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Abstract

We consider the distance from a pencil A — AB (square or non-square) to the nearest
pencil (A + AA,) — AB in 2-norm that has the prespecified eigenvalues A1, ..., \; with
algebraic multiplicities summing up to r or greater. A singular value optimization char-
acterization is derived for this problem under mild linear independence and multiplicity
assumptions. The corollaries of the singular value optimization characterization are sig-
nificant. First this provides a singular value formula to determine the nearest pencil
whose eigenvalues lie in a compact region in the complex plane. Secondly this partially
solves the problem posed in [4] regarding the distance from a non-square n x m pencil
with n < m to the nearest pencil with n eigenvalues. The derived singular value opti-
mization problems are solved by means of BFGS and Lipschitz-based global optimization
algorithms.
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1 Introduction

Given a pencil A — AB where A, B € C"*™ with n < m. We call a scalar \ an eigenvalue if
there exists a nonzero vector v € C™ such that

7*(A—AB) =0. (1)

The vector © is said to be a (left) eigenvector associated with A and the pair (X, ?) is said to
be an eigenpair of the pencil. Throughout this text we will always assume that B has full
row-rank.
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In the square n x n case the pencil A — AB has exactly n eigenvalues counting their
multiplicities. In the non-square case the pencil can have at most n eigenvalues. It is possible
that A — AB has full row-rank for all A meaning that the pencil has no eigenvalues at all.
Indeed this is generically the case, since a necessary condition for the satisfaction of (|1f) is that
m!/ ((m —n)!n!) polynomials (each corresponding to the determinant of a pencil obtained by
picking n columns of A — AB out of m columns) have a common root.

The contribution of this work is two-fold. First given a set of complex scalars M, ..., o and
an integer r. We derive a singular value optimization characterization for the 2-norm of the
smallest perturbation AA, so that the pencil (A + AA,) — AB has the eigenvalues A1, ..., \
with the sum of their algebraic multiplicities at least equal to r, i.e. for the quantity

T,/,X(A, B):= inf{|[|AA||s: Ay, ..., A are eigenvalues of (A + AA) — AB with

algebraic multiplicities summing up to r or greater}

where A = {;\17 Ao, 5\4}. In control theory it is often of interest to design a system whose
eigenvalues lie in a certain region in the complex plane. At the very least one desires a
control system to be stable. For a stable linear system the distance to a nearest unstable
system is introduced in [I0] and consequently a singular value optimization characterization
is provided. A corollary of the first contribution addresses the converse; for an unstable linear
system determine a stable system as close to the original system as possible. Notice that this
problem is intrinsically harder than the distance to instability. For the distance to instability
it suffices to perturb the system so that one of the eigenvalues is in the undesired region. On
the other hand to make an unstable system stable one needs to perturb the system so that
all eigenvalues lie in the region of stability.

The second contribution concerns a question posed in [4]; for the non-square pencil A—\B
what is the smallest perturbation to A and B so that the perturbed pencil has exactly n eigenval-
ues? Here we allow perturbations to A only, however we derive a singular value optimization
characterization for the more general problem of finding the smallest perturbation to A so
that (A + AA) — AB has r < n eigenvalues. Specifically given a non-square n x m pencil
A — AB with m > n the quantity for which a singular value characterization is sought is

7.(A, B) := inf{||AA]l2 : (A+ AA) — AB has r eigenvalues }.

In the definition above multiple eigenvalues are counted as many times as their algebraic
multiplicities. Suppose (A — AB) is rank deficient at A and the algebraic multiplicity of Nk
is my, for k =1,...,£. Then the pencil has Eizl my, eigenvalues.

The outline of this paper is as follows. In the next section we remind how one can naturally
define the algebraic multiplicity of an eigenvalue for a rectangular pencil. Specifically we make
a connection between the eigenvalues of a non-square pencil and the eigenvalues of a relevant
matrix. In and we derive rank characterizations for a matrix and a pencil to have
the eigenvalues A1, ..., A¢ with the sum of their algebraic multiplicities equal to r or greater.
The rank characterizations depend on the matrix and the pencil linearly, which is crucial for
the derivation of the singular value characterizations. In §5 and 6] we deduce the singular
value characterizations for 72 (A, B) and 7,.(A, B) exploiting the linear rank characterizations.
Finally in §7]a numerical technique to solve the singular value optimization problems is briefly
outlined and in §§ the numerical technique is applied to examples. We do not claim that the
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numerical technique outlined here is as efficient as it could be, neither do we claim that it
is reliable. Our mere motivation in describing a numerical technique is to illustrate that the

singular value characterizations facilitate the computation of 72(A, B) and 7,.(A, B).

2 Algebraic multiplicity of an eigenvalue for a non-square
pencil

As it is well-known for a square pencil the algebraic multiplicity of an eigenvalue can exceed
its geometric multiplicity (the dimension of the eigenspace). The definition of the geometric
multiplicity of an eigenvalue naturally extends to the non-square case. It can be defined as
the dimension of the subspace of left eigenvectors associated with the eigenvalue. However,
the definition of the algebraic multiplicity of an eigenvalue for a non-square pencil is more
subtle. It appears natural that it must involve the Kronecker canonical form for a rectangular
penciﬂ Kronecker canonical form is rather technical. Below we provide an equivalent simpler
definition in terms of characteristic polynomials of square pencils.

