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1 Introduction

In the mid-1970s Novikov and Dubrovin ([Nov74], [DN74], [Dub75]), Its and Matveev
([IM75], [IM76]) and others ([Ma74], [La7d], [MvM75], [DT76]) applied the Lax pair
(isospectral deformation) approach to Hill’s operator for periodic potentials with finite
band spectrum and thereby determined finite gap periodic solutions to the KdV equation

Uy = 6UUy — Uy, (1.1)

Its and Matveev discovered a remarkable formula that provides periodic and, more gen-
erally, quasi-periodic solutions of the KdV equation explicitly as a second logarithmic
derivative of the Riemann theta-function:

2

U(z,t) = —%lne(ijLthLW)JrC (1.2)

with U, V, W = const € CY and C € C. The theta-function appearing here is determined
by the period lattice of a hyperelliptic curve X of arbitrary genus ¢, and the “winding
vectors” U,V are periods of abelian differentials of the second kind. This formed an
important part of the general theory of algebro-geometric solutions of the KAV equation
(see e.g. (IDMNT6] for a review). Krichever [K1i77] extended these considerations more
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generally to quasi-periodic solutions of the KP hierarchy. This led to a general method
of integration of such partial differential equations determined by the specification of an
algebraic curve, and certain additional data on it. (See([Dub81]) for an overview of this
approach and further applications.) These results had a great influence on subsequent
developments in the theory of integrable nonlinear hierarchies, and their applications in
various domains of mathematics and physics.

The phenomenon of algebro-geometric integrability has been considered from different
viewpoints. In this paper we discuss the theory of tau-functions as initiated by Sato
[SM&0,, [SM&1], [SS82] and developed in the works Sato, Date, Jimbo, Kashiwara, Miwa
and others (see e.g. [DJKMS83]). We also make use of the geometrical formulation of
Segal and Wilson [SW85]. In this approach the tau-function

T ="Tu(t), 7u(0)#0 (1.3)

is understood to depend on two sets of variables, an infinite dimensional vector t =
(t1,t2,...) € C>* and an element w € Gry, (H) of an infinite dimensional Grassmannian
consisting of subspaces of a polarized Hilbert space (the direct sum of two mutually
orthogonal subspaces of essentially equal size)

H=H,+H_ (1.4)

that are “commensurable” with the fixed subspace H, (i.e., orthogonal projection to H
is “large” - a Fredholm operator - while projection to H_ is, e.g., of Hilbert-Schmidt
class). The Pliicker relations, defining the embedding of G'ry, (H) as a subvariety of the
projectivized infinite exterior space P(AH) are equivalent to an infinite set of bilinear
differential relations in the t variables, the Hirota equations which, in turn imply the
equations of the KP hierarchy.

In the special case to be considered here, w is determined by certain algebro-geometric
data, the Krichever-Novikov-Dubrovin (KND) data, consisting of an algebraic curve X of
genus ¢, and a non-special positive divisor of degree g:

g
=1

a point p. identified as “infinity” and a local parameter £ = % with €(ps) = 0.
We further make a choice of a homology basis {ay,...,a,;by,...,b,} for X consisting
of a and b cycles satisfying the intersection relations

a; oa; :O, biobj :0, Cliobj :5ij> (16)
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a normalized basis {uy, ..., u,} of holomorphic abelian differentials, and a canonical poly-
gonization of X obtained by cutting along the a and b-cycles. Selecting an arbitrary base
point pg the Abel map,

A (SX)»T(X)=C9T (1.7)

from the gth symmetric power of X to its Jacobian variety (the quotient of CY by the
lattice of periods) is defined by integration of these differentials from the base point to
the points in question. The KND data determine a vector e = (ey,...,e,)T € CY as the
image of the divisor D under the Abel map (within the polygonization)

e=AD) - Alp) + K (1.8)

translated by the Riemann constant K corresponding to the polygonization. We may
then denote, in short, the corresponding 7-function as 7 (e, t).

The tau function can be represented as a Taylor series in t and then re-expressed
as an expansion in a basis consisting of Schur function s,(t), labelled by partitions,
A= (A1, A2,. .. Ayy)), (where the ;s form a weakly decreasing sequence of non-negative
integers Ay > Xy > ..., with the last nonzero term Ay, where £()) is the length of X).
The flow parameters (t1,to,...) may be identified with monomial sums

t; = %Zxa (1.9)

in terms of N auxiliary variables for any N > ¢()), by taking the (stable) limit N—oc.
The Cauchy-Littlewood identity ([Mac90]) (or equivalently, the abelian group property
of the KP flow flows) permits us to express this expansion in the form

(e, t) = 2; [SA <a%’ o %a%’ , ) T(e,t)}

where the summation runs over all partitions A. The important point is that the coeffi-

sx(t), (1.10)

t=0

cients in this expansion

0 10
77)\(7,11) = S\ (a—tl, ey Ea—tk’ .. ) T(e,t)|t:0 (111)

are just the Pliicker coordinates of the element w € Gry, (H) under the Pliicker embedding
B : Gry, (H)—=P(F) (1.12)
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into the projectivization of the exterior space
F =AH, (1.13)

which is a completion of the space of sums over a basis consisting of semi-infinite wedge
products of basis elements of H (the Fermionic Fock space). In this setting, the Hirota bi-
linear relations of the KP hierarchy are simply equivalent to the Pliicker relations satisfied
by the coefficients {m(w)}.

To each partition A = (Ay, A\2...,) we associate, as usual, a Young diagram with A\;
boxes in the first row, A9 in the second, etc. For example,

A=(331) o | (1.14)
Partitions of the form (k,1,1,...,1) = (k,17) are called hooks. Partitions may equiva-
————

J
lently be expressed in Frobenius notation as
)\N(al,...,ak|b1,...,bk), (115)

where £ is the number of diagonal boxes in the Young diagram, called the rank of the
partition and the a;’s and b;’s are, respectively, the number of boxes to the right of and
below the diagonal ones. The Giambelli formula

S(ar,..ar|br,....bg) = det (S(ai\bj)) (1.16)

expresses the Schur function corresponding to an arbitrary partition as a determinant
whose entries are the Schur functions corresponding to hook diagrams only. Sato also used
Giambelli’s formula in the decomposition of the coefficients of the expansion (L.I0)), since
the same determinantal relations are valid, when expressed for the Pliicker coordinates of
the image of any element w of the Grassmannian (i.e. for any completely decomposable
element of A), expressing them in terms those for hook partitions (see eq. (2.23). This
amounts to an explicit solution of the Pliicker relations, valid on the affine neighborhood
corresponding to the “big cell” Using eq. (LL1I]), the resulting relations appear as partial
differential equations, for which the tau-function plays the role of generating function.

Such expansions are valid for any tau-function 7, (t), but here we will mainly consider
T-functions 7(e, t) associated to the KND data on an algebraic curve X of genus g, and
compute the coefficients in the Schur function expansion for this case.



Let the curve X be equipped with a canonical homology bases (ai, ..., a4 by, ..., by),
and corresponding polygonization, and choose a basis of holomorphic differentials u =
(uy,...,uy)" ordered according to the degree of their vanishing at the the Weierstrass
point p at infinity, n, +1,...,ny + 1, where 20 = (n4,...,n,) is the Weierstrass gap
sequence at p., (see section 3.2).

Denote by
o — (74 u) CB- <]{ u) (1.17)
g i,j=1,....9 by i,j=1,....,9

the matrices of periods. The Jacobian of the curve is then Jac(X) = C9/2A & B.

We will refer to (A, 8) as the first period matrices or Riemann period matrices. The
second period matrices, (&,%T) are similarly formed from the periods of meromorphic
differentials r = (r1,...,7,)" with poles only at the Weierstrass point ps, of orders
ng+1,...,n1 + 1, respectively.

62—(%7}-) , Tz—(]{m) (1.18)
qj i,j=1,....g b 4,j=1,....9

normalized by the condition (generalized Legendre equation)

T
2A B 2A ‘B _ (0, -1,
<GT)J(GT)_ 2rd, J_<1g Og)' (1.19)
The matrix
o =A'S (1.20)
is necessarily symmetric, ! = s, and
G =,  T=3B— %arlT (1.21)

Remark 1.1 In the basis (u,r) the meromorphic differentials r are not uniquely defined, only
up to the addition of a holomorphic differential. Therefore the matrix s¢ is only defined up to
the addition of an arbitrary symmetric matrix. Nevertheless for our purposes, it is sufficient to
choose a specific representative of the class of differentials r, and this will be specified in each
case treated in detail in the examples.

