex conjugation, the quaternionic conjugation and the involution Z — Z~ com-
mute with each other.

In this article we will be primarily interested in the space of split quaternions Hg which is
a real form of H¢ defined by

Hr = {Z € He; Z¢ = Z} = {R -span of ey, €1 = ieq, éa = —ieg, e3}
and the Minkowski space Ml which is regarded as another real form of Hg:
M = {Z € Hg; Z°7 = —Z} = {R -span of &y = —iey, €1, €2, €3}.
On H¢ we have a quadratic form N defined by
N(Z) = 22+ = 277 = (O + (') + (22 + (32,
hence Z~! = Z+/N(Z). The corresponding symmetric bilinear form on Hg is
(Z,W) = %Tr(Z*W) = %Tr(zwﬂ, Z,W € Hg, (8)

where Tr Z = 220 = Z 4+ Z*. When this quadratic form is restricted to H, Hg and M, it has
signature (4,0), (2,2) and (3, 1) respectively.
We will use the standard matrix realization of H so that

/10 (0 i /0 -1 (=i 0
€0 = 0 1/’ €1 = -3 0 ) €2 = 1 0 ) €3 = 0 il

H={ZcHc; Z2°=72} = {Z = <z11 z12> € Hc; 292 = 711, 221 = —2_12}-
291 222

and

Then H¢ can be identified with the algebra of all complex 2 x 2 matrices:

_ _ (A1 A2}
Hc = {Z = <Z21 Z22> ; Rij € (C},

the quadratic form N(Z) becomes det Z, and the involution Z +— Z~ becomes

Z11 212 - 10 10 Z11 —212
<Z21 Z22> ~ <0 —1> <0 —1> <—Z21 222 >
The split quaternions Hg and the Minkowski space M have matrix realizations

Z11 212 — S—
HR:{Z: < > € Hc; 292 = 711, 221=Z12},

201 222

211 212 . _
M={2= € Hc; 211,202 € iR, 291 = —Z12 .

221 222

From this realization it is easy to see that the split quaternions form an algebra over R isomor-
phic to gl(2, R) and the invertible elements in Hg, denoted by Hy , are nothing else but GL(2, R).
We regard SL(2,C) as a quadric {N(Z) = 1} in Hg, and we also regard SU(1,1) ~ SL(2,R)
as the set of real points of this quadric:

SU(1,1) = {Z € Hg; N(Z) =1} = {Z = (% ;ﬁ) € Hp; det Z = |211|% — |210]> = 1}.

7



The group
{<8 2) . a € He, N(a) = 1} C  GL(2,Hg) (9)

is naturally isomorphic to SL(2,C) and acts on the unit ‘hyperboloid of one sheet H = {Y €
M; N(Y) = 1} transitively. The stabilizer group of e € H is

{(8 £c>§a€HR,N(a):1} ~ SU(LD).

Thus the hyperboloid H — also known as the imaginary Lobachevski space — is naturally iden-
tified with the homogeneous space SL(2,C)/SU(1,1).
The algebra of split quaternions Hp is spanned over R by the four matrices

/10 (01 (0 i (=i 0
60—017 61—107 €2 = —i 0/ €3 = 0o i)’

0 - .3 1 - 2
- - r — 1T xr +1x 0 1 2 3
Hg = < 2% + z'é + 226 + 23e3 = . . s, € Ry,
R 0 1 2 3 x1_2x2 $0+Z$3 ) ) ) )

SO

The quaternionic conjugation in this basis becomes

+ =+ 5 >+ — _ o +
€y = €0, €, = —€1, €y = —€2, €3 = —€3.

The multiplication rules for Hg are:

eo commutes with all elements of Hp,
€1, €2, ez anti-commute,
2 _ 32 _ 52 _ 2_ _
60—61 —62 —60, 63— 60,

€162 = e3, €ge3 = —€1, €36} = —€a.

The elements e, €1, €2, e3 are orthogonal with respect to the bilinear form (&) and (eq, ep) =

(e3,e3) = 1, (€1,61) = (€2, 62) = —1.
Similarly, the Minkowski space M is a subspace of H¢ spanned over R by the four matrices

- . —i 0 0 —I 0 -1 -t 0

Define a norm on H¢ by

1Z]| = %\/1211!2 + [212]% + |221 2 + |222]?, Z = (j; 22) € Hg,
so that |je;|| =1, 0 <7 < 3.

The (classical) quaternions H are oriented so that {eg,eq,eq,e3} is a positive basis. Let
dV = dz° Adz' Adz% Adz? be the holomorphic 4-form on H¢ determined by dV (e, e1, ea,e3) = 1,
then the restriction dV‘H is the Euclidean volume form corresponding to {eg,e1,e2,e3}. On
the other hand, the restriction dV!HR is also real-valued and hence determines an orientation
on Hg so that {eg,é1,€2,e3} becomes a positively oriented basis. The orientation on M was
defined in [FLI] so that {€g,e1,e2,e3} is a positively oriented basis.

In [FLI1] we defined a holomorphic 3-form on H¢ with values in H¢

Dz = epdz! Ndz? A dz® — e1dz® A d2? A d2® + ead2® A dzt A d2? — e3d2’ A dzt A d2?



characterized by the property
1
<Z1, DZ(ZQ, Zg, Z4)> = 5 TI'(Zf_, DZ(ZQ, Zg, Z4)) = dV(Zl, Zg, Zg, Z4)
for all Z1, Zy, Z3, Z4 € He. Let Dx = DZ‘HR and Dx = DZ‘H.

Proposition 1 The 3-form Dz takes values in Hg. If we write X = 2%eq+x'é,+z26s+a3e3 €
Hg, 2°, 2!, 22,22 € R, then Dx is given explicitly by
Dz = epdz! A da? A da® + &1dx® A da® A da® — Exda® A da' A da® — e3da® Adxt A da? (10)
Remark 2 Clearly, the form Dx satisfies the property
(X1, Dz (X2, X3, X)) = %Tr(Xfr,Dx(X2,X3,X4)) =dV (X1, X, X3,X4)
for all X1, Xo, X3, X4 € Hgr, which could be used to define it.

Let U C Hg be an open region with piecewise smooth boundary OU. We give a canonical
orientation to QU as follows. The positive orientation of U is determined by {e, €1, €2,€3}.
Pick a smooth point p € OU and let 72, be a non-zero vector in 7. »Hr perpendicular to 7,0U
and pointing outside of U. Then {7'1, 75, 7‘3} C T,,0U is positively oriented in OU if and only if
{77;, ™, 73, ?3?} is positively oriented in Hg. We orient SU(1, 1) and more generally hyperboloids
Hp = {X € Hg; N(X) = R?} as the boundaries of the open sets {X € Hg; N(X) < R?}.

Lemma 3 Let R € R be a constant, then we have the following restriction formula:

ds
X =7
1l

where dS denotes the restrictions of the FEuclidean measure on Hg to Hg.

D:E|HR:

We recall some notations from [FL1]. Let S be the natural two-dimensional complex rep-
resentation of the algebra Hc. We realize it as a column of two complex numbers, then Hg¢
acts on S by matrix multiplication on the left. Similarly, we denote by S’ the dual space of S,
this time realized as a row of two complex numbers. We have a right action of H¢ on S’ by
multiplication on the right.

2.2 Regular Functions on H and H¢

Recall that regular functions on H are defined usmg an analogue of the Cauchy-Riemann equa-
tions. Write X € H as X = #° eo + ile) + T2eq + #3e3, 70,31, 32,73 € R, and factor the
four-dimensional Laplacian operator [ on H as a product of two Dirac operators

9? o 9? o

_ + _ ot
2= e T e T TemeE - Yy Y Y
where
0 0 0
V= oz tega T g s
0 0 0 0
and V= 60@ — €1 == aj‘l 628 5 63@.

The operators VT, V can be applied to functions on the left and on the right. For an open
subset U C H and a differentiable function f on U with values in H, S or Hc, we say f is
left-regular if (VT f)(X) = 0 for all X € U. Similarly, a differentiable function g on U with
values in H, S’ or Hg, is right-regular if (gV1)(X) =0 for all X € U.



Proposition 4 For any C'-functions f : U — S and g : U — S, where U C H is an open
subset,

d(Dz - f)=—DiNdf = (VT f)dV]y, d(g- DZ) =dg ADE = (gVT)dV|y.
In particular,
Vif=0 <= DizAdf=0, gVt =0 <= dgAnDz=0.

Let U® C Hc be an open set. Following [FL1], we say that a differential function on U® with

values in C, Hg, S or S’ is holomorphic if it is holomorphic with respect to the complex variables
20,21 22, 23, Then we define f€ : U® — S to be holomorphic left-reqular if it is holomorphic
and VT fC = 0. Similarly, ¢© : U® — §' is defined to be holomorphic right-regular if it is
holomorphic and ¢g®V+ = 0. Finally, we call a function ¢ : U — C holomorphic harmonic if
it is harmonic and Oy = 0.
211 212
Z21 222
holomorphic if and only if it is holomorphic with respect to the complex variables z;;, 1 <1i,5 <
2. For holomorphic functions f€ : U® — S and ¢© : U® — §/, the following derivatives are
equal:

If we identify H¢ with complex 2 x 2 matrices < >, zij € C, then a function is

af(C af(C af(C af(c 0 0
VH©=e +e1 +e2 +e3 =2 973 9z | €
029 0z1 022 023 5o 82611

9g°  0g° 945 | 94" Y —ra
g(Cv—i-: g eo -+ 9161-1- g €2+8Z363:29C Bzzg %221 ,

© 9212 0z11

o orc  aft  ofF i

o 0z 0z C

= - - - - 2 : :

\ €0 020 @ 0z! 2 022 “ 023 8512 8522 a
99 gt agt 94" 7

co _o,C | 0z 0z

gV = e — €1 - €2 € =29 : 1

920 021 022 023 Jz12 D22

Since we are interested in holomorphic functions only, we will abuse the notation and denote
by V and VT the holomorphic differential operators %eo — %61 — %62 — %63 and eo% +
61% + 62% + 63% respectively.

Proposition 5 For any holomorphic functions f€:U® =S and ¢© : U = §,
V=0 < DzAdf®=0, ¢*VI=0 = d*ADz=0.

Lemma 6 We have:

1 .
2 Vs = iV = 22 = 22
T UN(Z) T N©Z)T T TN(©Z) T TN(©@)*
3. L = Z  isq holomorphic left- and right-reqular function defined wherever N(Z) # 0;

- N@Z) ~ N2Z)Z

4. The form jg(—;) - Dz = N?;)Q - Dz is a closed holomorphic Hc-valued 3-form defined

wherever N(Z) # 0.

10



Lemma 7 For any differentiable function ¢ : U® — C, we have:
V(e(ZT) =(VTe)(ZT), VT (e(Z7)) = (Ve)(ZT),
V(e(z ) =-2"" (V)27 - 27"

We will often use the shifted degree operator

0 0

0
+ 21 @"‘23@

azé:l—i-zo w

920 T

(the degree operator plus identity). By direct computation we obtain

Lemma 8 -
2(deg+1)=ZtVT +VZ=V"ZT+2ZV. (11)

Next we describe actions of the group GL(2,Hc¢) on the spaces of left-, right-regular and
harmonic functions on H¢ with isolated singularities by conformal (fractional linear) transfor-
mations. Let

a v ) ;) a b
h = <c’ d’) € GL(2,Hg) and write ht= <c d) )

On the space of left-regular S-valued functions GL(2,Hc) acts by

c -1
mih: 12) o N2 = D f(eZ bz + ).

On the space of right-regular S’-valued functions GL(2,H¢) acts by

() 9(2) > (m(We)(2) = gl — 2¢) N + 2a)) - L2
A . T N(a/ _ ZC/) .
On the space of C-valued harmonic functions we have two different actions:

MW o2) = (w062 = g e(0Z Dz +d)7),

k) p(2) > (T(R)e)(Z) = m ol — 2N b+ 2a).

These two actions coincide on SL(2,Hc), which is defined as the connected Lie subgroup of
GL(2,Hc) with Lie algebra

sl(2,He) = {x € gl(2,Hc); Re(Trz) = 0}.

2.3 Regular Functions on Hg

We introduce linear differential operators on Hg

R Y B B
Vi =g0 g~ gz Ty
d V — _+Ni+~i_ i
an R= 050 TG0 T 252~ ©g3

which may be applied to functions on the left and on the right.

11



Definition 9 Fiz an open subset U C Hgr. A differentiable function f:Hgr — S is left-regular

if it satisfies
of . Of . Of of
(VENX) = eog5(X) —e155(X) —eags 525

Similarly, a differentiable function g : Hg — S’ is right-regular if

(X) (X) (X) +e3==(X) =0, VX eU.

dg g ~ dg - dg
+ _ _
(gVR)(X) = 50 (X)eg — 9l (X)e, — 52 (X)éx + 9 (X)es =0, VX e U.
We denote by [ 5 the ultrahyperbolic wave operator on Hg which can be factored as follows:
0? 0? 0? 0?
227 (0292 (9z1)2 (922)2 T (023)2 VRVE = Vg VR

Abusing terminology, we call a smooth function ¢ : U — C harmonic if O 2 = 0.
Proposition 10 For any C'-functions f : U — S and g : U — S/,
d(Dz - f) = —Dz Adf = (Vg f)dV, d(g - Dz) = dg A\ Dz = (gV)dV,

In particular,

V[’Rffzo <~ Dz Adf =0, gVﬁg:O <~ dgANDx=0.

Let U C He be an open set. The restriction relations
DZ‘HR: Dz, DZ‘H: Dz

imply that the restriction of a holomorphic left- or right-regular function to UR = U® NHy pro-
duces a left- or right-regular function on UR respectively. And the restriction of a holomorphic
left- or right-regular function to Ug = U® N H also produces a left- or right-regular function
on Uy respectively. Conversely, if one starts with, say, a left-regular function on Hp, extends

it holomorphically to a left-regular function on H¢ and then restricts the extension to H, the
resulting function is left-regular on H.

Proposition 11 Let f€:U® — S and ¢© : U — S’ be holomorphic functions. Then
VEfC=VIife VefC=VIS Vi =4"VE CVR=4¢"V.

The actions of the group GL(2,Hpg) on the spaces of left-, right-regular and harmonic
functions on Hp with isolated singularities are given by the same formulas as before.

2.4 Fueter Formula for Holomorphic Regular Functions on Hg

We are interested in extensions of the Cauchy-Fueter formula to functions on Hg. First we
recall the classical version of the integral formula due to Fueter:

Theorem 12 (Cauchy-Fueter Formula [F1}, [F2]) Let Uy C H be an open bounded subset
with piecewise C' boundary OUg. Suppose that f(X) is left-reqular on a neighborhood of the
closure Uy, then

L[ R i - {f@w %o € U
27 AUy N(X — Xo) 0 if Xo ¢ Un.

If g(X) is right-regular on a neighborhood of the closure Uy, then

1 ). D (X - Xo)™' [g(Xo) if Xo € Un;
272 /aUH 9(x) Dz N(X - Xo) {0 if Xo ¢ Up.

12



Let U C Hg be an open subset, and let f be a C'-function defined on a neighborhood
of U such that V['Rf f = 0. In this subsection we extend the Cauchy-Fueter integral formula

to left-regular functions which can be extended holomorphically to a neighborhood of U in
(X—X0)71

Hc. Observe that the expression in the integral formula NEx) Dz is nothing else but the

(Z—Xo)71
- N(Z—Xo)
translated by Xg. For this reason we expect an integral formula of the kind

However, the integrand is singular wherever N(Z — Xy) = 0. We resolve this difficulty by
deforming the contour of integration QU in such a way that the integral is no longer singular.
Fix an € € R and define an e-deformation h. : He — Hc, Z — Z;, by:

restriction to H of the holomorphic 3-form - Dz, which is the form from Lemma

f(X), VX, e U.
Hg

211 — 211 + iEle Z12 — Z12 — iEZlg
291 — 291 — €291 299 — 299 + 1€292.

In other words, Z, = Z 4+ ieZ~. For Zy € H¢ fixed, we use a notation
he 2,(Z) = Zo+ he(Z — Zy) = Z +ie(Z — Zy) ™.
Lemma 13 Define a quadratic form S(Z) = z11222 + 212221 on He. We have:
N(Z.) = (1 —-e*)N(2) +i2¢S(2),
S(X)=|X|? VX €Hg.

Theorem 14 Let U C Hg be an open bounded subset with piecewise C' boundary OU, and let
f(X) be a function defined on a neighborhood of the closure U such that V[’Rff = 0. Suppose
that f extends to a holomorphic left-reqular function on an open subset VC C He containing
U, then

b (Z-Xo)"' 1 epp Jf(X0) i Xo€U;
2% J(he )+ 00) N(Z = Xo) e i) = {0 if Xo ¢ U.

for all € # 0 sufficiently close to 0.

Remark 15 For all € # 0 sufficiently close to 0 the contour of integration (he x,)«(OU) lies
inside VC and the integrand is non-singular, thus the integrals are well-defined. Moreover, the
value of the integral becomes constant when the parameter € is sufficiently close to 0. Of course,
there is a similar formula for right-regular functions on Hg.

The proof is similar to the proof of Theorem 51 in [FLI]; for this reason we just give an
outline. Since the integrand is a closed form, by Stokes’ we are free to deform the cycle of
integration as long as we stay inside the set

{ZeVE N(Xo—2) #0}. (12)

Let S, = {X € H+ Xo; | X — X0o||?> = r2} be the sphere of radius r centered at X, and lying in
the subspace of H¢ parallel to H. We orient S, as the boundary of the open ball. One can show
that, for r > 0 sufficiently small, the cycle of integration (h. x,)«(0U) is homologous to —S, if
Xo € U and 0 if Xy ¢ U as homology 3-cycles in (IZ). Then the result follows from the Fueter
formula for the regular quaternions (Theorem [I2)). Alternatively, one can let r — 07 and show

13



directly that the integral remains unchanged and at the same time approaches —272f(Xj) in
the same way the Cauchy and Cauchy-Fueter formulas are proved.

One can drop the assumption that f(X) extends holomorphically to an open neighborhood
of U in Hc and prove the following version involving generalized functions:

Theorem 16 (Integral Formula) Let U C Hy be a bounded open region with smooth bound-
ary OU. Let f : U — Hg be a function which extends to a real-differentiable function on an
open neighborhood V- C Hg of the closure U such that Vﬁ{f = 0. Then, for any point Xy € Hg
such that OU intersects the cone {X € Hg; N(X — Xo) = 0} transversally, we have:

. (X — X0)+ f(XO) Zf Xo € U;
250 272 /8U (N(X —Xo) +ie|X —xo2)” ) {0 if Xo ¢ T.

The proof of this theorem is given in [L].

2.5 The Matrix Coeflicients of SU(1,1)

The matrix coefficients of the (generalized) principal series representations are functions of
Z € SU(1,1) given by

1 ds 211 %

! - l+m 1 11 212

where the integral is taken over the unit circle {s € C; |s| = 1} traversed once in the counter-
clockwise direction [Vil]. The parameters m and n are either both integers or half-integers:

1
m,n €7 or m,n€Z+§, and leC.