Since the matrix B is assumed to have full-rank, the Kronecker canonical form of the
pencil A — AB must be of the form [6]

TL(A — AB)Tx = diag (Lq()\), e L, N, IO, LI, D0, J{”)(A))
(2)
Above Ty, € C™™ and Tr € C™*™ are non-singular matrices. The rectangular fat and
short matrices L, () are the elementary Kronecker blocks that do not have any eigenvalues.
The square matrices J, (@ )()\) for ¢ = 1,...,7r; denote the Jordan blocks associated with the
eigenvalue A; of the pencﬂ A—)\B. The algebralc multiplicity of the eigenvalue \; of the pencil

A — AB can be defined as the sum of the sizes of the Jordan blocks J(l)( A)fori=1,...,r;.
Following the conventions for the square case we now provide an equlvalent deﬁnltlon for
the algebraic multiplicity of an eigenvalue in terms of the multiplicity of the associated root
of a characteristic polynomial. Let us denote the characteristic polynomial associated with
the Jordan blocks J, ® (A) for i =1,...,7; by p;(X) in the Kronecker canonical form (2)). If we
append rows to the Kronecker form SO that it becomes square, the determinant of the resultlng
square pencil would be either p(A\) = 0 or p(\) = q(\) szlp](/\) for some polynomial g(\).
This implies that the eigenvalue \; is a root of p(\) of multiplicity m; at least unless p(\) = 0,
where m; is the sum of the sizes of blocks J)(\Zj)()\) for i = 1,...,r;. More formally consider

the polynomial
A—-)B
P(a,B,c)(A) = det ([ C })

where C' € C(m=)%m a1 denote the multiplicity of A as a root of pca,B,cy(A) by mult (p(A,BC), 5\)

unless p(a,5,cy(A) = 0. Clearly the following definition for the algebraic multiplicity is equiv-
alent to the definition in terms of the Jordan blocks in the Kronecker canonical form.

IThanks to Volker Mehrmann for pointing this out during a relevant talk at the workshop IWASEP 8, that
was held in Berlin in 2010
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Definition 2.1 (Algebraic Multiplicity of an Eigenvalue for Non-square Pencils). Let A—AB
be a pencil of size nxm withm > n. Then we define the algebraic multiplicity of an eigenvalue
Aof A—AB as

minimum {mult (p(A,B,C)y 5\) (C e Clm—mxm gt Pa,B,c)(A) # O} .
We remark that for invertible matrices T, € C"*"™ and T € C™*™ the transformation
A—AB — T (A— AB)Tg

preserves the eigenvalues of A — AB and their algebraic multiplicities. This is apparent from
the Kronecker canonical form as well as the equivalent definition provided above, i.e.

(420 ([ 8]

([T

Now since B has full rank, the matrices 77, and Tr (for instance elementary matrices
corresponding to row and column operations on the matrix B) can be chosen so that

TL(A=AB)Tp=] A1 Ay |—X[ 1, 0] (3)
where A; € C"*", A, € Cnx(m=—n),

Next we benefit from the controllability canonical form [3, Theorem 2.12, p.70] to conclude
with a neat characterization for the eigenvalues of the pencil A — AB. Suppose

rank ([ A2 A1A2 A%AQ . A;L_lAQ ]) =T
Then there exists an invertible transformation 7' € C**™ such that
A=rart= | A A g A, | A2 | (4)
0 Ay 0

where /111 € (CTXT,/NhQ S Crx(nir),/igg S (C(nir)x(nir) and 12121 S (Crx(mfn)' Furthermore
the pencil ~ 3
[ Ay Ay |=A[ L 0]

has full rank for all \. We call the eigenvalues of A,y as the uncontrollable eigenvalues of the
pair (A1, Ag). This terminology is motivated by the dynamical system a/(t) = A;2(t)+ Asu(t)
where x(t) and u(t) denote the state and input functions, respectively. Transform the state-
space of the system by Z(t) = Tx(t). Then the eigenvectors associated with the uncontrollable
eigenvalues constitute those states that cannot be reached by the transformed system #'(t) =
A1 Z(t) + Azu(t) no matter what u(t) is chosen starting from zero initial conditions.

By further applying similarity transformations defined in terms of the state transformation
T to we obtain
0 I

TT.(A— AB)Tx [ o }

= 7([ A A ]-A[ L 0])[T(;1 ?]

_ An 412 Ay | 00
0 Az 0 0 I, O
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Now since the pencil [ A Ay ] - A [ I. 0 } has full rank for all A, it follows that the

eigenvalues of A — AB are precisely the eigenvalues of the matrix As. Therefore the pencil
A — AB has exactly n — r eigenvalues given by the uncontrollable eigenvalues of the pair
(A1, A2) as summarized by the following theorem.

Theorem 2.2 (Nonsquare Eigenvalue Problem and Uncontrollable Eigenvalues). Let A—AB
be an n x m pencil with n < m and such that B has full rank. Suppose also that A — AB has
n —r eigenvalues counting their algebraic multiplicities. Then

(i) there exist invertible Ty, € C"™™ and Tr € C™*™ satisfying

To(A - AB)TR = AO“ g;z A(?]A[% I:L 8}

where Ay, € CT”,AH S (CTX("’T),AQQ e Cln=r)x(n=r) gnd Ay € C™<m=1) sych that
the pencil

[ A Ao |=X[ L 0]
has full rank for all X,

(ii) furthermore the eigenvalues of A— AB are same as the eigenvalues of Agy with the same
algebraic multiplicities.

3 Rank Characterization for Matrices with Prespecified
Eigenvalues

We will first derive a singular value characterization for the distance to the nearest pencil with
prespecified eigenvalues whose algebraic multiplicities sum up to r. (The quantity 7,.(A, B)
is the infimum of all these distances over all possible eigenvalues.) But the eigenvalues of
the pencil A — AB are deduced to be the same as the eigenvalues of a matrix with the same
algebraic multiplicities by Theorem[2:2] Therefore the starting point in our derivation is a rank
characterization to check whether a matrix has the prespecified eigenvalues with multiplicities
summing up to r.
The first characterization below follows from the Jordan factorization of a matrix.

Theorem 3.1 (Rank Characterization). Let A € CF*k Xi,..., X\ € C be distinct complex
scalars and v € Z*. The scalars \j for j = 1,...,¢ are the eigenvalues of A with algebraic
multiplicities summing up to r or greater if and only if the inequality

rank [ [J(A-ND) | <k—r
j=1

holds for some \; € {5\1,...75\5} forj=1,...,r.

