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Abstract In this paper, delay-dependent stability analysis
and stabilization of discrete-time singular delay systems are ad-
dressed, respectively. First, a new delay-dependent sufficient
condition of admissibility for discrete-time singular delay sys-
tems is derived. The proposed method is proved to have some
advantages over the existing results. Then, by applying the skill
of matrix theory, a state feedback controller is designed to guar-
antee the closed-loop discrete-time singular delay systems to be
admissible. Finally, two numerical examples are given to demon-
strate the effectiveness of the proposed method.
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Control of singular systems has been extensively stud-
ied in the past years due to the fact that singular systems
describe physical systems better than regular ones. Singu-
lar systems are also referred to as descriptor systems, im-
plicit systems, generalized state-space systems, differential-
algebraic systems, or semistate systems whose behaviors
are described by differential equations (or difference equa-
tions) and algebraic equations. Such systems can preserve
the structure of practical systems and have extensive appli-
cations in power systems, robotic systems, and networks!!.
However, the control of singular systems cannot be eas-
ily treated as that of regular systems. It is well known
that study of singular systems is much more complicated
than that of regular ones. Recently, more and more atten-
tion has been paid to stability and stabilization of singu-
lar systemsp*m]. Based on the results, extensive research
on H. performance analysis and Ho, control for singular
systems has been carried out'*~*¥l. Delay is often encoun-
tered in various engineering systems, and the existence of
delay is frequently a source of instability and poor perfor-
mance. According to whether dependent on delay or not,
the control of singular systems can be respectively classi-
fied into two types: delay-dependent(®~%16=18] and delay-
independent®~'?l. Generally, delay-dependent results are
less conservative than the delay-independent ones, espe-
cially when the upper bound of the delay is small. If there
is no information about the delay, delay-independent re-
sults are more useful than delay-dependent ones.

It is noted that stability analysis and stabilization of
discrete-time singular delay systems have been focused on

Manuscript received December 2, 2009; accepted June 8, 2010

Supported by National Natural Science Foundation of China
(60904009, 60974004)

1. Institute of Systems Science, Northeastern University, Shenyang
110004, P.R.China 2. Key Laboratory of Integrated Automa-
tion of Process Industry, Ministry of Education, Northeastern Uni-
versity, Shenyang 110004, P.R.China 3. Department of Com-
puter and Mathematics Teaching, Shenyang Normal University,
Shenyang 110034, P. R. China 4. Transportation Management Col-
lege, Dalian Maritime University, Dalian 116026, P. R. China

in the literature. Many delay-dependent stability criteria
for discrete-time singular delay systems have been estab-
lished and some redundant variables are introduced to de-
crease conservatism, thus, computation complexity is in-
creased correspondingly. Moreover, it encounters consider-
able difficulty in designing state feedback controller, such
as extremely tedious computation, non-strict linear matrix
inequality (LMI), system transformation, etc. Motivated
by the above-mentioned factors, in this paper, a novel Lya-
punov function is established and a new delay-dependent
sufficient condition of admissibility for discrete-time singu-
lar delay systems is derived. With respect to the conser-
vatism and computation complexity, the new criterion is
proved to have some advantages over the existing results.
Then, by utilizing the skill of matrix theory, a simple and
efficient approach is proposed to design state feedback con-
troller which ensures the closed-loop discrete-time singular
delay systems to be admissible. Finally, two numerical ex-
amples are given to demonstrate the effectiveness of the
proposed method.

Notations. Throughout this paper, R"™ denotes the
n-dimensional Euclidean space, and R™*" is the set of all
m X n real matrices. The notation X > 0 means that X is
a positive definite matrix, and X > Y means that X — Y
is a positive definite matrix. I denotes an identity matrix
with appropriate dimension. The superscript “T” repre-
sents transpose of a matrix. The symbol “*” represents the
transposed elements in a symmetric matrix.

1 Problem formulation and preliminaries

Consider a discrete-time singular delay system described
by
{ Ex(k+1) = Az(k) + Aax(k — d) + Bu(k) 1)

where z(k) € R" is the state vector, u(k) € R” is the con-
trol input. E € R™*™ may be singular, rankF = r < n.
A, Ay, and B are known constant matrices with appropri-
ate dimensions. The scalar d represents the delay of the
system, satisfying 0 < d < dar, where d, dyr are positive
integers and dps is the upper bound of delay. ¢(i) is an
initial condition.

