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1 Introduction

Six years after William Rowan Hamilton’s discovery of quaternions, in 1849 James Cockle
introduced the algebra of split quaternions [Co]. (He called them “coquaternions.”) One way
to define the split quaternions Hpg is by taking the standard generators for the algebra of
quaternions H = R1 @ Ri @ Rj @ Rk and replacing the i and j with 7 = v/—1i and j = —/—1j
respectively, so that Hg = R1 & Ri & R7® Rk. Another way to realize split quaternions is as
real 2 x 2 matrices. And yet another realization is

211 212 — _
Hg = 211, 212, 221,222 € (Ca 222 = Z11, 221 = 212 (-
221 222

I. Frenkel initiated development of quaternionic analysis from the point of view of repre-
sentation theory of the conformal group SL(2,H) and its Lie algebra sl(2,H). This approach
has already been proven very fruitful and in our joint work [FLI] we push further the parallel
with complex analysis and develop a rich theory. In particular we show that the quaternionic
analogue of the Cauchy integral formula for the second order pole

/ 1 [ f(z)dz
Flw) =5 § 225

T 2mi

are the differential operator
Mx f=VfVv-0Of"

defined on all holomorphic functions of four complex variables f : He — H¢ and its integral
presentation (note the square of the Fueter kernel)

B (Z — VV)_1
(i) = [ o

where dZ* is the volume form, Cy is a four cycle homologous to U(2) = {Z € H¢; Z*Z = 1}
sitting in the complexified quaternionic space H¢e = C®H. Since the constant functions on C are
the holomorphic functions annihilated by the operator d/dz : f(z) — f’(z), their quaternionic
analogue is the kernel of the operator Mx, which turns out to be the space of solutions of a
Euclidean version of the Maxwell equation for the gauge potential.

We also identify the Feynman integrals associated to the diagrams

(Z-w)"!
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det(Z — W) 9z,

f(2)

Feynman diagrams
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with the intertwining operators projecting certain natural unitary representations of su(2,2)
onto their first irreducible components. Then we conjecture that the other Feynman integrals
also admit an interpretation via quaternionic analysis and representation theory as the projec-
tors onto the other irreducible components.

With this representation theoretic approach it quickly becomes evident that one has to
consider the complexifications He = C ® H and sl((4,C) of H and sl(2, H) and their real forms,
such as the Minkowski space M and su(2,2) or the split quaternions Hy and sl(4,R). An
important aspect of quaternionic analysis is its ability to compare representation theories of
various real forms, and thus produce new results and make previously known results more
explicit.

Just as (classical) quaternionic analysis is intimately related to the representation theory
of SU(2), split quaternionic analysis is related to the representation theory of SL(2,R). The
representation theory of SL(2,R) is much richer than that of SU(2) and exhibits most aspects
of representations of higher rank real semisimple Lie groups. In particular, the group SL(2,R)
exhibits a subtle aspect of representation theory such as the separation of the discrete and
continuous series of unitary representations:

L*(SL(2,R)) ~ L3, (SL(2,R)) ® L%,,,(SL(2,R)). (1)
We study this decomposition from the quaternionic point of view. The denominator of the
Cauchy-Fueter kernel det(X — Xj) determines a region in He = C ® H

Q = {X, € He; det(X — Xo) #0 VX € Hp with det(X) =1}.

Loosely speaking, this region can be broken into several connected components, two of which are
open Ol’shanskii semigroups of GL(2,C). Then the Cauchy-Fueter kernel % on Hg can
be expanded in terms of the K-types of the discrete or continuous series of SL(2,R) depending
on the choice of connected component of €2 containing X,. It follows that the projectors onto

the discrete and continuous series of SL(2,R) can be expressed as

discr o 1 (X - XO)_l
(P )f(XO)—Tﬁ/Cdiscrm‘Dz'f(X),

cont _ 1 (X — XO)_l
(P f(Xo) = W/Ccom m Dz f(X),

where Cy;ser and Ceopnt are certain three cycles in €2. Note that these two integrals are identical
to the Cauchy-Fueter formula, except for the choice of contours of integration Cly;ser and Ciopns.
Moreover, by choosing appropriate cycles we can even get projectors onto the holomorphic
discrete series and antiholomorphic discrete series. Such a geometric description of the decom-
position (I)) fits well into the Gelfand-Gindikin program initiated in [GG]. This relationship
between quaternionic analysis and the separation of the series for SL(2,R) will be the subject
of our upcoming paper [FL2].

In view of how many connections to mathematical physics (classical) quaternionic analysis
has (see, for example, [GT]), it is almost guaranteed that split quaternionic analysis will have
them as well. At this point it is worth mentioning two very recent physics papers [ACCK] and
[MS] stressing the importance of the (2,2) signature of the split quaternions Hy as opposed to
the traditional Lorentzian signature of the Minkowski space M.

Once split quaternionic analysis is sufficiently developed, it can be generalized in many
different ways. Perhaps the most obvious direction is to extend the new results to higher



dimensions. There is a generalization of quaternionic analysis known as Clifford analysis. Let
CI(V) be a Clifford algebra over a real finite-dimensional vector space V' with a nondegenerate
quadratic form Q(z). Then on R & V we can introduce Dirac operators D and Dt with
coefficients in €[(V) so that DD = D* D is the wave operator on ROV with symbol 22—Q. We
define a differentiable function f: R &V — €I(V) to be (left) Clifford analytic (or monogenic)
if DYf = 0. (We think of it as an analogue of the Cauchy-Riemann equations.) Slightly
more generally, we can define Clifford analytic functions with values in a €[(V')-module. When
the quadratic form @ is negative definite there is a well developed theory of Clifford analytic
functions called Clifford analysis (see, for example, [BDS], [DSS] and [GM]). This theory
generalizes (classical) quaternionic analysis. Note that in this case DD™ is the Laplacian on
R @&V, hence the components of Clifford analytic functions are harmonic. Clifford analysis has
deep connections with harmonic analysis, representations of spin groups and index theory of
Dirac operators.