The difficulty with the rank characterization above is that it is in terms of a polynomial of
A. When analyzing optimal perturbations, a linearized version of the result above facilitates
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the derivation by a great deal. Therefore our next task is to linearize the rank characterization.

In essence here we generalize Theorem 2.3 in [12] where a linearized rank characterization was

derived for only one eigenvalue to have algebraic multiplicity equal to or greater than r. Note

that in what follows throughout this text null(C') always denotes the left null-space of C' and

whenever we refer to the null-space of a matrix, we always mean the left null-space.
Malyshev in [I1] exploited the equivalenceﬂ

A is an eigenvalue of algebraic multiplicity > 2
<
rank(A — A)? <n —2
—
A— ) 0

rank VI A\ <2n—2.

MM

Now ) is an eigenvalue of A if and only if rank(A — AI) < n —1 or equivalently the dimension
of null(A — A\I) > 1. When we multiply (A — AI) with itself, there are potentially vectors (if
A is a defective eigenvalue) that are in null(A — AI)? \ null(A — AI). The second block row of
Mé\’r takes these vectors contained in null(A — AI)? \ null(A — AI) into account.

More generally we will establish that the null spaces of (H;:1 (A—=X\1 )) and the linearized

version

A— T 0 0
7211 A— )\2[ 0
M) = 5
A— >\r71—[ 0
’yrll 77‘2[ 77"(7"71)] A— )\7‘[
are of same dimension where
A= [/\1 Ao oo A ]TG(CT
I'= [ Y21 Y31 VY32 ..o Vr(r—1) }T e Crir-1/2,

The addition of the ith block row of M contributes to the left null space of M (A) with
the vectors that lies in the set null (H;:I(A - /\jI)> \ null (H;;ll (A— /\jI)). For instance

if \; is already repeated m; times in the set {A1,...,A\;_1}, the dimension of the null space
increases by dim (null(4 — A\;)™*1) — dim (null(4 — X\;)™) due to the ith block row.

Theorem 3.2 (Null Space of the Linearized Matrix). Let A € C*** and

A=[M X ... A ]TeC . Then
dim [ null [ JT(A=X1) | | = dim (null (M57(A4)))
j=1

2Indeed the block upper triangular variant of the linearized matrix Mé\‘r was used in [11].
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for any T € C""=1/2 with nonzero components where M»T(A) is as defined by equation (@

Proof. The proof is by induction on r. As the base case for r = 1 we have M{*T(A) = (A—X\I)
and the dimensions of the null spaces are equal trivially.
Now as the inductive hypothesis suppose that for r =i

dim | null ﬁ(A ~x0) | | = dim (null (MZ\’F(A)» = ms.

Jj=1

Suppose that dim (null (H;le (A - )\jI))) = mg + m,. We can split the null space of
(H;ill (A= A\ I)) into two subspaces,

(i) S1 = null ([Tj_y (A = ;1)) and

(i) S, = null (H;fl(A - Ajf)) N <null (H;l:l(A - )\jl)))l.

These two subspaces are clearly orthogonal complements and together they span null (H;fl (A= \I )) .

Now let {vy: £ =1,...,ms} be a basis for §;. By the inductive hypothesis there exists a
basis {Uy: £ =1,...,mg} for the left null space of MZAF(A) Define

U, = { (éfz ] e o+

It follows that the set {Uy: £ =1,...,m} is also linearly independent and each vector in this
set lies in left the null space of Mﬁrlf (A).

On the other hand suppose that {v, : £ = ms+1,...,ms + m,} is a basis for S5. Now
we describe a vector Uy that is contained in the left null space of Mﬁ:; (A) corresponding to
each vector vy for £ = mg + 1,...,mg + my, such that {Uy : £ = 1,...,ms + mg} is linearly

independent. For each { = m4 +1,..., ms + m, define the sequence of vectors vgl) := vy and

vé”l) is such that
(v7) = (uf?) (A= ne)
fort =1,...,i. Note that

(UEHD) (A=Xipal) = | vf H(A =N | (A=A D) =0
=1

(i4+1)
L

because vy is contained in a basis for So. Furthermore the set {v l=mg+1,... ,ms+mg}
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is linearly independent, because

ms+ma ] % ms+mg
0=y a@(vg””) = > a HA AT
l=ms+1 f=mg+1 j=1
Mms+me ms+mg
— <since Z Qg € Sg) Z apve =0
l=ms+1 l=ms+1
= (since {vg: L =ms+1,...,ms+mg} is linearly independent)
ar=0 forl=ms+1,...,ms+mg.

It can be shown that there exists a vector U, of the form

T T T T
Uez[(Ué”) (Ué(a)) (Ue(i+1)> } (6)

where U(Hl) = v(iH) and Ue( ) = ~(k " for k < i that lies in the null space of M, ’L+1 T(A). Here

and in what follows vékl h2) for ki1 < k2 denotes a vector that belongs to span {vékl)7 éklﬂ), o

Multiplying the vector (Uy)* with the right-most block column of M; +1 T(A) yields

(vé”l))* (A— A D) = 0.

Before proceeding to the other block columns of M; +f(A) we first note that there exists

a ﬁékl tha=1) satisfying
(35 ) (A= ru D = (o) ™)
where k1 < kg. The proof of this fact is also by induction on k3. When ky = k1 + 1 by

definition
(Uékl)) (A— A, I) = ((k1+1))

~(k1:(m—1))

Now suppose that for ko = m > k; + 1 there exists a v, satisfying

() (A= x = (47) (8)
Then
(o70) = (5) A= ad) = () (A= X1+ Oy = A (5)
and by (8) we obtain
(ugm“))* _ (vém))* (A Dt O ) ({)gﬂ:(m—l)))* (A=A, 1) = (@é’ftm))* (A=A, 1)

which proves (7).

