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Small-time expansions of the distributions, densities,
and option prices of stochastic volatility models with
Lévy jumps

J.E. Figueroa-Lopez* R. Gong' C. Houdré#

Abstract

We consider a stochastic volatility model with Lévy jumps for a log-return pro-
cess Z = (Zt)1>0 of the form Z = U + X, where U = (Uy)s>0 is a classical stochastic
volatility process and X = (X¢)¢>0 is an independent Lévy process with absolutely
continuous Lévy measure v. Small-time expansions, of arbitrary polynomial order
in time t, are obtained for the tails P (Z; > z), z > 0, and for the call-option prices
E (ez+Zﬁ — 1) o ? # 0, assuming smoothness conditions on the Lévy density away
from the origin and a small-time large deviation principle on U. The asymptotic
behavior of the corresponding implied volatility is also given. Our approach al-
lows for a unified treatment of general payoff functions of the form ¢(x)1,>, for
smooth functions ¢ and z > 0. As a consequence of our tail expansions, the poly-
nomial expansions in ¢ of the transition densities f; are obtained under rather mild
conditions.

1 Introduction

It is generally recognized that accurate modeling of the option market and asset prices
requires a mixture of a continuous diffusive component and a jump component. For
instance, based on high-frequency statistical methods for It6 semimartingales, several
empirical studies have rejected statistically the null hypothesis of either a purely-jump or
a purely-continuous model (see, e.g., [3], [], [B], [31]). Similarly, by characterizing the
small-time behavior of at-the-money (ATM) and out-of-the-money (OTM) call option
prices, [9] argued that both, continuous and jump, components are necessary to explain
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the implied volatilities behavior of S&P500 index options. Historically, local volatility
models (and more recently stochastic volatility models) were the models of choice to
replicate the skewness of the market implied volatilities at a given time (see [19] and
[21] for more details). However, it is a well-known empirical fact that implied volatility
skewness is more dramatic as the expiration time approaches. Such a phenomenon is hard
to reproduce within the purely-continuous framework unless the “volatility of volatility”
is forced to take very high values. Furthermore, as it is nicely explain in [I1] (Chapter
1), the very existence of a market for short-term options is evidence that option market
participants operate under the assumption that a jump component is present.

In recent years the literature of small-time asymptotics for vanilla option prices of
jump-diffusion models has grown significantly with strong emphasis to consider either
a purely-continuous model or a purely Lévy model. In the case of stochastic volatility
models and local volatility models, we can mention, among others, [6], [7], [12], [17],
[18], [20], [22], [32]. In the case of Lévy process, [35] and [38] show independently that
OTM option prices are generall asymptotically equivalent to the time-to-maturity 7 as
7 — 0. In turn, such a behavior implies that the implied volatilities of a Lévy model
explodes as 7 — 0. The exact first order asymptotic behavior of the implied volatility
close to maturity was independently obtained by [14] and [3§], while the former paper
also gives the second order asymptotic behavior. There are few pieces of work that
consider simultaneously stochastic volatility and jumps in the model. One such work is
[9] which obtains, partially by heuristic arguments, the first order asymptotic behavior of
an [t6 semimartingale with jumps. Concretely, ATM option prices of pure-jump models
of bounded variation decrease at the order O(7), while they are just O(y/7) under the
presence of a Brownian component. By considering a stable pure-jump component, they
also show that, in general, the behavior could be O(7?) for some 3 € (0,1). For OTM
options, they also argue that the first order behavior is O(e‘c/ ) in the pure-continuous
case, while it behaves like O(7) under the presence of jumps. Recently, [30] shows that the
leading term of ATM option prices is of order /T for purely-continuous models, while for
a more general type of Lévy processes with a-stable-like small jumps, the leading term
is O(7Y/*). Fractional expansions are also obtained for the distributions of some Lévy
processes in [28].

In this article, we consider a jump diffusion model by combining a stochastic volatility
model with a pure-jump Lévy process. More precisely, let (©, F, Q) be a complete prob-
ability space equipped with a filtration (F;);>¢ satisfying the usual conditions, on which
we consider a risk-free asset with constant interest rate » > 0 and a risky asset with price

process
Sy i= Spe"tT 4 (1.1)

For the log-return process Z = (Z;)1>0, we consider the following jump diffusion model:

Zy=Up+ Xy, dU, = p(Y)dt + o (Y)dw,, (1.2)
dY, = a(Y;)dt + y(Yy)dw,? (1.3)

!That is, except for some pathological cases(see [35] for examples)



with Uy = Xo = 0, Yy = yo € R. Here, W and W are Wiener processes adapted to
(F:), X is an independent (F;)-adapted pure-jump Lévy process with triplet (b,0, ), and
o, 7, i and « are deterministic functions such that (L2)-(L3]) admits a solution. In order
for (e7"S})i>0 to be a Q-martingale, we also assume that

b= —/R (f —1—21<1) v(dz), and u(y) = —=0>(y). (1.4)

For z £ 0 and t > 0, let
Gi(z) =E (52 —1) (1.5)

where E denotes, from now on, the expectation under a fixed risk-neutral probability

measure Q. We will show that, under mild conditions, the following small-time expansions
for G¢(z) hold true:

Gy(z) = Z b;(2) i +O(t"h), (1.6)
§=0

for each n > 0 and certain functions b;. Note that the time-¢ price of a European call
option with strike K, which is not at-the-money, can then be expressed as

C(t,s) = e_T(T_t)IE< (St — K),| S = s) =Ke "G (Ins —In K), (1.7)

where 7 =T —t and s # K. Hence, ([L3) leads to close-to-expiry approximations for the
price of an arbitrary not-at-the-money call option as a polynomial expansion in time.
Our method of proof is built on a type of iterated Dynkin formula of the form

n+1

ol /0 (1—a)"E (L"Hg(Xat)) do, (1.8)

n ok

Eg(X,) = 9(0) + 3 11 L5(0) +

k=1
where g is a sufficiently smooth function and L is the infinitesimal generator of the Lévy
process X. The main complication with option call prices arises from the lack of smooth-
ness of the payoff function g.(x) = (e*t* — 1),. In order to “regularized” the payoff
function g, we follow a two step procedure. First, we decompose the Lévy process into a
compound Poisson process with a smooth jump density vanishing in a neighborhood of
the origin and an independent Lévy process with small jumps. Then, we condition the
expectation Eg(X;) on the number of jumps of the compound Poisson component of X
and apply Dynkin’s formula on each of the resulting terms. Contrary to the approaches
in [14] and [38], where the special form of the payoff function g,(z) = (e*"* — 1), plays a

key role, our approach can handle more general payoff functions of the form

for a smooth function ¢ and positive z. In particular, for p(x) = 1, we generalize the
distribution expansions in [I3] to our jump-diffusion setting. Also, we are able to obtain
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polynomial expansions for the transition densities f; of the Lévy process, under conditions
involving only the Lévy density of X. This is in contrast to our former results in [13] where
a uniform boundedness condition on all the derivatives of f; away from the origin was
imposed. Expansions for the transition densities of local volatility models (with possibly
finite-jump activity) have appeared before in the literature (e.g. see [1], [2], [39]). Unlike
our approach, the general idea in the referred papers consists of first proposing the general
form of the expansion, and then choosing the coefficients so that either the backward or
forward Kolmogorov equation is satisfied. The resulting coefficients typically involve
iterated infinitesimal generators as in ours expansions, even though our approximations
are uniform away from the origin.

The paper is organized as follows. Section 2 contains some preliminary results on Lévy
processes, which will be needed throughout the paper. Section 3 establishes the small-time
expansions, of arbitrary polynomial order in ¢, for both the tail distributions P(Z; > z),
z > 0, and the call-option price function G4(z), z # 0. This section also justifies the valid-
ity of our results for payoff functions of the form (L.9). Section 4 illustrates the first few
terms of those expansions. Interestingly enough, the first two coefficients of the expansion
of the general model coincide with the first two coefficients of an exponential Lévy model.
Section 5 obtains the asymptotic behavior of the corresponding implied volatility. As
another application of our methodology, Section 6 gives a small-time expansion for the
transition density of a general Lévy process under rather mild conditions.

2 Background and preliminary results

2.1 Notation

Throughout this paper, C™ or C™(R), n > 0, is the class of real valued functions, defined
on R, which have continuous derivatives of order 0 < k < n. C}' C C" corresponds to
the ones having bounded derivatives. In a similar fashion, C* or C*°(R) is the class of
real valued function, defined on R, which have continuous derivatives of any order k > 0,
while Cp°(R) € C'* are again the ones having bounded derivatives. Sometimes R will be
replaced by R\ {0} or R¥ when the functions are defined on these spaces.

Throughout this section, let X be a general Lévy process with triplet (b, 0%, v) defined
on (Q,F, (Fi)t=0,Q). Let us write X in terms of its Lévy-Itd6 decomposition:

t t
Xy =bt+ oW, + / / zp(ds, dz) + / / zf(ds, dz),
0 J|z[>1 0 J|z[<£1

where W is a Wiener process and p is an independent Poisson measure on R\{0} x R
with mean measure v(dz)dt and compensator fi. For each ¢ > 0, let ¢. € C™ be a
symmetric truncation function such that 1j_./5./9(2) < c.(2) < 1. (%) and consider



the processes:
Xt .—/ /zc€ p(ds,dz), and X{:=X,— X}, (2.1)

Where Ea(:z) =1 —c.. Clearly, X¢ is a compound Poisson process with intensity of jumps

= [¢.(z)r(dz), and jumps distribution ¢.(z)v(dz)/A.. Throughout, Ni and & stand
for the respectlve Jump counting measure and the jumps of the process X°. Note that
the remaining process X¢ has infinitesimal generator L. given by