Methods developed in split quaternionic analysis will extend to analysis of Clifford analytic
functions associated with quadratic forms of arbitrary signature. Thus we can consider split
Clifford analysis as a “real form” of complexified Clifford analysis, which in turn was introduced
by Ryan in [R]. On the other hand, the use of the wave equation for the study of harmonic
analysis on a hyperboloid goes back to Strichartz [St]. More recently, Kobayashi and Orsted
[Ko@| study representations of O(p + 1,¢q + 1) in the space of solutions of the wave equation
0, 4 = 0 on RPT4, In this light it is natural to expect that this split Clifford analysis will yield
new results relating solutions of the wave equation, representation theory and index theory of
Dirac operators. In particular, we expect to obtain concrete realizations of representations of
O(p+1,q+1) in the space of solutions of Clifford analytic functions. Since Clifford analysis is
widely used by mathematical physicists, it is very likely that they will find the split version at
least as useful as the classical one.

In this article we approach the split quaternions Hp as a real form of Hg, introduce the
notion of regular functions and give two different analogues of the Cauchy-Fueter formula valid
for different classes of functions. This is done in parallel with (classical) quaternionic analysis.
We conclude the paper with an outline of our derivation of the projectors P%5¢" and P" onto
the discrete and continuous series of SL(2,R). Some contemporary reviews of quaternionic
analysis are given in [Su] and [CSSS|.

2 The Quaternionic Spaces H¢, Hr and M

In this article we use notations established in [FL1]. In particular, ey, e1, €2, es denote the
units of the classical quaternions H corresponding to the more familiar 1, i, j, k (we reserve
the symbol i for /=1 € C). Thus H is an algebra over R generated by e, e1, €2, €3, and the
multiplicative structure is determined by the rules

2 . .
€0e; = €;eg = €, (€i)” = —eo, €iej = —eiej, 1<i<j <3,

and the fact that H is a division ring. Next we consider the algebra of complexified quaternions
He = C ® H (also known as biquaternions). We define a complex conjugation on Hc with
respect to H:

Z =g+ 2tes + 220 + 2Pes > Z¢= 20y + zleg + 22eq + 23es, 20,21, 22 23 eC,

so that H = {Z € H¢; Z¢ = Z}. The quaternionic conjugation on H¢ is defined by:

Z =g+ zter + 22eg + 2Pes = ZT =2V — zle; — 22ey — 2’363, 20,21,22,23 e C;



it is an anti-involution:
(ZVV)Jr =WtZzT, VZ,W € Hc.

We will also use an involution
Z v 7~ = —e3Ze3 (conjugation by e3).

Then the complex conjugation, the quaternionic conjugation and the involution Z — Z~ com-
mute with each other.

In this article we will be primarily interested in the space of split quaternions Hyg which is
a real form of H¢ defined by

Hr ={Z € He; Z°7 = Z} = {R -span of eg, €1 = iej, é3 = —iea, e3}.
We will also consider the Minkowski space Ml which we regard as another real form of Hg:
M={Z € Hg; Z°" = -7},

M is spanned over R by €y = —ieg, e1, €2, €3.
On H¢ we have a quadratic form N defined by

N(2)=22" =277 = (") + (z')" + (:2)* + (°)°,

hence N
1 Z

- N(Z)

The corresponding symmetric bilinear form on H¢ is

1 1
(Z.W) = 3 Te(Z*W) = 3 Te(ZWh), 2, € H, (2)

where Tr Z = 220 = Z 4+ Z*. When this quadratic form is restricted to H, Hg and M, it has
signature (4,0), (2,2) and (3,1) respectively. The real forms H and M have been studied in
[FL1], and the signature (1,3) is equivalent to (3,1). In this article we study the real form Hyg
realizing the only remaining signature (2, 2).

We will use the standard matrix realization of H so that

(10 (0 i (0 -1 (=i 0
€0 = 0 1/’ €1 = - 0 ) €2 = 1 0 ) €3 = 0 il

H={ZcHc; Z2°=2Z} = {Z = <211 le) € Hc; 292 = 711, 221 = —2_12}-
291 222

and

Then H¢ can be identified with the algebra of all complex 2 x 2 matrices:

_ _ [(*11 A2}
Hc = {Z = <z21 Z22> ; Rij € (C},

the quadratic form N(Z) becomes det Z and the involution Z — Z~ becomes

_ (71 212 - _ (10 0\ _(zu —212
Z_<221 222>'_>Z _<O —1>Z<O —1>_<—221 222>.