When the parameters [, m,n range over

1 3 5
12_57_17_57_2’_57”" m,n € Z+1, m,n > —I
we get the matrix coefficients of the holomorphic discrete series representations (I < —1) to-
gether with its limit (I = —1/2). When the parameters [, m,n range over
1 3 5
l:—i,—l,—g,—Z,—i,..., m,n € Z+1, m,n <1

we get the matrix coefficients of the antiholomorphic discrete series representations (I < —1)
together with its limit (I = —1/2). When the parameter [ ranges over

l= —% + i, A €ER,
we get the matrix coefficients of the continuous series representations and the two limits of
the discrete series (A = 0 and m,n € Z + %) Formula (I3)) involves complex numbers raised
to complex powers, and we need to clarify it so there is no ambiguity. In the discrete series
situation the powers [ & m are actually integers, so there is no ambiguity at all. In the general
case [ € C we write

(8211 + 221)l_m(8212 + 222)l+m8_l+n = (8211 + 221)l_m(2’12 + 8_1222)l+m8m+n

— ’82’11 + 221‘2(l—m)(212 + 8—1222)2m8m+n

14



(recall that Zo3 = 211, Z13 = 221, s = 5). The expression |szy; + 2912~ is well-defined

because |s2z11 + 221| is a positive real number, and the expressions (212 + s~ 1209)*™, ™" are

well-defined as well since the powers 2m, m + n are integers. For certain values of [, m, n, the

matrix coefficients vanish:

1 3 m>—l,n<—I

tflm(Z):O when l:0,—§,—1,—§,... and or (14)
m<Il n>I.

We give another expression for the matrix coefficients (I3]) also due to Vilenkin [Vil]. Fix a
parameterization of the group SU(1, 1) which is essentially the K AK decomposition:

6

2
X = . . )
(o, 7,9) <x1 e a0 4 it

. . -+ . - o—1
2V —ixd ol 4 zx2> cosh% cel 2 smh% e
= . i— _
sinh 5 - e'™2 cosh 3 - e

£ T . T i
_[€? _O'f C?Shg smh% e'2 g (15)
0 e 2 sinh 5 cosh 5 0 e s

with 0 < <27, 0 <7 < 00, =27 < 9 < 27. Then we have the following expressions for the

SO(2,2)-invariant measure on SU(1,1):
dzt Adx? ANdx®  sinhT as
= dedrdy = Dr- X' = —.
0 O

In terms of the parameterization (I3]), the coefficients tflm(X ), X € SU(1,1), can be written
as

th (0,7, 0) = e etmv) il (coshir), (16)

where, by definition,

1 I— I+ d
l (cosht) = o %(s COSh% + sinh %) m(s sinh% + cosh I) ms_l+"—8.

nm i 2 s

The functions P!, ,,(cosh 7) are real-valued when [ € R. Moreover,

P, (cosh ) = P, (cosh 7),

‘Binn(cosh T) = iBl_m _p(coshT) = (_1)m_nq3;ln;1(cosh -
Tl +n+ )Tl -n+1)
S TUama DL —m+1) FTrmlcosh)

(When [ € %Z two of the I'-factors become infinite and must be transformed by the formula
I'(z)-T'(1 —x) = w/sin(mwz).) They also satisfy the orthogonality relations:

o —_— 1
/ PLo@)-PL_®)dt=0 ifl1£U, LU,mne 52 (17)
1

R 2 men —2 Tl+m+1DI(1—m+1) 3

)| dt = (-1 l=—1 -2

/1 ¥ (1) (=1) 2041 T(l+n+1)I(l—-n+1)’ T2

The functions B!, (cosht) can be expressed in terms of the hypergeometric function. We will
use

‘,Bil m(cosh 7)

I'(l —m+ 1)(cosh %)m+n (sinh 2)" 9T
= o F 1,~l+mnn—m+1—sinh®~) (1
T —n+1)(n—m) 2y (I n o 1=l min = m 15— sinh? ) (19)

—2,... (18)

—m
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(valid for n > m) found in Subsection 6.5.3 of [VilK].
Let Hif = {X € Hg; N(X) > 0}. Clearly, the matrix coefficient functions ¢, m extend from
SU(1,1) to Ht. Differentiating (I3]) under the integral sign we obtain:

Lemma 17

a -1 J -1
—tym(Z) =l —m)t 2 Z —tom(Z) =(l t 2 Z
8211 nm( ) ( m) n—l—%m—l—%( )7 5212 nm( ) (+m) n—l—% _%( )7
0 1 -1 0 I -1
—th (Z)=(1-m)t 2 7z,  —th (Z)=( t 2 (2).
G i) ==t A (D), Gt (Z) = A m T (2)

We also have the following multiplication identities for matrix coefficients.

Lemma 18

(0 h @5 @) (20 22) = (8, (D)t ()

221 222 2
and )
<le le) (=m0 (D) [A=n+ e (2)
o z) \U+m+9t, 1 (2) (I+n+ 1)tfjém(2)

. 2 2 . .
Applying Og 9 = azfazm — 8z1§8zm and using Lemma [I7 we obtain:

Proposition 19 On Hﬁg we have:
Daothm(Z2)=0  and  DyaN(Z2) 7t (Z271) =0.

o) o)
Applying V* =2 (az L0z 1) and using Lemma [I7] we obtain:

Oz12  0z22
Proposition 20 The following S-valued functions on Hﬁg

(E=m+ )ty (2) 1 (U=ntp)t (27
(l+m+%)tlnm_%(Z) ’ N(2) (l—i—n—l—%)tiH%

are left-reqular. Dually, the following S'-valued functions on Hﬁg

1 I+1 _1y 3 1 -1
N(Z) (tmﬁ(z )’tmi(z ))7 (t (Z)7t

are Tight-reqular.

Next we would like to extend the matrix coefficients (I3) holomorphically from H} to an
open region in Hg. Define an open region in Hg:

z z
U = {Z = <Z; Z;;) € H(c; ’221’ < ‘2’11‘, ‘2’12‘ < ’222’, Re(zllzgg) >0 or Im(zllzgg) 75 O}

Lemma 21 The matriz coefficients ({I3) can be holomorphically extended to U.
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Proof. We can rewrite

1 _1291\!—m Z19\ H+m 1— 2 _,ds
th(Z)=— (1 1—) <1 —) ()M (90
(2 = 5 (1472 T (14522 ) P 20

By assumption, Re(z11292) > 0 or Im(z11292) # 0, which allows us to choose a single branch of
the complex multivalued function (z11292)' ™. Since |221] < |211] and |z12| < | 292/,

Re(l—l—s‘lﬁ) >0 and Re(l—l—sQ) > 0.
211 229

Thus we can choose single branches of the multivalued functions (1 + 8_1@)1_7” and (1 +

Z11

l

Sﬂ) T as well. O
222

Let U™ be another open region in H:

Ut ={ZcHc; ZT €U}

z z
= {Z = <Z; Z;;) S H((j; |Z12| < |211|, |221| < |Z22|, Re(211222) >0 or Im(Z11Z22) 75 0}.

Observe that, for Z € U U U™, N(Z) is never a negative real number or zero, hence arbitrary
complex powers of N(Z) are well-defined. Letting Z = Z~! and writing

tlnm(Z) = tizm(z_l) = N(Z)_zl ' tf@m(2+)

we see that the matrix coefficients #., m(Z)’s can be holomorphically extended to U * as well.
Now we define Hf =U UU™.

Lemma 22 The matriz coefficients (13) can be holomorphically extended to HE.

Proof. Since the matrix coefficients extend to both U and U™ all we need to show is that we do
not run into problems with multivaluedness on U N U™. The matrix coefficients of the discrete
series and their limits are rational functions in z;;’s and certainly extend to HE . For the matrix
coeflicients of the continuous series the result follows from the following general observation:
Let UR be an open region in R”, and let Uic and Uéc be two connected open regions in C"
such that UR C UéC NR" ¢ = 1,2, and every loop in Uic U Uéc is homotopic to a loop in UR.
Suppose a real-analytic function f on UR has holomorphic extensions fi to Uic and f5 to Uéc,
then f1 = fo on Uic N Uéc and f has a unique holomorphic extension to Uic U Uéc. O

We view HE as an open neighbourhood of Hﬁg in Hg, and in light of the lemma we can
regard the matrix coefficients (I3]) as functions on HE . Lemma [I7 and Proposition 20l formally
extend to complex variables and H['Rf replaced with HE.

We conclude this subsection with a list of relations between the matrix coefficients which
follow from the relations between 3!, (t)’s. When Rel = —1/2, the functions t,,,,(Z) and
N(z)=' -t ,,(Z/N(Z)) on H{ are proportional:

T men DU DT+ nt1) 1
tlnm(Z)_(_l) Frl—m+1)I(l+m+1) N(Z)

A (Z/N(2)). Rel:—%. (21)

We also have
Fit—m+1DIr'l+m+1)

Lo(Z) = (-1)m™m -t Z). 22
) = D R R e ) ) 22)

Combining this with (21I]) we obtain
N2yt (27 =1L, (Z),  Rel=-1/2. (23)
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2.6 Schwartz Space S(Hj) and Invariant Pairings

Definition 23 Let f be a function on Hﬁg (with values in C, Hg, S or S'). We say f is
quasi-regular at the origin if

lim t'0f(tX)=0  for all X € Hy and all § > 0.

t—0t

If ¢ is a solution of the wave equation g 20 = 0 on Hﬁg, we say @ is quasi-regular at infinity

0 (0 1 _ o(0 1 1 . _1
s quasi-reqular at the origin.

Similarly, we say that o left-regular function f or a right-regular function g on Hﬁg s quasi-
regular at infinity if

m (‘f é)fz A",i;)-ﬂX‘l) o <‘1) é)g=g<X‘1>' ]f(;)

s quasi-reqular at the origin.

if

For example, let f be a homogeneous function on Hﬁg of homogeneity degree p € C. Then
f is quasi-regular at the origin if and only if Re u > —1. If f is a solution of the wave equation,
then f is quasi-regular at infinity if and only if Re u < —1. In particular, all matrix coefficients
t!. .. (Z) are quasi-regular at infinity; moreover, the matrix coefficients of the continuous series
and the limits of the discrete series (Rel = —1/2) are also quasi-regular at the origin. Finally, if
f is a left- or right-regular function, then f is quasi-regular at infinity if and only if Re p < —2.

For the purposes of this article, a suitable reference for the Schwartz functions on Lie groups
in the sense of Harish-Chandra is [Va]. Our definition of the Schwartz space on Hyt, denoted
by S (Hﬁg ), is motivated by the following needs:

e lffes (Hﬁg ), then the restrictions of f to all hyperboloids Hg, R > 0, should be Schwartz
functions in the sense of Harish-Chandra;

e Since we often apply the a(;g operator, if f € S (Hﬁg ), then the restrictions (deg)? f‘ Hi
should be Schwartz functions as well, for all R > 0 and integers d > 0;

e Since we often perform calculations with matrix coefficients tlnm(Z ), the matrix coeffi-
cients of the discrete series and wave packets formed out of the matrix coefficients of the
continuous series should be in S(Hy).

The group Hﬁg X Hﬁg acts on Hﬁg by multiplication:
(a,b) : X — aXb7!, (a,b) € Hf x H, X € H.
Hence we get an action of Hﬁg X Hﬁg on the space of smooth functions on Hﬁg:
(a,b) : f(X) > fla™'Xb),  feC™(HY).

Differentiating, we obtain an action of the Lie algebra gl(2,R) x gl(2,R) which extends to an
action of its universal enveloping algebra U(gl(2,R)) ® U(gl(2,R)) on C>(Hy).

18



Definition 24 We define S(Hf;) — the Schwartz space on Hj — to be the space of smooth
functions f on Hf such that, for each a € U(gl(2,R)) @ U(gl(2,R)), eachn € N and all R > 1,
there exists a constant C(a,n, R) > 0 such that

(1 +log | X)™"
1l

‘CL- f(X)‘ < C(CL?an) ’

for all X € Hy}, such that R7? < N(X) < R2.
We shall regard & (Hﬁg ) as a Fréchet space with respect to the seminorms

tan,r(f) = sup la- f(XO)]-[IX]] - (1 + log [[X])".
{X€H; R-2<N(X)<R?}

Denoting by C° (]HI['RE ) the space of compactly supported smooth functions on H['Rf we get maps
C(HY) — S(HE) — L*(SU(1,1)),

where the first map is the inclusion and the second map is the restriction map f +— f ‘ SU1)"
These maps are continuous with dense images.
Let
H(Hg) = {p € S(HE); Do20 = 0}

be the space of “harmonic” functions in S(Hg). Similarly, we denote by S(Hj) the space of
S-valued left-regular functions and, respectively, S'(Hg) the space of S'-valued right-regular
functions on Hj with both components in S(H).

Fix an R > 0 and define a bilinear form on H(Hy) by

as

(dege1)(X) - p2(X) X[

(p1,02)R = ©1,p2 € H(HE). (24)

21? [ xeny,
This form is not symmetric, not sl(2, He)-invariant and depends on the choice of R. In Subsec-
tion .5 we will extend the space H(Hz) to H(Hy) and define a symmetric sl(2, Hc)-invariant
nondegenerate bilinear pairing on it.

Lemma 25 Let G(Hg) C GL(2,Hc) be the subgroup consisting of all elements of GL(2,Hc)
with entries in Hy and preserving the hyperboloid Hp = {X € Hg; N(X) = R?}. Then

. 21+
Lie(G(HR)):{<é1, RDC );A,C,DEHR, ReA:ReD}.

B

Proof. The Lie algebra of G(H r) consists of all matrices <é D>’ A,B,C,D € Hg, which

generate vector fields tangent to Hg. Such a matrix <é g) generates a vector field

%((1 +tA)X +tB)(tCX + 1+ tD)‘l‘ =AX+B—-XCX - XD.
A vector field is tangent to Hp if and only if it is orthogonal with respect to (8) to the vector

field X for N(X) = R%:

0=Re((AX+B—XCX —XD)X") =Re(R*’A— R*D+ BX"T - R’XC) =0, VX € Hp.

It follows that Re A = Re D and B = R2C. O
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Corollary 26 Let G(Hg) C GL(2,Hc) be the connected subgroup with Lie algebra

9(Hg) = {x € Lie(G(Hg)); Re(Trz) = 0}

A R2C+
_{<C s >,A,C,D€HR,ReA—ReD—O}.

Then G(HR) preserves the hyperboloid Hr = {X € Hg; N(X) = R2?} and the open sets
{X € Hg; N(X) > R?}, {X € Hg; N(X) < R%}.

The Lie algebra g(Hpr) and the Lie group G(Hpg) are isomorphic to s0(3,2) = sp(2,R) and
SO™(3,2) respectively (see, for example, [H]).

Proposition 27 The bilinear pairing (p1,2)r is invariant under the 7 action of G(Hg).
Proof. First we find a convenient pair of subgroups generating G(HRg):
Lemma 28 The group G(HR) is generated by SU(1,1) x SU(1,1) realized as the subgroup of

g 2 , a,d € SU(1,1) C Hg, and the one-parameter group

;o cosht Rsinht)
G(Hg) = {(R_l sinht cosht /'’ LeR,.

Clearly, the bilinear pairing is invariant under the 7 action of SU(1,1) x SU(1,1). Thus
it is sufficient to show it is G(Hpg) -invariant.

diagonal matrices <

cosht Rsinht

R-lsinht cosht > € G(HR)" and consider its conformal

Lemma 29 Fiz an element g = <

action on Hp:
m(g) : X — X = (coshtX — Rsinht)(—R ™ 'sinhtX 4 cosht)!.

Then the Jacobian J of this map is

(o) as’\ . dS 1 R?— (ReX)? dS
R\xT) ~ 21X T N(—R-'sinhtX + cosht) RZ— (ReX)2 |X|°

Since G(Hp)' is connected, it is sufficient to verify the G(Hp)-equivariance of the bilinear
pairing on the Lie algebra level. For t — 0 and modulo terms of order 2, we have:

X =X +t(X* - RY)/R, (25)
N(—R 'sinhtX + cosht) = 1 — 2t Re X/R, (26)
R* — (ReX)? = (R? — (Re X)?)(1 + 4tRe X/R). (27)

Lemma 30 Modulo terms of order t* we have

e (nf0)0) = doux (rrrom i ey ) = (1 4 ReX/R) - (o) ().
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Letting ¢; = W?(g)(p,-, i = 1,2, and continuing to work modulo terms of order t?, we get

3.5 T = - dsS
— 2. (1, P2)R = /XGHR degy (p1)(X) - @2(X) m

— _ . 1+ 4tRe X/R ds
- X) - pa(X) -
/XGHR(degX%)( ) 22(X) " SR Tomh X + cohd) X

— : _dS
- /X e (%) @a(X) 2 =

—27% - (o1, 02) k-
This proves that the bilinear pairing (1, v2)r is G(Hp)-invariant. O

Next we calculate the pairings between the matrix coefficient functions.
Proposition 31 The matriz coefficients (13) satisfy the following orthogonality relationships:

(3. 5755 a7, = =y - tn X7t (),

{5ll’5mm’5nn’ Zfla 4 7£ _1/2;

0 if lorl =—1/2,

—2(21+1 1 4
R ( +)'<tnm(X)7t 7m’(X)>R

! —

_ _R2(2l+1) . <; - (X_l), ; . tl’ ’—m’(X_1)>

N(X) = NX) " R
— (_1)m_nr(l +m + 1)F(l -—m+ 1) ' 61 Ommy Onmy - if L, I + _1/2’.
. Ll +n+ L@ -n+1) {0 iflorl! =—1/2,

for all R > 0, provided that 1 or I' lies in {—%,—1,—%,...}. In particular, we get a non-
degenerate pairing between the spaces of harmonic functions spanned by tilm(X) s and by
N(Xx)! 'tﬁlm(X_l) s with | = —1,—3,-2,..., which is independent of the choice of R > 0.

Proof. Since the functions N'(X)~*-t}, , (X~!) and ¢!, (X)) are homogeneous of degree —2(I-+1)
and 2!’ respectively, it is sufficient to prove the result for R = 1 only. This is done by integrating
in coordinates (If]) using identities (I6]) and (22]) and the the orthogonality relations for B , ’s

(I7)-([I8]). O

The gl{(2, He)-invariant pairing between S(Hj) and S'(Hy) is given by the formula

1
~3r3 [ a(X)-Da ()
™ JXeSU(1,1)

However, it is only defined when one of the functions has both components in the discrete series
(otherwise the integral would not converge).

(9, f) =

Proposition 32 We have the following orthogonality relationships:

V—m)t 2 (X)
1 1 1 1 1 ( n! m/+% B
<N(X) (tmﬁ(X )7 tm@(X )) 9 (l/ + m/)tl/,_%l 1 (X) — 5”/5mm/ 57177/7
" 2
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I3

(X1
(X—1)> > = 511’5mm’57m’7

I3

provided that | or ' — % lies in the discrete series set {—1, —%, —2,...}.

Proof. Using Lemmas [l and [I8] we obtain:

l/_l

(" —=m't Tj,+l(X)
<tlm”—l(X_l)’tinn+l(X_l)> X v 172
p 2 " +mht , 2 (X)
2
==+ 1/2) by (0t (X + U +1/2) 8 (0 8 1 (X7,
2 2 L/ !

then the result follows from Proposition BTl O

2.7 Fueter Formula for Hyperboloids

We fix 0 < R < R and let U = {X € Hg; R? < N(X) < R?} be the open region in Hy
bounded by two hyperboloids. In this section we essentially substitute this unbounded set U
and bounded functions f into the integral formula from Theorem [I4l and prove that the resulting
identity still holds.

Recall the deformation h. z, : Hc — Hc, Z — Z 4 ie(Z — Zp)~. First we deal with a
technical issue arising from the fact that the image of U under h. z, does not lie inside HE .
Thus we modify the deformation h. z, as

he,z, : Hc — Hc, Z—=Z+e(1+i)(Z—Zy)".
Note that
~:,Zo (N(Z - Zo)) = (N(Z —Zp) +2eS(Z — ZO)) + 21'5(S(Z —Zy)+eN(Z — ZO)),

_ -1
so, for |e| sufficiently small, the denominator of % is bounded away from zero on

(e x0)+ (V).