L) =bg )+ To" W)+ [ o +2) = o0) — 20/ )i} evlaz), (22
for g € Cf, where
b :=b— / zé.(2)v(dz).
|z|<1
The following tail estimate for X¢ is also used in the sequel:
P(|X7| > 2) < t** exp(azoln zp) exp(az — azln z), (2.3)

where a € (0,e71), and ¢, 2 > 0 satisfy ¢ < z/z for some 2z, depending only on a (see [37,
Section 2.6], [36, Lemma 3.2] and [I3] Remark 3.1] for proofs and extensions).
Throughout the paper, we also make the following standing assumptions:

v(dz) = s(2)dz, s € C°(R\{0}) and ;4 := sup |s)(2)| < 00, V6 > 0, (2.4)
|z|>8
supp(s) N (In K — xg,00) # 0, (2.5)
/ e"ly(dz) < oo, for some ¢ > 2. (2.6)
21

Finally, the following terminology will also be needed:
Se 1= CeS, Sc 1= (1 - CE)Sa Log =9, Lk+1g = L(Lkg)> (k > O)>

sxg=g, =35, M) = / st (@ —w)s(u)du, (k> 2).
2.2 Dynkin’s formula for smooth subexponential functions

Let us recall that taking expectations in the well-known Dynkin’s formula gives:

Eg(X,) = g(0) + / E (Lg(X.)) du = g(0) + t / E(Lg(Xo))do,  (27)



valid if g € CZ. Tterating (Z7), one obtains the following expansion for g € C7"** (e.g.,
see [23 Proposition 9]):

tn+1

/0 (1— a)E (I g(Xa)) da,  (2.8)

Eg(X)) = g(0)+ ) 17L"9(0) + —
k=1 " '

For our purposes, it will be useful to extend (Z8]) to subexponential functions. We have
the following result whose proof can be found in the Appendix [Al

Proposition 2.1 Let v satisfy (Z8), and let g € C*"*2 be such that
lim sup e 2@ ()| < oo, (2.9)

ly|—o0

for any 0 <i < 2n+ 2. Then, (Z8) holds true.

In order to work with the iterated infinitesimal generator L* appearing in (Z.8), the
forthcoming representation will turn out to be useful (see [13, Lemma 4.1] for its verifi-
cationfd). Set

by == — /Rée(u)l/(du), by :=b— /Ru(cg(u) — Ly<1)v(du),

1
by :=0%/2, by := §/u208(u)1/(du), and by ::/ca(u)u(du),
R R

and note that all these constants depend on £ > 0, but this is not explicitly indicated for
the ease of notation.

Lemma 2.2 Let Kj, = {k = (ko,...,ky) € N° i kg + -+ + ky = k} and for k € Ky, let
Uy = ki + 2ky + 2k3. Then, for any k > 1 and ¢ > 0,

=) ku ( )Bksg ), (2.10)

kEICk =0

where

k‘g k‘4
fg(ék) T+ Zﬁjwj + Zu, dr _, if ks + ks >0,
B, .g(x) = o i ’

g% (z), if ks = ky =0,

and the above integral is with respect to the probability measure
ki
H [ cs(ws)uvtany) (0 = 353 T et

on R¥s x [0,1]% x R* (under the standard conventions that 0/0 =1 and [[_, = 1).

Remark 2.3 The expansion (Z10) holds true for (possibly unbounded) functions g €
C?*+2 satisfying (2.9) for any 0 < i < 2k + 2.

2Note that for convenience we switch the role of bs and by.
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3 Small-time expansions for stochastic volatility mod-
els with Lévy jumps

In this section, we derive the small-time expansions for both the tail distribution P (Z; > z),
z > 0, and for the call-option price function E (ez+Zf — 1) o =# 0. With an approach
similar to that in [I3] Theorem 3.2], the idea is to apply the following general moment
expansion (easily obtained by conditioning on the number of jumps of the process X¢
introduced in (Z1])):

Ef(Z) = e ™Ef (U + X7) + e Z ()‘ t) ——Ef (Ut + X7 + Z §€> (3.1)

k=n+1 =1

4 et Z (Al;) Ef (Ut + X+ Z §€> (3.2)

k=1

where & are the jumps of the process X¢. We shall take f(u) = f,(u) := 1, in order
to obtain the expansion of the transition distribution and f(u) = f,(u) := (e*** — 1), in
order to obtain the expansion of the call-option price. To work out the terms in ([B.2]), we
use the iterated formula (2.8]), while to estimate the terms in (B.]), we assume that the
underlying stochastic volatility model U satisfies a small-time large deviation principle:

lim ¢ In P(U, > 1) = —%d(u)Q, (> 0), (3.3)

t—0

where d(u) is a strictly positive rate function. In Section B.4] we review conditions for

B3) to hold.