4



The split quaternions Hi and the Minkowski space M have matrix realizations

211 212 _ .
Hg =47 = € Hc; 292 = Z11, 221 = Z12
291 222

and

Z11 %12 . N
M=<Z7= S H(c; 211, 222 € ZR, 291 = —Z12 ¢-
221 222

From this realization it is easy to see that the split quaternions form an algebra over R isomor-
phic to gl(2,R), the invertible elements in Hg, denoted by Hy, are nothing else but GL(2,R).
We regard SL(2,C) as a quadric {N(Z) = 1} in Hg, and we also regard SU(1,1) ~ SL(2,R)
as the set of real points of this quadric:

SU(1,1) = {Z € Hg; N(Z) =1}

= {Z = <E @) S HR; det Z = ’211’2 — ’212’2 = 1}. (3)
212 211

The algebra of split quaternions Hpg is spanned over R by the four matrices

/10 (01 (0 i (=i 0
60_017 61_107 €2 = _207 63_ 027

0 .3 1 - 2

~ ~ xr — 1T x +1x 0 1 2 3
Hg = < 2V + z1é; + 2265 + 23e3 = . . s, € Rp.
R 0 1 2 3 33‘1—Z$2 33‘0+Z$3 ’ ) ’ ’

SO

The quaternionic conjugation in this basis becomes

+_ St s st _ s

The multiplication rules for Hg are:

eo commutes with all elements of Hp,
€1, €2, e3 anti-commute,
2 _ 52 _ 2 _ 2 _

€1€y = e3, €ge3 = —€1, €361 = —€3.

The elements eg, €1, €3, e3 are orthogonal with respect to the bilinear form (2]) and (eq, ep) =
(63,€3> = 1, <él,él> = <52,ég> =—1.

The (classical) quaternions H are oriented so that {eg,e1,es,e3} is a positive basis. Let
dV = dz° Adz' Adz® Adz® be the holomorphic 4-form on Hc determined by dV (e, ey, ea,e3) = 1,
then the restriction dV‘H is the Euclidean volume form corresponding to {eg, e, e2,e3}. On
the other hand, the restriction dV|H]R is also real-valued and hence determines an orientation
on Hg so that {eg, €1, €2, e3} becomes a positively oriented basis. Define a norm on H¢ by

1 211?12
Zl = —=+/|z111% + |212)% + |221|2 + | 2222, Zz( € Hc,
1Z]] \/5\/! 1112 + [212]2 + |21 + |222] R C

so that |je;|| =1, 0 <7 < 3.
In [FLI] we defined a holomorphic 3-form on H¢ with values in Hg¢

Dz = epdz! Ndz? A dz® — e1dz® A d2? A d2? + ead2® A dzt A d2? — e3d2’ A d2t A d2?



characterized by the property

1
<Zl, DZ(ZQ, Zg, Z4)> = 5 TI‘(Zf_, DZ(ZQ, Zg, Z4)) = dV(Zl, ZQ, Zg, Z4),
V21,729,723, 24 € Hc.

Let Dx = DZ‘HR and DT = Dz‘H.

Proposition 1 The 3-form Dz takes values in Hg. If we write X = 2%eq+x'é;+x26s+ae3 €
Hg, 2°, 2!, 22,23 € R, then Dx is given explicitly by

Dz = epdz! A da? Ada?® + é1dx® A da? A da® — éada® A det A da® — esdz® A dat A da?. (4)

Remark 2 Clearly, the form Dx satisfies the property

1
<X1,D£(X2,X3,X4)> = §Tr(X1+,Da:(X2,X3,X4)) = dV(Xl,XQ,Xg,X4),
VX17X27X37X4 € HR7

which could be used to define it.

It is also worth mentioning that in terms of the coordinates Z = <ill ?2) on Hc, z;; € C,
21 222
Dy — l —dz11 Ndz1o ANdzor  —dz11 N dzia N dzos
2 dz11 N dzop N dzoo dz19 N\ dzo1 N dzog

where we write z;; = Ti; + Wij, Tij, Yij € R, and dz;; = dx;j + idy;;.

Let U C Hg be an open region with piecewise smooth boundary OU. We give a canonical
orientation to QU as follows. The positive orientation of U is determined by {eg, €1, €2, e3}.
Pick a smooth point p € AU and let 7, be a non-zero vector in T,Hgr perpendicular to 1,,0U
and pointing outside of U. Then {ﬁ), 75, ?3?} C T,0U is positively oriented in OU if and only if
{77;,, 7,75, 74} is positively oriented in Hip.

Lemma 3 Let R € R be a constant, then we have the following restriction formulas:
Dz =mmdS, Dz = & dS = 2-dS,
{xeHy; N(x)=R} IX] {xeHz; |X|=r} IX]

where the sets {X € Hg; N(X) = R} and {X € Hpg; || X|| = R} are oriented as boundaries of
the open sets {X € Hg; N(X) < R} and {X € Hg; || X| < R} respectively, and dS denotes the
respective restrictions of the Euclidean measure on Hg.

3 Regular Functions on H and H¢

Recall that regular functions on H are defined using an analogue of the Cauchy-Riemann equa-
tions. Write X € H as X = 3% + &le; + #%es + #e3, 0,3, 32%,7% € R, and factor the
four-dimensional Laplacian operator [J on H as a product of two Dirac operators

9? 9? 9? 9?

2= e T ere T e T 07

S =VVi=V'y,

6



where

0
V+:€0 + e W

+ e +es = and

97t 0z3

0 0 0 0
"9 o e o

070
V=e

The operators VT, V can be applied to functions on the left and on the right. For an open
subset U C H and a differentiable function f on U with values in H or Hc, we say f is left-reqular
if (VHf)(X)=0forall X € U, and f is right-regular if (fV+)(X) =0 for all X € U.

Proposition 4 For any C'-function f on U C H with values in H or Hc,

d(f-Dx) =df ADi = (fVT)

d(DZ - f) = -DzANdf = (VTf) dV‘H.
In particular,
Vif=0 <= DiAdf=0, fVt=0 < dfADz=0.

