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Abstract

We study the tunneling through delta and double delta po-
tentials in fractional quantum mechanics. After solving the
fractional Schrodinger equation for these potentials, we cal-
culate the corresponding reflection and transmission coeffi-
cients. These coefficients have a very interesting behaviour.
In particular, we can have zero energy tunneling when the
order of the Riesz fractional derivative is different from 2.
For both potentials, the zero energy limit of the transmis-
sion coefficient is given by Ty = cos?7/a, where « is the
order of the derivative (1 < a < 2).

1. Introduction

In recent years the study of fractional integrodifferential equations applied to physics
and other areas has grown. Some examples are [I, 2, 3], among many others. More
recently, the fractional generalized Langevin equation is proposed to discuss the anoma-
lous diffusive behavior of a harmonic oscillator driven by a two-parameter Mittag-Leffler
noise [4].

Fractional Quantum Mechanics (FQM) is the theory of quantum mechanics based
on the fractional Schrodinger equation (FSE). In this paper we consider the FSE as
introduced by Laskin in [5, 6]. It was obtained in the context of the path integral
approch to quantum mechanics. In this approach, path integrals are defined over Lévy
flight paths, which is a natural generalization of the Brownian motion [7].

There are some papers in the literature studying solutions of FSE. Some examples
are [8, @, 10]. However, recently Jeng et al. [11] have shown that some claims to
solve the FSE have not taken into account the fact that the fractional derivation is a
nonlocal operation. As a consequence, all those attempts based on local approaches are
intrinsically wrong. Jeng et al. pointed out that the only correct one they found is the
one [12] involving the delta potential. However, in [12] the FSE with delta potential was
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studied only in the case of negative energies. This has been generalized in [13], where we
have solved the FSE for the delta and double delta potentials for positive and negative
energies.

The objective of this paper is to study the tunneling through delta and double delta
potentials in the context of the FSE. As a result, we found some very interesting prop-
erties that are not observed in the usual o = 2 quantum mechanics. Probably the most
interesting is the presence of tunneling through delta and double delta potentials even
at zero energy. Moreover, in the case of the double delta potential, this zero energy
tunneling is independent of the relation of the two delta functions.

We organized this paper as follows. Firstly, and for the sake of completeness, we
reproduce the solution of the FSE for the delta and double delta potentials, as given in
[13], presenting their respective solutions in terms of Fox’s H-function. Some calculations
and properties of the Fox’s H-function are given in the Appendixes. Then we study
the asymptotic behaviour of those solutions, calculate the reflection and transmission
coefficients, and study some of their properties.

2. The Fractional Schrodinger Equation

The one-dimensional FSE is

oY(z,t)
ot

where 1 < a < 2, D, is a constant, /A = 02 is the Laplacian, and (—h?*/A)*/? is the Riesz
fractional derivative [14], that is,

il = Do (—12N)24p(x, 1) + V(2)(x, ), (1)

(o) (e = o " e s(p, )dp )
) 27rh b) b)

—0o0

where ¢(p,t) is the Fourier transform of the wave function,

o= | e e, lat) = — / e ndp. (3)

00 27T7:L oo

The time-independent FSE is
Do(=R2L) 2 (2) + V(2)i(x) = Ed(z). (4)

In the momentum representation, this equation is written as

Dalpl®é(p) + W = E¢(p), (5)
where (W * ¢)(p) is the convolution
W0 = [ W aeaan ©)



and W (p) = F[V(x)] is the Fourier transform of the potential V'(x).

Solutions of the FSE for delta and double delta potentials are given in [I3] in the
situations of bound and scattering states. Since we need to study the asymptotic be-
haviour of these solutions in order to find the transmission coefficients, and for the sake
of completeness, we will reproduce the calculations of the wave functions in the case of
scattering states.