3.1 Expansions for the transition distributions

We first treat the case f.(u) := 1y,>.;. We have the following expansion for the tail
distributions of Z (its proof can be found in the Appendix [B):

Theorem 3.1 Let zp > 0, n > 1, and 0 < € < zy/(n+ 1) A 1. Let the dynamics of Z
be given by (L.3), and the conditions (2.4)-(2.8) and (3.3) be satisfied. Then, there exists
to > 0 such that, for any z > zy and 0 < t < to,

J

P(Z > z)=e ") ;{j,t(fz)% + O ("), (3.4)

where

with fr(y) = [ 5%(u)du.

z—y €



~

The expression (B4) is not really satisfactory since the coefficients A;, are time-
dependent and so the asymptotic behaviors as ¢ — 0 are unclear. In order to obtain
an expansion of A,;, we can further apply an iterated expansion for Eg(U;,Y;). Indeed,
assuming for simplicity that W@ and W) are independent, (U,Y) is a Markov process
with infinitesimal generator

9g g 99  (y) g
Latuy) = n) 92 + T T+ a2+ LT, (35)

for g € CZ. 1t6’s formula and induction imply that

tn—i—l

ol /0 (1—a)"E { L g(Unt, Yor) } dev, (3.6)

Eg(U, Y:) = g(uo, yo) +Z £ 9(uo, yo)+

for any function g such that £¥g(u, y) is well-defined and belongs to Cj, for 0 < k < 2n+2.
As in the case of the infinitesimal generator of X, one can view the operator (8.3) as the
sum of four operators. However, given that in general those operators do not commute,
it is not possible to write a simple closed-form expression for £*g(ug,10) as in the case
for X. Nevertheless, the following result gives a recursive method to get such expression
when u(y) = —0?(y)/2 and g(u,y) = h(u) as is needed here:

Proposition 3.2 Let the dynamics of U and Y be given by (I2) with independent W)
and W@ and with C> deterministic functions o, 02, and v*. On C*(R?), let:

Wiy + aly)h ).

Let h € C**2 and fix g(u,y) := h(u). Then, the infinitesimal generator (F3) is such
that

Loh(uw) :=h"(u) — 1 (u), ﬁyﬁ(y) =

k
y) = ZBf(y)ﬁih(u), for k>0,
=0

where BY(y) are defined iteratively as follows:

B(()](y) =1, Bf(y) =0, Vj ¢ {O> i '>k}>

_ *(Y) p_ .
Biw) = 6,870+ T2 B0, 0<i<h k1
Proof. The proof is done by induction. m Using the previous result, we can easily check
conditions for the iterated formula ([3.0) to hold. To this end, let us define the following
class of functions:

C'={peC: Ip@(z)| < Mu(1+]z|), for some M, < oo independent of z, 0 < i < n} .

Corollary 3.3 In addition to the conditions of Proposition [33, let v € CP and let
a,0%, 7% € CF, for any k > 0. Then, (38) is satisfied for g(u,y) := h(u) whenever
h e 2.



Proof. Using It6’s formula and induction, we can show (B.6) provided that

‘ n t n
/ L% Wer o) oy yaw ), and / P90 Xo) vy aw,
0 ou 0 Jy

are true martingales. For this, it suffices that

t n 2 t n 2
E/ oL ga ds < oo, and E/ oL gfy ds < oo, Vt>0.
0 du 0 dy

Let us recall that since a and « belong to C, we have that

sup E|Y,|*™ < oo, (3.7)

s<t

for any ¢ > 0 and m > 1 (this is similar to [25] Problem 5.3.15]). Hence, given the
representation of Proposition [3.2 it suffices to show that for some constants M} < oo
and non-negative integers r7":

|(BMD ()] < MI(L+ [y)™, (3.8)

for any ¢,n > 0 and 0 < j < n. This claim can again be shown by induction since, given
that it holds true for n — 1 and using the iterative representation for B} in Proposition
3.7

\(B;l)(w(y)\ < EZ: (2) ‘% (72)(@ (B;L_l)(i—m)

=0

+ (a)(f) (B;_@—l)(i—é'f‘l) + % (02)(4) (B@_l)(i—z) 7

which can be bounded by M?(1 + |y|)™ since, by assumption, o2, «, and 7? belong to

Ck, for all k > 0. m We remark that the previous result covers the Heston model:
1
dU, = = Yidt + VY, AWV dY, = k(0 — Y,)dt + v\/Y,dW, . (3.9)

Let us now use Corollary B3 to obtain a second order expansion for Eh(U;). Omitting,
for the ease of notation, the evaluation of the functions B;? at Yo, we can write

Eh(U;) = h(0) + B{ L,h(0)t + { B{L,h(0) + B3L2h(0)} t* + O(t?),

where

1
Bl = =03, B} =13000] + 75 (00)* + 200000, B = Zaé. (3.10)

Yo), 0 = ' (yo), and o, = 0" (o), with similar notation for the other
formal) formula for polynomial expansion of transition distributions

Above, we set 0g =
functions. A general
will be as follows:

—~ N | —



Theorem 3.4 Under the notations and conditions of Theorem [31 and Corollary[3.3,
N N "
P(Zy>z)=e Y aj(z)ﬁ + O (1", (3.11)
j=1

where

wea= X (0 ) (;B;<yo>c$<ﬁ,z>> )

,
T \P: 4

where we set fo,z(y) = 0 and where the summation is over all non-negative integers p, q,r.