Following [FLI], we say that a differential function f€: UC — Hg¢ defined on an open set
UC c Hg is holomorphic if it is holomorphic with respect to the complex variables 20, 2%, 22, 23.
Then we define f€ to be holomorphic left-regular if it is holomorphic and VT f€ = 0. Similarly,
fC is defined to be holomorphic right-reqular if it is holomorphic and fCV+ = 0.

Z11 212
221
U® — Hc is holomorphic if and only if it is holomorphic with respect to the complex variables

zij, 1 <1i,j <2. Let us introduce holomorphic analogues of V' and V:

If we identify H¢ with complex 2 x 2 matrices < , zij € C, then a function fC:

0
Oz 1 +€2@+€3@ and

029 19t 2922 30923

— tel=—~
V(CZCO

Then for a holomorphic function f€: U — Hg, the following derivatives are equal:

) ) 0 __0
VIfE =Vt =2 (_8'225 8) £ SVt =i =2fC (_8'225 %) :
0z12 0z11 0z12 0z11

c_ c o3 %) .c Co _ Co . o [7o 7o
Vf>=Vef-=2(% % |f, [V =f-Vc=2f 7t G-

0z12  0z22 0z12  0z22

Proposition 5 For any holomorphic function f©:UC — Hc,
Viff=0 = DandfC=0, [fVi=0 <= & ADz=0.
Lemma 6 We have:

1. Ogly = 0;




3. 16(—% = #;)2 is a holomorphic left- and right-regular function defined wherever N(Z) # 0;
— Z+2 - Dz is a closed holomorphic Hc-valued 3-form defined

4. The form %-Dz = N2
wherever N(Z) # 0.
Lemma 7 Let UC c Hc be an open subset. For any differentiable function F : U — C, we
have:
V(F(Z%) =(VTF)(ZT),  VH(F(Z1)) =(VE)(Z7),
V(FZ YY) ==z (VF)(z ") -z

4 Regular Functions on Hy

We introduce linear differential operators on Hp

0 _ 0 _ 0 0
Vi =cogn ~fig ~Gga tesgm  and
N RN R I
R= OG0 Tg1 T 252~ B3

which may be applied to functions on the left and on the right.
Fix an open subset U C Hg and let f be a differentiable function on U with values in Hg

or H¢.
Definition 8 The function f is left-regular if it satisfies

0 0 0 0
VENX) = sk () ~a 2L - 02l + e th(x) =0, vxeU

Similarly, f is right-regular if
of of . af . of
+ _ _
(va)(X) = w(X)eo — %(X)el — W(X)eg + @(X)eg = 0, VX € U
We denote by [y o the ultrahyperbolic wave operator on Hg which can be factored as follows:

2 2 2 2
0 0 0 0 VRVi = ViVa.

O = 0292 ~ (9712 (9a2)2 + (923)2

Proposition 9 For any C'-function f:U — Hg (or f : U — Hc),

d(f-Dz)=df ADz = (fV%)dV,  d(Dxz-f)=—DzAdf = (Vif)dV.

In particular,
Vif=0 <= DzAdf =0, fVE=0 <= df ADz=0.

Let U® C Hc be an open set. The restriction relations

DZ‘HR: Dz, DZ‘H: Dz

imply that the restriction of a holomorphic left- or right-regular function to UR = U® NHy pro-
duces a left- or right-regular function on UR respectively. And the restriction of a holomorphic



left- or right-regular function to Ug = U® N H also produces a left- or right-regular function
on Uy respectively. Conversely, if one starts with, say, a left-regular function on Hg, extends
it holomorphically to a left-regular function on H¢ and then restricts the extension to H, the
resulting function is left-regular on H.

These properties of Dirac operators Vﬁg and Vg and the notion of regular functions on Hg
are in complete parallel with the Dirac operators var[[ and Vy and the corresponding notion of
regular functions on M introduced in Section 3.2 in [FL1].

Proposition 10 Let f€: U — Hc be a holomorphic function. Then
v-i-f(c — vﬁgf@ _ Vl—{ﬂf(c — V+f(c, f(Cv-l- —_ f(CV+ — f(cvl—\l—/ﬂ _ f(Cv—i-’
V€ =VefC=VufC=vs®  fV=rVr=fVu=rv.

Thus, essentially by design, the Dirac operators VT, Vﬁg , VR'A[, VE and V, Vg, Vy, Ve
(and hence the notions of regular functions on H, Hg, M and holomorphic regular functions on
Hc) are all compatible.

5 Fueter Formula for Holomorphic Regular Functions on Hyp

We are interested in extensions of the Cauchy-Fueter formula to functions on Hg. First we
recall the classical version of the integral formula due to Fueter:

Theorem 11 (Cauchy-Fueter Formula [F1}, [F2]) Let Uy C H be an open bounded subset
with piecewise C' boundary OUg. Suppose that f(X) is left-reqular on a neighborhood of the
closure Uy, then

1 (X =Xo) ' oo Jf(Xo) i Xo € Us;
92 /é)UH NE %) DTN = {0 if Xo ¢ Ua.

If g(X') is right-reqular on a neighborhood of the closure Uy, then

%/ (X)-D@.M _ {Q(Xo) z:f)g'o € Un;
27 oUy N(X — XO) 0 ZfXO ¢ U]HI

Let U C Hg be an open subset, and let f be a C'-function defined on a neighborhood of U
such that Vﬁ f = 0. In this subsection we extend the Cauchy-Fueter integral formula to left-
regular functions which can be extended holomorphically to a neighborhood of U in He. (In
other words, we assume that f is a real-analytic function on U.) Observe that the expression in
the integral formul XXo)7!
e integral formula “F=""5=
(Z—Xo)71
N(Z—Xo)
expect an integral formula of the kind

However, the integrand is singular wherever N(Z — Xy) = 0. We resolve this difficulty by
deforming the contour of integration OU in such a way that the integral is no longer singular.
Fix an ¢ € R and define an e-deformation h. : He — Hg, Z — Z., by:

- DT is nothing else but the restriction to H of the holomorphic

3-form - Dz which is the form from Lemma [ translated by X,. For this reason we

(X)), VXg e U.
Hg




Z11 — 211 ez, 212 212 — i€212,
291 — 291 — 1€291, 299 299 + 1€299.