Following Baker [Bak07], we associate to the curve X the fundamental bi-differential
Q(p, q), which is the unique symmetric meromorphic 2-form on X x X, with a second



order pole on the diagonal p = ¢, and elsewhere holomorphic in each variable. Locally
expressed, this has the form

p, g) = —e)dbla) d“ +Zuu PO)E ()€ ()A€ (p) e (0), (1.22)

where and £(p), £(q) are local coordinates in the vicinity of a base point pg, £(pg) = 0 and
the coefficients p;;(po) are symmetric in the i, j-indices, p;;(po) = pji(po). The bi-form
Q(p, q) is normalized by the conditions

j{ Qp,q) =0, j=1,...,9. (1.23)
aj

Usually Q(p, q) is realized as the second logarithmic derivative of the prime-form or
theta-function [Fay73]. But in our development we use an alternative representation of
Q(p,q) in an algebraic form that goes back to Weierstrass and Klein, as described by
Baker in [Bak97]

(p7 ) T
Qp,q) = dzdz + 2u(p)” »u(q), (1.24)
Py(p)Pu(q)(z — 2)
where p = (z,y), ¢ = (z,w), the function F(p, q¢) = F((x,y), (z,w)) is a polynomial in its
arguments, with coefficients depending on the parameters defining the curve X explicitly,
as a planar model given by the polynomial equation

P(z,y) =0, (1.25)

u is the g-component vector whose entries are the holomorphic differentials and s is a
symmetric matrix (L20) thereby providing the normalization (L23) of Q(p,q). We will
refer to the first term on the right of (I.24]), which involves the polynomial F(p, ¢), as the
algebraic part@ denoting it as Q¥2(p, ¢) In the vicinity of the base point py, &(pg) = 0
the form Q22(p, q) is expanded in a power series as

dé(p dgq ;
O (p, q) = ) =" +JZO/~L )'€(q)'d¢(p)dé(q), (1.26)

4The factor 2 in the normalization makes the case g = 1 agree with the usual one in the Weierstrass
theory of elliptic functions

°The representation ([.24]) was further developed by Buchstaber, Leykin and one of the authors
[BEL97] and more recently by Nakayashiki [Nak0§].



where the quantities u?;g(po) are algebraic functions of {(py) and the coefficients of the
curve. The transcendental part Q™" (p, q) of Q(p, ¢) is holomorphic and its expansion in
the vicinity of the base point py has the form

Q"™ (p,q) = 2u(p)’su(q)
= > (po)é(p)'€(g) dE (p)d€ (g)- (1.27)
i,j=0
Therefore
Qp, q) = Q*=(p, q) + Q"*(p, q) (1.28)
and
155(po) = HEE (o) + 115 (po) (1.29)

for all py and i, 5 € Z.

The algebraic representation of the fundamental differential, as described above, lies
behind the definition of the multivariate sigma function in terms of the mutivariate (Rie-
mann) theta-functions 6. It differs from 6 by an exponential factor and a modular factor
C:

o(v) = Cexp {%VT%V} 0 (Q[_IV; 7') , (1.30)

where 3¢ and 2 are defined in ([.20) and (IL.I7). These modifications make ¢ (v) invariant
with respect to the action of the symplectic group, so that for any v € Sp(2g,Z), we have:

o(v;yoM) = o(v; M), (1.31)

where 901 is the set of periods of the curve X. The multivariate sigma-function is the
natural generalization of the Weierstrass sigma function to algebraic curves of higher
genera.

Remark 1.2 In his lectures, [Wei93], Weierstrass defined the sigma-function in terms of a se-
ries with coefficients given recursively, a key point of the Weierstrass theory of elliptic functions.
A generalization of this result to genus two curves was begun by Baker [Bak07] and recently
completed by Buchstaber and Leykin [BL05], who obtained recurrence relations between coeffi-
cients of the sigma-series in closed form. Buchstaber and Leykin also recently found an operator
algebra that annihilates the sigma-function of higher genera (n, s)-curves [BLO§|. Finding a suit-
able recursive definition of the higher genera sigma-functions along the lines of [BL08] remains
a challenging problem.



In this paper we study the relation between the multivariate sigma function and the
Sato 7-function [SMS80L [SM&1) [SS82] for the case of quasi-periodic solutions associated
to KND data on an algebraic curve. Thus, we mainly consider this class of “algebro-
geometric 7-function” solutions. These are essentially the same as those studied by Fay
[Fay83|, [Fay89] in terms of #-functions. In terms of o functions such 7-functions may be
expressed (see Proposition B:D)H

77—'((2’, ;G))) _c (220:1 mf(};iﬁ;o)@ + Ae) exp {% Z lelg(poo)tktz} . (1.32)

Here, as above, 2l is the period matrix of holomorphic differentials, Up(ps ),k = 1,2, ...
are “winding vectors” i.e. b -periods of normalized second kind differentials with poles of
order k + 1 at the point ps, and e is an arbitrary point of the Jacobian variety Jac(X).

The paper is organized as follows. In section 2, we review the geometric formulation
of the Sato-Segal-Wilson 7-function in terms of Hilbert space Grassmannians. The in-
terpretation of the coefficients of the Schur function expansion as Pliicker coordinates is
derived (Proposition [22]), as well as their expression in terms of the affine coordinates on
the big cell, and hook partitions (Corollary 2.3]).

In section 3, we restrict to the special case of 7-functions associated to KND data
on an algebraic curve. The explicit formula for such 7-functions in terms of Riemann
f-functions is given in eq. (B:37)). The affine coordinates determining the Schur function
expansion are computed explicitly (eq. (3.31))) in terms of directional derivatives of the
Riemann #-function along the flow directions. In subsection 3.2, we review the Weierstrass
gap theorem and introduce the normalized symmetric bi-differential Q(p, ¢). This allows
us to make explicit the splitting into “algebraic” and “transcendental” parts (Corollary
BI) of the infinite quadratic form @ appearing in the exponential term in eq. (337
and the formula eq.( B:37]) determining the affine coordinates. The equivalent expression
for the 7-function in terms of the o-function, which displays more clearly its modular
transformation properties is derived in Proposition Bl eq. (B.77). From this, it is shown
how to compute the affine coordinate matrix elements explicitly as polynomials in terms
of the Kleinian functions {(;, p;;}, that generalize the Weierstrass (- and p-functions to
curves of arbitrary genus.

In section 4, we consider several examples for which the affine coordinates are explicitly
calculated and use the Pliicker relations to derive identities relating Kleinian ¢ and @

6Recently A. Nakayashiki [Nak09] has independently suggested a similar expression for the algebro-
geometric tau functions in terms of multivariate o-functions and studied properties of the sigma-series.
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functions of different degrees. The case of hyperelliptic curves is treated in detail, with
explicit formulae computed for the case of genus ¢ = 2. In Proposition [4.1] we derive
algebraic relations between the Kleinian g-functions of different orders for this case. A
further example based on a planar model of a class of trigonal curves is considered, and
explicit expressions for the lowest affine coordinate matrix elements are computed in terms
of the Kleinian ¢ and g-functions for this case, as well as identities relating @-functions
of different orders that follow again from the Pliicker relations.

2 Background. Sato-Segal-Wilson 7-function

The following is a brief summary of the Sato [SS82] and Segal and Wilson [SW85] approach
to KP 7-functions. The first is essentially algebraic in nature, the second functional
analytic, but we combine elements of both. For more precise definitions of the main
ingredients (Hilbert space Grassmannians, infinite transformation groups, determinant
line bundles, Fermionic Fock space, the Pliicker map, etc.), the reader is referred to
these two sources, which agree in the geometric framework but not in analytic details.
The introductory summary given here is intended to be as simple and self-contained as
possible, and applicable to the cases at hand. Functional analytic details of the general
formulation are either omitted or referred to [SW85], and the ingredients are made as
much as possible to appear like the finite dimensional case.

2.1 Hilbert space Grassmannian and Pliicker coordinates
Following [SW85], we start with the Hilbert space
H=L*S")Y=H, DH_ (2.1)

of square integrable complex valued functions f on the unit circle {z = ¢} in the complex
plane, which may be split as a sum

f=r+i feets, (2.2)

where fi € Hy are the positive and negative parts of the Fourier series.

Equivalently, H, may be interpreted as the space of holomorphic functions on the
interior unit disk and H_ as the space of holomorhic functions on the exterior, vanishing
at z = oo, with orthonormal bases provided by the monomials in z

H, =span{e; =27}y o, H_ =span{e; =27} 010.. (2.3)
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Remark 2.1 The convention of labeling the basis vectors e; so H. is the span of those having
negative indexes j is chosen so that under the Pliicker map (see below) Hy is taken into |0) =
e_1 ANe_g A ... which is the “Dirac sea”, in which all negative “energy” stated are occupied.

We denote by Gry, (H) the Hilbert space Grassmannian whose points are closed sub-
spaces w C ‘H that are commensurable with H, in the sense that orthogonal projection
7t w—H, to Hy along H_ is a Fredholm map with index zero and orthogonal projec-
tion 7+ : w—H_ to H_ along H, is Hilbert-Schmidt. (In [SW8H] this is called the zero
virtual dimension component of the full Hilbert space Grassmannian.)

Let

w = span{w; } jen
w; = Zwijei. (24)
i€Z
Relative to the monomial basis {e;}, the frame {wp,ws,...} may be represented as an
infinite matrix W with components {wj; }icz jen Whose jth column vector W; has com-
ponents {w;; }icz

—00

Wy

W= (Wy, Wy,...) = (2.5)

w_

+o0
where the rows are labeled by the integers, increasing downward with the O-th row at the
top of the W_ block, and the columns are labeled by the non-negative integers, starting
with 0 on the left and increasing to the right.