Lemma 33 Fiz any Zy € He, then, for e > 0 sufficiently small, }N‘L€7ZO U) c HE.
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/
Z221 222 Y21 Y22 221 %22

(zgl z;2> _ ((1 +e(l+1i))z1 (1—¢(1 +i))z12> Ce(1+4) ( Y11 —y12> .

2y 29 (I—e(l+1d)za1 (1+e(l+1))22 —Yo1 Y22

B / /
Proof. Let Z = <Z11 z12>7 Zy = <y11 yl2> and he z,(Z) = <Z}1 Zl2>. We can write

Since |z11] > |221] and |222] > |212| for all Z € U, by taking ¢ > 0 sufficiently small we can
arrange that
‘(1 + 6(1 + ’L'))Zn‘ — |(1 — 6(1 + i))Z21| > 2\/§€|yij|,

|(14+e(1 +10)z22| — |(1 — e(1 +4))z12] > 2V 2e]ysj].-

Then h. z,(Z) satisfies the inequalities |25;| < |2},| and |2}y| < |2},|. Finally,

2nzhy = (L +e(Q+4)z11 —e(+9)yn) (L +e(1+14))z20 —e(1 +i)y2)
= (14 26) 211202 + 2ie(1 + &) 211202 + 2ic2y11y22 — (1 +4)(1 + (1 +0)) (21122 + 220y11)-

The first term (1 + 2¢)z;; 292 is a positive real number, the second and the third terms 2ie(1 +
£)211 202 and 2ie2y11y29 are purely imaginary, finally the fourth term (1+4)(14e(1+4)) (211 Y22+
299y11) becomes smaller in magnitude than (14 2¢)z;7 292 when € > 0 is sufficiently small. This
proves Re(z];255) > 0. O

Theorem 34 Suppose that f(Z) is a left-reqular function on HE such that its components are
bounded on closed sets

< < 11 — <
{Z: (2’11 212> cHr: €S |z11/221| < 2¢,  [Z11/202 — 1| < d,

- z zo9| > R 28
221 %22 © e <za/zn| <26, |Fm/Em — 1] < d, 211l |222| 2 } (28)

for all ¢ > 1 sufficiently close to 1 and some fixed values d, R > 0. Let Xg € Hg, then fore >0
sufficiently small

1 (Z=Xo)™' ey df(X0) i XoeU;
272 J(he xy ) (00) N(Z — Xo) 12 0 if X0 ¢ U.

Proof. For L € R, let By, denote the open ball {X € Hpg; ||X|| < L} of radius L, and set
Ur, = U N By,. Clearly, the closure of Uy, is compact, and the proof of Theorem [I4] shows that
for L sufficiently large

_ -1 _ 9.2 : .
/ (Z — Xo) Dz f(Z) = 27 f(Xo) %fXOEZ’
(he, xo)-(00) N(Z = Xo) 0 if Xo¢U.

The support of QU7 consists of a portion which lies in Hr U Hg and its complement. We define
3-chains C} and C% by
oUL =C} +C%

with supports |Cl| C Hr U Hg and |C%| C Br. Then

(Z = Xo)™! . (Z — Xo)~*
—————~—— Dz f(Z)= lim ————— Dz f(2).
/(ﬁs,xo)*(ﬁU) N(Z — Xo) L0 J(h, xo). 00, -c2) N(Z = Xo)
Thus the theorem will follow if we can show
. (Z — X())_l
lim ~—_~ _.Dz-f(Z)=0.
L—oo (HE,X())*(C%) N(Z — X())
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First we choose € small enough so that

1+e(1+1) d
Y — 1 < —.
1+¢e(1—14) 2
Then we choose a number ¢ such that
1 1474
1<e< 7+€( —H) < 2c.
1—e(1+14)

As L tends to infinity, the supports of C’% will lie inside the set (28]), hence the components of f
Z—Xo)*t

ﬁ grows

as O(L*), and the numerator grows as O(L). This proves that the integral over C% tends to

Zero. O

are bounded on |C%|. The volume of |C?| grows as O(L), the denominator of

Remark 35 From (20) one can see that the matriz coefficients (I3) are bounded on the closed
sets (28) as long as Rel < 0.

3 The Discrete Series Component on Hy

3.1 The Polynomial Algebra on Hy

Let us consider the matrix coefficients ¢, (Z)’s of the discrete series together with the limits
of the discrete series. It is easy to see ‘that they are rational functions in z11, 212, 221, 222,
hence uniquely extend to Hg¢. In this subsection we identify certain spaces of rational functions
spanned by these matrix coefficients.

We think of the matrix coefficients t.,,,,(Z) and N(Z)~2~1.t\, (Z) as meromorphic functions
on He and introduce the following spaces: B

_ 3
I=-1,-3,-2....,

P m,n € Z+1, m,n > —I

discr

= C-span of tilm(Z) and N(z)~ 2! -tflm(Z),
(span of the matrix coefficients of the holomorphic discrete series),

Dl im

_1
= C-span of tp3,(2), m,n € Z+1/2, m,n >1/2
(span of the matrix coefficients of the limit of the holomorphic discrete series),

_ 3
l=-1,-3,-2,...,

+
p m,n € Z+1, m,n <

discr

= C-span of tilm(Z) and N(z)~2-1 'tilm(Z),
(span of the matrix coefficients of the antiholomorphic discrete series),

D-l—

lim

_1
= C-span of t, 7, (2), m,n € Z+1/2, myn < —1/2
(span of the matrix coefficients of the limit of the antiholomorphic discrete series),

@ D;t

lim*

& D;; Dt =DT

lim> discr

D_ = D[;?:SCT

Note that the matrix entries z17 and z99 are invertible on Hﬁg. We denote by

<0

Clert, 212, 221, 222] C  Cle, 212, 221, 222]
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di1 di2 da1 da2
the subalgebra of polynomials in (C[zll , 212, 221, Z22) spanned by monomials 277" - 2157 - 257" - 253

with di1 + di2 + do1 + dag < 0. Similarly we can define a subalgebra
Clz11, 212, 221, 299 )0 € Clz11, 212, 221, 295 |-

Let D_, (respectively D) be the C-span of tilm(Z) (respectively tilm(Z) - N(Z)~%-1) with
l = —g,—l,—%,..., m,n_e Z+1, m,n > —l. Then D~ = D_, + D3, and D is the image
of D_, under the inversion map ¢(2) — N(Z )"t ©(Z/N(Z)). Similarly, we can define DZ,
D>0 so that D = DIO + D3 <o and D>0 is the image of D<0 under the inversion map. -

Proposition 36 We have:

DZy = {¢ € 211" - Clziy', 212, 221, 202]=%; Oaa0 = 0},
DIy ={¢c Z5 - Clz11, 212, 221, 29 1 =5 Do = 0}.

Remark 37 Note that D~ is a proper subspace of {gp € zl_ll . (C[zl_ll, 212, 221, 222]; Ooop = O},

since the functions zf{l zféz and zd“ zgfl with d11 < 0, di2,ds1 > —di1 are not in D~.

Similarly, DT is a proper subspace of {gp € 2221 - Clz11, 212, 221, 22_21]; U2 = O}.

Proof. Recall the integral formula for matrix coefficients (I3). In the holomorphic case m,n >
—I, we have [ +m > 0 and

l+m l+m 212 l+m I+m lem l +m 212\ 4
(sz12 + 222) = (222) . <1 + 8—) = (222) : Z . <3—> ;

z z
22 =0 q 22

on the other hand I — m < 0 and

(s211 +220)' 7™ = (s201) ™" <1 + ﬂ)l_m (s211)" "™ - i <l a m> . (ﬂy

Sz11 r Sz11
r=0

Substituting into (I3) we see that ¢! m(Z) is the coefficient of s” in the expression

l+m ] l—m lmr I+m—q _n—m+q—r
q r 211 z12 291 * 29 "8 .

0<g<i+m
r>0

Therefore, ¢ = r +m — n and
ol l+m [—m
l - l l
bu@= > (4Em ) () o)
r=max{0,n—m}

Let d;; denote the degree of z;;. Then all the monomials in tln m (Z) have dy1 + dio +doy +doo =
2l < —1. This proves

D, C{pe 211 Clerts 212, 221, 200] =% Do = 0}

It remains to prove the other inclusion. Observe that each #., m(Z) is a finite linear combi-

nation of monomials zd“ 2%2 zgfl 2‘2152 with

di1 +dig =1—n, doy + do2 =1 +n, diy +do1 =1 —m, di2 + do2 =1+ m.
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These sums of degrees can be conveniently arranged in the following form:

di1 + dia l—n
di1 + do1 dio+dye = 1—m [+ m.
da1 + da2 l+n
Each degree invariant
di1 + di2 D,
di1 + do1 dig+dy = Do D3 (30)
da1 + da2 Dy

has an obvious restriction Dy + D4y = Do+ D3. These observations lead to the following lemma:

Lemma 38 The matriz coefficients t!, m(Z) with m,n > —I produce all possible degree invari-
ants (30) satisfying D3, Dy > 0 and Dy + Dy = Dy + D3 < —1. Moreover, the functions of the
type tflm(Z ) can be uniquely recovered from their degree invariant.

The degree invariants of 233! 212, 291, 299 are respectivel
g 11 » 9 Y p Y

Thus the monomials in zl_ll -(C[zl_ll, 212, 221, Z22] automatically satisfy D3, D4 > 0. The operator
U2 is homogeneous with respect to these invariants in the sense that it sends

Dq D —1
D2 D3 —> D2 -1 D3 — 1.
Dy Dy—1

Thus it is enough to show that the space of harmonic polynomials in 21_11 . (C[zl_ll, 212, 221, 222)
with a given degree invariant (B0) is at most one-dimensional. Fix a degree invariant (30]), then
any function ¢ € 21_11 '(C[zl_ll, 212, 221, 222 with that invariant must be a finite linear combination
of

D1 Do D3—D1 z12 Z21\" T Di+r Do+r D3—Di—r _
212 '221 '222 '<2_22’Z_11 —le '212 '221 ’222 5 T—l,...,Dg_Dl.

Thus

Ds—D1
_ -7 Di+r Do+r D3—Di—r
Y= E ar - 211 212 %21 ) .
r=1

We spell out the equation [ 2 = 0:

D3s—D1
0= E ap-r(D3— Dy —1)- zl_{_l . zgﬁr . zﬁﬁr . zzgrDl_r_l
r=1
D3—D1
—r _Ditr—1 _Dotr—1 _D3—Di—
+ E ar - (Dy+7)(Da+7) - z1) - 2 T 2T
r=1

which gives us recursive equations

(T—l)(Dg—Dl—T—Fl)-CLT_l:—(Dl—i-r)(Dg—i-T)-ar, r=1,...,D3— Dj. (31)

}<

Hence the space of solutions in 21_11 . (C[zl_ll, 219, 291, 292 is at most one-dimensional.

The case m,n <[ is completely analogous. O
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3.2 The Action of sl(4,C)

For convenience we restate Lemma 17 of [FLI] describing the 70 and 7 actions of gl(4,C) =
gl(2,Hc) on the spaces of harmonic functions

0 0 0 0
mo (C 0) =7r9 C 0 <,0|—>Tr<0 (X (D) X—i—X(’p)) :Tr<C’- (X-8(X<,p)) _X(’D>
0 0
(5 b) o000 x0) = (o oira )
o0 O
Ty (0 D> P = Tr(D - (0p) .X) = Tr(D. (a(X(p) _ 290)),
where 0 = <gn g2l> = %V. Recall the representations H™ and H~ of s1(2,Hc) realized in
12 022

the space of harmonic functions on H (see Subsection 2.5 in [FLI]).

Theorem 39 We have D~ ~ H~ and DT ~ H™ as representations of sl(4,C) = sl(2,H¢) C
gl(2,Hc). Moreover, D~ and D% are irreducible representations of sl(4,C) with highest (or
1

(Z) = % respectively.

|~

1 _1
lowest) weight vectors t,3(Z) = = and t 3
2

11 z
33 11

|l\'}

Proof. Using Lemmas [I7 and [I8 we can compute the Lie algebra actions 7rl0 and 70 of gl(2,H)
on D~ and DT:

A 0 (1 —n)t (1—n+1)t _
0 L4l _ . nm n—1m
T <0 0) o Tr<A <(l+n+1)tln+lm (1 +n)th

4l B ' (I—n+1)t, (l—n+1)t2—1m
Hlam Tr<A <(l+n+1)tln+1m U+ n+ 1)t ,

-1 1
(l=m)t % (—-m)t % .

:tlnm'_)_Tr<B' l_"'%zj _22 )
({+m)t . (+m)t

1
ntsm—3;

I+3
l— 1)t 2 l— 1)t
(0 9t (2 {17 )
co )

@)

14+ L1
I+n+1)'% o (+n+1)

1 1
3M—3 n+gmts3

y (U=m D, —m)t
't"mHTr<D ((Z—Fm)tlnm_l (+m+ D,

L . (l—m)tlnm (l—m)tlnm_H
't"mHTr<D ((ler)ztlmn_1 (1+m)t

and similarly for tﬁlm(Z )+ N(Z)~%=1s. This together with equation (I4) shows that the 7)-

1 1
action of s[(2,Hc) preserves DT and that ¢, 3 (Z) and ¢t 3
2

1 —
2

(Z) generate D~ and DT respec-

=

1
2

‘ N
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tively. Let €3 = ie3. Consider an element

e - L _ 1 fieati &1
70_5( &5 —1 iég—l—i) €GL2,He)  with ' =5(. 0 ) (32
Then

1
7710(70): HT>51 +— ,—:—z’t;

H™ >

1
= — =it 2(Z)eD .
N(Z) Z11 ! %i( )

(This is essentially the composition of the Cayley transform from [FL1] with another Cayley-
type transform which will be introduced in Proposition [58) This proves DT ~ HT, irreducibil-
ity and the statement about the highest (or lowest) weight vectors. O

Representations D~ and DT are dual to each other. Define a bilinear pairing between D~
and DT by declaring

1

/ 1 /
! /70 P — l Z_l — (.4 / -1 l, (7 = / ’ /
<tn’m’( ),N( Z) tmn( )> <N(Z) tmﬂ( )7tn m( ) 01 Omm Onm »

= D—xD+ - >D*><’DJr
/ 1 1 /
tl Z tl/ /Z - —'tl Z_1 —'tl/ /Z_1 =
o2t Do = (5577 2™ 30y e )y, =0
l=-1,-32,-2,.... In the second line we exclude [ = —1/2 because by (Z3) we have

N(Z)‘l-t;%m(z )_t% (2).

—m —n
By Proposition [31] this pairing partially agrees with the bilinear form (24]) up to a sign.
Proposition 40 This bilinear pairing on D~ x DY is gl(2, H¢)-invariant:

<7T?(Z)9017 Q02>'D—X'D+ + <(10177T7(~)(Z)Q02>'D7X:D+ = 0, VZ € 9[(27H(C)

Proof. Since the elements <8 ﬁ) € sl(2,Hc), B € Hg, together with their conjugates by

<(1) é) € GL(2,Hg) generate sl(2,Hc), to prove sl(2, Hc )-invariance it is enough to check the

invariance under the action of <8 §> By Lemma 17 from [FL1],

40 8)-(0 8)onmio o0

Applying Lemmas [I7] and [I8 repeatedly we find that
-1 1
(811 321> L) (E=mt, A (2) G=m)t 2 ()
t Z) = f i
G2 O] " (E+mit % (2) (+mt

1
gMm—35 n—gm

(o2 02) (577 (2 ™)

1 (I — +1)m

1

2

1
N\ @+m+net2,

1 1
§"+§



B
We conclude that the bilinear pairing is invariant under the action of <8 0). Using Lemma

17 from [FLI1] it is easy to see that the pairing is invariant under the scalar matrices as well,
and the proposition follows. O

3.3 OPl’shanskii Semigroups

We introduce complex Ol’shanskii semigroups I't ¢ GL(2,C) C Hg. Following [Kou®] and
[FIN], consider a Hermitian form H on C? defined by

H(¢,n) = =G + Q.

It is easy to check that if X € iu(1,1), then H(X(,¢) € R for all ¢ € C2. Consider a cone in
iu(1,1) defined by
C ={X ciu(1,1); H(X(,¢) <0, V¢ € C?.

Lemma 41 The cone C is closed, convex, pointed (i.e. C N —C = {0}), generating (i.e.
C—C =iu(1,1) or, equivalently, has non-empty interior), hyperbolic (i.e. for every X € C, the
operator adX has real eigenvalues and, for every X in the interior of C, adX is diagonalizable)
and Ad(U(1,1))-invariant.

The set ~
'™ =U(1,1) - exp(C)
is called a closed complex Ol’shanskii semigroup contained in GL(2,C). The interior of C' is
O = {X €iu(1,1); H(X(,C) <0, V¢ € C*\ {0}},
and the corresponding open Ol’shanskii semigroup is
I~ =U(1,1) - exp(CY).

The semigroup I'™ is an open subset of GL(2,C) and hence of H¢. In fact, I'" is the interior of
['~. If we re-define for a moment the complex conjugation on Hg to be relative to Hg = u(1,1)
(i.e. by identifying Hc with u(1,1) @ iu(1,1)), then the conjugate Ol’shanskii semigroup '~
coincides with Tt = U(1,1) - exp(—C). Similarly, T~ =T+ = U(1,1) - exp(—C?).

Lemma 42 We have

C:{X:(_a7 jb>;a,beR,a,sz,fy€C,Mzgab} c (1)
and

c° = {X: <_a7 jb) ca,beR, a,b>0,7€C, |y < ab} C au(l,1).
In particular, each X € C° has two distinct real eigenvalues — one positive and one negative.

Fix a maximal compact subgroup U(1) x U(1) of U(1,1); its complexification K¢ consists
of diagonal matrices, and every element in I'™ is SU(1, 1)-conjugate to an element in

I''NnKc = {<)(\)1 ;L) i A, A € C, ’)\1’ >1> ‘)\2‘ > 0}.

Similarly, every element in I't is SU(1, 1)-conjugate to an element in

I'nKke= {<)(‘)1 )\02> i AL A2 €C, Ao > 1> M| > 0}.
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Proposition 43 The Ol’shanskii semigroups T~ and T~ have the following crucial property:
Yoy and vy € I'™ whenever v € '™ and v € T

In particular, if we let

c 0

WeHt and Ze N(W)-(O 1

> 'SU(l,l) C Hg,

then WZleT foralll >0 >0and WZ 1 et for all o > 1.

Lemma 44 For W € I-UI'" and Z € U(1,1), the function N(Z—W) is never zero. Moreover,
if we fir W € T~ UT™T, there exist ¢ > 0 and € > 0 depending on W such that

1 < c
N(Z-w)~ |Z]

forall Z € Hg with 1 —e < N(Z) <1+e.

Proof. For concreteness, let us suppose W € I'"; the other case is similar. We rewrite N(Z—W)
as N(Z7'W — 1) - N(Z). Then Z7'W € I'" and hence has eigenvalues different from 1.
Therefore, N(Z7'W — 1) # 0.
If Z € Hg, then N(Z — W) = N(Z)- N(Z7'W —1). Every element W € I'" is SU(1, 1)-
conjugate to a diagonal matrix <)E)1 f) with A, Ao € C and |A1] > 1 > |A2| > 0. Since the
2
determinant function is Ad(SU(1,1))-invariant, without loss of generality we may assume that

(A O
W—<O )\2>.Then

zin —z2\ (A 0 (1 0)]| _ Mzt — 1 —Xezi2
(26 n)-6 D) (O )
= ()\12’_11 — 1)()\2211 — 1) — )\1)\2’212’2 = )\1)\2N(Z) +1- ()\12_11 + )\2211).