,,ng‘z) }
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Next we prove that a vector Uy of the form (6) is orthogonal to the first 7 block columns
of M;:_{(A) by induction exploiting the property 1} As the base case consider the ith block
column of M;:_{(A) Observe that

Y(i+1)i (Uz(iﬂ))* = Y(i+1)i (Uéiﬂ))* = (7(i+1)ivéi)>* (A—=NI)
= (-uf) -,

In other words Ug(i) can be chosen so that Uy is orthogonal to the ith column block of Mﬁ:; (A).

Now as the inductive hypothesis suppose that Uék) for k=m+1,...,(i+ 1) satisfying the
form @ can be chosen so that Uy is orthogonal to the block columns k =m +1,...,(i + 1)
of M T(A). Consider the mth block column of MZ}F{(A) We have

i+1 i+1 ) it1 (Rt D))" (m1sit1))*
20w (UF) = 3 e () = ()
By property (H) we have (@émﬂ:iﬂ))* = (ﬁém:i)y (A — A\, 1) implying
k§+l hm <Ué(k)>* - (6ém:i))* (A=Anl) = <_U€(m))* (A= Amd).

Therefore Uém) can be chosen so that Uy is orthogonal to the mth block column of MZ/}:; (A).

By induction we conclude that there exists a U, of the form @ lying in the left null space of
M} (4).

The set of vectors {Uy : £ =ms+1,...,ms +m,} is linearly independent because of the
linear independence of{Ue(iH) l=mg+1,...,mstmg} = {vé”l) l=mg+1,...,ms+mg}.
Furthermore since Uz(iﬂ) =0forl=1,...,ms it follows that theset {Uy: £ =1,...,ms+mg}

is also linearly independent.
Finally to complete the proof we need to establish that

Ué¢span{U;:£=1,...,ms+mg} = U ¢ null (M;\F(A)) (9)
Now partition any vector U € C*¢+1) into i + 1 block components of equal size of the form
T
Ue=| ()" we)" ... o) ]
Supposing U € null (M?F(A)) yields
(UE) (A= Aigr) = 0
=
i+1

U e null (A= \I)
1

+

J
=

Uespan{U;: £ =1,...,ms+my},
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which shows the validity of @D We conclude that
null (MTAF(A)) =span{Up:{=1,...,ms+m,}
and consequently dim (null (M(A4))) = mg 4+ m, as desired. O

Corollary 3.3 (Linearized Rank Characterization). Let A € CF** and
A=[XN XA ... A ]TeC . Then

rank H(A—)\jl) <k-r <= rank (MM (A)) <kr—r

j=1

for any T with nonzero components where MM (A) is as defined by equation (@

4 Rank Characterization for Pencils with Prespecified
Eigenvalues
Now we generalize the rank characterization for matrices in the previous section to pencils by

exploiting Theorem [2.2] Given an n x m pencil A — AB with n < m. The next result is in
terms of a linearized pencil of the form

A—-\B 0 0
UZIB A— )\QB 0
PT(A,B) = o)
A-— )\]B 0
UTIB UTQB UT‘(T‘—l)B A — )\TB
where
T
A= [)\1 Ay ... )\T] cCr,
T
T= [va vs1 vs2 ... Uppory | €CTOTH/2

Theorem 4.1 (Linearized Rank Characterization for Pencils). Let A, B € C™*™ withn < m,
M, ..., A € C be distinct scalars and r € Zt. Suppose also that B has full rank. Then
A, ..., Ao are eigenvalues of A — AB with multiplicities summing up to r or greater if and
only the inequality

rank (’Pf.\’T(A, B)) <nr-—r

holds for some \; € (A, N} for j =1,...,r and for all T € C""=1/2 with non-zero
components.

Proof. Suppose that A — AB has k eigenvalues. Then from Theorem [2.2] there exist invertible
matrices 17, and Tz such that
| A A Agg

TL(A-AB)Tp=| "ot 0]—)\[
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where Ay € CO=Rx(n=k) A, € Cn=F)xk Ayy € CF¥F and A3 € Cr=R)x(m=n) (Note
that if the pencil is square, then Ass is n x n and Ay, Aj2, Ay disappear.) The pencil
[A11 Ai3] — AlL,—r 0] has full rank for all A. Additionally the eigenvalues of A — AB are

same as the eigenvalues of Asy with the same algebraic multiplicities.
Consider the transformation

(I  T)PMY (A, B) (I @ Tr) =

A — Ml A1z Ais 0 0 0
0 Ags — Mg 0 0 0 0
va1ly 0 0 A1 — Xl A2 A1z
0 va1 I 0 0 Ao — Aoy 0
U1l g 0 0 A1r — Ml p, Aio
0 vr1 0 0 Ao — A1

Now the odd row blocks of (I, ® T,)PAY (A, B)(I, ® Tr) have full rank due to the fact that
the pencil [A11 A13] = AM[In—r 0] = [A11 — Al,—  Ais] has full rank for all A. We obtain

dim (null (PAY(A,B))) = dim (null(Z, ® Tr)PMY (A, B)(I, ® Tr))

= dim (null (M;,/.\’T(AQQ))) .
Now by Theorem and the pencil A — AB or equivalently the matrix Asy has
eigenvalues Aq, ..., \y with algebraic multiplicities summing up to r or greater if and only if

rank (M,{\’T(Agg)) <rk—r <= rank (”P;X’T(A, B)) <nr—r,

completing the proof. O

5 A singular value characterization for the nearest pencil
with prespecified eigenvalues

Given the set of distinct complex scalars A = {5\1, A2, 5\5}. The purpose of this section is
to derive a singular value optimization characterization for the distance from a pencil (square
or non-square) A — AB to a nearest pencil which has eigenvalues A1, Aq, ..., A\, with algebraic
multiplicities summing up to r or greater. The technique utilized here is along the lines of
the techniques in [I2] [[3] and the main result of this section generalizes the singular value
optimization characterizations given in [12], [13]. Following elementary result [7, Theorem
2.5.3, p.72] will play a central role in our derivation.