Proof. It is enough to plug the expansion (3.0) into the coefficients of the first summation
in (B-3)) and rearrange terms using Proposition Note that the last integral in (3.0))
is bounded for f;, € C;°(R) because of the representation in Proposition and the

estimates (3.7)-(B3.8). [

As a way to illustrate the expansions, note that in the case of constant volatility
(aly) =~(y) =0),

2
%

k
B;'i(y)5<2), Bi(y)=0, Yj#k, k>0

Hence,

a@= 3 (7 )(2) w(ado) o

r
e \Pig,

3.2 Expansions for the call option price

For z # 0 and t > 0, let
Gi(2) =E (e —1) (3.12)

where Z is the jump-diffusion process given by ([I.2)). We proceed to derive the small-time
expansion of Gy as t | 0. We first consider the out-of-the-money case z < 0 from which
one can easily derive the in-the-money case z > 0 via put-call parity (see Corollary
below). Throughout this section, we set

flu) = fo(u) = (e = 1),

and we also assume the following uniform boundedness condition: there exists 0 < M <
00, such that

0<o(y) <M. (3.13)
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Remark 3.5 Under the uniform boundedness condition (313), it is easy to see that
EeVt < oo, for some ¢ > 2. Then, a proof similar to that leading to ({33), using the
representation of Proposition[3.2, shows that (3.4) is satisfied for g(u,y) := h(u), when-
ever h € C?"2 is a subexponential function satisfying (2.9).

The next theorem gives an expansion for the out-of-the-money call option prices (its proof
is given in Appendix [C)):

Theorem 3.6 Let zp <0, n>1, and 0 < e < —z9/(n+ 1) A 1. Let the dynamics of Z
be given by (L2), and the conditions of Theorem[3.1 and Corollary[3.3 as well as (313)
be satisfied. Then there exists a ty > 0 such that, for any 0 <t <ty and z < 2,

et j{:b 4—()Eaxt"+1) (3.14)

where

bi(z) = > (

i \D T

) (Z B (0 mfpz)) 0)

with J?O,Z(y) =0, and

sz /fz Y+ u)sF(u )du—/R( Z+y+“—1)+§:k(u)du.

Remark 3.7 By expanding e=*' in (3.1]), one obtains the coefficients in (I.0):

b2) = %Z (PYrros (3.15)

To deal with the in-the-money case z > 0, note that
E (ez—i-Zt o 1)+ _ E(€Z+Zt o 1) 4 (€Z+Zt - 1)_
= & —1+E(e —1)_.

The expansion of E(e**# —1)_ when z > 0 is similar to that of E (¢**%* — 1), when
z < 0. Therefore:

Corollary 3.8 Let zp > 0, n > 1, and 0 < ¢ < zy/(n+ 1) A 1. Under conditions of
Theorem [31], there exists a to > 0 such that, for any 0 < t < tg, z > 2z,

Gi(z) =¢* —1+e%§:b +0m4wﬂ) (3.16)
where
Be= Y () (ZBl " g) )
i+j+k=m 0],
with

Gen(y) = / (7 1) 5 (w)du.
R
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3.3 Other payoff functions

One of the advantages of our approach is that it can be applied to more general payoft
functions. Concretely, consider a function of the form:

fo(u) = p(u) 1>z,

where ¢ € Cp°. One can easily verify that, under the conditions of Theorem B.4], we have
the following expansion for z > 0:

Ef.(Z,) = e Zaj +0€ ("), (3.17)
where
aj(z) = Z (p‘; )Lq (Z By, (yo) L fpz>> (0),
ptq+r=j T
with fo.(y) = 0, and fi.(y = Jo fo(y + w)sF (u)du = fzo_oy o(y + u)5* (u)du. Indeed,

from the proof of Theorem B:[I (which is the key for Theorem [3.4]), the only step that
requires some extra care is to justify that

Foo(y) == A" /Oo oy + u)s:"(u)du,

-y

is C*° and sup, \f,gjz) (y)| < oo. This is proved by checking (using induction) that

) =3 [ o+ st dquZ 101D w0z ),

-y

Similarly, under the stronger conditions of Theorem [3.6, one can easily consider payoff
functions of the form

fZ(u) = <P(U)1{uz—z}a (Z < 0)7
with ¢ € C* such that | (u)| < M;e* for some constant M; < oo and all j > 0.

3.4 On the small-time large deviation principle for diffusions

Large deviation results of the form (B.3]) have recently been developed for different
stochastic volatility (SV) models. For instance, for uncorrelated SV models, Forde and
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Jacquier [I7] shows (B3] under the following conditions:

The function « is bounded and uniformly Lipschitz continuous. (3.18)
AMy > M; >0, st. 0 < M, <o(y) Ay(y) <oy) Vy(y) < My < 0. (3.19)
o, 7€ C® and o(y) = o+, Y(y) = Y+, as y — Foo. (3.20)
o and 7 are diffeomorphisms with ¢’ > 0 and 7' > 0. (3.21)
dy. € R, such that ¢” >0, v >0 fory <y, " <0, v" <0 (3.22)
for y > y. and o’ V' < M < oo for some M > 0.

The function u — Ao (W) is non-increasing. (3.23)

u

We refer to [I7] for an explicit expression for the rate function I, which is not relevant
here. The Heston model (3.9) (even with correlated Wiener processes W and W) was
also considered in [16] and [I§].