Remark 2.2 Note that the column labeling corresponds to the monomials degrees in H,
whereas the row labeling corresponds to the basis elements {e;}

Here W_ may be viewed as representing a map w_ : Hi—H_ and W, a map w; :
H,—H . such that w is the image of their sum

w = (w- +w)(Hy). (2.6)
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The Grassmannian Gry, () may be interpreted as the quotient of the bundle Fry,, (H)
of admissible frames by the right action of the group &[(H,) of linear changes of basis.
(See [SW85] for the precise definition, which requires elements of &I(#H ) to have a non-
vanishing, finite determinant). Thus, Fry, (H) may be viewed, similarly to the finite
dimensional case, as a principal Bl(#.) bundle over Gry, (H)), to which we may asso-
ciate, through the determinant representation, a line bundle Det—Gry, (H) and its dual
Det*—Gry, (). A holomorphic section of the latter is determined by each partition
A=A > X > ... > Ny > 0), Ay € N, where ¢()\) denotes the length, in a way that
mimics the finite dimensional case. Extending the set of parts {)\j}j:17___g()\) in the usual
way [Mac90] to an infinite sequence {\;};—1, . by defining,

N=0 if j> (), (2.7)

the determinant det(WW)) of the submatrix W) of W consisting of the rows {\; — i};en+
defines a holomorphic section o : Gry, (H)—Det" of the bundle Det*—Gry, (H) and
these span the space of admissible sections. (Again, for the full analytic details required
to define the class of admissible sections, see [SW85].)

As in the finite dimensional case, the space of such holomorphic sections may be
identified with a certain subspace Fy, C F of the exterior space F := AH, the “zero
charge sector” of F, with the latter interpreted as the full “Fermionic Fock space”. Let
Fo be the span of the exterior elements

|)\> =€ N €ls VAN €l VAR s (28)
where, for any partition A = (A1, Ag, ...), the [;’s are the “particle coordinates”,

These form an orthonormal basis with respect to the inner product induced on Fy C AH
by the one on H.
For each partition A, we may also define H, € Gry, (H) as

M = span{ey, }ien+ (2.10)

In particular, the element H, corresponding to the trivial partition A\ = 0 is H,. We
define the Pliicker map P : Fry, (H)—Fo in the natural way

P : Fry, (H)—Fo (2.11)
‘i3: {wo, wy, ... }wo Awy Awy A - -+ (2.12)
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Changing the frame {wg, wy, ...} spanning the subspace w C H by application (on the
right) of an element g € BI(H, ) just changes the image under B by the nonzero multi-
plicative factor det(g). Therefore the Pliicker map (2.12]) on the frame bundle projects to
a map embedding Gry, (H) into the projectivization P(Fy) of Fy

;,]3 . GI'H+ (%)—)P(.FQ)
P {wo, wy, ... p={we Awp Awg A - -], (2.13)

where [|v)] denotes the projective equivalence class of |v) € Fy. In particular,

P(HA) = [[N)]: (2.14)

The image of Gry, (H) under B is the orbit of ., under the identity component of the
general linear group &I(#H) (again, suitably defined, as in [SS82] or [SW85]).

The Pliicker coordinates { m\(|v))} of an element |v) € Fy are just its components
relative to the orthonormal basis {|\)}:

m(v) = (Alv)
[0) =) " mA). (2.15)

Applying the Pliicker map P to an element {wo,w1,...} € Fry, (H) spanning w €
Gry, (), the Pliicker coordinates of its image are the homogeneous coordinates of P (w)
under the Pliicker map (2.13)

ma(w) = mA(P(w)). (2.16)
It follows from the above that
ma(w) = det(W)), (2.17)

and hence the basis of holomorphic sections H%(Gry, (H), Det*) of Det* defined by the
partitions A correspond precisely to the Pliicker coordinates.

The Pliicker relations are the infinite set of quadratic relations that determine the
image of Gry, (H) under the Pliicker map. They follow from the fact that for any w €
Gry, (M), this image P(w) is a decomposable element of Fy. The Pliicker coordinates
of my(w) are therefore not independent; it is possible to express them on an open dense
affine subvariety as finite determinants in terms of a much smaller subset consisting,
e.g., of those Pliicker coordinates corresponding to hook partitions. It is convenient to
use Frobenius notation (ajas - - - a,|bibs - --b,) for a partition, [Mac90], where (a;,b;) are
the number of elements to the right and below the ¢th diagonal element of the Young
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diagram, for i = 1...7. A hook partition A\ = (a+ 1, 1°) is one for which r = 1, and hence
in Frobenius notation is expressed (a | b).

To see how to express the Pliicker coordinate 4, qy-a, |b1bs--5,) (W) corresponding to an
arbitrary partition in terms of those for the hook partitions {(a; | b;) }1<i j<r, it is easiest
to assume that w is in the “big cell”, in which the map w, : H,—H, is invertible. The
infinite matrix W, in (2.3]) is therefore also invertible, and we may define affine coordinates
as the matrix entries of

A=wW_Ww;" (2.18)
By convention, we will let the indices (a,b) range over the non-negative integers, and
therefore the componentwise interpretation of (2.I]) is

A= W-W Y,  abeN. (2.19)

The homogeneous coordinates in this basis have the form

Ww;!t = < i ) , (2.20)

where I is the semi-infinite identity matrix, /;; = d_;_;; which, in view of the labeling
convention has {ij}-th entry ¢ < —1, j > 0 and the labeling convention for the matrix A
in the lower block is that the pair of indices (ab) start with (0,0) in the upper left-hand
corner, and increase downward and to the right. This allows us to express all the Pliicker
coordinates as finite determinants in terms of the affine coordinates on the big cell.

Proposition 2.1 The Pliicker coordinate 7(q,ay--a,|bibs--5,) (W) corresponding to the parti-
tion (ajas - - ap|biby - - - b,) is
7T(alaz"'ar|b162"'br)(w) = det(W(a1a2---ar\b1b2---br))

= (=1)Zk=1brdet (Ag,p, 1<ij<r) det(W5) (2.21)

In particular, we may consider the case of hook partitions, which, according to (Z21]),
coincide within a sign with the components of the affine coordinate matrix A, allowing
all other Plicker coordinates to be expressed as finite determinants in terms of these.

Corollary 2.1 The Pliicker coordinate corresponding to a hook partition (a|b) is, within
a sign, the (a,b) affine coordinate,

Talyy () = (—1)" Ag, (2.22)

and hence
W(ala2"'ar|b1b2"'br)(w) = det (W(adbj)(w)‘lgi,jgr) . (223>
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2.2 Abelian flow group ', and the KP 7-function

We now introduce the abelian subgroup I'y C &[(H) consisting of nonvanishing elements
of H, normalized to equal 1 at the origin z =0

L. = {5(t) i= eEF0e)

t .= (tl, tQ, .o .}, (224)
acting on H by multiplication
Py xH—->H
(v, f) = f. (2.25)

This induces an action on the Grassmannian
F_;,_ X G’/’q.u(?‘[) — G’/’q.u(?‘[)
(v(t),w) = y(t)w (2.26)

which lifts to one on the bundle Det*—Gry,, (), and determines an action on the space
of holomorphic sections H"(Det*, Gry, (H))

[y x H°(Det*, Gry, (H) — H°(Det*, Gry, (H)
(y(t),0) = J(t)o =00 ()

F(t)o(w) == F(t)o (v (t)w) (2.27)
The latter coincides, within normalization, with the induced action on Fy C AH. Let
w(t) = (t)(w) (2.28)

be the image of w € Gry, (H) under the action of the group element ~(t) and let W(t)
be its matrix of homogeneous coordinates relative to the standard basis of monomials
{ej}jez. Then

m(w(t)) = det(W(t)) (2.29)

is the Pliicker coordinate of w(t) corresponding to the partition A. The KP 7-function is
defined to be the Pliicker coordinate corresponding to the trivial partition A =0

Tu(t) i= mo(w(t)) = det(W. (t)). (2.30)

Since, as will be seen in the next subsection, all other Pliicker coordinates of w(t) may
be determined from 7,(t) by applying constant coefficient differential operators in the t
variables, defined in terms of the Schur functions, the Pliicker relations for B(w(t)) may
be expressed as an infinite system of bilinear differential relations satisfied by 7, (t), the
Hirota relations [SS82], which are equivalent to the hierarchy of KP flow equations.