Theorem 5.1. Let C € CF**. Then
inf{||AC||z : rank(C' + AC) < k — p} = op—p+1(C).

A consequence of the rank characterization derived in the previous section, in particular
Theorem is that for all T € C"("=1/2 with non-zero components we have

M4, B) = inf{||AA|2 : A1,. .., A are eigenvalues of (A + AA) — AB with
algebraic multiplicities summing up to r or greater}
= inf{|AAlj2:3A € C"s.t. \; € A and rank (PAT(A+ AA,B)) <nr—r}
= infyceryen  Infaa{l|AA[s : rank (PAMY(A+ AA,B)) <nr—r}

o O oo

A1z
0
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Let us define

MA,B) = inf {|| AA[; - rank (PAY(A+AA,B)) <nr—r}

where A € C” so that 3
™A,B)= inf M4, B).
AECT N\ €A

Now Theorem implies that
FAAB) > 0ur_yi1 (PMY(A, B))
for all T € C"("=1/2_ or equivalently

FMA,B) > kA, B):=  sup  Opr_ri1 (PT{"T(A,B)) .
YeCr(r—1)/2

Above we can only deduce a lower bound for 72(A, B) by a straightforward application of
Theorem because allowable perturbations to P2+Y (A, B) are structured and not arbitrary.
The rest of this section is devoted to the derivation of other direction

7' (A, B) < rp (A, B)
establishing the singular value optimization characterization

#MA,B) == sup  opry1 (PMT(A,B)). (11)
YTeCr(r=1/2

The upper bound will be deduced by constructing an optimal perturbation A A, such that
(i) IAAl=r(A, B), and
(ii) rank (PMT(A+ AA,, B)) <nr—r 3T eC—D/2
Suppose T, € C"("=1/2 ig such that
K2 (A, B) = 0pr—ri1 (PMT(A,B)).

The optimal perturbation AA, will be defined in terms of the block components of the optimal
left singular vector U and right singular vector V' satisfying

PAT-(A,B)V = k2A,B) U and U* PMT+(A, B) = V* k2(A, B). (12)

Now partition the left singular and right singular vectors into r blocks of equal size, i.e.
v=[uvf vf ... vr]" andv=[VL v ... vT]"
where Uy,...,U, € C" and V4,...,V, € C™. In the next two subsections we will show that

the perturbation
AA, == —r2A,BUTY (13)
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with
Ur Vi
Uy Vs
= . eC™™ and V = ) e Ccrxm
Uy v

satisfies properties (i) and (ii). Here U™ denotes the Moore-Penrose pseudoinverse of U.
The optimality of AA, will be established under the assumptions that the optimal singular
value x2 (A, B) is simple and the set {Uy, ..., U,} of block components of optimal left singular
vector U is linearly independent. To state these assumptions neatly we introduce the following
terminology.

Definition 5.2 (Multiplicity Qualification). We say that the multiplicity qualification holds
at (A, Y) for the pencil A— AB if the multiplicity of the singular value oyr—r1 (P2 (A, B))
18 one.

Definition 5.3 (Linear Independence Qualification). We say that the linear independence
qualification holds at (A, Y) for the pencil A — AB if the set {U1,Us,...,U,} is linearly inde-
pendent where Uy, ..., U, € C" is such that

o=[0r Uf .. O7

N

with U denoting a left singular vector associated with o,y 1 (P{.LT(A, B))

5.1 The 2-norm of the optimal perturbation

Throughout this section we assume that the multiplicity qualification holds at the optimal
(A, Y,) for the pencil A — AB. In general given an analytic matrix-valued function A(7y). If
the multiplicity of the jth largest singular value o; (A(¥)) is one and the singular value is
nonzero, then o; (A(7)) is analytic at v = 4 with the derivative

do; (A(%)) LdA®)
T = Re Uj Tl}j
where u; and v; denote a consistent pair of unit left and right singular vectors associated with
0 (A(%)). (See [11] for details.) Let us define

f(T) =0nr—rp1 (P;\’T(A»B»

and view f as a map from R""~1 — R by associating each complex v;; with its real part
Rv;; and imaginary part Sv;;. Now clearly

f(T.) =0« sup Opr_ri1 (PTA’T(/L B)) =0 < 7-1{\(,47 B) =0.
YTeCr(r-1/2

Thus the characterization holds trivially when f(Y.) = 0, so without loss of generality
we assume f(Y,) # 0. Because of the multiplicity qualification, we conclude that f(T) is
analytic at T, with the derivatives

Of(Y)
aéRUjk

Of(Y+)

8%’Ujk

=Re (U;BV;) and = Re (U} (Bi)Vk) .
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Furthermore the fact that T, is a global maximizer of f yields that both of the derivatives
above are zero. Consequently we obtain the following result.

Theorem 5.4. Suppose that the multiplicity qualification holds at (A, Y.) for the pencil A —
AB and f(Y.) #0. Then
U;BV, =0

forj=2....randk=1,...,5—1.

Now by exploiting Theorem [5.4] we show that UU* = VV*. Geometrically this means that
the angle between U; and U; is same as the angle between V; and V;. In other words the set
{W1,...,V;} can be obtained from {Uy,...,U,} by concatenating the vectors in the latter set
by zeros and then rotating them.