2.1. FSE for Delta Potential

Let us consider the case
V(x) = Voo(z), (7)

where 0(z) is the Dirac delta function and Vj is a constant. Its Fourier transform is
W (p) = Vi and the convolution (W x ¢)(p) is

(W ¢)(p) = VO K, (8)
where the constant K is .
K= [ ¢(g)dg (9)

The FSE in the momentum representation ({5)) is

(1" - - ) 6t0) = =5 (10

D,
where v
0
= , 11
7 2nhD, (1)
Since we are interested in scattering states, we will consider that £ > 0 and write
E
— =\ 12
Da ) ( )

where A > 0. Since f(z)d(z) = f(0)d(x), the solution of Eq.(10) in this case is

—vK

where (' and (5 are arbitrary constants and the constant 27h was introduced for later
convenience. Using this in Eq.@ gives that

400 dp
K = —")/K ‘p’a—_)\a + 27Th01 + 27ThCQ, (14)

where the integral is interpreted in the sense of Cauchy principal value, and it gives

/+Oo _ b gy /%o da_ _ _oyi-aT oy T (15)
oo |PI* = A o q*—1 a




where we have used formula 3.241.3 (pg. 322) of [15] - see Eq.(88). The constant K is

therefore
K — 271'7"1(01 + CQ)OZ)\ail

ol =21y cot/a’

(16)

and we have

27Th"}/(01 + Cg)a)\a_l 1
(aXe=t — 2y cot/ar) (|p|® — A*)

o(p) = 2mhC10(p — A) +27hCad(p + A) — (17)
Next we need to calculate the inverse Fourier transform of ¢(p) to obtain ¢ (x), that is,

w<x> _ Clei)\x/h + C2e—i)\x/ﬁ .

a—1 +o0 ipz/h
’Y(Cl + CQ)O[)\ / (§ dp (18)

(adot = 2mycotm/a) J_oo |D|® — A

The above integral is calculated in the Appendix B, and is given by Eq.. Using this
result, and the definition of 7 in Eq. and A in Eq., we can write that

v(r) = CLe? /M 4 Coee/h 1 Q) (& ;— 02><I>a (AL:T') ; (19)
where
) (M) _a_h(HQ,l [(M)a (1,1)’(17<2—|—Oé>/2> :|
“\n ) A\ Uk (La),(1,1), (1, (2+ a)/2) (20)
H2,1 M “ (171)7(17(2_@)/2
2,3 h (1,@),(1,1), 17 (2_a>/2) ’
and - .
EN « T
Qa = [(E) — cot a:| s (21)
and o
‘/0 o/ la—
U=|——-+— . 22
<ahDi/a> %)
2.2. FSE for Double Delta Potential
Now let the potential be given by
V(z) = Wld(x + R/2) + pd(z — R/2)], (23)

with p, Vo and R real constants. When Vj < 0 this potential can be seen as a model for
the one-dimensional limit of the molecular ion H, [I6]. The parameter R is interpreted
as the internuclear distance and the coupling parameters are Vj and puVy. Its Fourier
transform is

W(p) _ ‘/OeipR/Zﬁ + Vblue—ipR/Zﬁ (24)



and for the convolution
(W % ¢)(p) = VooV K1 (R) + Voue PR Ky (R), (25)

where K;(R) and Ky(R) are constants given by

+o0
Ku(R) = Ka(~B) = [ e g(q)dg. (20
The FSE in momentum space is
E ; —1 L
(Ipla - D—) 6(p) = =€ KL (R) — ype” PN E(R), (27)

where we used the notation introduced in Eq..
Since we are interested in scattering states, we have E > 0 and we write A as in
Eq.(12) and for the solution of Eq.(27) we have

eiRp/2hK R e—iRp/QhK R
$(p) = 27hHCL8(p — A) + 2ehCad(p + \) — 2 o ;fy ) _m o Xj( ) (28)

Using this expression for ¢(p) in Eq.(26]) of definition of K;(R) and K»(R) we have

(14 27yA" T, (0) K1 (R) + 27y A" J.(AR/R) Ky (R) = 27h (], (29)
21y A T T, (AR/R) K1 (R) + (1 4 27y A J,(0)) K2 (R) = 27hCS, (30)
where

Oi — C«le—iR/\/Qh + CzeiR/\/Wi’ Oé _ C«leiR)\/Qﬁ + Crze—iR/\/Qh7 (31)

and J,(w) is the Cauchy principal value of the integral

1 [T coswg

Ja =— dq. 32
)=~ [ S (32)