15



2.3 Schur function expansions

Recall that if we view the flow parameters t = (1,9, ...) as power sums in terms of a set
{z1,...,2x} of N auxiliary variables

t; = lzx (2.31)

the Schur function s,, which is the irreducible character of the tensor representation of
BI(N) with symmetry type corresponding to partition A, is given by the Jacobi-Trudi
formula [Mac90]

sx(t) = det(hx,—itj)1<ij<n (2.32)

for any n > ¢(X), where {h;(t)};=1, . are the complete symmetric functions defined by
the generating function formula

elim b = Z hji(t)z7. (2.33)
=0

We have ho(t) =1 and it is understood in (2.32) that h;(t) := 0 for j < 0.
Given any function f(t) that admits a Taylor expansion in the flow variables about
the origin 0 := (0,0,...),

F(£) = (€519 F()) oo, (2.34)

where t = (t1,t2,...), we may use the Schur functions as a basis and express the series as

F&) =" fisa(t). (2.35)
A

(This determines the “Bose-Fermi equivalence”, which associates an element ), fi|A)
of the Fermi Fock space Fy to the Bose-Fock space element f, viewed as a symmetric
function of an underlying infinite series of parameters {z,},—1, o related by (2.31)), in
the inductive limit, to the flow parameters t.) Using the Cauchy-Littlewood identity
[Mac90]

Rk YOG 250
A
in the form

0o 4 9
e =1 =) "5y (6)sa(06). (2.37)

A

16



where

10
) '_{ga—h}i:m , (2.38)

oo

we obtain
fr = 5x(06)(f(t))lt=o0- (2.39)

For the tau function 7,(t), the coefficients in this expansion coincide with the Pliicker
coordinates my(w) of the initial point w € Gry, (H).

Proposition 2.2 (Sato [SS82]) The Schur function expansion of 7,(t) is

To(t) =D ma(w)sa(t). (2.40)
A
The Plicker coordinates are therefore given by
ma(w) = $A(0%) (Tw(t)) |t=0- (2.41)
Proof. Using formula (2:33)), it is easy to see that the matrix representation of the action
(2.28) is given by:
_(Het) Ho()) (W,
Wi(t) = ( 0 HT (t) W) (2.42)
where
H, (t):= L hi g
++(t) 0 1 h
0 0 1
: 1 hi hy hs
h 0 1 hl h2 s
Hy (t) = ’ ) H__(t) = 0O 0 1 h -1 (2.43)
hy sy S
hi hs hs
Letting
H(t) := (Hyi(t) Hi (), (2.44)
we have
To(t) = det(H ()W) =) " det(H,(t))det(Wy) = > my(H” (£))m(w), (2.45)
A A

17



where the second equality is the Cauchy-Binet identity and
mA(H (t)) == det(hx,—i1;(t))]1<ij<00 = a(F) (2.46)

by ([232). We thus obtain the Schur function expansion (2.40) of the 7-function.

On the “big cell”, each my(w) is determined through (2.21]) as a finite determinant in
terms of the affine coordinates { Ay} of w which, by (222), coincide within sign with the
hook partition Pliicker coordinates. Therefore, we need only apply (2.41]) to obtain these

(—1)* Ay = Tajp) (W) = 5(ajp)(Oe) (Tw(t)) |e=o0- (2.47)

Substituting the expression (Z2I]) for the Pliicker coordinates m(q, . q,b1,...5,) in (2.20)
we obtain

Corollary 2.2

= 31T et (Aai,bj }1<u<r) sa(t). (2.48)
A further simplification may be made using the following identity, for which a simple
proof follows from the above definitions.

Lemma 2.1
b+1

S(alp) (t) = (—1)bz hy—j1(—t) hai;(t). (2.49)

Proof. By the Jacobi-Trudi formula (2.32)),

S(Q‘b)(t) = det (III_: ﬁ) y (250)
where
7 = (Ras1(t), hata(t) - hags(t)),  hi= haypi(8), (2.51)
L ha(t) holt) oo e hpa(t)
ult) 0 1 M(t) hoft) -+ hpot)
hp-1(t) . o .
k:= : , H=10 o0 - - - : (2.52)
P (8) 0 (:) 1



It follows from the generating function formula (233) that the inverse H™! is given by

L hi(=t) ho(=t) v oo hya(—t)
0 1 hi(—t) ha(—t) --- hyo(—t)

and

zb: hayj(—=t)hy—j(t) = dap-

j=—a

o’ H!
()

has determinant (—1)°, and its product with the matrix in ([Z50) is

h? h\ (07 H-! _(h o7
H k)\ 1 —n'm™8H') " \k I-hr'kh™H!)"

The matrix

Therefore

Spy(t) = (=1)°h det(I — h'kh"H ™) = (—1)°(h — H 'kh").

But it follows from (Z53)) and (2354]) that
hy(—t)
Hog—— | Y
hl(;t)

from which (2:49)) follows, in view of the definition (251I) of h. QED.

Substituting the identity (2.49) into ([2.47)) thus gives

Corollary 2.3

b
Ay ==Y harj 1 (=00 5(De) (Tu(t)) [i=0-

=0
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The relations (Z21]), (Z41]) (2.47) determining the Pliicker coordinates of w € Gry, (H)
on the “big cell” are equivalent to the fact that the formal Baker-Akhiezer function
[SM&0], [SM81], [SW85], defined by the Sato formula [SS82]

S0 it Tw (t — [Z_l])

ww(zat) =€ Tw(t) )

(2.60)

where

1 1 1
171 . -
7] = (Z,—222,—3Z3,...), (2.61)

takes its values in w € Gry, (H) for all values of t.
Following Sato, we may also introduce the dual Baker function:

Ur(z,t) = —%exp {— Z tizi} . (2.62)

Then, as shown in [SM&0, [SM81 [SS82], the KP hierarchy equations may all be expressed
in the form of Hirota bilinear equations for the 7-function.

Theorem 2.1 (Hirota bilinear relation [SM80, [SM81), [SS82])
Res.—o Ui (2, t)U* (2, t) = 0, (2.63)

where the Res,—q just means the coefficient of 2= in the formal Laurent expansion about
z = 0 and the relation is satisfied identically in the infinite set of KP flow variables
t = (tl,tg, .. .), t= (tl,tQ, .. )

Remark 2.3 In view of ([2.62) , eq.[263) is equivalently written as
Res,—pexp {Z t,-zi} exp {— Zﬁzl} rt—[z"DrE+ [z =0 (2.64)
i=1 i=1
identically in t and t.

Remark 2.4 Tt is also shown in [SM80, [SM81, [SS82] that (2.60) is simply an expression of
the infinite set of Pliicker relations satisfied by the coefficients my(w) appearing in the Schur
function expansion (2.40])
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3 Algebraic curves

3.1 Baker-Akhiezer function and tau function for algebraic curves

A particularly important class of tau functions consists of those associated to algebraic
curves [Dub81l, Kri77, DJKMS&3]. The relevant data needed to define these are: an alge-
braic curve X of genus g, a positive nonspecial divisor of degree g

g
D .= sz, Pi EX, (31)

i=1
(or, equivalently, a degree ¢ line positive bundle £L—X in general position satisfying

suitable generic stability conditions), a point “at infinity” p,, € X and a local parameter
&= % defined on a disc

Dy :={p({), €| <1, p(0)=ps} (3.2)

centered at p,,. The points p; are assumed to lie in the complement Dy := X — D...
Identifying S* with D, the associated element w := w(X, D, poc, () € Gry, (H) is the
closure of the space of functions f € L?(S') admitting a meromorphic extension to Dy
with pole divisor subordinate to D.

To realize the construction we use canonical theta-functions of g variables, g > 1

0(z) = Z exp {umm’ Tm + 2urm’z}, z¢€ CY, (3.3)
meZ9

where T is a complex symmetric g X g-matrix with positive definite imaginary part. The
space of such matrices (the Siegel upper half-space) will be denoted §9. The theta-function
is holomorphic on C9 x 89 and satisfies

0(z +n) =0(z), 6(z-+Tn)=exp{—wr(n’Tn + 2z n)}0(z). (3.4)
In the considered case of f-functions associated to an algebraic curve
T := A8, (3.5)

where 2 and 28 are the period matrices of a basis of holomorphic differentials.
As shown in [Dub81l, [Kri77, [DJKMS3]|, the corresponding Baker-Akhiezer function
may be chosen as the restriction to 0D, of a meromorphic function on X — p,, with pole

divisor D and having an essential singularity at p., of the form
o 4 i 1
wu0(0) )~ 0 (140 (1)), >0

z
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The Riemann-Roch theorem implies that there is just a one dimensional space of such
functions. They may be expressed, within a t-dependent normalization, as

Pl = TAp) - AD) -K) >0

where 6 is the theta-function with 7" equal to the Riemann matrix of periods defined below
relative to a suitable polygonization obtained by cutting along a canonical homology basis
(ar,...,a4,b1,...,b,) with intersection matrix

aoa;=b;0b; =0, a;0b; =0, (3.8)

Po is an arbitrarily chosen base point,

A SY(X)—CY
g g D w1
A: = ijHZ/ w, w= : (3.9)
j=1 j=1"Po Wy

is the Abel map with ith component

g D
Ai::Z/ w;, i=1,....g, (3.10)
j=1"Po

where (wy,...,w,) is a canonically normalized basis of the space H°(K') of holomorphic

f wj = Oy f; wj = T, (3.11)

and K € CY is the Riemann constant, chosen so that 6(A(p) — A(D) — K) vanishes at
the g points p = p; in the divisor D.
Define the linear family of abelian differentials of the second type

abelian differentials

Ot) = f:gzjtj, (3.12)

where (); is the unique normalized abelian differential of the second kind with pole divisor
of degree j + 1 at p,, having local form

Q; ~ d(27) + holomorphic (3.13)
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near p..,, with vanishing a—cycles

fﬁj:o, i=1,...,g. (3.14)

