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Abstract
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1 Introduction

Fuzzy set theory is a useful tool to describe the situation in which data are
imprecise or vague or uncertain. Intuitionistic fuzzy set theory handle the sit-
uation by attributing a degree of membership and a degree of non-membership
to which a certain object belongs to a set. It has a wide range of application in
the field of population dynamics [6], chaos control [16], computer programming
[17], medicine [5] etc.

The concept of intuitionistic fuzzy set, as a generalisation of fuzzy sets [27] was
introduced by Atanassov in [I]. The concept of fuzzy norm was introduced by
Katsaras [2I] in 1984. In 1992, Felbin[I3] introduced the idea of fuzzy norm
on a linear space. Cheng-Moderson [7] introduced another idea of fuzzy norm
on a linear space whose associated metric is same as the associated metric of
Kramosil-Michalek [22]. Latter on Bag and Samanta [3] modified the definition
of fuzzy norm of Cheng-Moderson [7] and established the concept of continuity
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and boundednes of a linear operator with respect to their fuzzy norm in [4].
Many authors in [12] 15, 20, 23] discuss fuzzy derivatives in many approach.
After studying continuities and boundedness of linear operator in fuzzy envi-
ronment in [8] I8} 9] 10} [IT], we introduce intuitionistic fuzzy Gateaux deriva-
tive and intuitionistic fuzzy Fréchet derivative of linear operator.

In this paper we define intuitionistic fuzzy derivative in R, intuitionistic fuzzy
Gateaux derivative and intuitionistic fuzzy Fréchet derivative of linear oper-
ator and we study some of their properties. Thereafter we show that in R
intuitionistic fuzzy derivative and intuitionistic fuzzy Fréchet derivative are
equivalent. We also show that intuitionistic fuzzy Fréchet derivative implies
intuitionistic fuzzy Gateaux derivative.

2 Preliminaries

We quote some definitions and statements of a few theorems which will be
needed in the sequel.

Definition 2.1 [25] A binary operation = : [0, 1] x [0, 1] —
0, 1] s continuous t - norm if * satisfies the following conditions
i) x 15 commutative and associative
i) x is conlinuous ,
i) ax1 = a Vacell,1],
iw) axb < c¢*d whenever a < c¢,b < danda,b,c,de [0, 1].

A few examples of continuous t-norm are a x b = ab, a * b = min{a,b}, a *
b = max{a+b—1,0}.

Definition 2.2 [2)]. A binary operation < : [0, 1] x [0, 1] —
0, 1] s continuous t-conorm if o satisfies the following conditions
i) o is commutative and associative ,
i) © 1s continuous ,
iii) ao0 = a Va € [0,1],
iw) aob < cod whenever a < ¢,b < danda,b,c,d € [0, 1].

A few examples of continuous t-conorm are a * b = a+b—ab, a x b =
mazx{a,b}, a *x b = min{a+b,1}.

Definition 2.3 [2]] Let % be a continuous t-norm , o be a continuous
t-conorm and V be a linear space over the field F (= R or C). An intu-
ittonistic fuzzy norm on V is an object of the form
A={((z,t), plx,t),v(ie,t)) : (x,t) € V x RT}  where
W, vare fuzzy setson Vx R, u denotes the degree of membership and v
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denotes the degree of non - membership (x , t) € V x R satisfying the
following conditions :

i) plz,t)+v(x,t) <1 V(z,t) €e VxRT,
it) w(x,t) > 0;
i) p(x,t) = 1 ifand only if = = 0, 0 is null vector ;
iv) p(cx, t) :,u(x,ﬁ) Ve € Foande # 0

) pla,s)x ply, t) < ple+y, s +1);

x, -) is non-decreasing function of R and tli)moo pw(x,t)=1;
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Definition 2.4 [2]] If A is an intuitionistic fuzzy norm on a linear space
V then (V , A) is called an intuitionistic fuzzy normed linear space.

For the intuitionistic fuzzy normed linear space (V , A) , we further
assume that u, v, *, o satisfy the following axioms :

(ziz) 2ceza} , forall a € [0, 1].
(xiti) p(x,t) >0 , forall t >0 = x =26.
(ziv) v(z,t) <1 ,foral ¢t >0 = z =6.

(xv) For = # 0, p(x, .)isa continuous function of R and strictly increasing
on the subset {¢t : 0 < p(z,t) < 1} of R.