In order to write the solution of these equations it is convenient to define

Nl 1 (E\T
°T 2y o (ﬁ) ’ (33)

where U was defined in Eq., in such a way that we have

B 2mhe

Ko(R) = 225 (ot + J(0)C — Ju(AR/B)CS), (34
KalR) = 22 (e + 1a(0))C5 = Tu(AR/R)CT) (3)

where
W = (g + Jo(0))(ep™ + Jo(0)) — (Jo(AR/R))>. (36)



Using K1(R) and K>(R) in Eq.(28) gives ¢(p). Then, for ¢(z), we have

@ZJ(ZC) — Cvlei)\az/ﬁ + Cze—i)\a:/ﬁ

+ 5o+ Ja(0))C1 = Ju(AR/R)Co]®a (W) (37)
! l )\|3§' _ R/2’
«+%%ﬂe+hm»@—JAMwmcm%(——gf—)a

where we have expressed the result in terms of the function @, defined in Eq.(20]).

3. Calculation of the Transmission Coefficients

In order to calculate the transmission coefficients, we need to know the asymptotic
bahaviour of the solutions. The asymptotic behaviour of Fox’s H-function is given, if
A > 0, by Eq.(80) or Eq.(82) according to A* > 0 or A* = 0, respectively — see Eq.(79).
In ®,(\|z|/h) we have the difference between two Fox’s H-functions of the form

(1,1), (1, ) }
(1, ), (1L,1), (1L, ) |

for u = (2+ «)/2 and p = (2 — a)/2. In both cases we have A = a > 0, but A* =0 for
p=(2+a)/2and A* > 0 for 4 = (2—a)/2. Therefore, using Eq.(80) when = (2—a)/2
and Eq.(82) when p = (2 4 «)/2 we have, respectively, that

21| «
H273 {w

21 | o | (1) (1, (24 0)/2) = 2—wsinw ) w 00
Hys {“’ (1a), (1.1),(1, (2 + a)/2) ] = snwtoll), Juf—oo,  (38)
21 | L« (171)7(17(2_@)/2) -0 w 00
i [ S Ly [ = Wi )
and then
D, (%x]) = 23111%1;’ +o(lz]™Y), |z| = oo. (40)

3.1. Transmission Coefficient for the Delta Potential

The behaviour of the wave function ¢(z) given by Eq.(19) for 2 — o0 is therefore

. , A
V() = Cre™ 4 Coe™™ £ Qu(Cr+ Co)sin -+ 0(a™!), w— ko0 (41)
or

Y(x) = A/ 4 Beme/h o(z7!), z— —oo, (42)
P(x) = Ce?/" 4 De=™M 4 o(27),  z — +o0, (43)



where we defined

A=C1+i(Cy+ C2)Q/2, B=0Cy—i(Cy + C2)Q0/2, (44)
C == Cl - Z(Cl + CQ)QQ/Q, D == 02 + Z(Cl + CQ)QQ/Q. (45)
Now let us consider the situation of particles coming from the left and scattered by the
delta potential. In this case D = 0 (no particles coming from the right) and B = rA and
C = tA, where the reflexion R and transmission 7 coefficients are given by R = |r|?
and T = |t|? (see, for example, [I7]). The result is
—iQq 1
i o S S — 4
T I, 1+iQ, (46)
and then 02 .
= a y T —_ =
1+02 14+ Q2

In Fig.(1) we show the behaviour of these coefficients for different values of a.

(47)
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Figure 1: Reflection and transmission coefficients as function of E/U, as given by

Eq. 1} for different values of a.

We must note that transmission coefficient has a very interesting behaviour at zero
energy. If we take the limit £ — 0 in the expression for {2, in Eq. we see that

lim €, = — cot z, (48)
E—0 «

and then for the transmission coefficient 7 we have

lim 7 = cos® —. (49)

E—0 (0]

This is an unexpected and very interesting effect, which demands further interpretation.