Now the term A\; A\oN(Z) + 1 stays bounded while ||\1Z17 + A2211]| grows proportionally to ||Z]|
as Z — 0o. n

As we saw in Subsection [B.1], the matrix coefficients of the discrete series and their limits are
rational functions in z;;’s. More precisely, the matrix coefficients of the holomorphic discrete
series and its limit lie in C[z11, 212, 221, 222, zl_ll]. Hence they extend uniquely as holomorphic
functions to the open set {Z € Hc; 211 # 0}. On the other hand, Lemma 2.6 from [Koud]
implies that '™ C {Z € Hc; 211 # 0}. In particular, the matrix coefficients of the holomorphic
discrete series and its limit extend holomorphically to I'". Similarly, the matrix coefficients of
the antiholomorphic discrete series and its limit lie in C[z11, 212, 221, 222, z2_21], extend holomor-
phically to the open set {Z € Hg; 290 # 0}. Since 't C {Z € Hg; 222 # 0}, these coefficients
extend to I'".

and (Z-W)

3.4 Matrix coefficient expansions for M N7

1
Z-W)

_w)-t )
In this subsection we derive matrix coefficient expansions for N(ZI_W) and (zg(zm_/%v)' Using

these expansions we obtain maps onto the discrete series components for the spaces of solutions
of [ 2 = 0 and left- and right-regular functions on Hﬁg .
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Proposition 45 We have the following matriz coefficient expansions

1 l 1 ! —1 1 ! —1y 4l
—_— = tyy (W) e ——c -t (2 T (W) - b (Z
mns o121 man i< —1/2
which converges pointwise absolutely whenever WZ~' € '™ and
I S Z tt (W) - L (27N + Z 1 Wi (2)
N(Z—-W) i N(z) ™= N(W) "= i

l,m,n Il m,n
mn<i<-—1 mn>—1>1/2

which converges pointwise absolutely whenever WZ 1 € I'T.

Remark 46 From (23) we have

1

N(W)™ (W) - 1 (2) = 22 (W) -t (2) = 12, (W) - N(Z)™" 422, (27Y).

Hence, in each expansion of W, the terms corresponding to the limits of the discrete series
(terms with | = —1/2) can be included in either the first or the second sum.

Proof. Since every element in '™ is SU(1, 1)-conjugate to an element I'™ N K¢, to prove the

first expansion we can assume that WZ~! € I'" N K¢, and so WZ~! = <)E)1 f) for some
2
A1, A2 € C with [A1] > 1 > |A2| > 0. The discrete series characters are:
~ N2+ ~ Ay A2
of Wz ) = -2 Of (zw—1) =212
)\2l+1 5 AQ )\—2[
e, (WZzZ~ O, (Zzw ) = 33
Wz = 6w = - (33)
Using the multiplicativity property of matrix coefficients
m(Z125) Zt )+ thom(Z2), (34)
the expansion reduces to a geometric series computation:
Z tt (W) - Loy (Z71) + Z L (WYt (Z)
lL,m,n " N(Z) " lL,m,n N(W) " "
m,n,ZLl21 m,néléfl/Q
1 ! -1 -1 l -1
= — Z N(Z . Z
sz (2 vz N Y
n> 77’lL>1 nglgﬂil/Q
<Z O, (WZ H)+NzZw ). > éf(zw—1)>
1<—1 1<—1/2
20+1 (2l+1)
:;<Z Al ‘1'2/\2 >: I 1 < 1 . 1 )
N(Z) ot AL — A9 <1 AL — Ao N(Z) M—X \ M —1 1-—X
1 1 1 1 1

"N©Z) M-D(e-1) NZ) NWz1i-1 NZ-w)
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The other matrix coefficient expansion is proved in the same way. O

For R > 0, define operators on H(Hy) by

. 1 (degp)(X) ~dS _ 1 -

Bre)W) = -5 xeny N(X W) [IX]] —<¢(X)’m>37 WeR-IT,
_ 1 (degp) (X) ~ dS _ L

SR =50 | N —wy 1]~ G Ny e W ERTE

By Lemma (4] these integrals are well-defined. From the orthogonality relations for matrix
coefficients (Proposition [B1]) we obtain:

Theorem 47 The operators Sy and SE are continuous linear operators ’H(Hﬁg) — H(Hﬁg)

The operator Sy annihilates the continuous series, the antiholomorphic discrete series D;im,
and sends

l l 2(21+1 —21—1 4l _ 3
th (X)) = —th (W) — R2FD N (W) cth (W), l=-1,-3,-2,...,
m,n € Z+1,
N(X)=2=1 g (X)) = R72CHD (W) 4+ N(W)=21 4l (W), m,n > —l.
The operator SE annthilates the continuous series, the holomorphic discrete series Dy, . and

sends

th o (X) = —th (W) — R2CHD . N(W) =214l (W), l=-1,-3,-2,...,
m,n € Z+1,
N(X)=2=1 g (X)) = R72CHD (W) 4+ N(W)=2=1 4 (W), m,n <.

Note that the closure of R-T'~ is R-T which contains Hg. Also the functions ¢, m(W) and
R2CHD . N (W) 214l m(W) agree on Hg. Thus, the values of the holomorphic discrete series

component of a function ¢ € H(Hﬁg ) on Hp can be determined by continuity. Similarly, one
can recover the antiholomorphic discrete series component of ¢ on Hp.

Differentiating the matrix coefficient expansions for W we get two expansions for
(Z-w)—*.
N(Z-W) "

Proposition 48 We have the following matriz coefficient expansions:

(z-w)* L (U=t Dty (WY (i =
v S w (o denai ) (k@ @)

l,m,n
m,n<i<—1/2

I —m+ 1)t (W 41 _ 1 i _
=y (U V(U (vt N
2 Caemp,,ov) mjn nyotd

e i1

which converges pointwise absolutely whenever WZ~1 € '™ and

(z-w)! L (=t W Y e =
NZW T 2 W) (@D n) (el @2y 2)

m,n>—1>1/2

S <(<l‘m)’*m_+l(w>)> (N@ i @ N )

L+m+ 1)t (W mtgn—y m+ynty

l,m,n
m,n<Ii<—1

which converges pointwise absolutely whenever WZ 1 € T,
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Proof. The two expansions are proved by applying Vz to the expansions in Proposition [45]

where the subscript Z in Vy indicates that the differentiation is done with respect to this
variable. We give a proof of the second formula.

(z-w)t 1 1 1 ! _1y (O O\ 4

m,n/>—1>1/2

> Ao W)= (50 02) (5577 thn2 ) 9

I\ 2 o/ 2
. " (1 n)tm+%n,+%(Z) (1 n)tm_%n,+%(Z)
Z tn’m(W ) -1 /l_l
1,m,n’ (C+nt 2, 3 (Z) (+n)t 2, (Z)
mon!>—1>1/2 m+3 2 m—3n —3
_1 _1
(=), (WYt 2 (2) (=), (W12, (2)
Z o m+35n'+ m—1§n+§
o Nt WY (2) (), (W R (2)
myn!>—1>1/2 - m+ 3 m—1n/—1
Replacing n’ with n + 1 in the second row we get:
_ -1 _ -1
Z (l_n)t%m(W 1) 'tm—i%n-l-%(z) (l_n)t%m(W 1)'tm—2%n+%(z)
! 1y 3 ! 1y 3
ol (I+n+ Dt (W )tm+%@(2) (I+n+ Dt (W )tm—%n+%(z)
(I—n)tt, (W™ < -1 1—1
- nm 02 L2 (D).
T (o mi ) (o @@

m,n>—1>1/2

Similarly, we can expand the second sum in (B5]) using the derivative formulas from Lemmas
[7, 7 and the multiplication identities from Lemma [I8] O

From Lemma [44] and Proposition B2] we obtain:

Theorem 49 For each left-reqular function f € S(Hﬁg) and R > 0, the integral

1 (X —w)t _

CONVETGES.

Let Py and P be the projections onto the holomorphic discrete components quasi-regular
at the origin and infinity respectively. Similarly, let Pg and PL be the projections onto the

antiholomorphic discrete components quasi-reqular at the origin and infinity respectively. This
integral gives

(Py(f) —P=()(W) ifWeR-T"
and — (PG(f)—PL(f)(W) ifWeR-TT.

Similar statement holds for right-reqular functions g € S/ (HE ).
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3.5 The Discrete Series Projector

In this subsection we obtain projectors onto the discrete series for solutions of [pop = 0,
left-regular and right-regular functions on Hﬁg.
Observe that, for any o > 0, the sets

(g 0_91> - Hb and H - <g 091> lie inside H.

We introduce cycles in HE

o 0 o 0
Cro = <0 0__1> -Hpg and Chro=Hrg- <0 0__1>.

If o > 1 these cycles liein R-T'~, and if 0 < o < 1 these cycles lie in R-T'". In other words,
the sets

c 0 - _ (o 0 .
R-(O 0__1>'F and R-T -(0 0__1> contain Hr when 0 < 0 < 1,

R.<g 091>-r+ and R-F+'<g 091> contain Hp when o> 1.

Proposition 50 For each R,0 > 0, we have well-defined continuous linear operators SEU and
Sho  H(HE) — H(HE)

1 Z7 1. Dz o 0
T W) = —— - - . W . .TF
(SR,U QO)( ) - 27'('2 /ZECR’J N(Z _ W) (deg@)(Z), €ER <O O'_1> r ’

1 Dz 771 — c 0
T W) = —— e W TF.
(SR7O' QO)( ) - 27'('2 /ZGC;%J N(Z — W) (degw)(z), € R P <O 0'_1> .

Operators Sy . and SE , annthilate the continuous series, the antiholomorphic discrete series

D;riscr and send
thm(Z) = —th (W) — R2CHD . N(W) =214l (W), l=-1,-3,-2,...,
m,n € Z+1,
N(Z)=2=1 4 (Z) = RT2CHD Al (W) + N(W)~2=1 4 (W), m,n > —l.

+ I+ g . . . . . .
Operators S Ro and S Ro annthilates the continuous series, the holomorphic discrete series D .

and send

th(Z) = —th (W) — RCHD . N(W) =214l (W), l=-1,-3,-2,...,
m,n € Z+1,
N(Z)78=1 gl (Z) s R72CHD ol (W) + N(W)=2=1 o (W), m,n <.

Proof. From Proposition 11 of [FLI] we see that the differential form Z~!- Dz is invariant under

the map Z — <C(; 091> Z. Similarly, Dz - Z~! is invariant under the map Z + Z (g 091>.

~ -1 ~ -1 ~
Let Z = (JO 2) Z, W= <JO 2) W, and define ¢ by ¢(Z) = ¢(Z), Using (13) and (22)

one can show
tl

nm

(2) =07 t,m(2),
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which implies that the map ¢ — ¢ preserves the holomorphic discrete series, antiholomorphic
discrete series and continuous components of H(Hz ). We have:

~1 27! -Dz-(degp)(2) _ 1 (degp)(Z) ds T
ST W:—/ S soN\2) 0 (9T 5)(1),
( R,o’ (70)( ) 27T2 ZECR,U N(Z—W) 27T2 ZGHR N(Z— W) ”Z” ( R('ID)( )
and similarly for Sgg. Then the result follows from Theorem [47] O

Now we redo this for left- and right-regular functions. The same argument that was used
to prove Proposition also proves:

Proposition 51 For each left-reqular function f € S(H[’Rf) we have:

o 0
P, (f) — P W) ifWeR- I
—— M) Dy f(Z) =
27 Z€Ch o N(Z — W) n n ) o 0 "
’ (Pg(f) —PL(N)(W) ifWeR- 0 o) T
Similarly, for each right-reqular function g € S’(Hﬁg ) we have:
(Py (o) - PR@) (W) #wer.T (7 ",
1 (Z —Ww)~1 0 ot
9 Jyeey, MO PF NG T s 0
€C; .
oo (P3(9) = PLl9))(W) #WeR-TT-| =
3.6 Second Order Pole in Hg
We consider the linear span of the functions #., m(Z)-N(Z )k over
l=-1,-3/2,-2,..., m,n €7 +1, m,n > —I, 0<k<-20-2
and over
l=-1,-3/2,-2,..., m,n € Z+1, m,n <, 0<k<-20-2.

We denote the first span by D™~ and the second one by DV, It is easy to check that
D™ C 27 - Clegty 212, 201, 22250 C Clagyts 212, 21, 229]

and
Tt~ 2 —11<0 —1
DT C 2y - Clzi1, 212, 221, 299 |= € Clzi1, 212, 221, 253 )

We have the following analogue of Proposition 19 in [FL1]:

Proposition 52 Let D_; (respectively DSy ) denote the span of thm(Z) - N(Z)* with | =
—1,—%,..., m,n € Z+1, myn > —1,0 <k < —I (respectively —l < k < —21—2). Then D™~ =
D_g +Dsg, D3q is the image of D_y under the inversion map F(Z) N(Z)™*-F(Z/N(Z2)),
and

— -2 ~1 <0
<0 T *11 ’C[ZH 721272217222]_ .

Similar statement holds for DTT.
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Recall an action p; of GL(2,Hc) on the space of functions on H¢ with isolated singularities
defined in [FLI] by

F((aZ +b)(cZ +d)™)
N(cZ+d)-N(a — Z)’

_fd 1 f(a b
h - (Cl d/> ) h — <C d> € GL(2,H([:)

Differentiating, we obtain an action of gl(2,H¢) ~ gl(4,C) also denoted by p;; this action
was described in Lemma 68 in [FLI]. Recall the representations 2K and 2K~ of sl(2, Hc)
introduced in [FLI].

pi(h) : F(Z) = (p1(M)F)(Z) =

Theorem 53 We have D™~ ~ X~ and DT ~ XK' as representations of gl(4,C). More-
over, D™~ and Dt are irreducible representations of sl(4,C) with highest (or lowest) weight
vectors tl_ll(Z) =212 and t71 _(Z) = 255> respectively.

Proof. The proof proceeds in the same way as that of Theorem[B9l First, we check using Lemma
68 in [FLI] and Lemmas [I7] I8 that the spaces D™~ and D" are invariant under the p; action
and that tl_ll(Z )and t=] _,(Z) generate D™~ and DT respectively. Recall the element 7 from

[B2)). Then

p1(70) : KEs1l = oz =t ,(Z)e D,

K > —— = 27 =t11(Z)eD .

This proves DTT ~ 2K irreducibility and the statement about the highest (or lowest) weight
vectors. g

Next we establish two expansions for W

Proposition 54 We have the following matriz coefficient expansions

S = S =@+ D, (W) NW)F (271 N(2)TF

which converges pointwise absolutely whenever WZ~1 € '™ and

w = ) @AV, (W) - NW)F -t (27 N(Z) 2

k,l,m,n
m,n < -1
0<k< -21-2

INIA

which converges pointwise absolutely whenever WZ 1 € T+,

Remark 55 Note that, unlike the expansions of m given in Proposition [{J], the matriz

coefficients of the limits of the discrete series do not enter the expansions of W
Proof. The proof is similar to that of Proposition Thus we can assume WZ~! € I'" N K¢,
and so WZ~1 </\1 0> for some A1, A2 € C with [A;| > 1 > |A2] > 0. Using (33)) and (34)

0 Ao
and letting indices k, [, m, n run over

1< -1, m,n > —I, 0<k<=20-2,
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we obtain:

S @+ Dt (W) - NW)F -t (271 N(Z) 7

k,l,mn
N2 Y@+, wz ) Nwz! (20 + 1O (WZ~Y) - N(Wz- 1)k
k,l,n k.l
2h+1 )\2l+1 A2
N(zy Z " ( ) 1= i = A2)(1 = AtA2)
_ 1 1 . 1 o 1
N(Z)2(1—-XM\)21-X)2  N(Z2-N1-WZzZ-1)2 NZ-W)?
The other matrix coefficient expansion is proved in the same way. O

Let ég = ’i€3 = (1 0

0 _1> € Hg. We realize the group U(2,2) as the subgroup of elements

of GL(2,Hc) preserving the Hermitian form on C* given by the 4 x 4 matrix <e§ Oé >
—€3

Explicitly,
a b a“esa = ez + c'esc
U(2,2) = <C d) ; a,b,c,d € He, d*ésd =é3 + b*égb}
a*é3b = C*égd
a b a*ésa = €3 + b*észb
= < ) ;a,b,e,d € He, d*esd = eg + c*égc}.
c d ~ % ~  gx
aésc* = besd

The Lie algebra of U(2,2) is

U(2,2) = {<~ 4 > B> ; A7B7D € Hc, é3A = _(é3A)*7é3D = _(é3D)*}

€3B*63 D
a b a b\ a*  —c*
If ( d> € U(2,2), then <c d> = é3 <—b* g > és. The group U(2,2) acts on H¢ by

conformal transformations preserving U(1,1), where we identify U(1,1) with a subset of Hc:

™

U(1,1) = {Z € He; Z*637 = é3}. (36)

We orient U(1,1) so that {€p, €1, €é2,e3} is a positive basis of the tangent space at 1 € U(1,1).
We have a symmetric bilinear pairing on D=~ @ D*+:

1

(R, By = —/U(l R2) B(Z)av

(recall that dV = dz° Adz! Adz? Adz? is a holomorphic 4-form on Hc). This pairing is gl(2, Hc)-
invariant which follows immediately from Lemma 61 in [FL1] and dZ* = dz11Adz1aAdz91 Adzae =
4dV . Related to this bilinear pairing we have a u(2,2)-invariant inner product that is non-
degenerate on D~ and DT

dv

(F1, Fy)y = 2;3 /U(l BB i

(Checking the u(2, 2)-invariance requires some verification.)
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Every element in U(1,1) can be uniquely written as ¢ - Z with Z € SU(1,1) and 0 € [0, 7).
Thus we can identify U (1, 1) with [0,7) x SU(1,1) and dV/N(Z)? restricted to U(1,1) becomes
idd A Dz - Z~! (since both sides express a U(1,1)-invariant volume form and coincide at 1).
From Proposition B1] we immediately obtain

Proposition 56 We have the following orthogonality relations:

<tlr:'ﬂ(Z) 'N(Z)k/ t (Z_l).N(Z)—k—2> . 1

» Ymn I 20 + 15kk’5ll’5mm’ 6TLTL/7

where the indices k,l,m,n are | = —1,—%,—2,..., mneZ+l, mn>—-lormn<l, ke’
and similarly for k', 1I',m’,n’.

L__ we obtain a formula similar

From these orthogonality relations and expansions for NZ=W)2

to Proposition 73 in [FL1]:

Theorem 57 Let P~ and P™" denote the projections of D™~ @ DT+ onto D™~ and D+
respectively. For each function F € D™~ & DT and R > 0,

L/ F(Z) s P"F)W) fWeR-T;
213 Jzervay N(Z=W)2 " | (P F)(W) fWeR T+

In particular, the integral converges absolutely for W € R - (F_ U F+).

4 Separation of the Series for SL(2,C)/SU(1,1)

4.1 The Cayley Transform between Hi and M

Recall that é3 = ie3 = <(1) _01> € Hc¢ and that U(1,1) is identified with a subset of H¢ via

Proposition 58 Consider an element v = % <613 ze;;) € GL(2,Hc) withy~' = % < e;’é 1)
- —1€3

The fractional linear map on Hc
m(y): Z v i(E3Z +1)(63Z — 1)1

maps M — U(1,1) C He (with singularities) and sends the unit one-sheeted hyperboloid H =
{Y e M; N(Y) =1} into SU(1,1) = {X € Hg; N(X) = 1}. The singularities of m(y) on M
lie along the one-sheeted hyperboloid {Y € M; N(Y) =1, Re(esY) = 0}.