(xvi) For = # 6, w(x,.)is a continuous function of R and strictly
decreasing on the subset {t : 0 < v(x,t) < 1} of R.

Definition 2.5 [2]] A sequence {x,}, in an intuitionistic fuzzy normed
linear space (V ', A) is said to converge to x € V if for givenr > 0, t >
0, 0 <7 <1, there exist an integer ng € N such that
p(x, —x,t) >1—1r and v(x, —x,t) < r foraln > ny.

Definition 2.6 [Z]|] Let, (U, A) and (V , B) be two intuitionistic fuzzy
normed linear space over the same field F. A mapping f from (U , A) to
(V' , B) is said to be intuitionistic fuzzy continuous at xy € U, if for
any given e > 0,a € (0,1),36 =d(a,e) >0,5 = B(a,e) € (0,1) such
that for all x € U,

pu(x—xzo, 6) > 1 =05 = uy(f(x)— f(zo), € > 1—«

vy(x —z9, 0) < B = v(f(x)— f(zo), €) < a.



4 Bivas Dinda , T.K. Samanta, U.K. Bera

3 Intuitionistic fuzzy Gateaux derivative

In this section, we shall consider (R, ug,vg,*,¢) as an intuitionistic fuzzy
normed linear space over the field R (the set of all real numbers).

Definition 3.1 Let (R, puy,vi,*,0) and (R, pg, o, %,0) be two intu-
itionistic fuzzy normed linear space over the same field R. A mapping f
from (R, py,v1,%,0) to (R, po, v, %,0) is said to be intuitionistic fuzzy
differentiable at 2z, € R, if for any given ¢ > 0,a € (0,1) ,3§ =
da,e) >0,8 = p(a,e) € (0,1) such that for all x(# o) € R,

pa(z—mz,08) > 1-5 = m(M - f’(:co),e> >1—a
r — T
Vl(ﬂ?—l’o, (5) < B = I/Q(f(x) f(xO — < «.
r — Xy

We denote intuitionistic fuzzy derivative of f at xo by f'(xo).

Alternative definition: Let (R, uj,v1,%,0) and (R, 9,10, %,0) be
two intuitionistic fuzzy normed linear space over the same field R. A mapping
f from (R, p1,v1,%,0) to (R, pa, 12, %,0) issaid to be intuitionistic fuzzy
differentiable at z, € R, if for every ¢ >0

i < f(@) — f(20)

T — 2o

lim
pi(z—zo,t) — 1

iy o (ST g, 1) — 0

vi(x—xo,t) — 0 T — X

. f’(xo),t> ~1

f'(xo) is called intuitionistic fuzzy derivative of f at zg .
Note 3.2 [t is easy to see that these two definitions are equivalent.

Note 3.3 If the intuitionistic fuzzy derivative of f, be f'(xy), the intu-
itionistic fuzzy derivative of f'(xg) at xzo is called second order intuitionistic
fuzzy derivative of f at xy and is denoted by f"(xo). Similarly, the n-th
order intuitionistic fuzzy derivative of f at xo exists if f"Y(x) s intu-
itionistic fuzzy differentiable at xo and this derivative is denoted by f"(xq) .

Theorem 3.4 Let f : (R,p,v1,%x,0) — (R, ug,1v,%0) and g
(R, p1,v1,%,0) — (R, o, 9, %,0)  be intuitionistic fuzzy differentiable at
xo, (R, p1,v1,%,0) and (R, o, 19, %,0) satisfies the condition (xit). Then
for K € R, Kf+g is intuitionistic fuzzy differentiable at xo and (Kf+
9)'(x0) = Kf'(z0) + ¢'(20).
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Proof. Since f and g are intuitionistic fuzzy differentiable at x, therefore we
have for any given ¢ > 0,a € (0,1) ,30 = d(a,e) >0,8 = [B(a,e) €
(0,1) such that for all z(# xy) € R,

pi(z—x9, 0) > 1-05 = M2<%§§IO) —f,(if)>€> > 1-a
nrz—x9,0) < g = VQ(W — f’(xo),e> < «

and

pi(x —mxg, 6) > 1-p5 = m(%ﬁffo) —g'(:)so),e> > 1—a

nmx—mz9,0) < 8 = V2<M —g’(:co),e> < .
T — Xo
Now,

s <(Kf + 9)(x) — (K f 4 g)(x0)

T — 2o

(K (o) + g/ (0)), )