Consider an unforced discrete-time singular delay system
described by

Ex(k + 1) = Az(k) + Aax(k — d) (2)

Definition 119, 1) System (2) is said to be reg-
ular if det(z?T'E — 2?A — Ay) is not identically zero;
2) System (2) is said to be causal if it is regular and
deg(z™det(zE — A — 27%A4)) = nd + rank(E); 3) Let
p(E7A7Ad) = max)\e{z|det(zd+1EfszfAd):O} | A ‘ and Sys-
tem (2) is said to be stable if p(F, A, Aq) < 1; 4) System (2)
is said to be admissible if it is regular, causal, and stable.

Definition 2['%). The discrete-time singular delay sys-
tem (2) is regular, causal, and stable if and only if the pair
(FE, A) is regular, causal, and p(E, A, Ag) < 1.

Lemma 1%, For any constant matrix M > 0, M €
R™™ ", (i) € R", positive integers (1, B2, and (B2 > 1 >
1, the following inequality holds:

B2
— (B2 =B+ 1) > B (i) Mp(i) <

=01
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Lemma 2[%. The matrix F in system (2) is nonsingu-
lar and system (2) is asymptotically stable for any constant
delay d satisfying 0 < d < dr, if for a given scalar dys > 0,
there exist matrices X > 0, Z > 0, U > 0, and N1, N2
satisfying the following LMI:

A1 A% dy N1
Aa A2 duN2 | <0 (4)
dMN;r dMNQT —dpZ

where

A1 =A"XA—-E*XE+U+ NME+E"NI+
dvu(A—E)TZ(A-E)

Aot = A XA+ dyAjZ(A— E) — E'NT + NoE

Ago = AT X Ag +dyATZAg —U — NoE — ETNYS  (5)

2 Main results

2.1 Delay-dependent admissibility analysis

Theorem 1. Given a scalar dyy > 0, for any delay
0 < d < du, the discrete-time singular delay system (2)
is admissible if there exist matrices P > 0, @ > 0, R > 0,
P,Q,R € R™*" and a symmetric matrix ® € R(»~"* (=)
such that

Ty U5,
0 6
[ Uy Wy | S ©)
where
T
U, =ATXA-ETPE+Q - EdRE+
M

dy(A—E)TR(A-E)

T
Way = ATXA + dy ATR(A — E) + EdRE
M
T
Uap = ATX A, — Q + duASRA, — 21
M
X=pr-5"®s (7)

Matrix § € R(™ X" ig of full row rank and satisfying
SE =0.

Proof. The proof is divided into two parts. The first
one deals with the regularity and causality, and the second
one treats the stability.

First, we show system (2) is regular and causal. There

exist two nonsingular matrices M and N such that

S I. 0 S A Ay
MEN = MAN = | *; .
[ 0 0 } ’ { As Ay ] ®)
Correspondingly,
AR A <Ad2}
MAGN = | 2 - 9
¢ { Agz Ada ©)

Ty -1 _ | X1 ):(2 ST AR — C?l Q:2
MM _{XzT X3}7NQN [Q;F Q3}
(10)

The partitions of matrix blocks in (9) and (10) are compat-
ible with those in (8). By (6), it is easy to see that

¥y <0 (11)

Pre- and post-multiplying (11) by NT and N, respectively,
using the expressions in (8) ~ (10), we get

* *
|:* \I/%% :|<0 (12)

where “x” stands for a matrix that is irrelevant to the fol-
lowing development. W33 represents the (2,2) block of ¥y;.

Uit = A3 XpAs + AT XS Ay + AT X3 Ast
AT X Ay + Qs+ J
s=av[ A3 AT]| g ]3]
By (12), we have
Wit <0 (13)
It is noted that
E'XE=E"(P-ST®#S)E=E"PE>0 (14)

Pre- and post-multiplying (14) by NT and N, respectively,
using the expressions in (8) and (10), we get

{Xl 0

0 0]20 (15)

So X; >0, ie., ATX1A; > 0. From R > 0, Q > 0, using
the expressions in (8) and (10), we get J > 0, @3 > 0,
hence,

Ay X1A2 + Q3+ J >0 (16)
By (13), we have
AT XS Ay + AT XAy + AT XoAy < 0 a7
ie.,
AT (T 4 1l & oT 3 1, -\
A4 X5 As + §X3A4 + | X5 Ao + §X3A4 AL <O
(18)
From (18), it is seen that A4 is nonsingular, thus, (E, A) is
regular and causal. By Definition 2, system (2) is regular
and causal. Next, we prove the stability.