Theorem 5.5. Suppose that the assumptions of Theorem[5.4 hold. Then
uu* =vv-. (14)
Proof. The property is equivalent to having
UjUp = V'V,
forall j=1,...,7and k=1,...,j. For such a pair j, k from equation we have
UF (A= N;B) +Upy 1 Bugiinyj + US o Bugigay; + -+ + U Buyj = k2 (A, B)V} (15)

and
BujaVi + BugaVo + - + Bug 1) Vo1 + (A — M B)Vi, = k2 (A, B)U. (16)

By multiplying equation by Uy from left we obtain

UrBugiVi+ -+ + U Bugem1) Vie1 + U (A = M\ B)Vi = U (A — Mo B) Vi = K2 (A, B)U Uy
where the first equality follows from Theorem Noting that U;(\; — A\x) BV = 0 (by

Theorem if k < j) the equation above can be rewritten as
Us (A= \;B)V; = 2 (A, B)U; Uy
Now use equation to substitute for U7 (A — A; B) in the last equation, which yields
(52 (A, BYV" = Uf 1 Bugany; = Usya Bugazy; = = U Bu) Vi =
K (A, B)V Vi, = k(A B)U;Uy.
Above the first equality is again due to Theorem We conclude that V'V = U;Uy as
desired, since x*+ (A, B) = f(T.) # 0 by assumption. O

Consider multiplying a vector with Z*V from left. The transformation w* (UTV) =
w* (UTUUTV) first orthogonally projects the row vector w* onto the row-space of Y. This
is followed by a change of basis from the row-space of U to the row-space of V. Orthogonal
projection cannot increase the length of the vector, and because of property the change
of basis does not affect the length. Therefore [|/TV| = 1. A formal proof of the fact that the
property implies [[UTV|| = 1 was given in [1I, Lemma 2] and [I2, Theorem 2.5].

Theorem 5.6. Suppose that the assumptions of Theorem [5.7) hold. Then
IAAL = K" (A, B).
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5.2 Satisfaction of the rank condition by the optimally perturbed
pencil

Now we suppose that the linear independence qualification holds at (A, Y.) for the pen-
cil A — AB, that is the set {Uj,...,U,} is linearly independent. Next we establish that
rank (P2 (A + AA,, B)) < nr —r. We note that the linear independence qualification im-
plies UUT = I,. In particular U ;‘U* = e where e; denotes the jth column of the identity
matrix of size .

Lemma 5.7. Suppose that the linear independence qualification holds at (A, Y,) for the pencil
A—AB. Also suppose that A consists of distinct components. Given the scalars P, ..., 0, € C
and a pair of positive integers j, k such that r > k > j. There exists a Uy., € C™ of the form

Uk:r = aUp + o 1Upgr + - - + 0. Us
for some ay, ..., a, € C satisfying
(Upr)* (A= NjB+ AA,) = BpUSB + Bey1 Ui 1B+ - + B.UB.
Proof. The proof is by induction on k. As the base case suppose k = r. Then

U (A= NB+AA) =  oU(A—\B+AA)+ U\ — \;)B
= U\ — \;)B.

Hence choose a; := 5 ’Bf/\, to obtain
r J

a,U?(A—\;B+ AA,) = B,U;B.

Suppose, as the inductive hypothesis, that for £ = £+ 1 > j + 1 there exists a Ugy1.. of
the form
Upsir = app1Upr1 + apoUppo + - + U,

such that
(Uet1:) (A= NjB+ AA,) = Bp1Ufy B+ BeiaUf o B+ + .U B.

for every BeH,BHQ, ...,B. € C. Now
Ub(A=XNjB+ AAL) = U (A= NjB+AA)+Up (A= NB+ AA,)

= U (A= NB+ AA) + By U B + BesoUf o B+ - + B,UrB.
where

aU (A= NB+AA,) = oUJf(A—NB+AA) +aUj(Ae— )\j)B
= a1 Uf B+ -+ arypeUSB + Uy (A — Aj) B.

Given any Sy, ..., 8. We can choose oy := )\ﬁ‘)\j and ay41, . .., such that Bm = By —QYme

form=/¢+1,...,r which yields
(Uer)" (A= NjB+ AA,) = BU; B+ Bo1 U B+ -+ + B,U'B

as desired.
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Theorem 5.8. Suppose that the linear independence qualification holds at (A, Y) for the
pencil A — AB. Then we have

rank (Pﬁ\’T* (A+AA,,B)) <nr—r. (17)
Proof. First notice that from the right-hand equality in we have
U;(A — )\JB + AA*) + U;+1U(j+1)jB + -+ U:’UTJ'B =

implying
U* PAMY-(A+ AA,, B) = 0.

Let us first assume that the components of A are distinct. We next show that, in addition
to U, there are vectors lying in the left null space of P2T+(A 4+ AA,, B) of the form

Ul — @O\ @\ @ \" N ’ cnr 18
= (U1 ) <U2 ) (UH) (Uj ) 0 ... 0| € (18)
forj=1,...,7r =1 with Uz(j) € span{Uy,...,U,} and U;j) # 0 is . Clearly the set

{vW,u®,.. Y U}

is linearly independent. Therefore the existence of such UU) that are contained in the left
null space of PAT+(A 4 AA,, B) implies (17).

We prove that a vector UU) of the form (18)) is contained in the left null space of P+ (A4
AA,, B) by induction. Clearly

U]*(A — )\JB + AA*) = —U]’-k+1v(j+1)jB — s — U:’Ur]B
Now by Lemma there exists a Uj41., € span{Uj41,...,U,} such that
;{-‘rli’!’(A - A.7B + AA*) = U?<+1U(j+1)jB +--- 4+ U:U’I‘jB'

J

Defining UJ@ = U; + Ujy1.r # 0 we have
(U}j)) (A—X\B+AA,)=0.

Suppose that U,gj) for k =¢+1,...,j can be chosen so that U is orthogonal to the column

blocks k = ¢+1,...,7 of PAY+(A+AA,, B). Now we construct Uéj) exploiting the structure
of the fth column block of PAY+(A + AA,, B). First multiply the vector

00 owp (U)o (V) 0 0]
with the ¢th block column of PAT+(A + AA,, B) resulting
Us(A—M\B+AA) + (U9 Bt t (U ;B =
7 ( B+ AA)+ (U ) vernyeB+---+ (U7 ) vje

(—UlavesyeB =+ = UfvpeB) + (B£+1U;+1B +-+ BTU:B) -
Be1Uf B+ -+ B.U'B.
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for some B@H, .. ,BT, Bes1, -, Br € C. Furthermore by Lemma there exists a Uypy1. €
span{Up41,...,U,} such that

Upp1.. (A= NB+AA,) = —f1 U B—--- = B.UB.