3.2. Transmission Coefficient for the Double Delta Potential

Let us introduce the following notations:
-1 AR/R
eY +Ja(0)7 Y — 5+Ja(0>7 X — Ja( R/ ) (50)
aW aW aW
The assymptotic behaviour of the wave function v (xy given by Eq. for x — 400 is
therefore

U=

) . A 2
P(2) = Cre 4 CoemPlh 4 (U — XCh)sin M2 FY2] ;R/ |
(51)
Az — R/2
+(VCy — XC1) sin% +o(z7"), x— Foo,
or
Y(x) = Ale?e/h 4 Ble=Pa/h 4 o(x_l), T — —00, (52)
Y(z) = O/ Dle=e/h o(z7"), x— +oo, (53)
where we defined
A/ :Cl+M1, B/:CQ+M2, (54)
C”:Cl—Ml, D/:CQ—MQ, (55)
and
M1 :i(p01—|—002+z'702), (56)
M2 = —i(O’Ol + ,002 — iTCl>, (57)
with

p:(m)—)(cos)\—h]%, az(u—i_v)cosﬁ—éf,

2 h (58)

As in the case of the delta potential, let us consider the situation of particles coming
from the left and scattered by the double delta potential. In complete analogy we have
D" = 0 (no particles coming from the right) and B’ = rA’" and C" = tA’, where the
reflexion R and transmission 7 coefficients are given by R = |r|> and T = |t|*>. The
result is

. 2(t +io) b (P> —o?—1+1) (59)
(p?—02—=72—1)—2ip’ (p?—02—=72—-1)—2ip
and R and 7 can be written as
n_ 4(02 + 72) T (P2 =02 —71241)2 (60)
o (P2 — 02 — 12+ 1)2 4+ 4(02 4 72)’ o (p2 — 02 — 72+ 1)2 +4(02 +72)°



We can simplify these expressions a little bit once we note that

., sin?AR/A

2
e sl 61
=gt =gt = SR, (61)
and then A2
1
fry @ == 2
1+ A2’ T 1+ A2’ (62)
with

AZ _ 4o W?2(0? + 72)
“ (a2W +sin®? A\R/R)?’
In Fig.(2) we show the behaviour of the transmission coefficient for different values of
a and in Fig.(3) for different values of p.

(63)
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Figure 2: Transmission coefficients as function of AR/2h, as given by Eq., for differ-
ent values of a, when 27y = 10 and p = 1.

As in the case of the delta potential, we have a very interesting behaviour for these
coefficients when E — 0. Firstly, using Eq.(98)) in the Appendix B, we have

Ja(AR/R) = Jo(0) + AN+ A\ + O(A% ), (64)
where (R/h)e-! (R/h)?cot 31/
o~ cot 3T/«
"7 o0(a) cosma /2 ? 2a (63)

Using this, the expression Eq. for W gives

W = Jo(0)(H(14+p~Y) = 24X (H2 = AHN@D _2.7,(0) A N2+ O\, (66)



Figure 3: Transmission coefficients as function of AR/2h, as given by Eq., for differ-
ent values of u, when 27y = 20 and o = 1.8.

where H = 1/277y. Then, with some calculations, we obtain that
40PW2(0? + 72) = BIA2eD 4 Byt L O(\%), (67)
with
B =(H14+p ") —=24)%  By=—2HA+p") —24)(245 + J,(0)(R/R)?), (68)

and
a2w2(p2 o 0_2 . 7_2 + 1) — Bi)\Q(a—l) + Bé/\ll(a—l) + BéAOH—l + O(}\Qa)) (69)
with
Bl =’ JZ(0)(H(1+p ") =241  By=od*(H*u' — A, (70)
By = =20 Jo(0)(H(1+ p7") — 241) (20 Jo(0)As — (R/R)?).
Using these results we can easily see that, for F/D, = A* — 0,
1
. 2
and, since J,(0) = —(1/«) cot /av, that
lim T = cos? - (72)
E—0 (%

This the same result we obtained for the zero energy limit of the transmission coefficient
for a single delta potential. Moreover, this limit does not depends on pu, which is the
parameter that relates the two delta functions in the potential in Eq.. Again, this
is a very interesting and unexpected result.
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4. Conclusions

The tunneling effect in fractional quantum mechanics has some very interesting proper-
ties which are not observed in the usual & = 2 quantum mechanics. The most interesting
is the presence of tunneling through delta and double delta potentials even at zero en-
ergy. Moreover, in the case of the double delta potential, this zero energy tunneling
is independent of the relation of the two delta functions. These results demands for
physical explanations which are beyond the scope of the present paper.