Define a quadratic form on Hg¢
S(Z) = z11202 + 212201

Lemma 12 We have the following identities:
Z. =2 +ieZ™, (Z)t =21 +iezt,
N(Z.)=(1-e*)N(Z) +2ieS(Z),  S(X)=|X|>, VX €Hg.
For Zy € Hc fixed, we use a notation
he 2,(Z) = Zo+ he(Z — Zy) = Z +ie(Z — Zy) ™.

Theorem 13 Let U C Hg be an open bounded subset with piecewise C* boundary OU, and let
f(X) be a C'-function defined on a neighborhood of the closure U such that V['Rff = 0. Suppose
that f extends to a holomorphic left-reqular function f€ : VC — He with VE € He an open
subset containing U, then

— -1 _ ‘
_% MDZJCC(Z): {f(X()) ZfXO Ez’
2 e xp)-to) N2 = o) 0 if Xo ¢ U,

for all € # 0 sufficiently close to 0.

Remark 14 For all € # 0 sufficiently close to 0 the contour of integration (he x,)«(OU) lies
inside VC and the integrand is non-singular, thus the integrals are well-defined. Moreover, we
will see that the value of the integral becomes constant when the parameter € is sufficiently close
to 0. Of course, there is a similar formula for right-reqular functions on Hr as well.

Proof. Let M = supxepy | X — Xo||. Without loss of generality we may assume that V' is
the é-neighborhood of U for some § > 0. We will show that the integral formula holds for
0 < |e| < 0/M. Clearly, for this choice of € the contour of integration (he x,)«(0U) lies inside
VC and, since the integrand is a closed form, the integral stays constant for —6/M < ¢ < 0 and
0 < e < /M (a priori the values of the integral may be different on these two intervals).

Let S, = {X € Hg; || X — Xo||? = 7%} and B, = {X € Hg; ||X — Xo||* < r?} be the sphere
and the closed ball of radius r centered at Xy, and choose r > 0 sufficiently small so that
B, CcU and r <.

Lemma 15 Let S, = {X € H+ Xo; | X — Xo||? = 12} be the sphere oriented as the boundary
of the open ball, then
-5, if Xg € U;
(he )+ () ~ fxey
0 Zf X(] §é U
as homology 3-cycles inside {Z € VC; N(Z — Xg) # 0}.

Proof. We give a proof for ¢ > 0; the case ¢ < 0 is similar. As homology cycles in {Z €
VE N(Z - Xo) £ 0},

(he,xo)«(OU)  ~  (he,xo)«(Sr)  ~  (h1,x0)x(Sr)-

10



If X ¢ U, the cycle (h1 x,)«(Sy) is homologous to zero.
Assume now Xy € U. Let Py be the projection H¢ — H defined by

Z = (% 4+ i3%)eq + (' +igYer + (@% 4 i)es + (32 + i )es

— X =3 + 3ley + iley + e, #°

1

~1 ~2 23 ~0 ~1 ~2 -3
T, T%,20, 9,99,y €R,

and let Py x, : He — H+ X, be the projection Pyt x,(Z) = Pu(Z — Xo) + Xo. We describe
the supports of the cycles involved:

S| = {Xo + aep + béy + céy + deg; a* + b + 2+ d* = r?},
|(h1,x0)+(Sr)| = {Xo + (1 +1)aeg + (1 —i)bé; + (1 —i)céa + (1 + i)des;
(12_‘_1)2_‘_62_‘_(12:,r,2}7
|(PEx, 0h1,x0 )+ (Sr)| = { X0 + aeg + bey — ceg + des; a? +b* + 2+ d? = r*} = |S,.

Moreover, .
(Pr1x, 0h1,x,)+(Sr) = =S

as homology cycles. It is easy to see that this projection provides a homotopy between
(h1,x,)+(Sr) and —S,, hence the lemma. O

By Stokes’

/<hs,x0>*<av> NZ-xo) P77 (Z)_/_g,. NZ-xg P22 itXecl,

and zero if Xo ¢ U. Finally, by the Fueter formula for the usual quaternions (Theorem [I),
the last integral is —272f(X). (Alternatively, one can let » — 0% and show directly that the
integral remains unchanged and at the same time approaches —272f(Xy) in the same way the
Cauchy and Cauchy-Fueter formulas are proved.) O

For a Cauchy-Fueter formula for regular functions on M that extend to holomorphic regular
functions on H¢ see Section 3.3 in [FLI1].

6 Fueter Formula for Regular Functions on Hg

In this section we prove an analogue of the Cauchy-Fueter formula for smooth left-regular
functions on Hg which are not necessarily real analytic and do not necessarily have holomorphic
extensions. As a “trade-off” for working with “bad” functions the proofs become much more
involved.

Theorem 16 Let U C Hy be a bounded open region with smooth boundary OU. Let f : U — Hg
be a function which extends to a real-differentiable function on an open neighborhood V C Hg
of the closure U such that Vﬁgf = 0. Then, for any point Xg € Hg such that OU intersects the
cone {X € Hg; N(X — Xo) = 0} transversally, we have:

o1 (X — Xo)F F(Xo) ifXo€U;
lim —— Dz f(X) = _
250 272 /aU (N(X = Xo) +ie|| X — Xo|2)* A {0 if Xo¢ U.