Conversely, the fractional linear map on Hc

m(y Y Z&3(Z2+i0)(Z i)t

maps U(1,1) — M (with singularities) and sends SU(1,1) into the hyperboloid H The singu-
larities of m(y~') on Hg lie along the two-sheeted hyperboloid {X € SU(1,1); Re X = 0}.

The map m;(y) and its inverse were studied in [Kou(|, we think of these maps as quaternionic

analogues of Cayley transform. For future reference we spell out that if Y = <ZH Zl2> eM
21 Y22
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and X =i(é3Y +1)(é3Y —1)7%, then N(&3Y —1) =1 — N(Y) + y22 — y11 and

X — —1 (1 + N(Y) 4+ y11 + y22 2y12 >
N(esy —1) —2yn L+ N(Y) = y11 — Y22

. 24 T4y  yi2 >
= — . (37
! N(éY —1) < —y21 1—yn (37)

We orient the hyperboloid H € M as the boundary of the open set {Y € M; N(Y) < 1} and
denote by signs(Y) the sign of the y3-coordinate of Y = y&y + y'e; + y?es + yPesz € M.

Lemma 59 The restriction of m(y) to H — SU(1,1) preserves the orientations for {Y €
H; signg(Y)) > 0} and reverses the orientations for {Y € H; signg(Y) < 0}.

Conversely, the restriction of m(y~") to SU(1,1) — H preserves the orientations for {X €
SU(1,1); Re X < 0} and reverses the orientations for {X € SU(1,1); Re X > 0}.

Theorem 60 For any ¢1(X), p2(X) € H(Hy) that extend holomorphically to an open neigh-
borhood of SU(1,1) in Hc we have:

= deo ds
i) = 2r? XeSU(l,l)(degX(pl)(X) “p2(X) 11X
- 21? - signs (V) - (degy (m(1)¢1)) (V) - (10 (7)p2) (Y) % 7
where B
(7 (M) (V) = i (i@ + )@Y — 1Y), 1.2

N(ésY —1)

Proof. The main ingredient of the proof is the following lemma which is obtained by direct
computation.

Lemma 61 ForY € H¢ and X =i(é3Y + 1)(é&3Y — 1)~ € SU(1,1) we have:

N(Y)+1
N(é3Y — 1)2

1 - N(Y)

- (degx¢)(X) + im

(011 + O220)(X)
N 1 o 3 .
= degy (m p(i(esY +1)(esY — 1) )>

Writing X = i(é3Y +1)(é3Y — 1)1, dS/||Y|| = iDy/Y on H and using Lemma 10 together
with Proposition 11 from [FL1], we can rewrite

deg ds - Dx
/XGSU(M)(degX%)(X) “p2(X) X = /)<65U(1,1)(degX901)(X) S 2(X)
= - (63 —Y)! (@Y —1)7! &y -1
- _8/1/eﬁ81gn3( ) - (degx1)(X) - m. y - N?’(é3y_1) e2Y+1 pa(X)

= —8i signg (V) - (degx 1) (X) - N(g}gﬁ)l)?’ Hci;SH

YeH
s . i~ ~ . 1 ) QOQ(X) ds
= —4i /Yeﬁ signg (Y deg < ng Y ~p(i(ésY +1)(ésY — 1) )> NGy —1) V]

=i [ stgng(v) - (dey (=) (V) - (rF (2)e) (V) T
ver 7]
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4.2 The Continuous Series Projector on M

Recall that D~ and D are irreducible representations of s[(4, C) with highest (or lowest) weight

_1 _1

vectors t, 3 (Z) = % andt 7 ,(2) = i respectively (Theorem B9). From (B7) we can see
232 232

that

(RN =y wd (F0(2))0) = gty

These functions have singularities along the set {Y € M; N(Y) = —1, ReY = 0} which has
codimension 2. It is easy to see that they define a tempered distribution on M, and so their
Fourier transforms are L?-functions on the light cone in the space dual to M. The space of
functions on M that arise as Fourier transforms of the L?-functions on the light cone is known
as the continuous series component of M. This proves that the Cayley transform switches the
discrete series component on Hg and the continuous series component on M.

To describe the images of '™ and I't under the Cayley transform 7;(y~!) we recall the
generalized upper and lower half-planes introduced in Section 3.5 in [FL1]:

T ={Z =Wy + Wy € Hg; Wy, Wy € M, iWs is positive definite},
t={Z =W, +iW;y € Hg; Wy, Wy € M, iWs is negative definite}.
In the context of our paper, Lemma 1.1 in [Kou®] can be restated as follows.

Lemma 62 The Cayley transform m(y~') sends T~ and ' biholomorphically into respectively
Ty and ']I‘(J)r, where
T, ={Ze€T ; N(Z—eé3)#0} and Ty ={Z € T"; N(Z —é3) # 0}.

Recall that H be the unit hyperboloid of one sheet in M, and let H(ﬁ ) denote the space
of holomorphic functions ¢ on defined on some connected open neighborhood U, of H in Hc
which can be written as ¢(Z) = () (7)@)(Z) for some ¢ € H(HY) and Z € U, N U(1,1).

Clearly, functions in H(H) are harmonic. We define operators ST on H(H) by

3 _ ¢ sion (degso)(Y) ds _
(S QO)(Z) - 272 /Yef{ g 3(Y) ( ) HYH? Ze TOa
S 2= oy [ sty B 48 )

Theorem 63 Let ¢ € ”H(ﬁ), then fSVngo are well-defined functions on T and ']I'(J)r respectively.

The opemtor S annihilates the discrete series on M, the image of the antiholomorphic discrete
series DT and sends

(M) (V) = = (@ (Ntnm) (Z) = (7 () (N(2) 7 1,,,,))(2),
(MW 5,)) = (W Ntm) (2) + (T () (N(2) 7 1,,))(2),

discr

l=-1,-3/2,-2,..., m,n € Z+1, m,n > —I.
The operator §+ annihilates the discrete series on M, the image of the holomorphic discrete
series Dy, ... and sends
(M Dtam)(Y) = =N w)(2) = () (N(2)2 7 1,0))(2),
(MW t,)(Y) = (W?(V)tf@m)( )+ (N (N(2) 1 1,)) (2),
l=-1,-3/2,-2,..., nezZ+l1, m,n < —I.



Proof. Let X = i(&3Y + 1)(&3Y — 1)71, Z' = i(63Z + 1)(é3Z — 1)~!, and write p(Y) =
(7(7)@) (Y) for some analytic ¢ € H(Hj). By Lemma 10 from [FLI],

1

(w? ;))(Y) - —%N(égZ -V Ny =z

(’Y)XN(X —
By Theorem [60] we have
S ' . degy)(Y) dS
STo)(2) = L/ signg (Y (
GO =53 fen ™) Ny =2 7

B 1 / (degp)(X) dS 9
N (E3Z — 1) Jxesuany N(X = 2Z') | X]|  N(&3Z—1)

(ST @)(Z).

Then the result follows from Theorem [47 and Lemma O

Note that, for Z € M and s € R, we have Z + seg € T~ if s > 0 and Z + seg € TT if s < 0.
Moreover, Z + seg € Ty U Tg if |s| is sufficiently small. Taking limits s — 0% we obtain:

Corollary 64 Let Z € M and let Y range over H, write Y = téy + yler + y2es + yles,
Z =1tég + z'e; + z%es + 23e3, Then the operator on H(H)

o . (degyp)(Y) ds
Y) s lim —— Y). _
pV) > lim o /YEgSlgni”( ) N(Y — Z) +iesign(t — 1) [Y]

_l’_

annihilates the discrete series on M, the image of the antiholomorphic discrete series Dy, .

and sends

(M Ntnm) (V) = =Wt m)(2) = (R (N(2) - 1,0))(2),
(NN ) = (Wt w) (D) + (@) (N2 1,.))(2),
l=-1,-3/2,-2,..., m,n € Z+1, m,n > —I.

Similarly, the operator on ”H(ﬁ )

: degy) (Y ds
oY) — lim %/ signs(Y) - ( eggp?( ) =
e—0+ 272 Jyeq N(Y — Z) —iesign(t — t) [|Y||
annihilates the discrete series on M, the image of the holomorphic discrete series Dy, .. and

sends

(M thm) (V) = =Nt w)(2) = (RO (N(2) 2 1,0))(2),
(WINPT 8))) = (W) (2) + () (N2 1,.))(2),
l=-1,-3/2,-2,..., m,n € Z+1, m,n < —I.

Next we re-do this for left-regular functions. We denote by S(ﬁ ) the space of holomorphic
left-regular S-valued functions f defined on some connected open neighborhood Uy of H in Hc
and can be written as f(Z) = (m(y)f)(Z) for some f € S(Hf) and Z € UyNU(1,1). Similarly

we can define the space of right-regular functions S'(H).
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Theorem 65 For each left-regular function f € S(ﬁ) we have
1 (Y —2)7!

L oY) o J P =Po(A)(Z) if ZeTy;
e (S T (Y)_{(ﬁIO(f)—ﬁJ(f))(Z) ifZeTy,

where ﬁa, ﬁ;o denote the projections onto the m(y)-images of the holomorphic discrete com-

. i . . . ~+ ~4+
ponents of S(Hﬁg) quasi-reqular at the origin and infinity respectively, and Py, P, are the
projections onto the m(y)-images of the antiholomorphic discrete components of S(H[’Rf) quasi-
reqular at the origin and infinity respectively.

Proof. Changing the variables Y = é3(X +i)(X —4)7!, Z = é&3(Z' +i)(Z’ —i)~!, and using
Lemma 10 with Proposition 11 from [FL1],

. (Y — Z)_l
/YeH signg(Y) - NY-2) Dy - f(Y)

(2 — i) (X — 2)! (X -9 . o
T N@Z - /XeSU(l W NxX -2 PTNE ) e )X -0

= —272(P(f) — PL(f)) (e3(Z +i)(Z' —i)™1) = =20 (P () — Poo(f))(2)
by Theorem (49l O

4.3 Basis of Harmonic Functions on M
Writing
M = Y:yoé —i—yle +y2e —i—ygg = —iyo—zy —zyl _y2 : yo yl y2 y3 eR
0 1 2 3 —Zyl +y2 —Zy0+ly3 ; ’ ’ ) )

we can embed R3 mto M so that (z!,z? :1:3) e~s xle; + 22ey + 23e3. Note that, for Y =
tég + ey + ey + 2e3 € M, N(Y) = r? — 12, where r = /(21)2 + (22)2 + (23)2. We
parameterize the unit hyperboloid H as

x! = cosh psin 6 cos ¢ —00 < p <00

22 = cosh psin sin ¢ 0<p <2 (38)
x?’:cosh,ocosﬁ 0<b<mr

t =sinhp

Lemma 66 We have the following SO(3,1)-invariant measure on the hyperboloid H:

dzt A da? A da? d
@ f T — cosh? psinfdp Adp ANdf =iDy-Y ! H;”

(H is oriented as the boundary of {Y € M; N(Y) < 1}).

The functions (64]) can be regarded as functions on Mt = {Y € M; N(Y) > 0}, and they
satisfy Oz 19 = 0. From (60]) and (62]) by direct computation we obtain:

Lemma 67 We have the following two families of solutions of O3 1 =0 on M :
(r2 =) oy, ), 1=0,1,2,..., —l<m<l,

of homogeneity degree | — 1 and
(r2 — )7L ym(e, o), 1=0,1,2,..., —1<m<lI,

of homogeneity degree —I — 2.
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To construct a basis of solutions of [J3 1¢ = 0 we differentiate these two families with respect
to t:

ok - m ok m
S =TT 0,0)  and S (2 )T Y 0,0), (39)
where [ =0,1,2,..., =1 <m <[, 0 < k < 2l. We will see soon that these are two orthogonal
families of functions on MT. Let T' = t/r, then we can rewrite the first family in (39) as
dk (1 - T2) . rl—k—l . Ym(e )
di T:ﬁ l 7(10 .

Then we rewrite this expression using the associated Legendre functions:

k-1
(_ l

Rt 2 g2\ (-k)/2 | pU=k) ym ‘

Same can be done with the second family in (39]).

Theorem 68 We have two families of solutions of Og1¢p =0 on M™:

fl,*m,nm:\/ @D Umml v 2 2z py ) ym(6, ) (40)

(I +n)!
and
Frmn(¥) = \/ - +<zl );ff)f ) B ) Y0 ), ()
where [ =0,1,2,..., =1<m<[,0<n<I.

These families of solutions satisfy the following orthogonality relations:

<flmn fl’ —m/n’ > <fl mn fl’ —m/,n’ (Y)> = (_1)m%5171/ ’ 6m7m/ ' 5%”' ’ (1 - 57170)

with respect to the bilinear pairing

(degp1)(V) - oY) -2

— 22 (42)
21% Jyen 1Yl

(p1,p2) =

Also, these two families of solutions are related by the involutions o(Y) +— N(Y)~!

p(Y/N(Y)) and o(Y) = G55 - o(Y ),

Proof. The functions (0] are homogeneous of degree n — 1 and the functions (41]) are homoge-
neous of degree —(n + 1); if n = 0, then Hééflfmm(y) = 0. To prove the orthogonality relations
for fl“’—me(Y)’s, we integrate in coordinates (B8] using orthogonality identities (63]), (69) and
reduce to the following calculation:

/ (cosh p)t. Pl(") (tanh p) - (cosh p) ™t - Pl(n,)(tanh p) - cosh? pdp

—00

o n n' ! n n' dx (l—l—n)'
= [ e ) Fanhpyap = [ R0) RO w) £ = LG (43)

(unless n =n' =0).
The last statement follows immediately from (72)) and (77). O

Remark 69 When n = 0 ({0) and ({{d]) yield the same functions. We call these functions

fE (Y the limits of the discrete series in M. Note that P™ and P are proportional
,m,0 l l
according to (60), and so only n > 0 appear.
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4.4 Space Dj; and sl(4, C)-action

Let DY denote the linear span of the functions (@) and (&I). In this subsection we characterize
the space D&[ as a subspace of harmonic polynomials on M, show that it is preserved by the
5[(4, C)-action and identify this representation with the minimal representation of O(3,3) ~
SL(2,Hg)/{£1}.

First we identify the linear span of the basis (40]). Then the linear span of the basis (@I) is
obtained by applying an involution ¢(Y) — N(Y)™! - o(Y/N(Y)) or o(Y) §v_(—§)l> ~p(Yh.
Recall that r = /(z1)2 + (22)2 + (23)? and consider algebraic functions ¢ € C[t, 2!, 2%, 2%, r 1]
satisfying (3140 = 0. We denote by C[t,z!, 2% 23,772]=0 the subalgebra of polynomials in
C[t,z', 2%, 23,772] spanned by monomials of non-positive degree of homogeneity.

Proposition 70 The linear span of the basis (40) can be characterized as
{cp er 1. C[t,xl,xz,x?’,r_z]go; Os10 = O}. (44)

Proof. From the definition of the associate Legendre functions (63)), ([39) and Lemma [09] we
see that the basis functions ([@0) indeed lie in r—! - C[t,x!, 2% 23,772]<0. Also, if we fix [ and
m, there are exactly [ + 1 such basis functions which are distinguished by their homogeneity
degrees d, -1 —1<d < —1.

Since the polynomials r! - Y™ (0, ¢)’s form a basis of polynomial functions on the sphere
S? lying in the linear span of x', 22 23, every function in C[t, 2!, 22 23 ,r7!] can be uniquely
expressed as a finite linear combination of the monomials

7Y ™(6, ), a,1=0,1,2,..., beZ, —-1<m<l
From (60) and (62]) we obtain
O30 (t"r"Y;™(0,9)) = (b(b + 1) — 1L + 1)) t*r"72Y™(0, ) — aa — 1)t*r"Y™ (0, ).

Note that the coefficient of tarb_2Ylm is zero if and only if b = [ or b = —[ — 1, and the co-
efficient of ta_zrbYlm is zero if and only if @ = 0 or a = 1. This implies that we can find
a function g € C[t,r*!] such that s, (g . Ylm) = 0 by starting with a monomial tarlYlm
(or t4~1=1Y;™) and inductively finding the coefficients of ta=2pi+2yym ga=dpltdym — (or
a=2p—lHlym pa—dp—lE3ym ) until we zig-zag to tor*Y;™ or t17*Y/™. We can summarize
this observation as follows:

Lemma 71 Every function in the space {p € C[t,z', 2% 23, r~1]; O3 19 = 0}, is a finite linear

combination of functions of the type g - Y"(0,¢), where g € Clt,r*!] is such that D371(g'
Y (0, cp)) = 0. Moreover, for a fized Y™ and d € Z,

2 ifd>1,
}: 1 if-l-1<d<l—1,
0 ifd<—1—1.

g 1s homogeneous of degree d

dim{g € C[t,r™"]; and 031 (- Y™) =0

This proves that functions (@0]) span all of (44]). O
Proposition 72 The Lie algebra s1(4,C) = sl(2,Hc) C gl(2,Hc) acts on DYy finitely, i.e. it

preserves the space of finite linear combinations of functions from (40) and ({{1]). Moreover,
Dy is generated by f(fo,o(Y) = foo0(Y) = L.
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Proof. 1t is sufficient to find the actions of <8 ﬁ) € sl(2,Hg), B € Hg, since together with

. . 0 1
their conjugates by <1 0
the actions of gt, 621, %, % on 1. (r2 — 2)F/2. Pl(n) (t/r)-Y™(0,¢). First we consider
Ev then from (70) and (7I]) we have:

> € GL(2,Hc) they generate all of sl(2,Hc). Thus we need to find

0 (571 2 = =2 B 1) - ¥ (0,)

ot
_ n 1 (n)y/
:7,1,(7,2_t2)i/2.<;.(pl ) (t/r) F =

(/) V"0, )

- ne n m I+n)(l—n+1) if “4n”,

-1 if “—n”.
Hence
0
ot : fl—j—m,n(y) = \/(l +n)(l—n+ 1) ’ fl—j—m,n—l(Y% (45)
Fima®) = =40+ 1)(1 =) frmpr (V). (46)
Next we consider —. It is sufficient to show that 5 Z- acts finitely on the bases ([39). By

() Y™ (8, ) is proportional to Pl( )(cos 0) - e~"m¥ by (IZZI) Since aii commute with %, it is
enough to show that

0 0
ozt Oz
are finite linear combinations of elements from ([B9). Using #3/r = cos @, (T3)) and (74)), we get:

<(r2—t2)l gt -Pl(m) (cos 9)-6_””“0) and

<(,r,2 —t2)_l_1 .,r,l Pl(m) (COS 9) .e—imgo)

im 0 —l— m —im
e Sp-w«rz—i@)l-r ! 1-Pl( )(cosﬁ)'e “0)

= <2l(r2 — LT D -2 7‘_1_2) -cos @ - Pl(m) (cosf)
+ (r2 =)t 2 <(l + m)Pl(_n? (cosf) —lcos@ - Pl(m) (cos 9))
= (I +m)(r?—t2).p72. Pl(_”;) (cos 0)+

L. (2[(7"2 — )20+ 1) (r2 — ) 7“_2> : (l_miﬁplﬁ) (cos 8) +

20+ 1
C2U0+m) s ot p(m)
—TH(T —t°)" " P (cos 6)

L=m+1/, 9 9 2 Nt . ,.—1-2 pm)
+2l7+1<2l7‘ (r2 — )=t — (204 1)(r? —t)) - P}Y (cos 0)

20 + 1Pl(ml)(cose)>

_204m) 5 a1 1 p(m) I-m+1 0%/, , 11—t plm)
= g ot Pl—l(COSG)+2(2z+1)(z+1)ﬁ<( ) P17 (cos ).