= L1 (Kf(.ﬁlf) + g(xl__fof<x0) - g(l'o) - Kf/(xo) - g/(xo)7 6)

- (Kf(x) = KJ@) e 5) " (M ). E)

T — X 2 T — Xg 2

=t (M ~ '(z0), ﬁ)  to (M ). §>

T — Xo T — Xo

>(1—a)*x(1—a)=(1—a«a), whenever uj(x—z9,d) > 1—7.
and

" ((Kf + g)(z) — (K f 4 g)(z0)

r — 2o

— (K f'(x0) + ¢'(w0)), e)

= vy <Kf(.§(3) +g(.§(3) B Kf('TO) —g(l'o) . Kf,(l'o) —gl(fﬂo),G)

.- (Kf(:l:) — K f(zo) K f'(xo), E) o Vs (M _ (o), §>

- T — 2o 2 T — Xo

=1y (%ﬁo@?o) _ f’([[’o)’ 2|;{|> % (M _ g'(xo), %)

r — T

< a* a=a, whenever vi(z—1z9,9) < [.
So, K f + g is intuitionistic fuzzy differentiable at o € R and (K f+g)'(z) =
K f'(z0) + ¢'(20).
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Definition 3.5 Let (U, A) and (V, B ) be two intuitionistic fuzzy
normed linear space over the same field k(= RorC). An operator T
from (U,A) to (V,B) issaid to be intuitionistic fuzzy Gateaux
differentiable at xq € U, if there exists an intuitionistic fuzzy continuous
linear operator G: (U, A)— (V,B) (generally depends upon xy) and
for any given € > 0,a € (0,1),36 = d(ae) >0,5 = p(a,e) € (0,1)
such that for every x € U and s(# 0) € R,

T(xo+ sx) — T(xo)

,uR(s,cS)>1—5:>uv< —G(z),e>>1—a

T(xo+ sx) — T(xo)

VR(5,5)<B:>VV< —G(x),e) < .

In this case, the operator G is called intuitionistic fuzzy Gateaux derivative
of T at xo and it 1s denoted by Dy(y,).

Alternative definition: Let (U, A) and (V, B) be two intuitionis-
tic fuzzy normed linear space over the same field k(= Ror C). An operator
T from (U, A) to (V, B) issaid to be intuitionistic fuzzy Gateaux
differentiable at xy € U, if there exists an intuitionistic fuzzy continuous
linear operator G: (U, A)— (V, B) (generally depends upon zy) such
that for every = € U, t >0 and s(# 0) € R

_ T(zo + sx) — T(xp)

1 -G t] =1
Ll (T ),

lim v (T(mo +z) = Tlwo) _ G(x), t) =0
vr(s,0) — 0 S

In this case, the operator G is called intuitionistic fuzzy Gateaux derivative
of T at x¢ and it is denoted by Dy (s,).

Note 3.6 [t is easy to see that these two definitions are equivalent.

Theorem 3.7 Let T : (U A) — (V,B) be a linear operator, where
(U, A) and (V,B) are two intuitionistic fuzzy normed linear space satisfying
(ziii) and (xiv). If T is intuitionistic fuzzy Gateauz differentiable at xo then
1t 1s unique at g .

Proof. Let G, Gy be two intuitionistic fuzzy Gateaux derivative of T' at
xg. Then for for any given ¢ > 0,a € (0,1) ,30 = d(a,e) > 0,8 =
B(a,e) € (0,1) such that for every x € U and s(# 0) € R,

T(xg + sz) — T(z0)

uR(s,5)>1—ﬁ:>,uV( —Gl(:c),e>>1—oz
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T(zo + sx) — T(xg)

vr(s,0) < B = Vv< —Gl(x),e> < .

and

T(xg + sz) — T(z0)

,uR(s,é)>1—B:>,uV< —GQ(ZL’),E>>1—OK

T(xo + sx) — T(zo)

vr(s,0) < B = Vv< —GQ(I),€> < .

pv (Gi(x) — Gao(x), t)

S S

o <{T(xo +s2) = T(x) G ()} — {T(xo +sx) = T(xo) o)} t)

> <T(gj0 + 3:1;) — T(:L’o) B Gl(SL’) 7 %) ¥ fiy (T(ZEO + SZE) - T(CEO) . G2($) :

> (1l-a)x(1—a) = (1—-a) Vae(0,1).