Choose a Lyapunov functional candidate for system (2):

V(k) = Vi (k) + Va(k) + Va (k) (19)
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where From (22) ~ (24), we have
Vi(k) =2" (k) E" X Ez(k) = E"RE
AVk<ach(d A-E)'R(A-E)- )xk+
& (k) E"(P — ST®S)Ex(k) = s(F) <& () | du(A=B) R(A = B)==3 = | =(k)
T T T
z' (k)E" PEx (k) 22 (k) (dM(A—E)TRAd+E RE)m(k_d)+
k-1 M
Va(k) = (i T
2(k) ¥ (HQ=(0) 2% (k — d) (dMAERAd _F RE) 2(k — d)
=R M
-1 k—1 o T . (25)
Vs(k)= > > 4y (H)E"REy(j)
t=—dg=kt From (20) ~ (25), we have
where y(j) =2(j + 1) —z(j). Define AV (k) =V (k+1) — o oT
V(k), and we have AV (k) <¢T (k) { \P“ v } (k) (26)
21 22

AVi(k) =" (k+1)E"XEx(k+1) — 2" (k)ET PEx(k) =
(Az(k)+Agx(k—d) " X (Az(k)+ Agz(k — d))—
2T (k)ETPEx(k) =27 (k)(ATXA—ETPE)x
z(k) + 227 (k) AT X Agz(k — d)+
(k- d)A] X Agx(k — d) (20)

AVa(k) =2  (K)Qx(k) — 2" (k — d)Qz(k —d)  (21)

—1

AVs(k) = Y (yT(k)ETREy(k)—

i=—d
y" (k + i) E"REy(k + z‘)> -
dy" (k)E" REy(k)—

i y" (k+ i) E"REy(k + 1) (22)

i=—d

dy" (k)E" REy(k) <
duy" (k)E" REy(k) =
du(Bx(k +1) — Bx(k))"R(Ex(k + 1) — Ex(k)) =
dy (A — E)e(k) + Agz(k — d)) T x
R((A — E)x(k) + Agx(k — d)) (23)

By Lemma 1,

-1
= >y (k+i)ETREy(k + i) <

1=—d
k—1 T k—1
- . ETRE - .
- > v y >y | <
j=k—d j=k—d
k—1 T k—1
— ETRE -
- 2 v >y | =
. M
j=k—d j=k—d

where ¢(k) = [ 2" (k) z"(k—d) }T. By (6), we know
AV (k) < 0, then, system (2) is stable. O

Remark 1. Theorem 1 gives a new delay-dependent
sufficient condition of admissibility for system (2). It is
noted that inequality (6) is a strict LMI which is convenient
to solve the matrix variables. Another important charac-
teristic of Theorem 1 is to introduce a symmetric matrix
variable ® and the matrix S with the property of SE = 0,
combined into the term X = P — ST®S. Thus, the degree
of freedom for matrix variable P > 0 is increased, and this
would lead to less conservatism. In the section of numerical
examples, it is seen that the results of Theorem 1 are less
conservative than those of [8].

Remark 2. It is noted that there are no redundant
variables to be introduced in Theorem 1, so the numerical
complexity is small. The numerical complexity is closely
related to the number of decision variables and the num-
ber of lines in the LMIs to be solved?!l. Table 1 shows
the numbers of decision variables and the number of lines
for two results. “Th.” is the abbreviation for “Theorem”.
Similarly to the method adopted in [21], with complexity
proportional to C = D3L, where D represents the number
of decision variables and L represents the number of lines in
the LMIs to be solved, we study the quantity C = D3L for
Th. 1 in this paper and Th.1 in [8]. (D3L); represents the
quantity for Th. 1 in [8] and (D*L)2 represents the quantity
for Th.1 in this paper. The ratio between them, denoted
by R = (D3*L)1/(D3L)a, is depicted in Fig. 1, for various
numbers of r. From Fig. 1, it is obvious that in all cases
the complexity associated to Th.1 in [8] is larger than the
one associated to Th.1 in this paper and it demonstrates
that the proposed method in this paper is simpler.

Table 1 Numbers of decision variables and lines in the LMIs
to be solved in Th.1 in this paper and Th.1 in [§]

Decision variables (D) Lines (£)
Th. 1 in [8] 10.5n% + (1.5 — 3r)n 4n
Th.1 in this paper 2n? 4+ (2 —r)n 4+ 0.5(r%2 — 1) 2n

If the matrix E in system (2) is nonsingular, then the
matrix S is a null matrix in (6). By Theorem 1, we have
the following results.