%

Then 2miU; € CY is defined to be its vector of b-cycles with components

7{ Q= 2mi(Uy), k=1,....0. (3.15)
by

In order to compare with the formal Baker function 1,(z,t) appearing in the Sato
formula (2:60]), we must interpret p = p(z) within the punctured disc Dy, — ps and on

its boundary, and normalize ¥ (p,t) in formula (3.7) so as to obtain the correct local
expansion (3.6]) near £ =0

w >t == y 3.16
wo(p(©).t) = 22 (3.16)
where
~ fp(ﬁ) Q(t)
Yu(p(§) 1) ~ero T (ag(t) + ar(t)E +-- ). (3.17)
Since fp’; Q; has the local expansion
P A1 ,
/ Q Zf_ZﬂLZfQij &+ q, (3.18)
Py j=1 J
where
Qij = Qji, 1=<14,5 < oo, (3.19)

and A(p(z)) has the expansion [Dub81], [Dic03]
A(p(z)) = Alp) = ) SU;, (3.20)
j=1

this gives the formula

oo 1 _—j
oy (e, 1) e+ 300 Uit — 527))0(e)
Vu(p(2),t) =€ Mo — S U)o + 5%, Ut (3.21)
near z = oo where
e = A(p) — A(D) — K. (3.22)

(Note that the assumptions behind formula (B.7) imply that e is not on the theta divisor;
O(e) # 0.) The last ratio of theta function factors in (3.21]),
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0(e)
0 (e+ E;ﬁl Uit;)

does not depend on z, and hence the space spanned by the values of v,,(p(z),t) is the
same as that spanned by

; S (e, 1gue) 06+ 202, Uit — §277)

w ,t) = e~= = , 3.23
'QD (p(z) ) € 9(8 _ Zi:l %Uiz—z) ( )
We may expand the remaining ratio of theta function terms as a power series in 2!
Ole+ > Uyt — Le))e=m—wion <e(e +) Um))
i=1 =1
=> z7hi(=Vu)b(e+ > Ut (3.24)
=0 i=1
and . .
fle—> 1Up)=> z7hi(~Vu)i(e), (3.25)
i=1 5=0
where 1 1
Vy = (VUl? §VU2a ngaa e ) (3'26)
and Vy, is the directional derivative in CY along U;.
Now define a basis {wo, wy, ...} for w as
. (2, t .
wo(2) = Y(2,t)m0 =1, w;(z) := ( ¢0(t )) , Jj>1L (3.27)
J t=0
Then -
wj(z) :Zj+P0j+Z( %Qij—FPij)Z_i, j = 1,2,... (328)
i=1
where '
> . Zoio MijZ_Z
T (3.29)
; ’ Do Niz™
and
M;; = Vuy,hi(=Vu)i(e), N;:=hi(-=Vu)i(e). (3.30)



It follows that the affine coordinates A;; of the element w are

Aij = H.%Qi+1,j+ﬂ+l,j7 ’i:O,l,..., j:1,2,
Ap=0, i=0,1,2... (3.31)

By Corollary 2.1l this determines the Pliicker coordinates for all hook partitions and hence,
by ([223)), for all partitions.

Comparing formula (3.21]) for the Baker function with the Sato formula (2.60), we see
that the tau function for w = w(X, D, ps, ) is given by (cf. [Dic03])

To(t) = eXim1 Niti g =5 Yio—1 Qijtit; 0(e + Z t:U,), (3.32)
i=1
where
le k
i 3.33
;t+22:2k2_ (3.33)

with the p;’s defined by

f(e)eX1 it = f(e Nz 34

(e)e Z ZZZ Z z (3.34)
i=1 1=0

From the viewpoint of the KP hierarchy, however, the linear exponential factor e2i=1Ait:

in (332) may be removed, since this just corresponds to a gauge transformation of the

Baker-Akhiezer function that is constant in the t variables

Do (2, 1) k() u(2,t),  K(z) = X1 r, (3.35)

which leaves the solutions to the KP flow equations invariant. Equivalently, this means
replacing w € Gry, (H) by
wy, = span{kv,v € w}. (3.36)

Therefore the tau function may be chosen in the simpler gauge equivalent form (cf.
[DJKMS83,, [Fay83, Dic03])

Tu(t) = e X2 Qtlige + Y 1,U;). (3.37)
i=1

Henceforth, we denote this 7-function as 7(e, t) = 7,(t).
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Applying formula (ZE9) directly to 7,(t) as defined in ([B37) provides an alterna-
tive way to compute the affine coordinates A,, that is equivalent, within such a gauge
transformation, to (B.31]).

The Hirota bilinear relations (2.64]) may in this case equivalently be written

ReSc:oé [exp {; tng—N} exp {— Z %n%} T(e;t)

n=1
X exp {—ang_"}exp {Z%%}T(ef)] =0, (3.38)
n=1 n=1 n

where £ = £(q) is the local coordinate of the point g near p, {(p) = 0 defining the KP
hierarchy.

3.2 Weierstrass gaps, bases, and the fundamental bi-differential

The Weierstrass gap theorem [FK80] says:

Theorem 3.1 (Liickensatz) For any point p € X on a nonsingular algebraic curve X
of genus g there exist precisely g distinct non-negative integers ny,...,n,, satisfying the
inequalities

n=1<ny<...<ny<2g, (3.39)

such that no meromorphic function on X may have pole divisors solely at p of degrees

(n1,...,ng).

The set of integers (ni,...,n,) is called the Weierstrass gap numbers, and will be
denoted 2(p). For a point in “general position” the gap numbers are 1,2,...,g. A point
p € X that admits a meromorphic function that has a pole of order smaller then g + 1 is
called a Weierstrass point.

Given the point p.,, and local parameter £(p), the 2g dimensional space Hj(X,Z)
dual to the homology group H;(X,Z) may be identified with a space of meromorphic
differentials having poles at p., only, with vanishing residues, the pairing being given
by integration over cycles. A basis {u1,...,ug,Qy,,...€,,} for this space consists of
the g elements {uy, ..., u,} providing a basis for the subspace H’(X, K) of holomorphic
differentials, defined so that u; vanishes to order n; — 1 at po

Uy = — (S(p)"k_l + higher order terms) dé(p), k=1,...,9, nx€W(p), (3.40)
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with higher order terms &(p)* consisting only of powers k for which k + 1 ¢ 20(p).
The remaining basis elements {€2,,,,...,€2,, are the normalized differentials of second
kind where the €;’s are as defined in (3.I3)), (3I14]). These are mutually dual under the

pairing
1 P
2—m.//Xuj Ay, = pfigi <(/po uj) an(p)) = Ojk- (3.41)

Denote the non-vanishing period matrices around the a and b cycles

f U; =: Qlij, f U; =: SBZ,J_’ (342)
aj b;

J J

1
— ¢ Q,, = C;; = (Uy,,);, ,j=1,...,9. (3.43)
21t Jy,

The columns of the g x g matrix C are thus given by the vectors U,,, corresponding to
the Weierstrass gaps

C=(U,,Up,...,U,,), n;€W(p). (3.44)

The Riemann bilinear relations, obtained by applying Stokes theorem to the 2-forms
u; A ug, and u; A € on the canonical polygonization of the curve, then imply

ABT = BAT,
ACT = 1,. (3.45)
The relation to the basis {wy,...wi, 2y, ..., Qy, } of normalized differentials is thus

9 9

w; = ZQ[Z_jluj = Z Cjin, (346)

j=1 j=1
and the normalized Riemann period matrix T is
T :=2A1B = CTB. (3.47)

Defining the vectors

Rj:QlUj, j:1,2,..., (348)
it follows from (3:20) that the differentials u; have the local expansion

o0

wi(p(§) = = Y (Ry)i&(p) " dé(p). (3.49)

J=n;
It is also convenient to introduce the normalized symmetric bi-differential {2(p, ¢) on
X x X, [Kle86],[Kle88], [Fay73] defined by the conditions
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e Q(p, q) has a second order pole on the diagonal p = g where its local form, expressed
in terms of the parameters £(p), (q) is

1 - i\
Qp,q) = <m + > nis€(p)'é(a) ) d¢(p)dé(q) (3.50)

i,j=0
with
Mij = Mii- (3.51)
e Q(p, q) is holomorphic elsewhere in both p and g.

e The a-cycles all vanish

]iaj Up.q) = ]{eaj Qp, q) = 0. (3.52)

These conditions uniquely determine (g, p), which may be given the explicit repre-
sentation

Q(p,q) = dpdgIn 6(A(p) — Alg) + 9), (3.53)

where ¢ is non-singular odd half-period.
The following further properties also follow from the definitions.

e The b-cycles are given by the normalized holomorphic differentials w;, 7 =1,...¢

fiz;eb-

J

Q(p. q) = 2mie; (q). 74 Qp, q) = 2mie; (p). (3.54)

J

e The residues of the locally defined bi-differentials £(p) ™ Q(p, q), £(q) 7 Qp, q) at pso
are given by the normalized second type differentials €2;,

Res £(p) 7 Q(p, q) = —Q;(¢), Res () p, q) = —Q;(p). (3.55)

P=Poco qd=Poo

o The coefficients j;; in the expansion (3.50) are related those in the expansion (3.18])
as follows

pij = —Qit1,511- (3.56)
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3.3 Planar model of the curve

Henceforth, we assume the algebraic curve X of geometric genus g > 1 is given by the

equation
X: P(x,y)=0, =z,y€C, (3.57)
with P a polynomial in  and y
P(z,y) =y" + ay(zx)y" " + ... + an(z), (3.58)
where ay(x),k = 0...,n are polynomials in x and n > 1. Suppose that the curve X has

a Weierstrass point at infinity, p,, where coordinates x,y are locally expressed as

Ly Ly
=—4+..., yYy=—=
3 S

and the order of any monomial term the polynomial P(z,y) is the order of its pole at ps.