11



Proof. The case Xq ¢ U is easier, so we assume X € U. Using Proposition [, we get

< (X — Xo)*
(N(X - Xo) +ie|| X — Xo|2)*

D= f(X))

= (X — Xo)F .

B <(N(X — Xo) +ie]| X — X0”2)2VR>JC(X) dV

||X Xol2 = (X — Xo)* (X — Xo)~
(N(X — Xo) + e[| X — Xo?)°

fF(X)av. (5)

In particular, expression ([B) tends to zero pointwise when e — 0 except for those X which lie
on the cone {X € Hg; N(X — X() = 0}, and we need to be very careful there. By translation
we can assume that Xo = 0. Let S, = {X € Hg; || X||?> =72} and B, = {X € Hg; || X||* < r?}
be the sphere and the closed ball of radius r. By Stokes’

X+ o+
/6U (N(X) + il X |12)* D= U\Brd<(N(X) +ie]| X12)° 'Dz'f(X)>

X+
+/T (N(X) +ier?)? Dz f(X).

We will show that, as € — 0, the first integral on the right hand side tends to zero (this part is
non-trivial and uses that the cone {N(X — X) = 0} intersects QU transversally). On the other

hand, as ¢ — 0 and r — 0T, the second integral tends to —272f(0). The proof is essentially

a series of integration by parts computations. In regular coordinates (z°,z', 22, 23) we have

X = 2% + z'é; + 2285 + 23e3, and N(X) = (29)2 — (21)? — (2%)? + (23)%2. For computing

purposes we replace (20, z!, 22, 23) with spherical coordinates (p, 6, ¢,v) so that

2% = pcosfcos p p >0,

x! = psinfsin 0<6<7/2, 6
22 = psinf cos 1) 0 < < 2m, (6)
23 = pcosfsin p 0 <y <27

This is an orientation-preserving change of coordinates, and the vector fields { 880, aaw 3 w} form

a positively-oriented frame on S,. Then
N(X) = p* cos(26), N(X) +ie]| X||* = p? (005(29) + ia),

and the equation N(X) = 0 becomes 6 = /4.
Recall that the function min which is singular at x = 0 can be regularized as a distribu-

tion in two different ways, T and 0 so that a test function g(z) is being sent into

1
:E—HO)” z— 20)” ’

z) dx x) dx o .
<m,g(:p)> = lim, o+ f (wﬂ @ Or <($_i0)n,g(:p)> =lim,_,o- [ gm(+ze)n' By a similar fashion

we have the following lemma:

Lemma 17 Fiz a 6y € (0,7), and let n be a positive integer, then we have two distributions
which send a test function g(0) into the limits

_ [T g(0)dd L[t g(6)de
lim — and lim —
e=0t Jz _g, (COS(ZQ) + 26) e=0~ Jx_g, (COS(ZQ) + 26)

12



Proof. We need to show that the limits exist and depend continuously on the test function g(0).
We do it by induction on n using integration by parts. If n = 1,

/Wo g(0)do /Wo 2sin(26)  g(9)
g, cos(20) +is =gy cos(20) +ic  2sin(20)

T+60

_ [T v od (g9 90
= /%_90 log (cos(26) + ie) - 7 (28in(29)> df — log(cos(26) + ie) - 75 (20) %_90.

For the purpose of this integration, the complex logarithm function is defined on the complex
plane C minus the negative real axis, and the values of the logarithm lie in the strip {z €
C; —7 < Imz < m}. The function log(cos(26) + ic) is integrable for all values of ¢, including
e = 0, hence the limits as ¢ — 0% exist and depend continuously on g().

Now suppose that n > 1, then

/Z—i-@o M B /Z-i-ﬁo 2sin(26) ' 9(0)
6o (005(29) +i€)n B ™6 (005(29) —|—z’e)n 2sin(26)

B 1 1 9(6) T+6o
-1 (cos(26) + ie)n_l ' 25in(20) L
1 /%+90 1 .i( g(0) >d9
n—1Jz 6, (cos(20)+ i) "=l do \ 2sin(20) ’

and the result follows by induction in n. ([l

Lemma 18

I d X Dz f(X)) =0
e=0 Jin s, ((N(X)+15HX|12)2’ el )>_ '

Proof. We have seen that

ne \(N(X) f;uxuz)z o
[ —

- 4¢5/ I X = Xol2 = (X — Xo)* (X — Xo)~
U\B, (N(X) +ie|| X||2)°

f(X)dv.

Writing the right hand side integral in the spherical coordinates (6) and integrating out the
variables p, ¢, ¥ we obtain an integral of the type

2 0)do
e [ .
0 (cos(26) + ie)
for some function g(6). By assumption, the boundary OU is smooth, compact and intersects
the cone {N(X) = 0} = {0 = 7/4} transversally, hence the function g(#) is smooth at least for

¢ lying in some interval [§ — 6, T + 6o] with 6y € (0, F). It follows from Lemma [I7 that the
limit of (7) as € — 0 is zero. O

Lemma 19

/ Xt .DZ_T/ ds 2
- (N(X) +iar2)2 - (N(X) +i€r2)2 1+e?