Similarly, we compute

8 B 8 —l— m —im
(@—FZW) <(7‘2—t2)l-r ! 1-Pl( )(cosﬁ)'e ‘p>

(l=m+1)(-—m+2) & 2 2\ -2 p(m=1) —i(m—1
- 220+ 1D +1) @((T — %) Py (cosf)-e ( )s0>
2+ m)(I+m+1)

20+ 1

(7‘2 — ztz)l_1 ph Pl(_ml_l)(cos 0) - eim=1)p

)
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and

8 i 8 - m —im
(@—W><<T2—t2>” R (cos ) - o)

= S = A B cosg) i

l 0?

. Y ((r2 —2\i1 -2 plmtl) __—i(m+1)e
@+ D+ 1) e (7 =yt (cos ) - e )

I+1

The derivatives of (r?2 — ¢2)=i=1 . ¢l . Pl(m)(cos 0) - e~ are computed in the same way.
Finally, it follows from these expressions for the action of sl(2,Hc) that f(iEO,O generates all of
Dy O

Theorem 73 As a representation of sl(4,C), DI(\],H is the minimal representation (w&”}ﬁ,?—l) n
the notations of [Kob@]. In particular, it is irreducible.

Proof. Consider a function

(po(X) = ((1 + N(X))2 + 41’12%21)_1/2, X € HR. (47)

It is easy to see that ¢q is a real analytic function on Hg satisfying Cs2p0 = 0. In fact, ¢o
is the rescaled generating function fy from [Kob@|, Part III, equation (5.4.1) for p = ¢ = 3.
Hence it generates the minimal representation (wia3, H) of O(3,3) ~ SL(2,Hg)/{£1}. Note
that —N(é3Y — 1)? is a negative real number only when Re(e3Y) = 0 and
(=N (&Y —1)2)"? = —isigny (V) - N(&5Y — 1). (48)
Using (37) we obtain:
. —-1/2 . i
(7P (7)0) (V) = isigng (V) - (~4(y22 — y11)* — L6yrzyor) ' = signy(V) - -,

which is proportional to signs(Y) - fofoO(Y). As far as representations of Lie algebras are
concerned, we can drop the factor signs(Y'). By the previous proposition, this function generates
the whole span, and the result follows. O

The K-types of the minimal representation (wﬁgg,?{) of sl(4,C) with respect to K =
SO(3) x SO(3) were identified in [Kob@)|, Part I, as

Pvirv, 1=012...,
l

where V} denotes the irreducible representation of SO(3) of dimension [ + 1.

Proposition 74 The basis functions {{0) and ({{1]) are the K-finite vectors of the minimal
representation DYy of s1(4,C) with respect to K = SO(3) x SO(3).

Define a nondegenerate symmetric bilinear pairing on the linear span of (40) and (41]) by
declaring

_ _ m 2
<fl—j_myn(Y)’ fl’,—m/,n/(y)>min = <fl,m,n(Y)’ fl—’i_,—m’,n’(y)>min = (_1) Eél,l’ : 5m,m’ ' 6n,n’7

<fl—j_m,n(Y)7 fl—’i—,m’,n’ (Y)>mzn = <fl,_m,n(Y)7 fl’_,m’,n’ (Y)>m7,n =0.

In the second line we exclude n’ = 0 because f;f , (Y) = f . ,(Y). By Theorem [68] this
pairing partially agrees with the bilinear form (@2)) up to a sign.
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Proposition 75 This bilinear pairing on D&[ is gl(2, Hc)-invariant:
<7T?(Z)9017 (‘02>mzn + <§017 WB(Z)Q02>mZn = 07 VZ € g[(za H(C)

Proof. Tt is sufficient to show invariance of (, )i, under sl(2,C) embedded into gl(2,Hc) as

in (@), <(1) (1)> € GL(2,He), <8 (1)> € gl(2,Hc) and scalar matrices. The invariance with

respect to the scalar matrices and <(1) (1)> is clear, and the invariance with respect to <8 (1)>
follows from (5])- (E8).

To show the s[(2, C)-invariance, we observe that the action of sl(2,C) commutes with deg.
Hence, for each fixed n, s[(2,C) preserves the linear spans of {fljrmm(Y)} and {f,, .(Y)}
l=nmn+1n+2,..., =1 < m < [. Then the s[(2,C)-invariance follows from Theorem
for n > 0, and the case n = 0 has to be considered separately. Heuristically, the action of
5[(2,C) on the linear span of {flfmo(Y)} is obtained from the action on {flfmm(Y)}, n fixed, by
setting the value of the parameter n = 0. Since this action is described by algebraic formulas
and preserves (, )min for all n > 0, it preserves (, ) for n =0 as well. O

4.5 Extension of H(Hy)

Let DO denote the unitary representation of SL(2,Hg) in the Hilbert space generated by the
function ¢o(X) defined by ([@Z). This is the minimal representation (wha3,H) of SO(3,3) ~
SL(2,Hg)/{£1} in the notations of [Kob{].

Lemma 76 The function

(N(X)+1) - N(X —1i)

(ﬁo(X): N 372 X € Hg
((1+N(X)) +4x12x21)
also generates the minimal representation D.
Proof. Using (37)) and (48]) we obtain:
- . 167(y22 — y11 . cos 6
(R )20) () = signy (¥) o — )y ()

(—4(y22 — y11)? — 16y12y21)3/

which is proportional to signg(Y') - f1 1(Y). By Proposition [[2]it follows that ¢y generates the
same representation as g does. O

Proposition 77 The intersection DN ’H(Hﬁg) is precisely the continuous series component of
H(ED).

Proof. Clearly, ¢o(X) € H(Hj). Then Lemma [76 implies that ¢y cannot have a discrete series

component and DO N H(H;) is contained in the continuous series component of H(Hg). To
prove the other inclusion, it is sufficient to show that

1
(X),@0(X)), #0  and  (tho(X),p0(X)), #0  foralll= —5 Hid with A € RX.

In coordinates (I5]) the restrictions of ¢ and @g to SU(1,1) become

-1 1. . , 2
wolp, 7,10) = <2 cosh %) and Qo(p, 7,1) = E(eﬁ;w + e_ﬁgw) . (COSh %) .
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Substituting v = sinh? % and using a special case of an integral formula 7.512(10) from [GR]

Fa+r—1DI'b+7r—1)
Fra+b+r—1)

valid when Re(a +r —1) > 0, Re(b+r — 1) > 0, we obtain

/ (1+2) " 2F1(a,b;1; —x) de =
0

(X),@0(X)), = — % /0 sinh 7 - <cosh 5) -‘B%%(coshT) dr
2041 [
== ZZZ._ /0 sinhg- 2Fl<l+3/2,—l—i-1/2;1;—sinh2 %) dr

2 [e.e]
=— ZZZ,_ / (1 —i—v)_% 9P (143/2,-1+1/2;1; —v) dv
0

C2+1 TU+DI(=D)  20+1 2+ 1

_ — = — 0.
4i  T(1/2)T'(3/2)  2isin(wl) 2i cosh(mIm1) 7
In the other case we need to deal with convergence issues, so we observe that
I o I . T\ 2%
PoolcoshT) = sl—1>%1+ PBoo(cosh 1) (cosh 2)
as a distribution in Im /. Substituting v = sinh? 5 we obtain
21 1 o0 —1-2s
<t69(X),<,00(X)>1 S sinh 7 - <cosh Z) -PL o (cosh ) dr
s—07F 0 2
L 2041 [>T T\ 28 I
= S1_1)1%1+ e ; sinh 3 <cosh 5) - oFy (l + 1, —1;1; — sinh 5) dr
20+ 1 [
= lim At (1+v)_%_s' oFi(l+1,-1;1;—v)dv
s—0t 2 0
~ lim C20+1 Fl+s+1/2)T(s—1—-1/2)
s—0+ 2 (F(s + 1/2))2
241 TO+1/Q0(-1-1/2) 1 1 40
2 (F(l/g))z ~ cos(wl)  disinh(mIml) 7

0

Remark 78 We can summarize the observation made at the beginning of Subsection[{.3, The-
orem [73 and Proposition [77 as follows: The Cayley transform switches the discrete and contin-
uous series components of the spaces of harmonic functions on Hgr and M.

The Schwartz space H(H[’Rf) “almost” contains the representations D9, D~ and DT, meaning
that H(Hj) is missing the limits of the discrete series and the functions on Hg corresponding to
the limits of the discrete series on M (see Remark[69]). From the point of view of representation
theory it is natural to add these missing functions to ’H(Hﬁg ). Then the resulting space is just
a direct sum of three irreducible representations of SL(2,Hgr). Expansions of W contain
these missing functions, which is another reason for extending H(Hﬁg ). We define an extended
space

HHD) =DVoD-oDF 2 H(H),
where DT denote the Hilbert space completions of DF with respect to an su(2, 2)-invariant
inner product (which is unique up to scaling). Similarly we can define

HMT) =77(7) (D) @ 7 (7) (D) @ {signz (V) - (7] (7)) (Y); € DO} (49)
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Next we define a nondegenerate gl(2, Hc)-invariant symmetric bilinear pairing (, >Q(H+) on
R

ﬁ(Hﬁg ). We declare

<DO,D_>7Q(HH§) = (DY, D+) = (D, _>ﬁ(H;£)
Then we extend the pairing (, )p- «p+ described in Proposition @0 by continuity to D- @ DT.

Finally, we define the pairing on DY by
(01(X),02(X)) gy = (signs(V) - (w (1)) (V). signg (V) - (17 (1)92) (V)5

where (, )nin is the pairing described in Proposition [75] and extended by continuity to the last
summand of ([@3]).

For example, in this light the matrix coefficient expansions given in Proposition mean
that —m is the reproducing kernel for D~ and D+ when, respectively, W € '~ and I't.

In other words, for each W € I'", the function lies in the extended space ﬁ(HfRE ) and

1
N(Z—W)
o(2) = {el2), )

N(Z = W)/ #H@E)
is the projection of ¢ onto its holomorphic discrete series component. Similarly, for each
W € T'*, the function W € H(H}) and
o(2) = (22 )
N(Z —W)/Hwm)

is the projection of ¢ onto its antiholomorphic discrete series component.

4.6 Expansion of m

Lemma 79 Let Z,W € M, write Z = tég+z'e; + x%es +xe3, W = tég+ile; + i2eq + #es,
then we have the following expansions:

l

< o o'zt 4+ 2232 4 2333
> D)"Y M) Y0, 9) = B = ). (50)
m=-—I
l - ~ -
(I—n) (r?— t2)”/2 (n) (n) /7 =\ tt 22—t
> T o B RO =R ), 6

— ) (r2 — 2)n/2 ~(n N _ Foop2 42452 2
ZZJFn;;'Ef?—;;"/?'Q’ )(t/r)'P’()(t/r):Ql(%Jr t2—7:7 t)' (52)

(For the last expansion we assume (2t + 12 — t2 + 72 — §2)/2r7 lies in the domain of Q;.)

Proof. Since cosf = z°/r, cos§ = #* /7 and

B B B 1
sin 6 sin 6 cos(p — @) = sin 6 cos psin 6 cos @ + sinf sin psin fsin p = r.
,

—

o2 oz
+.

N

Fooor 7

from (77)), (78) and ([G6) we get (B0).
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Applying ([78) with s € C such that % = 1/?2 iz, coss = (e + %) /2, cosf = t/r and
cos§ = 1/7 we get:

¢ o) (2 — $2\0/2 . R
Z Ei +n§' . Eiz ;23 72 P(n (t/r)- P, (t/r) Py(cos 6 cos 6 + sin fsin 6 cos )
— n)t (r<—t<)"

t2 —t2 772_{2
7,2 7‘2—t2 7‘2—t2>
—P< r—tzl—i-\r —t2]>_Pl<t_t:+r—t2+r —t2>,
rT 2rr 2rr

which proves (BI)).
Using (79) instead of (78)) we prove the last expansion (52]). Strictly speaking, (79) applies

r2—t2

only if |/ &= = = €' with s € R, but both sides depend on s analytically. O

Proposition 80 Let W € Mt and Z € {M™T + aep; a € R, a # 0} C He. Write Z =
téo + xle; + x%ey + ade3 with t € C, W = tég + &'ey + #2eq + 33e3, then we have the following
eTPansions:

o ! o) (12 — $2)n/2 ~ R
> ( > (_1)m(i'SigHImt)n$—|—n;;'£f2_22;11/2@1(”)@/7")'3/1m(9a@)'ﬂ(n)(t/f)'yzmwv@)

=0 m,n=—I

1

= m, provided that f > Ret.

Similarly, if Z = téy + x'e; + z2ey + x3e3 € MT and W = téy + zley + ey + F3e3 €
{M™* + aep; a € R, a # 0} with t € C, then

- ! . —n)! (r2 —t2)"/? ~ ~
> 212;:1 ( Y. (=)™ (isignImi)" Eﬁ )"(T §n/z P (1), (0, 0)-Q (t/fmm(e,@)
=0 m,n=—I

B 1
 N(Z-W)’

Proof. Letting ty) = Ret, a = Imt and using (&1l), (52)), ([€7), the first sum reduces to

provided that t > Reft.

l

I—n) (r2 — t2)n/2 n ia )~
> <i'signa>"ﬁz+n§! ' EFQ—;;"/? 0 )<toj >'Pl( /7

n=—1

l . . .
B (1—mn) (r2—t>)"/? ~(n) (to + 1a . i (n) (to +1a (n) 7/~
3 I (g () g T (1))

ot (I+n)! (
=ttt =2 — _ mio ottt rP—t? 42— 12
Y A R Y A )
T 2rr 2 rT 2rr
Ho 242 2
= Ql<_~ + ~ >7
T 2rr

provided that

tt 2 —t2 47— t—to
Im( + - ) a

rr 2rr
has the same sign as a. Using

N(Z W) =2tt + 72—t + 72 — 2 - 2(a' 3! + 2232 + 2333),
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([BO) and (B0O) we see that

i2l+1p<x1551 +a:25c2+a:35c3>Q (tf N r? — 12 4 72 —52—1-52) _ 1
o 7 o7 2rF T NZ-w)
The other expansion is proved by switching the variables Z and W. ([l

Let Z,W € M* and write Z = tég+z'e; +a2eq +x3e3, W = téy + &le; + i2eq + #3e3. Then

1 1

N(Z —W +ticeg) N(Z—W)+e2F 2ie(t — 1)

Letting e — 07, from the above expansions and (6] we obtain

o0 ! —n)l (2 — 2y o .
wiy ( > (" e e B ) 0 ) -Ylmw,w))
=0 ’

1 1
= lim = — = .
e—>0+<N(Z—W)—|—€2—2i€|t—t| N(Z—W)—l—62—|—2is|t—t|>

As distributions on the hyperboloids {N(Z) = const}, the limits of (N (Z—W)+e?+2ie[t—1]) -
as ¢ — 07, are equivalent to (N (Z-W)+ Z'O)_l. Thus we can formally write

e}

! —n)l (2 — 2y ~ o o
m‘Z%“( > (G e A Y0 0) B ><t/r>-Ylm<e,w>>
=0

2rr
mn=—1

B 1 1 .
T NZ-W)—i0 N(Z-W)+i0 (53)

4.7 The Discrete Series Projector on M

Using expansions of NZ=W)E0 obtained in previous subsection, we obtain projectors onto

the discrete series component on M. Recall that the space of harmonic functions H(MT) was
defined in @J). Let Hr = {Y € M; N(Y) = R?}, R > 0. and define an operator on H(M™) by

1 1 1 — ds
M .
— lim —— _ . y) &2
(Sk @) (W) = lim o /yesz <N(Y “W)tie N -W)— ie) dege(Y) 1577
1 degp(Y) degp(V) 2
— lim —— - h 4
50t 272 /Ye i <N(Y W) 1 N W) =) ot psinfdpdide, - (54)

W e MT.

Theorem 81 The operator Sy annihilates the continuous series component of H(M™) and
acts on the discrete series component of H(M™) by sending

fl—,l—m,n(Y) = _(fl—,i—m,n(W) + R2n ’ fl,_m,n(W))’
frma¥) = R W)+ (W)

if n # 0 and annihilates fl“’—Lm’O(Y).
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Remark 82 We can “localize” the difference of the integrals at the set where N(Y — W) = 0.

Thus the operator (54)) depends only on the values of degp(Y'), where Y ranges over a two-
dimensional hyperboloid (or cone if W € Hp)

{YeM; N(Y)=R? N — W) =0}.

Proof. The discrete series on M is spanned by (@) and (IZII) Hence it is enough to check the
statement for the functions @(Y) = =1 (r2 —¢2)*7/2. P (t/r) Y™ (0, ), wherel =1,2,3,...,
—1<m<I,1<n<I First we expand using (80 and (50))E

72 ; 353

1 20 + 1 r? — 12472 ¢ ic o1zl + 2232 + 233
- = 5 11 )
NY — W) +ie Z 2rr Ql(rr+ 2r7 2ri) ! T

241, r—t2+f2—£2 ie : . o
Z o7 < o iﬁ)(Z(—l) Y, "(0,0) - Y] (9,90)>-

We have agg;gp(Y) = +np(Y). By the orthogonality relation (63)), after we integrate out ¢ and
0 we are left with integrating over p

2mn r2—t2—|—f2—f2 i€ tt r?—t? 47— e
:I:—(Ql( +—~)—Ql<—~+ = ——~)>

2rr rT rT 2rr rT

X (2 = PR P ) Y0, 9).

As e — 07, by (76) we get

27r2m'Ri"P <tf N r?— 2 472 — P)
! T 2rr

rZy

P (tfr) - Y0, 9).
Then using (66]), (BI) and our earlier calculation (@3] we can integrate over p to get
~_1 R:I:n P (t/r) ( ’(’5) . (R_n(f2 _ 7E‘Z)n/2 + Rn(f2 _ 52)—71/2)

Finally, the fact that the continuous series on M gets annihilated follows from Corollary
or, alternatively, since our expansion (B3]) contains the discrete series only. O

1
+i0 N -W)—i0

We can rewrite the expression N(y_lw) geometrically as follows.

Lemma 83 Fiz W € M* and let Y range over the hyperboloid Hg. Fiz a number & € C \R
and let W' = (14 &)W € Hg, € > 0, then N(Y —W') is never zero for all € sufficiently small.

Proof. Let A =Tr(YWT), then
N(Y = W) = N(¥) + (1 + €€ N(W) — (1 + <€) A
Write £ = a + ib, a,b € R, then the imaginary part of N(Y — W’) is zero if and only if
2b(c2a+e)NW)—ebA=0 <  A=2(a+1)N(W).
Then the real part of N(Y — W') is

N(Y)+ (14 2ea+£*(a® —b%))N(W) = 2(1 + )’ N(W) = R? — (1 + 2ea + *|¢P)N(W) # 0
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for all e <« 1. O

When N(Y = W) =0, N(Y = W') = e{(N(W) — N(Y)) + 262N (W). Choose &;,& € C
with Im(&;) > 0 and Im(&2) < 0, then

o , 1 1 — ds
i, sign(N(W) = ) /s/ef{R <N(Y —W)+ie NY -W)- i€> dege() 1y
1 1 — ds

50+ y6gR<N(Y— (1+ec)W) Ny — (1+a§2)W)> /) 1p]

We finish this subsection with an analogue of Theorem 8] for left-regular functions. Of
course, similar result holds for right-regular functions. For convergence reasons we need to
exclude the functions with components containing flimO(Y). Thus we define S(M™) to be
the space of S-valued left-regular functions on M™ with both components orthogonal to all
flj,Em,o(Y)’S with respect to (, )min. Let PgiSCT(M) and PZr™) 16 the projections onto the
discrete series components of S(M*) quasi-regular at 0 and oo respectively.