4 Expansions for the call-option price under expo-
nential Lévy Models

In this section, we point out the expansion of the call-option price under an exponential
Lévy model, which is a particular case of the jump-diffusion models ([L.2)) and (L3)). More
precisely, let the log-return process Z be a general Lévy process with the generating triplet
(b,0%,v). Then, the following expansion for the out-of-money call option price holds true
(see also Figueroa-Lépez and Forde [14]).

Corollary 4.1 Let zp <0, n > 1, and 0 < ¢ < —29/(n+ 1) A 1. Let Z = (Z;)>0 be
a Lévy process with triplet (b, o? v) satisfying (2.4)-(28). Then there exists to > 0 such
that, for any z < zp and 0 < t < t,

n

_ tI 0
Gy(2) = ey ¢i(2) T Oc. (1", (4.1)

j=1
where '

i .

AR
C](Z) - Z (k‘) L khk -(0),

k=1

with

T2 (y) = /R (e —1) 57% (u)du.

For the in-the-money case, similarly to Corollary ([B.8]), we also have

13



Corollary 4.2 Let 2o >0, n > 1, and 0 < £ < zy/(n+ 1) A 1. Then, there exists to > 0
such that, for any z > zy and 0 <t < ty,

Gilz) =€ —1+e ™D &(z) =

7j=1

tJ
S+ Ot (42)

where
¢i(z) = i (i) Lg_kﬁk,z(o)v Ek,z(iU) = /R (ez+y+u - 1)_ 528 (u)du.

k=1

Given that in (BI0) BY(yo) and Bj(yo) depend only on o(yp), it is interesting to
note that the first two coefficients in our expansions (B.I1)) and ([3I4]) coincide with the
coefficients corresponding to an exponential Lévy model with variance 0? = 0(y0). In

fact, the initial values of o and 7 begin to appears with the coefficient a3(z) and b3(2)
through the coefficients B} and B3 in (3.10).
Here are the first two coefficients of (B.11]) for £ > 0 small enough:

a1(2) = By(yo f1z /fz du-/oos(u)du;
Ba(2) = 2L.(F) (0)+ 2BY ) £, (FL) 0)+ Fou(0)

p=1,q=1,r=0 p:l,q:O,T’:l p=2,q=0,r=0

) (bascz) -/ (- Bu)(1 - 6)d6u255(U)dU)

- 02(y0)(5/(z> + S(Z)) + /]RQ 1{u1+u22z}§6(u1)§€(u2)du1du2-

The corresponding coefficients for (314 are obtained as above with f.(x) = 1>
replaced by f.(y) := (e*T¥ — 1), with z < 0. Hence, for € > 0 small enough,

bi(z) = /R (e —1), s(u)du;

ba(2) = 0% (yo)s(—2) +20- /wez+u5(u)d“+/ﬂgz(€z+ul+u2 — 1) 5 (u1)3. (ug)dusdusy

+ 2// (1-— (/_Z o e Pt s(w)dw + s(—2z — 5u)) dBu?s.(u)du

In the previous expressions one can substitute c.(y) and ¢.(y) by locy<c and 1>,

respectively. R
Combining (LO), (I7), and the expression for by(z) = bi(z) above, we obtain the
expansion for the price function of the out-of-money call option near the expiration 7"

C(t,s) = Ke " 9Gy_(Ins — In K)

= (T —1t) /R (se" — K), s(u)du + O s/ (T = 1)?). (4.3)
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5 Asymptotics of the implied volatility

Using the leading term of the time-t price for the out-of-money call option as computed
in the previous section, we now obtain the asymptotic behavior of the implied volatility
o (t; s) near T. It is defined implicitly by the equation

C(t,s) = Cps(t,s;a(t;s),r), (5.1)

where Cps(t,s;0,7) is the classical time-t Black-Scholes call-option price corresponding
to an interest rate r, a volatility o, and time ¢ spot price s. We shall need the following
well-known result (see, e.g., Lemma 2.5 in [20]):

Lemma 5.1 Let Cpg(t,s;o,r) be the classical Black-Scholes call price function. Then,
ast 1T,

1 Ko3(T —t)%? (In K —Ins)?
: - 7e) 2
CBS(ta $;0, ’f’) /_27'(' (an —In 8)2 exp |: 20’2(T I t) (5 )
InK —1 InK —1
exp .o ns_l_r(n ns) + R(t,s;0,71).
2 o2
The remainder satisfies
_ 59 (In K —Ins)?
|R(t,s;0,7)| < M(T — t)°* exp {—m ; (5.3)

where M = M(s,o,r, K) is uniformly bounded if all the indicated parameters vary in a
bounded region.