(3.59)

Now suppose that the curve X can be written in the form
y" —2°+ lower order terms =0, (3.60)

where n, s > 2 are positive integers .

In what follows the planar coordinates of a point p are denoted (x(p),y(p)). When
considering local expansions near to a reference point p,, with local parameter £(p) we
also use p(§) to denote the point, with p(0) = ps. It is then possible to include the
principal part of €2 in an explicit algebraic expression in terms of the coefficients of the
curve X.

Theorem 3.2 ( [Bak97]) The fundamental bi-differential may be expressed in the form
F(p,q) dz(p)dz(q)

) — 2@ B, yo) By al@) v(@) T ZZ” Phisw(a) (361)

A 2K da(p)dz(q) ggu Vet

= ) — 2@V By ) s Pyt (@) | 2 2 P a) (3.6

=1 j5=1

Qp,q) =

where F(p,q) is a polynomial function of the coordinates (z(p),y(p),x(q),y(q)) which is
a linear form in the coefficients of the polynomials {ag(x),...a,(x)} defining the planar
model of the curve (358), and the symmetric g X g matrices s, v have elements »;;, 7
given by

e dz(p)da(q)
S ]{7{ >>2P<<>y<p>>Py<a:<q>,y<q>>' (363)
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Remark 3.1 The representation (3.62) of the fundamental bi-differential (p, ¢) in the hyper-
elliptic case is classical and may be found in the books [Bak97] and [Bak07]. It is summarized
in [BEL97] and extended to non-hyperelliptic curves in [EELO00], [BELOO].

Remark 3.2 As already mentioned above in Remark 1.1, the matrix sz appearing in the defini-
tion of the multi-variable o-function is defined only up to the addition of an arbitrary symmetric
matrix, say x. The change » — s + x, however, does not affect the higher Klein formula nor
the algebraic and differential relations between the g-functions that follow from this formula.
In the examples to follow, explicit expressions will be given for the polynomial F(p,q) defining
the fundamental bi-differential Q(p, q).

The following is a consequence of (3.62).
Corollary 3.1 The coefficients ju;; in the expansion ([3.50) can be decomposed as a sum
fij = —Qis1 1 = p5 + i, (3.64)

where u?;g 1s defined by the expansion

F(p,q) dz(p)dz(q)
(z(p) — 2(q))? Py(x(p), y(p)) Py(x(q),y(q))

_ (M +zms ) LR, (3.6

Q8(p,q) =

1,5=0
£(p) and £(q) are local coordinates of the points p,q and pii*™™ is given by
pes = R, Ry, (3.66)

Proof: The coefficients ;; in the expansion of the normalized symmetric bi-differential
Q(p, q) given in ([B50) (projective connection) near the diagonal p = ¢ can be expressed
as a sum fi;; = ufjg + pi5*. The first term is obtained by expansion of the Lh.s of (3.63)
as a rational bi-form on X x X. The second term follows from the local expansion in
powers of £ of the holomorphic differentials u; in the second term of the r.h.s of (8.62)). It
is transcendental and given by (B.66]). The term ufjl-g defines the holomorphic part of the

expansion of the rational 2-form appearing in the first term in (B.61]), (3.62)).

Remark 3.3 Note that the double integral in ([8.63)) can be decomposed into periods of ba-
sic holomorphic and meromorphic second kind differentials. Following the Baker construction
[Bak97],[Bak98], we represent the integrand Q*&(p, ¢) in the form

F((z,y), (z,w)) dxdz

Qalg , =
(p q) (.’L’ _ 2)2 Py(l', y)Pz(Za U))
- %Hg:ﬁ)(w, y)dz +u’ (z,y)r(z,w). (3.67)
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Here H(zl’w,)(a:,y) is a third kind differential with first order poles in points (z,w) and (2, w’)

(z,w)

and corresponding residues +1, u = (uy,... ,ug)T is the vector of holomorphic differentials
normalized as in eq. B40), r = (rq,...,7ry)7 is the vector of meromorphic differentials with
poles of orders ny + 1,...,ny + 1 at poo. (The pole location (z’,w") can be taken arbitrary and

does not affect the construction.) The differentials r are then chosen to satisfy the symmetry
condition

0M¢(p, q) = Q*%(q,p). (3.68)

The explicit algebraic construction of the differentials r is described in [Bak97] and further
developed in [BEL97|. In particular, in the case of a hyperelliptic curve

P(z,y) = y* — Pag1(x), (3.69)
where Pygy1(x) is a polynomial in = of degree 2¢g + 1,
(2" w") 1 Y+ w Y+ w'
il - - d .
() (&) =5 { el L (3.70)

The second term in (B.70) can be taken as an arbitrary finite point of the curve.
The matrices of a and b-periods of the differentials r as given in the introduction by
eqs. (L2I) and (L20) enter in the definition of the multi-variable o-function (3.72) below.

3.4 o-functions and algebro-geometric formulae for m)(w)

Let D = p; + ...+ p, be a positive non-special divisor of degree g and

9 i
V= Z/p u+ AK = —Ae, (3.71)
i=1 o0

where 2 is defined in ([43]), K is the vector of Riemann constants, with the base point
at poo and u = (uq, ..., uy)".

The multivariable o-function o(v) is defined by the formula
1
o(v) = Cé(e)exp {§VT%V} , e= Ay (3.72)

and C is a constant depending on the moduli of the curve, whose explicit form is not
needed here. This definition naturally generalizes the Weierstrass o-function from the
theory of elliptic functions to higher genera.

The multi-variable ¢-functions, ¢ = (1, ..., (,) are defined as

e (v) = %ln ov), k=1,...,¢. (3.73)
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The Kleinian p-functions are the second logarithmic derivatives of the sigma function

oik (V) = _80-8vk1n ov), i,k=1,...,9 (3.74)

More generally, we denote higher order logarithmic derivatives as

ottt tmeip
T R i (V) = ST g Ino(v), dy,...,0 €{1,...,9}.
—— i ik

my mi

In the classical theory the following theorem provides the basic means to derive alge-
braic and differential relations between multi-variable p-functions. (See e.g. [Bak97] and
the more recent exposition [BELIT]).

Theorem 3.3 (Klein formula) Let the planar curve X of genus g be defined by the
polynomial equation P(x,y) = 0. Choose a set of independent holomorphic differentials
in the form

Uk:dey ]f:l,...7g7 (375>

fy(z,y)

where ¢r(x,y) are polynomials in x and y. Let p = (x,y) be an arbitrary point of X and
D = pi+pa+...+py a positive non-special divisor on X, pp = (zg,yx) and p = (z,y) € X
- arbitrary point. Let v be the shifted image of D under the Abel map as in (3.71). Then

Zg: 5.k </pju - V) Oe(@,y) @i (e, yr) = %, r=1,....,9, (3.76)

]7k:1

where the polynomial F(p,p,) = F((x,y); (z,,y,)) defines the fundamental bi-differential
Q(p, pr).

Remark 3.4 This formula was first given for hyperelliptic curves in [Kle86], [Kle88]. But
the proof, which is based on the Riemann vanishing theorem and the representation of the
fundamental bi-differential in the form (B.62]) can easily be extended to non-hyperelliptic curves.

The Weierstrass-Poincaré theorem (see e.g. [[gu82]) says that any g + 1 Abelian functions
on the Jacobian of an algebraic curve of genus g are algebraically dependent. In particular,
it follows from this that in the case of a hyperelliptic curve of genus g, among the (g + 1)g/2
functions g;; there are only g that are algebraically independent, so these functions must satisfy
g(g—1)/2 relations. (Using the Klein formula (3.76)) it was shown in [BEL97] that these relations
are quartics that represent a Kummer variety. (See the example of a genus 2 curve in Section
4.1 below).)
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Another set of relations that follow from the Klein formula describe the Jacobi variety of
the curve X and integrable flows of KP type using p-functions as coordinates. In particular in
the case of hyperelliptic curves all products @;jrp 4, are cubic polynomials in @;;. (or more
details see [BEL97].) Here we will show that these results can also be obtained within 7-function
theory on the basis of the Sato formula or, equivalently from the bilinear Identity. To do so we
represent the Sato 7-function in terms of the multi-variable o-function of Klein. These methods
of derivation of integrable hierarchies of KP type, Jacobi and Kummer varieties are compared
in [EEGIO].