A. Fox’s H—Function

The Fox’s H—function, also known as H—function or Fox’s function, was introduced in
the literature as an integral of Mellin-Barnes type [1§].
Let m, n, p and ¢ be integer numbers. Consider the function

n

ﬁF(bi+Bis)HF(1—ai—Ais)

A(s) = —= — (73)
I] T =t —Bis) ] T(ai+ Ais)
i=m-+1 1=n+1

with 1 <m < ¢ and 0 < n < p. The coefficients A; and B; are positive real numbers; a;
and b; are complex parameters.
The Fox’s H—function, denoted by,

m,n . m,n (apv Ap) _ m,n (alv Al)a R (apv Ap)
Hp,q (x) a Hpg (x (bq’ BQ) B Hp’q g (blv Bl)ﬂ T (bq’ BQ) (74)
is defined as the inverse Mellin transform, i.e.,
1
Hm,TL —_ A —s
() o /L (s)z*ds (75)

where A(s) is given by Eq., and the contour L runs from L —ioco to L+i00 separating
the poles of I'(1 —a; — A; s), (i = 1,...,n) from those of I'(b; + B;s), (i = 1,...,m).
The complex parameters a; and b; are taken with the imposition that no poles in the
integrand coincide.

There are some interesting properties associated with the Fox’s H—function. We
consider here the following ones:

P.1. Change the independent variable

Let ¢ be a positive constant. We have

i) | =eme | ) ) o

To show this expression one introduce a change of variable s — cs in the integral of
inverse Mellin transform.

m,n
Hp#l {SE
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P.2. Change the first argument

Set o € R. Then we can write

<ap,A>} Hmn{ ‘<ap+aApaAp> | (77)

v Hyg [ (bg, By) (by + aBy, By)

To show this expression first we introduce the change a, — a, + @A, and take s = s —«
in the integral of inverse Mellin transform.

P.3. Lowering of Order
If the first factor (a1, A;) is equal to the last one, (b,, B,), we have

(a17A1)7”' a(aznAp) Hmn 1 (a27A2)a"' 7(ap7Ap)

(b1, B1), -+, (bg—1, Bg-1)(a1, A1) Pbamt T (b, Bu), e (bg-1, By-1)
(78)

To show this identity is sufficient to simplify the common arguments in the Mellin-Barnes

integral.

H;flq’” {x '

P.4. Asymptotic Expansions

The asymptotic expansions for Fox’s H-functions have been studied in [19]. Let A and
A* be defined as

q p
A:X}BFX;A,., ZA— ZlA +ZB— ZlB (79)
1= 1= 1=n-+ 1=m+

If A >0 and A* > 0 we have [20]

n

HM ) = [hpa DA 4o (DA ] | - 0. (80)
r=1
where
= LTI, 0B/ AD T PO = (e /A
C AT Dlay = (1= a) Ay /A Ty T = by — (1= a,) B;/A,)
and if A > 0 and A* = 0 we have [20]
HW M (x) = Z [hrx(arfl)/AT + o(x(“’“’l)/AT)]
= (82)
+ Az T2 (g expli( B + Ca/?)] — dy exp[—i(B + le/A)])
+ o (zWHAIAN |z| — oo,

12



where

= (2mi)™ " P exp [mi( Z a, — Zb

r=n-+1

dy = (—2mi)™ " Pexp [ — i Z a, — Zb i |

r=n-+1

A= ——(2m)F=rtD2A" HA—M“/QHB”“W( > :

2mi A\ — )
Qv+ 1w AR
p=TIT  o_ (2
4 ’ ) ’
P q _q
5 = A4 B.|Pi = b —_—
g| l| ]];[| J| ; V= Z CL]+ 2

P.5. Series Expansion

In [I8] we can see that in some cases there is a series expansion for Fox’s H-function.
For example, when the poles of H;n:l I'(b; + Bjs) are simple, we can write

oo

Hmn Zm:Zh (b; +U)/B]~’ (83)

7=1 v=0
where

L (=1 TI g T = Bty + )/ By) T 1r(l —a; + Ai(b; +v)/B;)

o 84
B, T s DO b Bty + 9)/b) [Ty T — Aty 0)/B)
B. Calculation of the Integral in Eq.(18
Let J,(w) be given by
1 [t
To(w) = — / B 4. (85)
)y y*—1
Then the integral in Eq.(18)) can be written as
/ e amaley (\z/h) (36)
e dp = 20\ (e /),
—00 |p|a - A”
where we remember that A > 0. Taking the Mellin transform we have that
1 +oo -z
Mo Ja(w)](2) = =T(2) cos = / Y gy (87)
U 2 Jo y*-—1