Theorem 84 Let f € S(M™) a left-reqular function and W € M*, then

(Pt (p) — pliser®D (1)) (W)

o (v — W)t (v — W)t
_51—1>I61+2—7T2/YEQR<(N(Y—W)+Z'6)2 "IN =W —¢5)2> Dy f(Y).

Proof. Suppose that f : Mt — S is left-regular and homogeneous of degree n — 2 (i.e. (Héé +
1)f =nf) withn #0. Let o(Y) =Y f(Y) : Mt — S be an S-valued function, then degy = nep,
each coordinate component of ¢ is a harmonic function and “restricting” (III) to M we obtain

Vg = (YIVf + ViY)f = 2(deg + 1) f = 2nf #0. (55)

For concreteness, let us assume that n > 0. (If f is quasi-regular at infinity, the signs get
reversed when we apply Theorem [R1l) Then

p(W) +R¥" - N(W)~' - o(W/N(W))

o _  (degy @) (V) o
o0+ 27 /yeﬁzR<N(Y—W)+z‘a N(Y—W)—ié?) ey D)

i 1 1 —
= lim — — -Dy - DY o)y
o0+ 272 /Y€gR<N(Y—W)—|—z’5 N(Y—W)—iz—:) y- (degy + Y p)(Y)

(3 1 1
= lim —— - Dy - Vago(Y).
es0t dr2 /S’EHR<N(Y—W)+i€ N(Y—W)—z's> Y- Vue(Y)

Differentiating with respect to W we get

Vis (W) + R - NOW)~ - o(W/N (W) )

o Y — W)t (v — W)t
=l om /YEI;,R ((N(Y "W t+ie)?  (NY — W) — z’a)2> Dy Vue(Y)
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Finally, by (55)),

Vur(N(W) ™ - o (W/N(W)))

~1 ~1
- N(11/V)2 '(VMQD)(N‘(AI;/)) - 2]\%4/) "’”(N%/)) - 2z\fm(/W)2 '(deg‘p)<N‘(V )
W

5 Separation of the Series and the Plancherel Measure on SU(1,1)

5.1 Convergence and Equivariant Properties of Poisson Integrals

In this section we regularize the Poisson and Cauchy-Fueter integrals by replacing N(X — W)
in the denominator with N(X — W) % ic and letting € — 07. First we prove that the resulting
limits converge. Recall that Hg = {X € Hg; N(X) = R?} C Ht, where R > 0.

Proposition 85 Fiz an R > 0 and a positive integer n, then for any Schwartz function ¢ on
Hp and any W € Hy, with N(W) # R?, the limit

IV = lim HX) a5

28 S N =W +0)” TX] (56)

determines a real-analytic function of W. Whenn =1, |:|2721/~1 = 0. Similar statements hold for
e — 07 as well.

Remark 86 The function v itself need not satisfy Ooot¢p = 0. The limits as € — 01 and
e — 07 can yield different functions. We will see later that the difference between these two
limits corresponds to the continuous series component of 1.

Proof. This proposition would be trivial if suppy N{X € Hgr; N(X — W) =0} = &. On the
other hand, we will rewrite the integral so that the only “problematic” points are the critical
points of N(X — W) restricted to Hg (as a function of X). It is easy to see that the only such
critical points are X= = +—L£ W, and N(XjE W) # 0. Then we apply a partition of

crit NW) crit

unity argument to break up the function 1 into g + . so that 1y is supported away from
{X € Hp; N(X —W) =0} and ¢, is supported away from X=

crit”
Let n : R — R be a smooth compactly supported function such that n(¢t) = 1 for ¢ near 0
and 7(t) = 0 for ¢t near N(XZ,, — W). Then the composition function n(N(X —W)) is one in

crit

a neighborhood of {X € Hg; N(X — W) = 0} and zero in a neighborhood of X% . Define
Yo(X) = (1=n(N(X =W))) -(X),  ¥(X)=n(NX -W))-9(X),
so that v = ¥y + 1, and set
Yo(X) ds Ye(X) ds
c W) = n 5 c,e W)= A\ :
W)= | Eewrar A " ween e i
Clearly, the limit
- L - Yo(X)  dS
Yo(W) = i, vo.(W) = ey N(X = W)™ | X]]
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is a well-defined real-analytic function of W.
Next we analyze 1. .(WW). Consider the case n = 1 first and observe that
1
N(X —W)+ie

= (—1) /000 exp(it(N(X — W) +ig)) dt,

and the integral converges absolutely since the real part of the exponent is —et < 0. Thus we
can rewrite ¢ (W) as

e ) = (i) [ eV W) ) 000 gy )

where we are allowed to switch the order of integration because ‘exp (it(N(X —=W)+ zs))! <1
and the function 1. is absolutely integrable on Hg with respect to the measure %. Then the
limit

B = Jim e = (=) [ ([ explenx =) ue) g ) e

is a well-defined real-analytic function of W. (The integral converges by a standard integration
by parts argument; this is where the property X;Eit ¢ supp 1. is used.)
If n > 1, then we can apply the same argument with
1
(N(X — W) +ie)

= / / exp(i(ti 4+ -+ tn) (N(X — W) +ie)) dty ... dty

Differentiating under the integral sign we see that D2,2¢ =0 when n = 1. O

Lemma 87 The limits

lim Y(X) d5 and lim Y(X) d5

e=0t Jp, N(X = W) +ie || X|| e=0t Sy, N(X = W) —ie || X||

(57)

determine continuous functions of W on Hft (even if N(W) = R?).

Proof. Note that when N(W) = R?, i.e. W € Hp, the above argument fails because X= orit =
+W and N(X/,, — W) = 0. However, if we remove a small neighborhood V of W in Hpg, the

above argument still shows that the limits

lim P(X) ds
e—0t Hp\V N(X W) + e HXH

converge. On the other hand, as explained in [GS], the limits

lim PX) a5
cso+ Jy N(X — W) £ie |X]

converge as well (which is not hard to see directly). Thus we conclude that for R > 0, W € Hp
and a Schwartz function ¢ on Hp the limits (57]) converge. O

Recall that &Eg is the degree operator plus identity: &Eé =1+ Z?:o 22
we define operators I and I from H(Hj}) into functions on Hy

1 (degxp)(X) dS
IFo)(W) = lim —
(Ugrp)(W) = lim o . N(X W) +ie || X
) 1 (degxso)(X) ds + hy
I = lim —— g .



The functions (I;%gp)(W) are real-analytic and harmonic for N(W) # R?, continuous when
N(W) = R%. We finish this subsection by proving that the regularized Poisson integrals are
equivariant with respect to the G(Hpg)-action.

Proposition 88 The operators IE and Iy are equivariant with respect to the ﬂ?—actz’on of
G(HR), where G(Hg) ~ SO™(3,2) is the group introduced in Corollary [20.

Proof. The operators I3 are equivariant with respect to the  action of SU(1,1) x SU(1,1).
By Lemma 28l it is sufficient to show that I}jz: are equivariant with respect to the one-parameter

group G(Hp)' introduced in that lemma. We want to compare (I}%@)(W) with (I;go)(W),
where ¢ = 79(g)¢ and (I}jz:gp) = ﬂ?(g)(]ﬁ(gﬁ)), g € G(Hg)'. Since G(Hpg)" is connected, it
is sufficient to verify the G(Hp)-equivariance of I;% on the Lie algebra level. For ¢ — 0 and
modulo terms of order ¢2, we have (23], [26) and (27). Using Lemma 30, we get

; 1 1 — o(X) ds
IE@) (W) = lim — -d
Irp)W) = lm, o7 /XeHR N(X —W)xie 8 (N(—R—l sinh £X + cosh t)> X

. L/ (1+4tRe X/R) - (degx¢)(X) dS
a XeHp N(X - W) +ie X1

On the other hand, using Lemma 10 from [FLI] and Lemma 29]

_ | 1 ! (dex¢)(X)  ds
o= e,
(Izp) (W) 8_1>%1+ N(=R-'sinhtW + cosht) 272 Jgcp, N(X — W) +ie | X]||
o / (1+4tRe X/R) - (degxp)(X) ds
= lim —= ;
=0+ 212 Jx e, N(X — W) +ie(1 — 2tRe X/R)(1 — 2t Re W/R) || X]|

. L/ (1+4tRe X/R) - (degyp)(X) dS
B XeHn N(X —W)+ie X1

This proves that the maps Iﬁ are G(Hp)-equivariant. O

5.2 Regularized Integrals and the Discrete Series Component on Hy

In this subsection we study the effect of the operators I E and I, on the discrete series component
of H(Hy). We prove an analogue of Poisson formula for the discrete series.

Theorem 89 The operators I}, and Iy coincide on the discrete series component of H(HY).
Moreover,

+ 211 ~N(W)~ 2=t (W) if N(W) < R?;
Ig : N(2) t"m(z) = {_R—2(2l+1) . tlnm(W) if N(W) > R2’.
i (2) e A EET N1, (W) if N(W) < B2
= tﬁlm(W) f N(W) > R2.

(Compare with Theorem [[7.)

Proof. The proof is based on two lemmas.
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Lemma 90 Let ¢ be a discrete series matriz coefficient
t;l(Z)v N(Z)_m_l'th(z)’ tl—l;l(Z)7 N(Z)_m_l'tl—l;(z)v I < -1, ! GZ/27

Then, for any R’ >0, R’ # R, the functions on Hp
+ S .
(%) ‘Hm , Izp) | Hey and (’D‘Hm are proportional.
Proof. By Proposition [88] the maps ¢ — (I}%@)‘H are (SU(1,1) x SU(1,1))-equivariant. Let
R/

i L
ky, = (e >0 >, then by (I6) we have

_. L
0 e "2

tho(ky - Z - ky) = e7imetmo) 4l (7), N(ky-Z -ky) = N(Z).

=y %) =08 (1)

be the standard generators of s((2,C). From (I4]) and the Lie algebra action formulas given in
the proof of Theorem [39 we see that

E 0 E 0 0 0 0 0 i t},(Z) and
0 _ .0 0 _ .0 1l
K <0 0>_7T"<0 0)’ K <0 F>—7TT <0 F) annihilate N(Z)73=1 1, (2);

o(F 0\ _ o(F 0 o (0 0N _ o(0 0 oot (2) and
Uy 0 0 =T, 0 0)’ uyi 0 E =T, 0 E N(z)—2l—1'tl_l_l(Z)'

At a generic point g € SU(1, 1), vector fields

o(H 0 0 (00 W (E 0 0 (0 0

o o) M\o H) T\o o) T\o F
span the entire complexified tangent space T;CSU(l, 1) at g. Since (I}%@)‘HR, with ¢ = tfl(Z)
or N(zZ)~2-1. th(Z) are analytic, it follows from the (SU(1,1) x SU(1,1))-equivariance that

(I;%go)! H, € proportional to 90‘ Hy Similarly, (I;%gp)‘ H,y € proportional to gp! Hyy when
o=t , (Z)or N(Z)~2=1. ¢, (2). O

Let

Lemma 91 Let ¢(Z) be th(Z) = (202)% or t', (Z) = (z211)%, and let W = <())\ S\) be

diagonal with A > 0. Then

R2(2l+1) L —20+1) if A\ < R;

(I ti) (W) = (I ty (W) = {)\Ql A R,

The proof is done by direct computation, and we postpone it until next subsection. Together
Lemmas 00 and @1] imply that the theorem holds for functions
l I —20-1 I —21-1 I
t11(2), t_(2), N(Z)™%7 1 1,(2), N(Z)™ 71, (2)

for | < —1. Then the theorem follows from the (SU(1,1) x SU(1,1))-equivariance of I;%.
O
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5.3 Proof of Lemma

In this subsection we give a proof of Lemma
Proof. We use integral formulas 2.117 and 2.662 from [GR]

- 1)kph—1 bt a+ bx
—-1)" 1 C
/x” (a+bx) = (n — k)akzn—F (=D a2 &

M

n—1
bk 1 pn—1 bx —a
— 1 C,
/ x"(a — b:E Z; (n — k)akan—k am 8 T *

9m 2m\ e* e acos(2kx) + 2k sin(2kx)
/e H(eos ) dx—< 2mg T gpm1 12 m — k a? + 4k? +C

. omi1 , €% 2m + 1\ acos(2k + 1)z + (2k + 1) sin(2k + 1)z
/e (cosx) dx—22m k:0<m_k YT 2k 1) +C.
We parameterize Hg, as in (I3]) so that
T jete r =% 0 é (2 < 277',
X(p,m¢) =R cosh e.,i@ sinh 3 - .jﬂ, ; 0<7< o0,
sinhg -e" 2 coshg-e™" 2 _9r <1 < 2.
Then =T Xll = 82 sinh 7 dypdrdiy and
N(X -W)=R?+ )\ - 2R)\cosh% - COoS CP-2H/1.
Changing variables § = “DJ”Z’ , 0 = ;w, x = cosh 7 and letting a(e) = R* + X + ie, b(f) =

2R\ cos 0, we obtain
(I ti)(W) = (It ) (W)

_ 241 . / / /27r R2+2 . (cosh %)21 . e:til(cp‘+1lf) .sinh T dodrdi
=—2m J1=0

1672 s—>0i NW — X) +ie
2 R2H-2 hZ 20+1 | :|:i219 hZ
_AEL g / / (cosh 3) SR g6 drds

A2 S0+ r=0Jor—o R?>+ A2 —2RXcos@-coshl +ic

7r/ o0 221 _1)2 2041

A+ / RA+2 :|:22l9/ < n (=17 ) dedd
T =0t Jo—_r)o e—1\a(e) = b(@)x  ale) +b(0)x
20+1 Y . O il a(e) —b(6) a(e) + b(9) :
B L <b(9)2l+2 (1os( 0 ) +los( b(0) )= i)

- —2Zl:2 ( 1)2l+k) . b(e)k—l) W

2+ k+ Da(e)F
W1 (R .<10g<7“<5>‘b”))ﬂog(—“(@””)))d@.

. 1 R
am oA G fy ) (cos 6)72 b(0) b(9)

From now on we assume 2! is odd; the other case is similar. Integrating by parts we get
-3
20+1 (R24+ X2+ 3/ —21—2 I(l,k)
+ 41 S == _ X )
Tz 1) (W) = (g t_lll)(W) o A2+2 kZ:o —l—k— % 412 — (2k + 1)%’
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where the integrals I(l, k) can be computed using residues

w/2 . ’ 2 b /
10k) = / =10 ((2k+1) sin(2k+1)0£i21 cos(2k+1)6) - 10g<(R +AT)T-0b (9)) do
o b*(6)
/2 , (2k + 1) sin(2k + 1)0 42l cos(2k + 1)0
_ 2 2\2 +42l0 | .
=2(R* 4+ \9) /9:_7r/2 ‘ tan? (R? +A2)2 — 4R2)\2 cos? 0 0
_p2aa2e [ (2K 4+ 1) cos(219) - sin(2k + 1)0 — 20 sin(206) - cos(2k +1)0
=(R*+ \9) /ez—n tan (R?2 4+ \2)2 — 4R2)2 cos2 0 W=

i(R2 + /\2)2 }{ 82 -1 (Zk + 1)(S2l + 8—21)(82k+1 _ S—2k—1) _ 2l(s2l _ s—2l)(82k+1 + S—2k—1) ds
4 2 +1 (R2+ A\2)2 — R2X2(s + s71)2 s

From the factorization

212
_st (s — R/N)(s + R/N)(s — MR)(s + \/R)

(RZ+ 222 - R\ (s +s71)2 =

and decomposition

(RZ+X2)2.(s2-1) _ R? N N2
(R2+X2)2 — R2)2(s +s71)2  RZ - \2s2 ' \2 — R2s2 1+ s2

we see that the residues are

and

2k 41— 20) (VR 4 (/AR g 22k
— (20 + 2k + DR 4 (R/NPET 22 a,

Letting r = A/R if A < R and letting r = R/ if A > R we get:

(I tf;)(W) = (Ig tl—l;l) W)=
-
P22kl =202kt

(R2 + )\2)2l+1 9] _9 p20-2k—=1 _ ;—20-2k—1
—2(2041) i —
@) ggm— > (2 ol 2k-1 | 2liokt1
k=0
—20—2 T o gl_gh—2
<_l_k_§>/ (w 212k 2+x 2l+2k)dx
0 2 7
2 )\2 21 r
——(R+—)/ 2020 + 1)1 + 222 dx

- 2\2l+2
R2(I41) A =2(+1)  5f ) < R;
PR if A > R.

(SIS

Niw N

=
(R2 + )\2)2l+1

(]

+
—

R2 )\2 2[+1 o
- e

99



5.4 Regularized Integrals and the Continuous Series Component on Hy

In this subsection we determine the actions of the operators I ;% on the continuous series compo-
nent of #(Hz ). Combining this with Theorem B9 we get a complete description of the actions
of I}% on H(Hf). We state the main result:

Theorem 92 The operator IE — I, annihilates the discrete series component of H(Hﬁg) Its
action on the continuous series component of H(H) is given by

_ ol th(rIml) if m,n € Z;
IF — It Y (W) = (1+ B4 N(w) =21 el () -4 ’ ’
(( R r) nm)( ) ( W) ) nm( ) tanh(r Iml) if m,n € Z+ %,

where Rel = —% and W € H['Rf.
The proof of this theorem will be given in the next subsection.

Remark 93 Strictly speaking, the matriz coefficient functions of the continuous series repre-
sentations t',,(X), | = —=1/2 + i) with A € R, do not belong to H(H). So the theorem should

be restated as follows: If
1.,
o0 = [ a0 noyax
AeR

where () is a smooth compactly supported function on R\ {0}, then ((I}; — Ig)¢)(W) is

L1,
Jrem coth(md) - (14 R™ - N(W)=2) -1, 27 W) - n(\ dh  if myn € Z;

N
Jreg tanh(rd) - (14 R NW)=2) 6, 252 W) - n(\) dh if mon e Z+ L.

Note that the expression

th(7w Im! .
% if m,n € Z;
7tanhl(£llml) ifmneZ+ %
is precisely the inverse of the Plancherel measure on SU(1,1)! Since (fh\;gtln m=2Iml- til my We

can reformulate Theorem as follows:

Theorem 94 The operator

‘ 1 1 1 ds
P(X) = (Plro)(W) = lim —5 /XeHR <N(X —W)+ie NX-W)- z‘g>“0(X) X1

annihilates the discrete series component of H(Hg). If Rel = —% and W € Hy,
coth(mIm1) ifm,n € Z;
Plptl, ) (W) = (1+ R™L N(W) ™21y ol () I o =
(Plrty ) (W) = ( (W) ) trm (W) tanhln mD) e 74 L

Remark 95 As in the Minkowski case (see Remark[83), for each W € Hy, integrals ((I}; —

I2)e) (W) and (Pl )(W) depend only on the values of (azg;gp)(X), where X ranges over a
two-dimensional hyperboloid (or cone if W € Hg)

{X € Hg; N(X) = R*, N(X — W) =0}.
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We can rewrite the expression N X_lw) 0 N X—1W)—z'0 geometrically as follows. Let us

consider W’/ = (1 + &)W € Hc, € > 0, £ € C\ R. Then, for X € SU(1,1), W € H{,

N(X-W)=NW) -N(X -W—(1+¢£)) #0

for all £ < 1 because X - W~! € N(W)~'/2.SU(1,1) cannot have an eigenvalue 1 + e£. When
N(X = W) = 0, N(X — W) = e£&(N(W) — N(X)) + e22N(W). Choose &,& € C with
Im(&;) > 0 and Im(&2) < 0, then

1 1 as
I N(W)—1)- — = = )X
lim sign(N (W) — 1) /XeSU(l’l)<N(X—W)+z€ N(X—W)—Zé?)(p( )HXH

~ lim ( ! - ! > (x) 22
=0t Ixesuay \N(X = (1+e&)W)  N(X = (1+e&)W) i X1

Proposition 96 The operator I, +I§ annihilates the continuous series component of ’H(Hﬁg ).