Proposition 3.1 The normalized algebro-geometric function (e, t;)/7(e,0;) is express-
ible in terms of the multi-variable o-function as

:ég,g)) _ o (ch;;(il;tk + V) exp {Z Ak(V)tk} exp {% Z :U’Zl[gtktl} ’ (377>
’ k=1

k=1

Here v = e is the shifted Abelian image (3.71) of the positive non-special divisor D and
,u?]ig are coefficients in the expansion of the algebraic part of the bi-differential Q(p, q) near
the point ps.. The coefficients Ax(v) are given by

A(V)=Risv k=12, ... (3.78)

Proof. The algebro-geometric 7-function in the gauge transformed form (3.37) leads to
the relation

(e t) —exp{ Zullgtt + = Z ansyt } e+92(;)1Ut) (3.79)

4,7=0 4,7=0

where \; is given in (8.33)) and the relation ([B.56]) was used.
Otherwise from the definition of o-function we get

g (Z Rktk + V) = (¥ (Z Uktk + Q[_IV>
k=1

k=1

1 o
X exp {5 Z Rz%thktl} (380)

kl=1

T L o7
exp Zszvtk eXpq oV HV .

k=1
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Here C' is the constant given in the definition of the sigma-function (872)). Taking into

account eq. (3.60) we get ([B.717) with the coefficients Ay, given in (3.75)).
Since the 7-function is defined only up to a linear exponential factor in t, we omit the

linear term in the exponential (B71), to get the simpler formula

T(e, t) g (220—1 Rktk + V) 1 > alg
— = exp { = i stety ¢, v ="=e. (3.81)
7(e,0) o(v) 2 1;1 kil

Remark 3.5 A similar formula for the algebro-geometric 7-functions in terms of the o-function
was given by A.Nakayashiki in [Nak09], where the terms linear in ¢; in the exponent are also
taken into account.

At first glance the use of the multi-variable sigma-function instead of the Riemann
theta-function in the expression for the algebro-geometric 7-function seems a trivial
change. But as a result, the quadratic form in the exponential has coefficients that are
algebraically expressed in terms of coefficients of the curve. Moreover, these coefficients,
pE are polynomials in the coefficients of the curve (see [Nak(8] for details). As shown
below, such a representation of the 7-function results in solutions of the integrable KP
hierarchy expressed as differential polynomials in the @-functions with polynomial coeffi-
cients determined directly in terms of the coefficients of the polynomials P(x,y) defining
the curve.

According to Propositions 2.1] and for any curve X of genus g, the associated
algebro-geometric 7-function admits the following expansion

el S mw), (5.52)
where
m(w) = (_1)Z£:1bkdet(Aai,bj|§i,j§r)a (3.83)

the sum being over all partitions A, which in Frobenius notations have the form
(a1,...,ar|b1,...,b). Here A;; with i,j = 0...,00 are the elements of the affine coordi-
nate matrix A representing the Grassmannian element w(X, D, ps, ) € Gry, (H).

Corollary 3.2 The elements A;j are expressible as polynomials in the Kleinian symbols
gl(v)7 ply(v)7 R 7’7.] S {1779} (384)
and the coefficients of the polynomial P(z,y).
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Proof. The quantities m)(w) in the 7-expansion (B8.82)) are expressible in terms of quo-

tients o;(v)/o(v), 0,5(v)/o(v), etc. But for i,j,k... =1,...9 we get
oi(v) _ (v Uij(v):-v-v—--v
= G, 2 = GG — ), (3.85)
7). G0 + GO) + GEWo)
—G(V)G(V)G(V) + i (V). (3.86)

To each symbol @y, .., We assign a weight

.....

g

D1l 20 2inging S Wty = > kyny, (3.87)
~ L~ —
k1 ko kg Jj=

where {n;}i—1,. 4 is the Weierstrass gap sequence at infinity.

-----

To each coefficient ay; of a monomial term ayz*y', k < s,1 < n within the polynomial
P(x,y) defining the curve (3.58)) we assign the weight W,

a < Wy =ns— (nk +1s). (3.88)

Finally, assign to a monomial whose factors are p-symbols and coefficients a; ; the
weight W that is the sum of weights of factors,

ij APy Py & W= Wit Wi+ Wiy 0+ Why ok, (3.89)
Consider the set of (Giambelli-like) relations
Tt mar by t) = (—1)2=1Pdet(Ag, ) (3.90)

corresponding to a partition A = (ay, ..., a.|by, ..., b.) of weight WW. The above procedure
reduce relations (3.90) to corresponding homogeneous polynomial relations of weight W
between @-functions, ¢;, ; with coefficients that are polynomials in the coefficients of
the defining curve polynomial P(z,y). Such relations describe KP-type hierarchies in
terms of p-coordinate.
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4 Examples and applications of Schur function ex-
pansions

4.1 r7-function of a hyperelliptic curve

Let X be a hyperelliptic curve of genus g defined by the equation
X: Pzy)=0 (4.1)
with polynomial P(x,y) given as

P(z,y) = 3*—429™ + ..+ ag
2g+1

= y?—4 H(a:—aj). (4.2)

As above, denote by p = (x,y) an arbitrary point of X and p,, = (00, 00). We choose a
canonical basis of cycles (ay,...,a,b1,...,b,) € H1(X,Z) and fix the basic holomorphic
differentials u = (uy,...,u,)" as

i ldx

wi(p) = y i=1,...,9. (4.3)

Denote as above period matrices, 2, B and T = A~1B.

Let D =p; + ...+ p, be non-special divisor of degree g and let v be the shifted Abel
map given in (7). In this case the vector of Riemann constants K can be given as the
image under the Abel map of the divisor D, = (p1, ..., p,) where p, = (ax,0) are branch
points whose abelian images are odd half-periods [FK80, Sect VII.1.2],

9 Dk 9 Dk
K:—Z/ w:—m-lz/ u (4.4)
j=17Po j=1 “Po

Therefore we can write
Ak

g
v = Z/ u. (4.5)
k=1 (akvo)

In the classical theory ( see e.g. [Bak97, [Bak98]) it was shown that the quadratic
bi-differential )(p, ¢) can be chosen in the form

F(x,z) 4+ 2yw

1z — 2)2yw dzdz + 2v7 (p)sev(q), (4.6)

Qp,q) =
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where the polynomial F'(z, z) is the Kleinian 2-polar

F(x,z) = Z 2" (200, + (T + 2)aome) (4.7)

m=0

and the g X g-matrix symmetric matrix s is given as » = A~'S, where & the matrix of
a-periods, of meromorphic differentials

R , zhdz
r; = Z (k’—i-l_]))\k—i-l-i-jﬁa J=1....9 (4.8)
k=j

Theorem 4.1 (Klein formula for hyperelliptic curve) Let the planar curve X be
defined by the polynomial equation ({{.3). Let p = (x,y) be an arbitrary point of X and
D =pi+p2+...+p, a non-special divisor on X, pp = (x, yr). Let v be the shifted Abel
map of D given in ({{.7]). Then

- k—1,.i—1 F(xvxT) — 2yy,
> ik (Alp) — Alpee) + v) ¥ 127! = a-w)ye @ 7 L...,9, (4.9)
i,k=1 r

where the polynomial F(p,p.) = F((x,y); (., y.)) defines the fundamental bi-differential
Q(p, pr).-

Remark 4.1 Differential relations between the p;; describe all possible integrable equations
associated with the given curve. Moreover one can show that for arbitrary genus g any even
derivative @;, . s, , K > 1 may be written as a polynomial in g;;, with coefficients expressible
in terms of the invariants of the curve [BEL97]. A complete set of differential relations in the
particular cases ¢ = 2 and g = 3 can be found in [Bak03] [Bak07] and recently in covariant form
these relations were obtained in [Ath08].

We now restrict ourself to the case of a genus two curve, whose equation can be taken
in the form
vt = 42 + ourt + asrd 4+ asr? + aqx + g (4.10)
= 4z —a)(r —az)(x —a3)(x —ay)(x —as), a # . (4.11)

The holomorphic differentials u = (uy, us)? are related to v = (vy, v9)7

zdx dz
v =—— UVU2=—

; ; (4.12)
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by the transformation

T:<(1) ?) (4.13)

According to the definition (3.63]), the first few coefficients ,u?;g are

alg

pii- = 0, if7 or j or both are even,
,ualg _ _ia
alg _ _ = 92
/”Ll3 /”6371 16a3+ 256a4’
alg :—ia +iaa——5 3
H1s “5’; 16 128" 20"
alg 3
- 2 il = 4.14
Ha3 6% T 3N T o (4.14)
Introduce the set of residue vectors Rop, =0,k =1,... and

1 —Lay —lag+ o
_ — 8 — 8 128 4
Rl_(o)’ R3_< i ), R5_( —§Oé4 . (4.15)

It follows from formulae (2.47) and (2.59) that the first few affine matrix components
are

Aoo(V) = (i, (4-16)
1 1 1
A01(V) = §C12 2@11 - E Oy
1, 1 5
Ap(v) = 6Cl + 3C2 —@11 + —044 G — @1117
1 7 1 1
A = —(t4 - — - =
03(V) 24C + 3C1C2 (96 ay + 4@11) 6@111@
1 1 1 7 1 5
— ﬁ@nn - 5@12 + g@u + %044@11 — 24 5120447

A10(V) = A01(V)7
1.4 1 1
An(v) = §C1 - §C2 — | o+ —044 G — @1117
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1 1 3 1 3 3 3 3
Ap(v) = ng - —Clplll + g@%l - g@llll — (Z@n + — 32 ) <1 Q411 + 512@2,
1 1 1 1 1
Ajz(v) = Cl + Cl Co — @111@ 3pn + C1 @11 + —= 48 Co
N 1 1 +1 2> 3 1 n 7 ¢
6@1111 3@12 2@11 16 16011 Y 3 384 1
1 1 1 1
3

P110111 — 6@1112 - %@11111 + 1—6044@1117

All Kleinian symbols, (j, o, etc. in these formulae are evaluated at v.