13



This last integral is given by formula 3.241.3 (pg.322) of [15], that is,

+o00 pn—1
/ L _dr =" cot M—W (88)
0o l1—ua¥ v v
where the integration is understood as the Cauchy principal Valueﬂ Therefore we have
1 1— 1—
Mo (@)](2) = — 27 (2) sin TE=2) op TL=2). (89)
a o

Using the relation 2sin A cos B = sin (A 4+ B)+sin (A — B) and writing the sine function
in terms of the product of gamma functions we can write that

1 D(2)0(=2)0(1 — =)
Mw[Ja(’LU)](Z) - _%F((l _ 2)%)1‘*(1 _ (1 . 2)%)
L rerra-)
PRI 9B (1 (15 )

Taking the inverse Mellin transform and using the definition of the Fox’s H-function we
have that

_ L 1 (1=1/a,1/a),(1-(2+a)/2a,(2+a)/2a)
%W%"EJ%J MQD@_yay@4 @+@mm@+®m@1+
1o, (1-1/a,1/a),(1 = (2—a)/2a, (2 — a)/2a)

T 20 H { ‘ 0,1),1—=1/a,1/a),(1 = (2 —a)/2a, (2 — a)/2a) ] '

Using the properties given by Eqs.(76}f77)) and replacing w by |w| since J,(—w) = J,(w)
we obtain

__L 2,1 a (1,1),(1,(2—|—C¥)/2)
s = =gt [l (7o) 5 T ey | ¢ )
L 2,1 o (171)7(17(2_&)/2)
* 2|w|H2’3 {' | (L), (L,1), (L, (2 - @)/2) }
Finally, we have
oo eipa:/h o hm 2,1 -1 & | (171>7(17(2+a)/2)
[ et = s (8 jortar | G e ] (o1
2,1 —1y\\a|,.|la (1,1),(1,(2—@)/2
g o o S e |)

Let us see what happens in the particular case « = 2. From the definition of Fox’s
H-function we can see that
(1,1),(1,0)
1

2,1 1 o
a3 || 220 01, 1.0 | =0 o

3We remember that in the inversion of the Fourier transform the integration is to be done in the sense
of the Cauchy principal value [21].
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and that

2,1 (1,1),(1,2) TS (1,1) 911 | 2] (0,1)
Has [ (L2, (LD, 2) | = [ @) | TR [ 0.0, (-12)
But [I§]
|| (0,1) _
HLQ |: (0 1) ( —b, CL) } — Ea,b(z)7 (93)
where E,;(2) is the two-parameter Mittag-Leffler function. However, it is known [22]
that inh /2
sinh /2
EQQ(Z) = \/E . (94)
Consequently, we have
2.1 2 <1a1)7(172) _ 2 o 2\ :
a2 G0 ) | = lePBat-tuP) = ulsinlol. (09
Then for a = 2 we have
+o0 eipa:/ﬁ T )\|$‘
 dp=—Zsin 2 96
[ g3 50

We are also interested in the expression of J,(w) for small w. From Eq.(90) we see
that we need to know the behaviour of

(1,1), (1, 1)
(1,a), (1, 1), (1, p)

for small w. This is given by the series expansion from Eq., which gives

H2 {W

1)
Lp
o] (o |
F(l—l/a) (1/a) Ao T(1=2/a)l(2/a) 2%
- P —p/a)T(p/a) a  T(1-2u/a)l(2u/a) o @)

L1 —3/a)l(3/a) 2 ifa
['(1—=3u/a)l'(Bu/a) 2« +O(")
I'(1—a)l'(1) L I'(1-2a)T(2) 2 I'(1-3a)r(3) 2°
T ). T —200@e° | T =3T3 2

Using this in Eq. we arrive, after some manipulations, to

+

+ O(z4).

_ 1 a—1 cot 37'('/& 2 3a—1
Jo(w) = Jo(0) + 3T (@) cos 7ra/2w 5y Wt O(w”*™), (98)
where ]
T
J,(0) = —— cot —. 99
(0) == cot = (99
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