The next result gives the asymptotic behavior of (¢, s). This has already been obtained
for a pure-Lévy processes (see, e.g., [38] and [I4]) and is presented here for the sake of
completeness:

Proposition 5.2 Let 6(t;s) be the implied volatility when the stock price (L) is s at
timet. Then, ast T T,

(In K —Ins)?
—2(T —t)In(T —t)’

Proof. Using the leading terms in (£3]) and (5.2)), we obtain that as ¢t T 7"

~ (nK-Ins)*  r(lnK—Ins)
262N T—1) | 62t 9) } ’

62(t;s) ~ (5.4)

(T —thu(s, K)~ v(s, K)o3(t; s)(T — t)*? exp {
(5.5)

where

s, 1) = [ (se" = K s(uyn
1 K InK —1In s] ‘

v(s,K) = V2r (In K —Ins)? P [_ 2
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Assume that limsup,,, 6(¢)(T — )2 = ¢ € (0,400), then limsupy, &(t) T oo, and
thus

i sub (6 _AM2)8 _(an—lns)2 r(In K — In s)
e (5T 0" o | e % + T

N 2
— B (MBS
22

So the right hand side of (5.5) does not converge to 0 while the left hand side does, which
is clearly a contradiction.
Now if lim sup,yq 6()(T — ¢)'/? = +00, then limsup,, 6(¢) T 400, and thus

limsup (&(¢)(T — t)1/2)3 exp [—

(InK —Ins)? r(lnK — lns)}
= —'—OO
“T

2w (T —1) )

Again we obtain the same contradiction.
Therefore, we have lim sup,,; 6(t)(T—t)'/? = 0, which obviously implies that limy & (¢)(T—
t)Y/2 = 0. Then, (5.5) can now be written equivalently as
(InK —Ins)? r(InK —1Ins)

PT84 (T — 1) 52(t)

4310 (6(8)(T — H)2) — In(T — t)} -

Hence, as t 1T,

1 2
S| K —Ins)(T — ) + 3(6(¢)(T — )*) " In (6(¢)(T — t)*/?
GOT -7 [( (T =) +3(6()(T = )"*) I (6(t)(T — 1)'%)
(InK —1Ins)? 1722 . 1212, u(s, K)
- (EMT -1 A (T —t) — (60T = £)Y*) In U(S’K)]

— 0.

Finally, note that

lim (5(6)(T — ') (6(t)(T —)/?) = o0,
ltiTI%r(an —Ins)(T'—t) = 0,

and therefore,

lim (M +62(8)(T — ) In(T — t)) —0,

T 2

which directly implies (B.4]). u
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6 Small-time expansions for the Lévy transition den-
sities

In this part, we revisit the important problem of finding small-time expansions for the
transition densities of Lévy processes. This problem has been considered in Riischendorf
and Woerner [36] and [13]. As in Section [2Z] we consider a general Lévy process X with
Lévy triplet (b, 02, v). It is well-known that under general conditions (see, e.g, [27] and

[31): 1
lim (@) = s(2). (z £0) (6.1

where f; denotes the probability density of X; and s is the Lévy density of v (both densities
are assumed to exist). In many applications, the following uniform convergence result is
more desirable )

—filz) — s(z)

lim sup =0, (6.2)

=0 12>y

for a fixed n > 0. The limit (6.2) is related to the following general expansions for the
transition densities: .
filz) = %t’f + "0, (1), (6.3)

k=1

valid for any |z| > n and 0 < t < to, with ¢y possibly depending on the given > 0 and
n > 0. Above, O, (1) denotes a function of  and ¢ such that

sup sup |O,(1)| < oo.
0<t<to |z|>n

Note that ([62) follows from (6.3) when n =1 and ax(z) = s(z).
Riischendorf and Woerner [36] were the first to propose (6.2) building on results of

Léandre [27], who prove the point-wise convergence (6.I). In both papers, the standing
conditions on the Lévy density s of the Lévy process X are as follows:

li:gl_jonf n* 2 /17 22s(2)dz > 0, (0 < a < 2); (6.4)

s € C*(R\ {0}); (6.5)

/ |$/((Z))| dz < 00, ¥ > 0; (6.6)
lz[zn  S(Z

3h € O™ such that h(z) = O(z%) (z — 0), h(z) > 0 if s(z) > 0, and (6.7)

d 2
/z§1

—h(z)s(z)| ——dz < o0.

7, z)s(2) 5
Condition (6.4) is used to conclude the existence of a C'* transition density f; (see [37,
Chapter 5)), while (6.3])-(6.1) are needed to establish an estimate for the transition density
using Malliavin calculus. However, the method of proof of [36] seems to have a gap so

17



that one can only derive the first order expansion in (6.3)) (see the introduction of [13] for
more details). Recently (see [13]), (63]) was obtained under the following assumptions:

Yo := sup |s®(x)| < oo, and (6.8)
|z|=n

lim sup sup |ft(k)(x)| < o0, Vk>0andVn>0. (6.9)
N0 |z|2n

Condition (6.8) is quite mild but condition (6.9) could be hard to prove in general due to
the inaccessibility of closed-form expressions for the densities f;. Nevertheless [13] shows
that condition (6.9) is satisfied by, e.g., the CGMY model of [§] (or Koponen [26]) and
by other types of tempered stable Lévy processes (as defined in [34]).