Hence defining UZ(J) = Up+Up4 1. makes U orthogonal to the ¢th block column of Pﬁ’r* (A+
AA,, B). Now the existence of a U) of the form (18)) lying in the left null space of P+ (A+
AA,, B) follows from induction.

Finally suppose that the components of A are not distinct. Then consider any sequence
{A} in C" with distinct components whose limit is A. Then the previous argument applies to
deduce that

rank (PTM*(A)(A +AAL(R), B)) <nr— 1= Ot (PZ"T*(A)(A +AAL(A), B)) ~0
for all A in the sequence where Y, (A) is such that

FNALB) = 0unrin (PMY-M(4, B)) (19)

and AA,(A) is the optimal perturbation defined in terms of the singular vectors associated
with i1 (P?’T*(A)(A,B)) as in . Generically T, (A) satisfying is unique for
any pair (4, B). We conclude from the continuity of singular values (since without loss of
generality the sequence {A} can be chosen so that 7.(A) is unique for all A and therefore

v« (A) and AA,(A) vary with respect to A continuously [2 proposition 4.4]) that
Onr—rt1 (PYT(A+AA,, B)) =0
implying
rank (PT{\’T* (A+ AA,, B)) <nr—r.
O

We conclude this section with a summary of the singular value optimization characteriza-
tion derived.

Theorem 5.9 (Characterization for a Nearest Pencil with Prespecified Eigenvalues). Let
A—AB be an nxm pencil withn < m, r € Z* and A be a set consisting of at most r complex
scalars.

(i) Then )
TT/’&(A’ B) = lnf ~ sup Onr—r+1 (’P{:\’T(A, B))
AEC™ N\;EA YeCrir—-1)/2

provided that the optimization problem on the right is attained at a (A, Y.) where the
multiplicity and linear independence qualifications hold.

(ii) Furthermore a minimal perturbation AA. such that the pencil (A+ AA.) — AB has the
eigenvalues A1, ..., A\¢ with algebraic multiplicities summing up to r or greater is given

by but with A replaced by A.,.
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One potential application in control theory is to ensure that the eigenvalues lie in a par-
ticular region in the complex plane. Thus let €2 be a compact region in the complex plane
and define the distance

(A, B) := inf{|AA||3 : r of the eigenvalues of (4 + AA) — AB belong to Q}.

The previous derivation applies analogously if the finite set of desired eigenvalues A is replaced
by the desired compact region €2 yielding

TTQ(A, B) = SUp  Opr—rit1 (Pﬁ\’T(A, B)) .

inf
AECT X;€Q yor(r—1)/2

An optimal perturbation AA, such that the pencil (A + AA,) — AB has r of its eigenvalues
in Q is once again given by .

6 A singular value characterization for the nearest non-
square pencil with r eigenvalues

The distance 7,.(A, B) is the infimum of all distances TT]\T(A, B) over all A, consisting of at
most 7 complex scalars . Hence it immediately follows that

(A, B) = infy 7} (A,B)
inf; infycer  eR, 7AMA, B)

= infpecr TM(A, B).

and we obtain the following corollary of Theorem [5.9]

Corollary 6.1 (Characterization for a Nearest Pencil with r Eigenvalues). Let A— AB be an
n x m pencil withn < m and r € Z*.

(i) Then

7-(A,B) = inf SUPD  Opr_ral (Pﬂ\’T(A,B))
A€C”  yeor(r-1)/2

provided that the optimization problem on the right is attained at a (Ax,Y.) where the
multiplicity and linear independence qualifications hold.

(ii) Furthermore a minimal perturbation AA, such that the pencil (A+ AA,) — A\B has r
etgenvalues is given by but with A replaced by A,.

Specifically the distance from a nonsquare n X m pencil A — AB to the nearest pencil with
n eigenvalues can be posed as

Tn(Aa B) = inf sSup On2—n+1 (PrIL\’T(Aa B))
AeCn TeCn(n-1)/2

with minimal perturbation AA, of the form ((13)).
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7 Computational issues

A numerical technique that can be used to compute 75}(A, B) and 7,.(A, B) exploiting the
singular value characterizations were described in [I2), [I3]. In this section for completeness
we briefly remind this numerical technique. We can express the distances of interest as

(9] _ . .
7,°(A,B) = AGC}‘I}{)‘VGQQ(A) and (A, B) = Alél([fy g(A)
where g : C" — R is defined by
g(A) := sup Onr—rt1 (P,{LT(A, B)) .
Te@n(nfl)/Q

The inner maximization problems are solved by BFGS. The rth smallest singular value
function above is not differentiable when its multiplicity is greater than one. In practice
this is not a major issue for BFGS, as the multiplicity of the rth smallest singular value is
generically one for all T for any given A. If at a local maximizer T, the multiplicity and
linear independence qualifications hold, then T, is indeed a global maximizer meaning g(A)
is retrieved. On the other hand if BFGS converges to a point where one or both of the
qualifications are violated, it needs to be restarted with a different initial guess. In practice
we almost always observe convergence to a global maximizer immediately without any need
for a restart of BFGS.

The function g(A) is non-convex in general, but it is Lipschitz continuous, i.e.

lg(A + AA) = g(A)] < [|AA]2-

There are various Lipschitz-based global optimization algorithms in the literature stemming
mainly from ideas due to Piyavskii-Shubert [T4, [I5]. The Piyavskii-Shubert algorithm is based
on constructing a piecewise linear approximation lying beneath the Lipschitz function. We
used a sophisticated variant of the Piyavskii-Shubert algorithm called DIRECT [g] in practice.
DIRECT attempts to estimate the Lipschitz constant locally, which can possibly speed-up
the convergence.