Proposition 4.1 The Pliicker relations written for the partition A = (2,2) of weight }
and partitions X = (3,2), A = (2,2,1) of weight 5 are equivalent to the equation

1
P11 (v) = 6911 (V) + 4p12(v) + aspn (v) + as. (4.17)

Proof. The first non-trivial Pliicker relation for the partition A = (2,2)

Arp A
’ 4.18
T(1,0/1,0) ' A01 A070 ( )
is written in detailed form as
100 10 1 02 }
70,V) | =53+ 755 — t,v
(0,v) [12 oth T 4012 30t,0ts m(t,v) =0
1P 10] Lo 2]
3068 30t |, |20t o] Y,
(4.19)
[1a+182}(tv) (6,v)
Y PR T Y —T Y
20t, 20t3 =0 oty =0

Substituting the expression (B.81]) for 7(t; e) into this relation and expressions for y;;
and computing directional derivatives, we obtain equation (AIT). Expressions for the
hook diagram coefficients entering in the determinant are given above and

1 1 1 1
TaoLe) = —pfuunt 5 Cl <2@11+ )Cl C2C1—§@111C1 (4.20)
Ll b, Lo, 1
- - —aup — —a+ —a
g2 T P T g T ogg M T 5
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Relation (4.I7) follows from these.
The partitions A = (3,2) and A\ = (2,2, 1) of weight 5 give Pliicker relations that imply
the action of (;(v) + d/0v; on the above equation. These all yield the single equation.

1
| < pun(v) = 601 (v) +4p12(v) + aupn (v) + 93

Analogous considerations involving weight 6 and 7 partitions lead to the correspon-
dence

p1112(v) = 6p119012(V) — 2022(V) + upra(v) (4.21)
1 (V) = 490 (V) 4+ 922(v) + 4p12(V) 11 (V) + auply (V) + aspin (v) - (4.22)

Using the definition of weight W for the functions appearing in (Z21)) and ([A.22]) we see
that all these equations are homogeneous.

The process described here can be continued. It seems reasonable to conjecture that
the whole set of differential relations between multi-index Kleinian symbols can be put
into correspondence with the Young diagrams of the partitions A = (2,2,4,...,7,) in
such the way that partitions of weights 2k and 2k + 1 correspond to a set of equations of
weight W = 2k.

To complete the interpretation of the basic equations describing Abelian functions in
terms of Pliicker relations, we find that the Kummer surface arises as the Pliicker relation
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corresponding to the A\ = (4,4, 4, 4) diagram with weight 16.

T — ’ ’ ) ’ . 423
(3210[3210) Ais Ay Ay A (4.23)
Aoz Aoz Aoy Aoo
The equation
T(3210/3210) = 0 (4.24)
can be written in the form
o Loy =202 —2p12
31 oatdpm sos+200 —20u | _ (4.25)

—2p95 303+ 2012 ay+4pn 2
—2p12  —2pn 2 0
This is the celebrated quartic Kummer surface, Kum(X), defined as the surface in C?
with coordinates © = @11,y = Q12,2 = ©20. Kum(X) is the quotient of the Jacobi variety,
Kum(X) = Jac(X)/(u — —u)
Therefore we conclude

<—  Kum(X)

Remark 4.2 The equation for the Kummer surface in this form was derived by Baker [Bak(7]
and a generalization to higher genera was given in [BEL97]. Also note that equations written
for all 2 x 2 minors of the matrix (A, ;); j—o,... 3 in (23],

A Ay

o s > .o
T (3,k|3,0) ‘ Ak,] Ak,l y 2], k>1, 2,7 k,l € {07 L2, 3} (426)

give a complete set of algebraic equations describing the Jacobi variety Jac(X) as an
algebraic variety and also the flows of KdV type on Jac(X). This resembles the ma-
trix realization of the Jacobi and Kummer varieties given by Baker [Bak07], which was
generalized to higher genera in [BELIT].

The above considerations lead to the following result.

Theorem 4.2 Each column vector Ax(v), k =0, ... in the matriz of affine coordinates of
the element of the Grassmanian, whose components Ay, l =1, ... correspond to hook par-
titions (k+1,1") is a polynomial in a finite set of Kleinian symbols (;(v), ©i;(v), pijr(V).
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4.2 r7-function of a trigonal curve

In this section we demonstrate how the above results appear in the case of a trigonal curve.
The o-function theory of trigonal Abelian functions was developed in [BEL0OQ]. Various re-
sults in this area were obtained in [EEL00], [BLO5|, [EEMOPOg|, [MPO08], [EE09], [MP10].
In order to emphasize the main idea and avoid cumbersome formulae we restrict ourselves
to the first nontrivial case of the cyclic family of trigonal curves X of genus 3 defined by:

P(z,y) = y* — (¢ + Bs2” + Bea® + Pox + Prz) = 0. (4.27)

and fix a canonical basis of cycles (aj,...,a3;bq,...,b3) € H1(X,Z) of X.
The explicit calculation of canonical holomorphic differentials and the meromorphic
differentials conjugate to them is given in [EEMOPOS§|. In particular we have for p = (z, )

dz xzdx dz
uy(p) = @a uz(p) = 3—y27 uz(p) = 3—y2,

r?dx 2zdr (52% + 3f3x + fg)dx
ri(p) = 3—y2’ ra(p) = — 3y r3(p) = — 3y :

Denote, as above, the period matrices, 2, B and T = A8, » = A 'S.
Let D = p; 4 p2 + p3 be a nonspecial divisor of degree 3 and

3. o
v = Z/p u+ 2AK, (4.28)
=1 o0

where K is the vector of Riemann constants with the base point at p.
The polynomial F((x,y); (z,w)) appearing in the fundamental bi-differential Q(p, q)
is given by

F((@,y), (z,w)) = 3wy* + wT(z,2) + yT(z,z), (4.29)
where
T(x,2) =382 + (2 + 22)By + x(x + 2 2) B + 3B32%2 + 2°2* + 22°2. (4.30)

Expanding about p., gives the following expressions for the quantities u?;g

s =0, (431)
2
al al
Mo% = :ul,% = —553,



2 5)
al al
Moj = M4,§ = —gﬁﬁ + §ﬁ§7
2 4
al al
/~L1§ = Ms,% = —gﬁﬁ + §ﬁ§,
alg 0

Ho 2 =

Remark 4.3 u?;g =0 unless (i +j) +2 =0 mod3. This is a consequence of the cyclic

symmetry of the curve.
In this case the Klein formula reads
3

> </m“ —v) o )onten ) = LT 12

ik=1

where p = (z,y), pr = (Tk, ) also ¢1(x,y) =y, d2(x,y) = x, ¢3(z,y) = L.

Expanding this relation in the vicinity of p.,, where local coordinate z = 1/£3 is
introduced/. Equating principal parts at the poles, we obtain a set of equations involving
variables x.,y, and p-symbols. We now show that these relations can be obtained as
consequences of Pliicker relations via Giambelli-type formula.

The first Young diagrams leading to a nontrivial Pliicker relation, as in the hyperelliptic
genus 2 case, corresponds to the partition A = (2,2). In this case we obtain, after
simplification, the equation

P11 = 6971 — 3 0. (4.32)
Differentiating with respect to the coordinate v; gives the Boussinesq equation.

The derivation of (A32)) is based on formula (AI8]) for the trigonal curve (A.2T).

Namely, we have

T(1,0/1,0) = imz + %CS — 1—12@1111 — %@111(1 + %@%1 - %@11@2 + 1—12&3 (4.33)
and also
Aoo(v) = Glv),
Apa(v) = —5on(v) + 36 ) - 56() (4.34)
Aip(v) = %Cz(v) - %@11(V) + %C%(V),
Av) = —gom() = ou¥)a) + 363)
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In the trigonal case we no longer have symmetry about the diagonal of the Young diagram
that we have in the genus 2 case, but we can restrict ourselves to equations of even degree
by taking symmetric combinations of the two diagram related by transposition. In the
weight 5 case we have the symmetric combination

which gives the weight 5 trigonal PDE
P1112 = 6 p11912 + 3 B3p11.

For weight 6 we have the three sets of diagram

_l_ — Y + Y — Y

which lead to an over-determined set of equations with the unique solution

P =403, + ply + 413 — 4 P11,
Pr122 = 413 + 4o + 2 p11992 + 3 B3012 + 2 Pe.

Continuing in this way, we recover the cyclic trigonal versions of the full set of equations
given in [EEMOPOS].
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