Therefore, py(Gi(z) —Ga(x),t) >0 V>0 (1)
and

Vv( Gl(l’) — GQ(ZL’) s t)

< VV(T(:I:0+S$)—T(3:O) i), E)OMV<T([EO+SZL')—T(ZL'Q) B GQ(IL’),E
s 2 s 2

<aca=a YVae(01).

Therefore, vy (Gi(z) —Ga(x),t) <1 V>0 (2)

From (1) and (2) we have Gi(z) — Ga(z) =6 . Thus Gi(x) = Ga(x).

Theorem 3.8 If Ty and T, have intuitionistic fuzzy Gateaur derivative
at xo then T = 17 + Ty has intuitionistic fuzzy Gateaux derivative at xg,
where ¢ is a Scaler.

Proof. Straight forward.
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4 Intuitionistic fuzzy Fréchet derivative

Definition 4.1 Let (U, A) and (V, B ) be two intuitionistic fuzzy
normed linear space over the same field k(= RorC). An operator T
from (U,A) to (V,B) is said to be intuitionistic fuzzy Fréchet
differentiable at an interior xy € U, if there exists a continuous linear
operator F: (U, A) — (V, B) (in general depends on o) and if for any
given ¢ > 0,a € (0,1),30 = d(a,e) >0,8 = P(a,e) € (0,1) such that
forallx € U,

T(x) = T(xo) = (x — 20) F ) >1-a

e
po(z — 2o, 6) > 5:>/~LV< T p—

vy —x9, 0) < B = I/V<T(x)_T(x0)_(x_x0)F,e> < .

vy(x —xo , t)

In this case, I s called intuitionistic fuzzy Fréchet derivative of T at x¢ and
is denoted by DT (zy).

Alternative definition: Let (U, A) and (V, B) be two intuitionis-
tic fuzzy normed linear space over the same field k(= Ror C). An operator
T from (U,A) to (V,B) issaid to be intuitionistic fuzzy Fréchet
differentiable at an interior z, € U, if there exists a continuous linear
operator F': (U, A) — (V, B) (in general depends on z) such that for
every t > (

lim
KU (Z'_SC()7t

T(x) —T(xg) — (x — x0) F B
)—>1’uv< 1—py(r—x0, t) ’t>_1

=0

vy (z—z0,t) — 0 VU(ZL' — X , t)

T <T(a¢) ~T(a) — (w2 F t)

In this case, F' is called intuitionistic fuzzy Fréchet derivative of T at xy and
is denoted by DT'(zg).

Note 4.2 [t is easy to see that these two definitions are equivalent.

Theorem 4.3 Let T : (U,A) — (V,B) be a linear operator, where
(U, A) and (V,B) are two intuitionistic fuzzy normed linear space satisfying
(xiti) and (xiv). If T is intuitionistic fuzzy Fréchet differentiable at o then

it 1s unique at g .

Proof. Straight forward.
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Example 4.4 Let U =V = R and [a,b] be an interval of R and
T : [a,b] — R. Forall t>0 define p(z,t) = 7, vizt) = tf‘”g'c'
then the intuitionistic fuzzy Fréchet derivative of T at xo is intuitionistic

fuzzy derivative.

Proof. If T is intuitionistic fuzzy Fréchet differentiable at zy then for any
given ¢ > 0, € (0,1),36 = d(a,e) >0,5 = F(a,¢e) € (0,1) such that
forall z € U,

T(x) — T(z0) — (x — o) F ) S 1_a

—_ 1-
/,LU(I' Zo , 5) > 6 = MV( ]-_/JJU(:E_"EO’ t)

N T(x) —T(xg) — (x — o) F € o 1o
v |z — x| Ttz — x|
v T — T Tt |z — x|

and

vz —xo, 8) < B = VV<T($)_T(xO>_($_xO>F,e> < a.

vy(z —xg , t)

= T(x) —T(xg) — (x — o) F € o
v |z — x| Ttz — x|

Loy (HW =Tl € )
v T — X ’t+|l’—l’0‘

Hence, intuitionistic fuzzy Fréchet derivative of T at xo implies intuitionistic
fuzzy derivative T at xy and T"'(xo) = DT (zo) .

Theorem 4.5 An operator T from (U, A) to (V, B) isintuitionistic
fuzzy Fréchet differentiable at xq € U then T is intuitionistic fuzzy Gateaux
differentiable at xq .