The main computational cost involved in the numerical optimization of singular values is
the retrieval of the rth smallest singular value of PAY (A, B) at various A and Y. For this
purpose we used the direct solvers in LAPACK as we only experimented with small pencils.
For medium to large scale pencils one should rather use iterative algorithms such as the
Lanczos method.

8 Numerical Experiments

The software is originally implemented in Fortran. It calls routines from LAPACK for singular
value computations, the limited memory BFGS routine written by J. Nocedal [9] for inner
maximization problems and an implementation of the DIRECT algorithm by Gablonsky [5]
for outer Lipschitz-based minimization. A mex interface file is written so that the Fortran
code can be reached from Matlab.

It should be noted that the current implementation is not very reliable mainly due to
the numerical solution of the outer Lipschitz minimization problem. This implementation is
intended only for small pencils (e.g. n, m < 100) for now.
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8.1 Nearest Pencils with Multiple Eigenvalues

As a corollary of Theorem it follows that for a square pencil A — AB the nearest pencil
with A as a multiple eigenvalue is given by

5 A-XB 0
TQA(A,B):SHP<|: vB A_3B ])

Therefore the distance from A — AB to the nearest square pencil with a multiple eigenvalue

is characterized by
L A—\B 0
recTyP o2n—1 vB A-AB |)°

Specifically we consider the pencil

2 -1 -1 -1 2 3
-1 2 -1 |=A| 2 -1 2]. (20)
-1 -1 2 4 2 -1

i B

By solving the singular value optimization problem we obtain the distance from this pencil to
the nearest pencil with a multiple eigenvalue as 0.59299. Indeed by equation a nearest
pencil turns out to be

1.91465 —0.57896 —1.21173 -1 2 3
—1.32160 1.93256 —0.57897 | — A 2 -1 2
—0.72082 —1.32160 1.91466 4 2 -1

with the multiple eigenvalue A, = —0.85488

The e-pseudospectrum of A — AB (subject to perturbations to A only) is the set A.(A, B)
consisting of eigenvalues of all pencils (A + AA) — AB such that ||AA|2 < e. This set can
equivalently be defined in terms of singular values as

A(A,B)={N€C:opnin(A—AB) <€}

It is well-known that the smallest € such that two components of A.(A, B) coalesce is the
distance to the nearest pencil with a multiple eigenvalue. (See [I] for the standard eigenvalue
problem when B = I, which easily extends for arbitrary invertible B.)

For the particular pencil A—\B in the e-pseudospectra are plotted for various e
in Figure [Il Two components of the e-pseudospectrum coalesce for € = 0.59299, that is the
distance to the nearest pencil with a multiple eigenvalue. Furthermore the point of coalescence
is the multiple eigenvalue of the nearest pencil marked by an asterisk in the figure.

8.2 Nearest Rectangular Pencils with at least Two Eigenvalues

Now let us consider the 3 x 4 pencil

1 0 00 01 00
0 0.1 2 1|-x]10010
0 0 03 2 0 0 01

A B
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Figure 1: The e-pseudospectra are plotted for various e for the pencil A — AB in . The
black crosses represent the eigenvalues of A—\B. Two components of the e-pseudospectrum
coalesce for € = 0.59299, which is the distance to the nearest pencil with a multiple eigenvalue.
The asterisk marks the multiple eigenvalue of the nearest pencil.
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If the entries a;; of A are set equal to zero for j > 4, it is clear that the pencil becomes similar
to an elementary Kronecker block of size three. Therefore the pencil has no eigenvalues.
However, if the entry ass is set equal to zero, then the Kronecker canonical form of the
resulting pencil is comprised of an elementary Kronecker block of size one and a block of size
two corresponding to finite eigenvalues. Therefore a perturbation with 2-norm equal to 0.1
applied to A — AB is sufficient to have two eigenvalues.

By corollary [f] the distance to the nearest 3 x 4 pencil with at least two eigenvalues has
the characterization

;o . A-\B 0
(A B) = | il sup oo ([ 0B A B D ' (1)

g(A1,A2)

It turns out that TQ(A,B) = 0.03927 based on the numerical solution of the singular value
optimization problem above. By equation a nearest pencil is given by

0.99847 0 0 0.00007 0
—0.03697 0.08698 2.00172 1.00095 | —A | O
—0.01283 0.03689 0.30078 2.00376 0

OO =
o = O

0
0
1

with eigenvalues at A\ = 2.55144 and Ao = 1.45405. The level sets of the function g(A1, A2)
(defined in (21))) over R? are illustrated in Figure[2] The optimal eigenvalues (2.55144, 1.45405)
are marked by an asterisk in the figure.

9 Concluding Remarks

In this work a singular value characterization is derived for the 2-norm of a smallest pertur-
bation to a square or a non-square pencil A — AB so that the perturbed pencil has the desired
set of eigenvalues. The immediate corollaries of this main result are

(i) a singular value characterization for the 2-norm of the smallest perturbation so that
the perturbed pencil has a certain number of its eigenvalues in a desired region in the
complex plane, and

(ii) a singular value characterization for the 2-norm of the smallest perturbation to a rect-
angular pencil so that it has a prespecified number of eigenvalues.

We allow perturbations to A only and assume B has full-rank. Derivation of singular
value characterizations for the distance problems considered in this paper when A and B are
perturbed simultaneously remains open. The development of efficient and reliable computa-
tional techniques for the solution of the derived singular value optimization problems is still
in progress. As of now the optimization problems can be solved numerically only for small
pencils with small number of desired eigenvalues. The main task that needs to be addressed
from a computational point of view is a reliable and efficient implementation of the DIRECT
algorithm for Lipschitz-based optimization.
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3.5F

N
[6)]
T

0.5

Figure 2: The level-sets of the function g(A1, A2) defined in equation over R? are plotted.
Asterisk marks the numerically computed global minimizer of g, which are the eigenvalues of
the nearest pencil with two eigenvalues.
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