Corollary 1. Assume that the matrix F in system
(2) is nonsingular. Given a scalar dys > 0, for any delay
0 < d < dwm, the discrete-time delay system (2) is asymp-
totically stable if there exist matrices P > 0, Q > 0, R > 0,
P,Q,R € R"" such that
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where
~ T
Uy U5 Ay = AXAT —EPET +Q - ERE" |
5 5 <0 (27) dm
Wap  Woo "
dy (A — E)R(A—E)
h T
where Aot = AuX AT + dy AuR(A — E)T + EfE
M
- ETRE T
Uy = A"PA-ETPE+Q - —+ Aoy = AgXAY — Q + dy AgRAY — ERE
M
du(A—E)"R(A - E) X=P-LoL" (31)

ETRE
dm

ETRE
M

oy = Ay PA+dyAjR(A— E) +

Ugy = AYPAs — Q +dyAXRA, —

300]

Ratio of complexity
=] [Ne]
f=) wn
(=} =}

—

W

(=
T

100

10

8]
=~
s ok
=3

Fig.1 Evolution of the ratio between the complexity resulting
from Th.1 in [8] and Th.1 in this paper with respect to n for
different r

Remark 3. It is proved that if matrix F in system (2)
is nonsingular, the results of Corollary 1 are equivalent to
the results of Lemma 2. The proof is given in Appendix.
Now, assume that the matrix E is singular, it is proved that
Lemma 2 is invalid for discrete-time singular delay system
(2). In [6], instead, by introducing augmented state vectors,
the troubles caused by the singular matrix E are tackled.
It is well known that augmented vectors would increase the
dimensions of the system and lead to extremely tedious
computation. Compared with the results of [6], Theorem 1
is valid in either case, thus, the proposed method is simple
and efficient.

2.2 Controller design
Replacing E, A, Ag with ET, AT A7 in (2), we have

Ez(k+1) = Az(k) + Alz(k — d) (29)

It is obvious that system (29) is admissible if and only if
system (2) is admissible. Theorem 1 is rewritten as another
form.

Corollary 2. Given a scalar dy > 0, for any delay
0 < d < du, the discrete-time singular delay system (2)
is admissible if there exist matrices P > 0, @Q > 0, R > 0,
P,Q, R € R"*" and a symmetric matrix ® € R("»~"* (=7
such that

{ A AL

Al Al } <0 (30)

Matrix L € R™*(~") is of full column rank and satisfying
EL=0.

The following results are now available to design the con-
troller.

Theorem 2. Given a scalar dy > 0, for any de-
lay 0 < d < du, the discrete-time singular delay system
(2) is admissible if there exist matrices P > 0, @ > 0,
R >0, PQ,R € R"" and a symmetric matrix & €
R=7X(=") matrices V;, i = 1,---,8, Y; € R™*", such
that
Y11 * * *
221 222 * *k
Y31 a2 Xaz %
Yu Y2 Yaz Zu

<0 (32)

where

S = —EPE" +Q + <dM - i) ERE™ + AY; + v A"

dnm
ERET
Yo = ———+ Y'QTAT + AdY%
dn
ERET
Yo =—-Q — pi + AqYs + Y5 AT
M

a1 = —duRET + V5P AT — v,
s =Y, Aj — Yo

Y33 =X +dyR—Ys — Yy

Ya1 = —dyRET + Y AT — Y5
Yy = Yo AT — Y

Sus =X +dyR-Yr - Y,

Yur =X +duR—Ys — Vg

X=P—-LoL" (33)

Proof. By (32) and (33), it is easy to see

S=Q4+ Y+ " (34)
where
T
Q1 ERE —dyER  —duER
dm
ERE"™ ERE"™
0= 0 —
» Q " 0 0
—dyRET 0 X+duyR X+duR
—dy RET 0 X+duyR X+duR
Q= (dM - i) ERE™ + Q — EPE™
dm
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No. 10
s AT 0 —L 0 *
| o AT o -1,
v — Yi Y Y3 Y,
Y Y5 Y7 Y

Pre- and post-multiplying (34) by H and HT, we have

HEHT = HOH® (35)
I, 0 A O .
where H = { 0 I, 0 Ay } is a full row rank ma-

trix. By (32), ¥ < 0, so HEHT < 0, i.e., HOHT < 0. By
computation, we have

v [ A AL
R = { As As

where A11, A2q, and Ags are defined as (31). According to
Corollary 2, system (2) is admissible. O