13



Proof. From Lemma [3] we see that
X+
(N(X) + ier2)’

o xTxT ds
s, (N(X)+ier2)® 1

Notice that the involution X +— X~ preserves the sphere, its orientation, its volume form

45 and replaces gy g With pypgzay. Therefore, using XX~ + XX = 21X

spherical coordinates (B) and dS = r3sin @ cos 6 dipdpd®,

XtX- dS 1 [ X*X +Xt X dS rdsS
/r (N(X)+ier2)? T 2Js, (N(X)+ier2)® 1 / (N(X) + ier2)?
_ /9=”/2 /@=2ﬂ /w=27r sin ) cos 0 dypdpd) _, , /9=7f/2 sin(26) db
6=0 e=0 Jy=0  (cos(26)+ ie)2 6=0  (cos(260) + ie)2
2 O=m/2 2 2 )

T T1xie 14ie 1+e2

 cos(20) +ig |,
]

Lemma 20

. . XDz f(X)\ _ . o
i <;1£% /s (N(X) +ier2)2> =2 10

Proof. By Lemma B we have:

L XU Dz f(X) L[ XPXTf(X) dS
i%/sr (N(X) + ier?)” geo/sr (N(X) +ier?)® 7 )

If the function f(X) were constant we would be done by previous lemma. However, we cannot

argue that since r — 0%, f(X) is close to f(0) and so may be treated like a constant because

there can be derivatives of f(X) involved. So an integration by parts argument will be needed.
First we compute (writing X = 2%y + 2'é; + 2265 + 23e3)

_ (x0)2 + (x1)2 + (x2)2 _|_ (x3)2 2( 2x3 o xox ) _ Qi(xox2 + x1x3)
XTX" = <2(ZE2JE3 — %) + 2i(2%22 4 z'2?) (29)2 + (212 + (22)? + (23)? ) '

and using the spherical coordinates (6) we can rewrite

XtTX™ = p? <(1) (1)> + p?sin(26) sin(yp — ) <(1) (1)> + p?sin(26) cos(1) — ) <(z) _OZ> .

Thus (8) can be rewritten as

01 0 —

sin(y — ¢) +cos( — ) |
lim (7’/ S(X) (%S 5 —i—r/ <1 0> — <Z 0> -sin(29)fd5>.
=20\ Js, (N(X) + ier?) s (N(X) + ier?)

We have:

. / f(x)ds 1 /9=”/2 /@=2ﬂ /w=27r sin(26) f dipdpdd
- (N(X) + z‘sr2)2 2Jo=0  Je=0 Jy=0  (cos(20)+ z‘s)2
1 =21 pp=2m f O=m/2 0=n/2 pp=27 pY=27 af dzbdcpd&
(L L wmreal, me L L Saee)
4\Jpo=0 Jy=o cos(20)+ic o= cos(20) + ie
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By the chain rule % can be written as p- g(X) for some smooth function g(X), thus the second
integral is  times an expression from Lemma [[7l Taking limits € — 0 and then » — 0%, the
first integral tends to —272f(0) and the second tends to zero. The second term inside the limit
is

(v =) (o) +oostv =)

L)
' /s (N(X) +ier2)’ e

p=2r SI(Y — @) <$ é) + cos(yh — ) <(Z)

1 0=m/2 prp=27
T2 /9:0 /4,020 /wzo (cos(20) + ic)*

Z)
/. sin?(26) f dydpd.
(9)

But
P=2m Y=2m of
/ sin(y — @) fdy = cos(¢p — @)@f dy,
=0 =0
=2m B p=2m of
Aﬂ(MW—wﬂW——Aﬂme—@@JW-

By the chain rule g—i can be written as p- h(X) for some smooth function h(X), thus the right
hand side of (@) is r times an expression from Lemma [[7l When we take limits first as ¢ — 0
and then as r — 0T, integral (@) tends to zero. O

This concludes our proof of Theorem O

7 Separation of the Series for SL(2,R)

What makes the representation theory of SL(2,R) more interesting than that of SU(2) is having
the separation of the series into discrete and continuous components. Instead of SL(2,R) we
prefer to work with SU(1, 1) sitting inside Hg, as in (3]). In this section we outline a relationship
between split quaternionic analysis and the decomposition

L*(SU(1,1)) ~ L. (SU(L,1)) @ L2, (SU(1,1)).

discr
The denominator of the Cauchy-Fueter kernel N(X — X;) determines a region in H¢
0= {XoeHe; N(X —X0) £0 VX € Hg with N(X) = 1}.
This region contains two open Ol’shanskii semigroups of GL(2,C)
I = {Z € Hg; Z*é3Z — é3 is positive definite},
0= T%™! = {Z € Hc; Z*é37Z — &3 is negative definite},
0 _01> € He. Following [Ku®] we can show that over I'° and TO the

Cauchy-Fueter kernel %

where €3 = ie3 = <

can be expanded in terms of the K-types of the discrete series
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of SU(1,1). Thus we obtain the following integral formula for the projector onto the discrete
series of SU(1,1)):

' _ -1
(szscr)f(XO) — % /Cdiscr % - Dz - f(Z)7 (10)

where Cyisr is a certain three cycle in T U I'0. (Strictly speaking, this operator is not a
projector because it has eigenvalues £1 on the discrete series subspace, but its square does
give a projection onto the discrete series.) Furthermore, we can decompose the cycle Cyiser
into a sum of two cycles C;E ser T Cliser With le;s o and Co.  lying in I'0 and T respectively.
Then integration over C’:l; sor (respectively C'. ) produces a “projector” onto the holomorphic
(respectively antiholomorphic) discrete series.