Proof. Let ¢ be in the continuous series component of H(Hy). Since (I + I} )¢ is analytic, it

—k
is enough to show that deg ((I}; + I}Jg)gp) vanishes on Hp for k = 0,1,2,.... By Proposition
B0l ( Ro-1 ©)(W) and (SEU ©)(W) vanish identically for W in the open set

ot 0 _ o 0 +
R-(O U)-F ﬂR-(O U_1>~F, Vo > 1.

For W € Hg we have:

lim_ (Sﬁ,rl ¢+ Sk o) (W)

o—1

1 (deg) (X) (degp)(X) \ dS . _
=, (WS e ) ) g e )

—k
Hence (I + I}; ) vanishes on Hp along with all derivatives deg (I +17;)¢), k=0,1,2,....
O

This proposition combined with Theorems [89 and [02] gives us a complete description of the
actions of I, and I;z_ on the discrete and continuous series components of H(Hy).

We conclude this subsection with a result for left-regular functions. (Of course, similar
result holds for right-regular functions.)

Theorem 97 Let f € S(Hﬁg) a left-reqular function and W € Hﬁg, then the operator

f<X>Hhmi/X€HR<( ((X‘W)+. oW )-Dx-f(X)

e—0+ 272 N(X —W)+ie)?2 (NX —W) —ig)?
annihilates the discrete series component. If Rel = —%,
1\l 1
(I —m+ i)tnm+%(X) = (=m+ 5) %(W) coth(wIml) if m,n € Z;
(l+m—|—%)tlnm_%(X) (+m+ 3 _1 (W) tanh(rIml) if m,n € Z + .

This theorem follows from Theorem [92] in exactly the same way Theorem [84] follows from
Theorem [Tl in the Minkowski case.
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5.5 Proof of Theorem

In this subsection we give a proof of Theorem

Proof. The operators I}% are equivariant with respect to the subgroup SU(1,1) x SU(1,1) of
SL(2,Hc). Also, by Theorem [89 the operators Iﬁ coincide on the discrete series component of
H(H;). Therefore, the operator I, — I annihilates the discrete series and sends the continuous
series component into itself. To determine the action of IE — I on the continuous series
component we use a couple of reductions. First, it is sufficient to prove the theorem for R =1
only. Indeed, substituting X’ = R™'- X € SU(1,1) and W/ = R~' - W we get

1 (degx/th ,)(X') dS

7! _ Ry _/ m _ R ([ 1w,
Untum) W)= B T 55 | N =) 2z ooy = Ut (BT W)

Secondly, we can reduce the proof of the theorem to the case N(W) = 1:
Proposition 98 When N(W) =1, and Rel = _%

coth(wIml) ifm,neZ;

+ _ 7\ — ol .
((Il 4 )t"m)(W) 20 m (W) {tanh(wlml) z'fm,nGZ—l—%.

We postpone the proof of this proposition until the end of this subsection. By Lemma 10
in [FLI] and direct computation we have:

1 1
m (n)x 0w (1)w (N(X —W) + is) T N(X'—Y) £ EN(&X — DN (&Y — 1)’
where X' = (v 1)(X) and Y = m(y~1)(W). When N(X) = N(W) =1,
N(égX/ — 1)N(égY — 1) = Tr(égX/) Tr(ég}/) =—4 Re(egX') Re(ng).

Therefore, by Theorem [GQ]

signg (V) - 7 () (I = ;7)) (V)
i 1 1

ds
= lim —— _
0+ 272 /X,eg <N(X’ “Y)t+ie NX'—Y)_ie

> (e (P (1)) (X') 15
= - SP (V). (58)

Then by Theorem [81land Lemma[61] we have Héé((ff —1I7)¢) (W) = 0 whenever W € SU(1,1).
Now Theorem [92] follow from Proposition 0§ and the uniqueness part of the theorem given on
page 343 in [St]. That theorem essentially states that the Cauchy problem for (s 2 = 0 with
boundary data on SU(1,1) in the continuous series component of L?(SU(1,1)) has a unique
analytic solution. (Caution: there can be other non-analytic solutions.) O

The rest of this subsection will be devoted to the proof of Proposition

Proof. We start with (58]) and track down carefully which functions in the continuous part
of H(Hy) get sent where in #(M™). The operator ¢ — (I — I )p is SU(1,1) x SU(1,1)-
equivariant. This means that if ¢ is a continuous series function, then (I;7 — I} )90‘ SU(L1) is
proportional to ¢ with a coefficient of proportionality possibly depending on [ and whether m,
n are integers or half-integers. We essentially compare the expansions of degy (7 (7)) (Y) and
signg(Y) - (7P(7)¢)(Y) in terms of basis functions @0) or @I). And to find this coefficient
of proportionality we pick a basis function fl’im’n and find the ratio between the coefficients in
those expansions.
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Let Y = <y” y12> e HcCM" and W = (w“ w12> =m(y)(Y) € SU(1,1). By B7),

Y21 Y22 w21 W22
W = —i <2 + Y11 + Y22 2y12 >
Y22 — Y11 —2yx 2 — Y11 — Y2
From ([I6])
, V14 . P12
tizm(wlﬂ'a y) = e nHm) TR L pmilnmm) T il (cosh 7).

Since

T 4—(yu+yn)? 144 1 2

cosh? = = 211290 = — = = , cosht = -1,
2 He (Y22 — y11)? (z3)?2  cos?0 T 026

Giltr+n) _ T _ 2+ynn+yxe 1—dt 1—isinhp e_im;wz _ 4 1 4 isinh p
9o 2—(ynitye) 1+4it  1+4isinhp’ N 1 —1dsinhp

(which is ambiguous), and

R T192 21 Y12 Ctanf _ . _-
T = e = =i———e ¥ =isign(cosh) e "7,
sinh 5 sinh 5 y22 — Y11 sinh 5

e

we obtain

. m—n 2 1+isinhp\"™™ -
1 - gl (2 1) S -elnmm)e
tnm(Y) (Z Slgn(COS 0)) q:;n m (COS2 9 1) (i m) ¢ )

To avoid the sign ambiguity we simply set m + n = 0. Then, by Lemma [G1]

.. 2m
. 0 . ] (z sign(cos 0)) . 2 —9im
signg (V) (Wl (V)t_mm) (V) =i cosh p - | cos 0] ' _mm<cos29 - 1) € i
.. 2m
— isign(cos 6) 2 i
degy (F?(’Y)tl_mm) (Y)=(21+1) (COSh2 . cosg T me(cos2 e 1) e ime

On the other hand, when N(Y') = 1, the functions f;\—LM ,(Y') are proportional to

rt. P)(\V) (t/r) - P;\“)(cos 6) - e ¥ = (cosh p)~t - P)(\V) (tanh p) - P)(\“)(cos 6) - e"He,

Thus p = 2m and we need to compare the integrals

z(/o (sign(cos 9))2m "Bl_mm(i 1) 'P)(\zm)(cos 0) - | tan 0| d9> . </_Oo P)(\V) (tanh p) dp>

cos2 6

and

(21+1)</0ﬂ(sign(cos 9))2m-‘13l_mm< 2 —1>'P§2m)(cos 9)-% d6>-</OO Md/}).

cos? 6 cos o coshp

Substituting u = tanh p, we find

0o 1 P(V) (u) (o) (v) (tanh p) 1 P(V) (u)
P(”)thd:/ A g /Aid:/Aid.
/—oo A ( an p) P 1 1— 2 U, - COShp 4 1 /—1 — 2 U
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If we take v = A, P)(\V) (u) is proportional to (1 — u?)*2, and
' [(a)
L)l gy — VT '
/_1( W)= )
Thus,
oo P (tanh
% Byt (/2 1/2)°
e P)(\A) (tanh p) dp I'(A/2)-T(A/2+1)

It remains to compare the integrals over 8. When m < 0, by (19),

tan 6|72 oy (I-m+1,—l—m; —2m+1; — tan”6).

2 ): r'l—m+1)

ﬂg_”“”( Ll +m+1)(—2m)!

cos2f

If m is a half-integer, we need P§2m) (x) to be odd, so we can take A = 1—2m, then P§2m) (cos @)
is proportional to cos #-sin~2" §. Substituting v = tan? @ and using a special case of an integral
formula 7.512(10) from [GR]

Fe)'(a+r—c)l'(b+r—c¢)
FrI'a+b+r—c)

/ Y1+ 2)7" o F (a,b; ¢, —x) do =
0

valid when Rec > 0, Re(a +r —¢) > 0, Re(b+r — ¢) > 0, we obtain

Tl +m+1)(=2m)! [™/?_, 2 L
2 S I . mg .
P(l —m+ 1) /0 sB_mm<cos2 9 ) cos 8 - sin 0 -tan b do

= / I (14 0)m 2 R (- m A+ 1, —1— m; —2m + 1;—v) dv
0

T -2m)DB3/2+0T(1/2-1) o« (2+1)T(1 - 2m)
a (T(3/2 —m))* - 2cos(nl) (T(3/2 — m))”

I'(l+m+1)(—2m)! /”/2 ! 2 R
2 -2 _1). mo.
T —m+1) ; m_mm<cos2 7 ) sin 0 - tan 6 do

o
:/ v (L) B (L= m A+ 1, —1 —m;—2m + 1;—v) dv
0

_r@-2mId4+0r-=yH) = T@O-2m) (59)
a (C(1—m))? ~ sin(nl) (P —m))*

Hence the ratio of the coefficients of f ;fl_ aa(Y) in the expansions of degy (P (Nt ) (V) and
signg (V) - (17 (1)t ) (¥) s

(r@/2-m)*  (T(V/2+1/2)°

2i cot(ml) - - ))2 FOV2) T2 + 1) = Atanh(7w Im1).

If m is an integer, we need P)(\2m) (x) to be even, so we can take A = —2m, then P)(\2m) (cos )
is proportional to sin=2™ 6. As was already computed in (9)),

—om)! [7/2 - -
2F(l—|—m—|—1)( 2m)! / l—mm(i_l) Sin=2m 0 tan §df — — " (1 2m)2.
I'l—m+1) 0 cos? 6 sin(l) (1(1 — m))

64



In the other case we need to deal with convergence issues, so we observe that
2 2
l : l 2r
© ——1):l1m " <——1>-cos 0
¥ mm<00829 Fmm cos? 6

r—0t

as a distribution in Im!. Then substituting v = tan?4,

Ll +m+1)(=2m)! [™? _, 9 1 o
? L(l—=m+1) /0 m_mm(COSQH 1)'COS 0 - sin"70 - tan 0 df

o0
:/ oI (L)Y B (L= m 4 1~ — my—2m + 1 —v) do
0

I(1=2m)T(1/2+1+7)(=1/2=147) asr oot =21 I(1 —2m)
(C(1/2 = m+7))? cos(ml) (21 + 1)(I(1/2 — m))?

as a distribution in Im{. Hence the ratio of the coefficients of f;f_ aa(Y) in the expansions of
degy (Wl(](’}/)tl_mm)(Y) and signs(Y) - (Wl(](’}’)tl_mm) (Y) is

(C-m)® (P2 +1/2))°
(T(1/2—m))® T(V/2)-T(\/2+1)

—2i tan(nl) - = Acoth(m Im1).

O

6 Appendix: Review of Special Functions

In this appendix we review special functions used in this paper: the spherical harmonics
Y™ (0, ), the associated Legendre functions Pl(m) (x), the associated Legendre functions of

the second kind Ql(m) () and some of their identities. References: [Ex], [GR], [Vil].

6.1 Spherical Harmonics

Let R3 be the three-dimensional space with coordinates (x!, 22, 2%). We denote the Laplacian
by

0? 0? 0?
Az = i
P e T 022 T 00
We use the spherical coordinates
z! = rsinfcos ¢ r>0
22 = rsinfsinp 0<p<2m
3 =rcosf 0<0<m.

In these coordinates

10 ,0f 1 a(. ,of 1 of
Agf—§'§<7"E)er'%(Slne%)er'@—w?' (60)

Let t!,,, denote the matrix coefficients of SU(2):

L [(=m)(l+m) - Itn —1em dS
th (X)) = — n tng—ltm 2

_ (T T2 le,%,l,%,Z...,
X_<9621 3622>€SU(2)’ m,n=—1l,—l+1,...,1,
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where the integral is taken over a loop in C going once around the origin in the counterclockwise
direction (see [Vil]). We define the spherical harmonics on R? by setting

Ym0, 0) =tlo(9), 1=01,2,..., m=—-l,—l+1,...,1,

where

ot .. ;P= a .. i
g cos g - €' 2 zsmg-eZ 2 e'2 0 (cosg zsm%) e'2 0 (61)
=|.. T _ijetv | — i . [ v
ising -e' 2 cosg-e 2 0 e'2 LS5 COS 5 0 e 'z

with 0 < p < 21,0 < 6 <7, =27 <1 < 2m. We will see later that r!- Y™ (0, ¢) is a polynomial
in 21,22, 23 of degree I. The functions Y™ (6, ¢)’s satisfy

>

>
s

Ay .9) =~ ED Ly, (62)

and form a complete orthogonal basis of functions on the unit sphere S2. They also satisfy an
orthogonality relation

m

1 ™ 27 . o . ( )
I Jos A :OYz (8,0) - Y™ (8, ) - sin 0 dpdf = ST R (63)

which follows from (77)), (68) and (G0) using substitution x = cosf. From (60) and (62) we
obtain two classes of solutions of the harmonic equation Agf = 0:

Y8, ) and L R 1=0,1,2,..., —l<m<lL (64)

6.2 Legendre Functions

The associated Legendre functions Pl(m) (z) and the associated Legendre functions of the second
kind Ql(m) (x) are two linearly independent solutions of the second order differential equation
d*f daf m?

_2—_ —_— —
(1-2%)25 2xd$+<l(l—|—1) —

)fzo.

While the parameters [ and m can be arbitrary complex numbers, we will only be interested in
1=0,1,2,..., me€Z, =l <m <. The associated Legendre functions (of the first kind) are
functions defined by the formula
_1\+ 1+
( 1) m(l _x2)m/2 arm
200! dxltm

P (z) = (1—a?), (65)

If we set m = 0 we get Legendre polynomials:

(1)

0
P(z) = Pz( )(l’) = 901 ol

(1— 2%, x e C.

Then, for m > 0,

(m) — (_1\m 2 m/2d_
P (@) = (—1)"(1 — 2P P )
And Pl(m) and Pl(_m) are related as follows:
—m m (L—m)! m
P ) = (crym L pm . (66)

(I+m) !
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When m is even Pl(m) (z) is a polynomial of degree [ and defined on the entire complex plane.
On the other hand, when m is odd, Pl(m) (z) is defined as long as v/1 — 22 is single-valued. There

are different conventions for choosing the domain of Pl(m) (), ours is that Pl(m) () is defined
on the complex plane away from the two cuts along the real line: along (—oo,—1] and [1,c0).
(But, for example, in [Er] the associated Legendre functions are defined on the complex plane
with the interval [—1, 1] removed from the real line.)

The associated Legendre functions of the second kind are defined on the complex plane with
the interval [—1, 1] removed from the real line. One way to define these functions is by declaring

@) = = glos(152). @i =) = Fioe(15) -1

2 1—2z 2 1—2z

and then by recursive relations
@2+ 1)z Q") = ((=m+1)- Q@) + (1 +m) - Q") (2),

which is formally identical to (73]),

Q) = (2~ Q), m=o,

and (- m)!
T Q™ (2).

Ql_m)(z) =

Finally, we introduce functions @l(m)(z) defined on the complex plane away from the two

cuts along the real line: along (—oo, —1] and [1,00) (same domain as for Pl(m) (2)’s). We set

le)(l’) = %Ql(m)(x +10) + ZTle)(m —10), re(-1,1) CR.
From the identity

QI +i0) = Q@) = DA @), we (1)

we see that QNI(m) () extends analytically to the upper and lower half-planes by

gy = [T @+ FRTE) itz >0 o
: Q™ (z) = =P (2) if Imz < 0.
6.3 Identities
The associated Legendre functions satisfy two kinds of orthogonality relations:
1
(m) (m) 2(L 4 m)!
P -P = . <m<
[ @ r e = G2 osmst (68)
and
1 J 0 if m # n;
m n X m): .
| @) R @) T = S it = 20, (69)
- 00 ifm=n=0.
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There is a recursive relation for the associated Legendre functions:

mx m 1 m
e B = - P @), (70)

P( )( )+ V1 — 22

dx
Combining it with (66) we obtain:

_({l+m)(l—m+1) _ pim=1)

d p(m) mT o (m)
We will also use the following identities:
P (—z) = ()™ B (), (72)
@+ - P (@) = (1 —m+1)- BT (@) + (L +m) - P (), (73)
2y 4 (m) (m) (m)
(1—=z )aPZ (x) = —lz- P (x) + (I +m)- P (x), (74)
~(—m) m (L =m)l =(m)
= (—1 . 1.1
Q" (x)=(-1) TEm) Q" (x), wxe(-1,1), (75)
Q™ (z +i0) — i Q™ (x — i0) = —miP ™ (x), e (—1,1). (76)

The associated Legendre functions and the spherical harmonics on R? are related as follows:

(I —m)!

Y/™(0,9) = tholg) = (=)™ - I+ m)!

. Pl(m) (cos @) - e~ %, (77)

where g is as in (GI). From the multiplicativity property for the matrix coefficients t!  ’s and
(T7) one can obtain

l
— | ~
Z E; - :;;emﬂp . Pl(m) (cosh) - Pl(m)(COS ) = P/(cos7), @ € C, (78)

where cosy = cos 6 cos 0 + sin 0sin 6 cos . There also is a similar formula involving the associ-
ated Legendre functions of the second kind:

l

Z 8 4__ Z; eime . P(m)(cos 0) - Ql( )(cos 6~) = Qi(cos ), v € R, (79)

which follows from ([75]) and

!
—m)! ) 50 (s
Qi(cosy) = P(cosb) - Qi(cos 0) + 2”12::1 T m) 5" (cos 0) - Q) (cos 0) - cos(mep).
We will also use the following relation:
- 1
> @I+ 1)P(2)Quy) = : (80)
1=0 y—z

the sum converges uniformly when x ranges over compact subsets lying inside the ellipse passing
through y and foci at the points 1. We conclude this appendix with a lemma.
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Lemma 99 The functions r - Y™ (6, ¢) are polynomial in z*,x2 23 of degree l.

Proof. By (T7) it is enough to show that the functions r! - Pl(m) (cosB) - e~ are polynomials.
We use induction in . One can check directly that for [ = 0,1 we indeed get polynomials. For
m < [, using the recursive relation (73] we get:

(I—m+1) 7FL. Pl(f;)(cos g) - e~ime
= ((21 + 1)zt Pl(m)(cos 0) — (L +m)((z")* + (2%)* + (z°)?) - r=t Pl(_ml)(cos 9)) e

(I4+1)

which is a polynomial by induction hypothesis. Finally, for m =1+1, P

to (1 — 22)H1/2 g pl+1. Pl(f{l)(cos 6) - e~*(4+1)% is proportional to

(x) is proportional

Tl+1 . (1 — cos? 9)(l+1)/2 . e—i(l-i—l)gp _ 7J-i-l . (sin 9)l+1 . (COS(,D — isin (,D)l+1 — (J}l _ ia:Z)lH,

which is a polynomial as well. ([l
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