Remark 4. Based on Corollary 2 and matrix theory
skill, Theorem 2 gives another delay-dependent sufficient
condition of admissibility for system (2), which is ready for

obtaining the controller.
The state feedback controller has the form of

u(k) = Gz(k) (36)

where G € RP*".
loop system is

Ex(k+1) = (A+ BG)z(k) + Auz(k —d)  (37)

Substituting (36) into (1), the closed-

Next, the main aim is to obtain matrix G which guarantees
the closed-loop system (37) to be admissible.

Theorem 3. Given a scalar dys > 0, for any delay
0 < d < du, the closed-loop discrete-time singular delay
system (37) is admissible if there exist matrices P > 0,
Q >0, R >0, PQ,R € R"™", a symmetric matrix
& € RIX=1) matrices W, Y, W € RPX"™)Y; € R™*",

i=>5,--+,8 and a nonsingular matrix Y, Y € R"*", such
that R

Yoo ox * *

Y1 Yoz x * <0 (38)

%331 PN Z:333 *
a1 Ya2 a3z B

where Yoz, Y42, Y44 are defined as (33). p; are some given
scalars, i = 1, 2, 3, 4.

. 1
S =-EPET+Q+ (dM - d—) ERE™+
M
plAY —|— p1YTAT =+ plBW + pleBT
., _ ERE"

Sor ==+ p2YTAT + AgYs + poWT BT
M

Y51 = —duRE" + psY AT — p1Y + psWT BT

S = Y AS — poY

Sa3 =X +duR— p3Y — ngT

Su1 = —dyRET + paYTAT — Y5 + psWT BT

Saz3 =X +duR—Yr — pY" (39)

where X = P — L®LT. The state feedback controller is
u(k) = WY_l.'z:(k).

Proof. Based on the results of Theorem 2, replacing A
with A + BG in (32), we have

211 * k *
221 222 k *
Y1 g2 Xgz ok
a1 Ya2 Xz B

<0 (40)

where X;;, 4,7 = 2,3,4 are defined as (33).
= 1
$11=-EPET +Q+ (dM - d—) ERE™ +
M
AYy +Y{" AT + BGY, +Y{'GT BT

- ERE"
Yo1 =
du

Y31 = —duRET + Y5 AT -1 + V' GTBT
$u1 = —dyRET + Y AT — Vs + Y/ GTBT (41)

+ Y AT + AgYs + Yo' GTBT

It is noted that (40) is not an LMI, since there exist some
quadratic matrices variables, such as, Y;'GT,i=1,.-- 4.
These quadratic matrices variables would bring out diffi-
culty in solving the inequality (40). To effectively tackle
the problem, some given scalars p;, i = 1, - - - , 4 and matrix
variables Y, W are introduced. Let Y; = p;Y, W = GY.
Substituting p;Y into Y;, ¢ = 1---,4 and replacing GY
with W in (41), we have (38). O

Remark 5. Theorem 3 gives the controller design which
ensures the closed-loop system (37) to be admissible. Sim-
ilarly to Remark 2, consider the numerical complexity be-
tween the results of Theorem 3 and the ones in [6]. In
Theorem 3, the system dimension is not augmented while
in [6], the dimension is augmented to twice of the original
one, thus, the number of decision variables is increased in
[6]. Moreover, there are fewer lines in LMI (38). Table 2
shows the numbers of decision variables and lines in the
LMIs to be solved in Th.4 in [6] and Th.3 in this paper.
(D?L)3 represents the quantity for Th.4 in [6] and (D?L)4
represents the quantity for Th.3 in this paper. The ratio
between them, denoted R = (D3L)3/(D>L)4, is depicted
in Fig.2, forr=n—1 and p = 2.