Proof. Since T is intuitionistic fuzzy Fréchet differentiable at z , therefore

we have for ¢ >0
/.LV ( T(wo-‘rh)—T(wo)—DT(.’Eo)h ’ t) > 1 — ’ vy ( T(wo-‘rh)—T(wo)—DT(.’Eo)h ’ t) < «

NOW, 1_UU(h7t) VU(hvt)
T h)—T — DT h
v ( (zo + h) (2o) (2o) 7 t) > 1-a
1— :U’U(hu t)

= < Tleo + sh) = Tlzo) — sDT (xo)h

t 1— Putting h = sh
= (sh ) , ) > a, utting sh, s # 0
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Tleotsh)=T(x0) _ DP(4)h
= s ) t > lra
pv L0 = (b, )

T h) =T t ;

= Hv (x(] R ) (370) — DT(xO)h' ) _(1 - 'UU(h’ _) > 1-a
S || ||

T(zo + sh) — T(x) ! t

=y —DT(xo)h, t1 > 1—a, wheret; = ﬂ<1_ﬂU(h7m>)
. s

and
y T(JIQ -+ h) - T(xO) - DT(LL’o)h ¢ > l—a
v VU(h'7t) 7

T( h)—T —sDT h

(wo + sh) — T(xo) — sDT'(xo) ,t | > 1—a, Puttingh=sh, s# 0
vy (sh,t)
:co-i—sh T(x0)
— DT h
( (‘TO) ,t) > 1—a
7 | ‘)
T( h)—T t ¢
< x0+8 (o) — DT (x0)h _,/U(h,—> > -«
|s] ||

T(zo+sh) — T t L

N W( (2o 51) = T(@0) _ pypyyi, t2> > 10, wherety = uy(h 1)

Hence, T is intuitionistic fuzzy Gateaux differentiable at zy and Dy, =

Theorem 4.6 Let P: U C X — V.CY and Q :V — Z be
two linear operator. Suppose P s intuitionistic fuzzy continuous and has
intuitionistic fuzzy Gateauzr derivative at x, € U and @ has intuitionistic
fuzzy Fréchet derivative at yy = P(xg). Then R = QP has intuitionistic
fuzzy Gateaus derivative at xo and Dpgeyy = DQ(Yo) Dp(ay)-

Proof. We write G = Dp(,,) and F = DQ(yo) for shortness. Let z € X
and we further write Ay = P(zo + sx) — P(x). Then

M(R(xo—l—sx)—R(xo) _FG’t> B M(QP(xojLsx)—QP(xo) _FG’t>

S S

p < F(Ay) + A(Ay)

S

_ra, t) ‘where A(Ay) = Qys+-Dy)~Qlyo)—F(Ly)

. (FP(xo + sz) — P(xo) N A(Ay)

S S

-r6.1)
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P(xg 4+ sx) — P(xg) t A(Ay) p(P(xo+ sx) — P(xg),t1) t
2 5 ~#63) en (g 5 3)
iy <P($0 + sz) — P(xo) G t ) . < A(Ay) ts )

s " 2u(F t) w(Ay,t) " 2u(P(xo + sx) — P(xg),t1)
[ P(zo+ sz) — P(x0) t
_M< S - 2#(F7t2)>
» <Q(yo +Ay) — Qyo) — F(Ay) ts )
1Ly, th) " 2u(P(xo + sz) — P(x0),t1)

> (1—a)*x (1—a) = (1—a)

since P has intuitionistic fuzzy Gateaux derivative and () has intuitionistic
fuzzy Fréchet derivative.
and

V(R(:L"o—l—sx) — R(x) _rC t) _ V<QP(xo+sx) — QP(x0) _re t)

S

)_ra, t) ‘where A(Ay) = Qyst+-Dy)—Qys)—F(Ly)

FP(xo + sz) — P(xo) N A(Ay) el t)

S S

)7t1>

IN

S QV(F, tg)
A(Ay) ts
oV (1 —v(Ay,t1) " 2(1 — v(P(xg + sx) — P(xy), tl))>
. <P(a¢0 +sx) — P(xg) )
s F t2)
, <Q(yo + Ay) — Qyo) — F(Ay) ts )
1 —v(Ay,t) " 2(1 — v(P(xg + sx) — P(x), 1))

< adoa = «.

Since P has intuitionistic fuzzy Gateaux derivative and () has intuitionistic
fuzzy Fréchet derivative. Hence R = ()P has intuitionistic fuzzy Gateaux
derivative at x¢ and Dpgy) = DQ(Yo) Dp(ay)-
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