Our next goal is to obtain a projector onto the continuous series component P<™. We
expect that P will be given by the same formula (I0) but with a different choice of the cycle
of integration, quite possibly supported in  \ (I'° U ﬁ). To get P we use a conformal map

v : He — H¢ which sends
Hr =M and SU(1,1) = H? (with singularities),

where H3 is the unit hyperboloid of one sheet in M; we call v the “Cayley transform”. The
hyperboloid H? can be identified with SL(2,C)/SU(1,1) and is usually called the imaginary
Lobachevski space. The group SL(2,C) acts naturally on L?(H?3) and decomposes into the
discrete and continuous components:

Lz(Hg) = L?liscr(H3) ® Lgont(H3)
as representations of SL(2,C) (see, for example, [GGV]). Then the map ~ switches the discrete
and continuous components:

cont

Lzont (SU(17 1)) = L?liscr(ﬁ3)7 L?liscr (SU(17 1)) = L2 (]Ejﬁ)

This explains the purpose of the Cayley transform — it is easier to find the projector onto the
discrete component than onto the continuous one! Once the projector onto L2, (H?) is found
we can pull it back to Hg to get P, We expect it to have the form

B —1
) = s [ S De ()

where C,opnt s a certain three cycle in 2.

The integral formulas for P#¢" and P¢™ strongly suggest that the separation of the series
is a topological phenomenon! Thus there is some underlying homology theory still waiting to
be developed. We hope that this geometric analytic realization of the separation of the series
will extend to higher rank groups. Such a picture fits well into the Gelfand-Gindikin program
initiated in |[GG| which realizes representations of reductive groups G in function spaces of
open domains in G¢ (complexification of G). This geometric relationship between quaternionic
analysis and the separation of the series for SL(2,R) will be the subject of our upcoming paper
[FL2].

16



References

[ACCK]

[BDS]
[Co]

[CSSS]

[DSS]

[FL1]

[FL2]

[F1]

[F2]

[GG]

[GGV]

N. Arkani-Hamed, F. Cachazo, C. Cheung, J. Kaplan, The S-Matriz in Twistor
Space, arXiv:0903.2110! (2009).

F. Brackx, R. Delanghe, F. Sommen, Clifford Analysis, Pitman, London, 1982.

J. Cockle, On Systems of Algebra Involving More than One Imaginary, Philosophical
Magazine (series 3) 35 (1849), 434-435.

F. Colombo, I. Sabadini, F. Sommen, D. C. Struppa, Analysis of Dirac systems and
computational algebra, Progress in Mathematical Physics, vol. 39, Birkhauser Boston,
2004.

R. Delanghe, F. Sommen, V. Soucek, Clifford algebra and spinor-valued functions,
Kluwer Academic Publishers Group, Dordrecht, 1992.

I. Frenkel, M. Libine, Quaternionic analysis, representation theory and physics, Ad-
vances in Math 218 (2008), 1806-1877; also arXiv:0711.2699.

I. Frenkel, M. Libine, Split quaternionic analysis and the separation of the series for
SL(2,R) and SL(2,C)/SL(2,R), work in progress.

R. Fueter, Die Funktionentheorie der Differentialgleichungen Au =0 und AAu =0
mit vier reellen Variablen, Comment. Math. Helv. 7 (1934), no. 1, 307-330.

R. Fueter, Uber die analytische Darstellung der requliren Funktionen einer Quater-
nionenvariablen, Comment. Math. Helv. 8 (1935), no. 1, 371-378.

I. M. Gelfand, S. G. Gindikin, Complex manifolds whose spanning trees are real
semisimple Lie groups, and analytic discrete series of representations, Funktsional.
Anal. i Prilozhen. 11 (1977), no. 4, 19-27, 96.

I. M. Gelfand, M. L. Graev, N. Ya. Vilenkin, Generalized Functions. Vol. 5: Integral
Geometry and Representation Theory, translated from the Russian by E. Saletan,
Academic Press, New York and London 1966.

J. Gilbert, M. Murray, Clifford Algebras and Dirac Operators in Harmonic Analysis,
Cambridge Univ. Press, Cambridge, UK, 1991.

F. Giirsey, C.-H. Tze, On the role of division, Jordan and related algebras in particle
physics, World Scientific Publishing Co., 1996.

T. Kobayashi, B. Orsted, Analysis on the minimal representation of O(p,q) I, II, 111,
Adv. Math. 180 (2003), no. 2, 486-512, 513-550, 551-595.

K. Koufany, B. Orsted, Function spaces on the Ol’shanskii semigroup and the
Gel’fand-Gindikin program, Ann. Inst. Fourier (Grenoble) 46 (1996), no. 3, 689-722.

L. Mason, D. Skinner, Scattering Amplitudes and BCFW Recursion in Twistor Space,
arXiv:0903.2083! (2009).

J. Ryan, Complexified Clifford Analysis, Complex Variables Theory Appl. 1
(1982/83), no. 1, 119-149.

17


http://arxiv.org/abs/0903.2110
http://arxiv.org/abs/0711.2699
http://arxiv.org/abs/0903.2083

[St] R. S. Strichartz, Harmonic analysis on hyperboloids, J. Functional Analysis 12
(1973), 341-383.

[Su] A. Sudbery, Quaternionic analysis, Math. Proc. Camb. Math. Soc. 85 (1979), 199-
225.

FE-mail address: mlibine@indiana.edu
Department of Mathematics, Indiana University, Rawles Hall, 831 East 3rd St, Bloomington,
IN 47405

18



	1 Introduction
	2 The Quaternionic Spaces HC, HR and M
	3 Regular Functions on H and HC
	4 Regular Functions on HR
	5 Fueter Formula for Holomorphic Regular Functions on HR
	6 Fueter Formula for Regular Functions on HR
	7 Separation of the Series for SL(2,R)