Table 2 Numbers of decision variables and lines in the LMIs
to be solved in Th. 3 in this paper and Th.4 in [6]

Decision variables (D) Lines (£)
Th. 4 in [6] 8n2 4+ (3 — 2r + p)n + 212 12n
Th. 3 in this paper 7n% + (2 — 7+ p)n +0.5(r> — 1) 4n
55
541
2
3
= 53
g
8
B
° 521
s
=4
S51F
5 s N L
2 4 6 8 10

Fig.2 The ratio between the complexity resulting from Th. 4
in [6] and Th. 3 in this paper with respect to n for p = 2 and
r=n-—1
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3 Numerical examples ’ X,
Example 1. Consider the discrete-time singular delay oT -iz
system[g]: :
Ex(k+1) = Az(k) + Aqx(k — d) 3
E
where éﬂ
= of =
[2 0 [ 0.9977+0.1a 1.1972 :
E*{ 0}’ A*{ 01001 —1.9 ] b
A, — —1.1972 1.5772 -2F
4= 0 0.9754 + 0.1 , , , ,
-3 1 2 3 4 5

and « is a scalar.

First, let us compare the results of Theorem 1 with
the ones of Theorem 2 in [7]. Theorem 2 in [7] gives
a delay-dependent stability criterion for system (2) with
time-varying delay. If the lower bound of time-varying de-
lay is identical to the upper bound of time-varying delay,
then time-varying delay is deduced to be constant time de-
lay. The same case is addressed in this paper.

For given different values of «, using Theorem 2 in [7],
the values of dps are shown in Table 3. It is obvious that
the results of [7] are more conservative than the ones of
Theorem 1 in this paper. Second, comparisons of dys with
[8] for different cv are shown in Table 3. It is seen that the
results of Theorem 1 are less conservative than the ones in
8]

Table 3 Comparisons of dy;s with different o for Example 1

o 05 —-01 -05 —-1.0 -15
dyr by Th. 2 in [7] 3 4 5 6 10
dy by Th. 1 in [8] 3 4 5 6 10
dyr by Th. 1 in this paper 3 5 6 8 14

Example 2. Consider the discrete-time singular delay
system

Ex(k+1) = Az(k) + Aqx(k — d) + Bu(k)

where
1 0 0 —0.13 0.05 —0.25
FE = 01 0|, A= —-0.59 —-0.02 0.12
0 0 O 0.12 —1.12 0.18
0.09 0.17 0.3 —-0.2 —-0.5
A;=| -0.02 -0.07 -004 |, B=| —0.2 0.12
—0.8 0.24 0.16 —0.2 0.6

The sample time is 0.1s. First, consider the open-loop
system. Assume dy; = 3, by Definition 1, it is verified
p(E, A Aq) = 1.5 > 1 and this demonstrates the open-
loop system is unstable. Second, by Theorem 3, choosing
L=[0 0 1], p1 = —0.1, p2 = 0.03, p3 = —0.26, ps =
—0.34, and solving LMI (38), we obtain

—4.8451
1.7127

—2.3753

1.1234
G 0.4890

— | —0.9723

By computation, p(F, (A + BG), Ag) = 0.89 < 1, thus, the
closed-loop system is stable and is also admissible. Closed-
loop system state responses are illustrated in Fig. 3, which
clearly show the effectiveness of the proposed method.

In this example, n = 3, r = 2, p = 2, from Table 2, by
computation, R = 5.

Time /s

Fig.3 Closed-loop system state responses

4 Conclusion

A new delay-dependent criterion for admissibility of
discrete-time singular delay systems is proposed. The pro-
posed criterion is proved to have some advantages over the
existing results. Then, by applying the skill of matrix the-
ory, a state feedback controller is designed to guarantee
the closed-loop discrete-time singular delay systems to be
admissible. Finally, two numerical examples are given to
demonstrate the effectiveness of the proposed method.

Appendix

Assume that the matrix E in system (2) is nonsingular. Given
a scalar dys > 0, there exist matrices P > 0, Q > 0, R > 0 such
that LMI (27) holds if and only if there exist matrices X > 0,
U >0,Z >0, N; and N> such that LMI (4) holds.

Proof. (Sufficiency) Pre- and post-multiplying (4) by
I 0 _£e"
" dnr
0o I okl and its transpose, respectively, we obtain
" dnm
0 0 I,

] <0 (A1)

=l
=
2 =
N

where
= =T
== | =11 =Z21
- [ 21 S22 ]
ETZE

M

[1]

1 =ATXA—-ETXE+U—

du(A— E)TZ(A - E)

ETZE
Eo1 = AYXA+dy AT Z(A - E) + ]
M
ETZE
S = ATXAy —U +duAYZA,; —
M
M=[ duNT +ZE dyNJ —ZE | (A2)

From (A1), we have = < 0, that is, (27) holds.
(Necessity) If 2 < 0 holds, then (A1) also holds by taking

ETZ ETZ
N, = — , Np= ——
d]u d]VI
O
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