In this section, we show that (6.9]) is not necessary to obtain (6.3]). Again, we follow
closely the approach in [I3] and use the notation of Section 211 (see Appendix [C] for the
proof of the following result):

Theorem 6.1 Letn > 0 andn > 1, and let the conditions in lines (06.4)-(6.8) be satisfied.
Then, (6.3) holds true for all 0 <t <1 and |x| > n. Moreover, there exists eo(n,n) > 0
such that for all 0 < & < g, the coefficients a), admit the following representation (which
is moreover constant for any 0 < e < gq):

k J

a) =3 (N X (N0, (6.10)

7j=1 i=1

where $; ,(u) := 55 (z — u).

Remark 6.2 Combining the proofs of Theorem [31 and of Theorem [6.1, it is possible
to obtain a small-time expansion for the jump-diffusion model (1.3)-(1.3) assuming, for
instance, that the stochastic volatility model admits a density function d; satisfying the
small-time estimate:

sup di(x) < M, ,t?,
lz|>n

foranyp>1 and 0 <t < ty(p,n) and some constant M,, < oco.

A Proof of Proposition 2.1

Let us show (2.8) for n = 1 (the other cases are easily obtained by induction). First,
applying [t6’s lemma ([24, Theorem 1.4.56]),

t

g(X;) = g(0) + /t Lg(X,)du + U/O g (X,)dW,

" /Ot /]R {g(XU7 + Z) N g(Xu7> - g/(Xu*)Z1|z|§1} ﬂ(du, dz),
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where one can easily check that Lg(z) is well-defined from the continuity of ¢ and ([Z.9).
Indeed, there exists a constant M; such that |¢¥(z)| < M;e2!*!, for all 2, and thus,

‘/Z>lg(x + 2)v(dz) 7
‘/Zq(g(x +2) —g(x) — g'(x)2)v(dz)

< MI/ e2l?ly(dz)ez 1!,
|z|>1

< Myes 22u(dz)es!®!,

|z]<1

Next, we show that the last two terms of the expansion of g(X;) above are true mar-
tingales. Indeed, it suffices that

/ lg'(X)|” du < oo, (A-1)
B[00+ = oz < o (A-2)
2>
B[ I 9 = o) = )Pl < 0 (A3
Using (2.9) and the continuity of ¢, there exists a constant M > 0 such that
/ g (X)) du < M/ FecXeldy < M/ EeCX“du+/ Ee™“**du < oo,

0

for any ¢ > 0. Similarly, setting B = {z : |z| > 1}, (A=) is satisfied since

t
E//|g(Xu+z) 9(X, |dudu<E/// (X, + w)duw
0o JB
2]
gM/ EeCX“|du// e dwdy < oo.
0 BJo

dvdu

Also, setting B = {z : |z| < 1},
t , 9
B[ [ 106+ 2) = 9(X) = g (X)2F vidz)du
t 1
" 201 _ A\273.4
SE/O /B/ 16" (Xa + 2B) (1 — B)2dB="dvdu

t 1
< / EeXeldy / / eFP(1 — B)2dB2 dy < .
0 B JO

Eg(X,) = g(0) + E / Lg(X.)du,

We then have that
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which leads to (7)) provided fg E|Lg(X,)|du < co. The later is proved using (2.9) and
similar arguments.

In order to obtain (Z8)) for n = 1 by iterating (2.7)), we need to show that for any C*
function ¢ satisfying (2.9)),

limsup e~ 5M|(Lg)® (y)] < oo, (A-4)

ly|—o00

for i = 0,1,2. To this end, we first note that

2

(Lg)? (y) = bg ™ (y) + L

59w + / (9D +2) — 9V (y) — 2"V (Y111 <1)v(d2)

R

for i = 0,1,2. Hence, it is sufficient to show ([A-4]) when i = 0, and we have

o) < be Bl ()] + G5 g () (A-5)
4 s / o2 — gl (A-6)
+e‘%y'/<1 l9(y + 2) — g(y) — 29 (y)|v(dz). (A-T)

The limits of the right-hand terms in (A=) as |y| — oo are trivially finite by the assump-
tion (2.9). For the term in (A-f]), again by the assumption (Z9)) and the continuity of
g™, there exists M > 0 such that,

19D ()| < Me3 i=0,1,2.

It follows that

e‘%ly/lz|>1|g(y +2) = g(y)lv(dz) = e 2V /Z>1

/OZ q(y+ w)}dw‘y(dz)

2|
< | / eawdw) (dz)
[z[>1
= M/ ezl (dz)
|z|>1
which immediately implies that
lim sup e_gyl/ lg(y + 2) — g(y)|v(dz) < 0. (A-8)
ly|—o00 |z|>1

Similarly, we can show that the limit of (A-7) as |y| — oo is finite. Therefore, we can
iterate (2.7)) to obtain (2.8)) for n = 1. 0
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B Proof of Theorem [3.1]

We will analyze each term on the right-hand side of the expansion of Ef(Z;) given in
B.I)-B.2):

(1) For any z > zy, we have
Ef. (U +X;)=PU + X; > 2) <P(U > 2/2) + P(X; > 2/2). (B-1)

By our assumption (33]), there exists to(zo) > 0 such that for any 0 < ¢ <y, z > z5 > 0,

P(UL 2 2/2) < Bl > 20/2) < exp (222, (B2)

which can be seen to be O, (t"*1). Also, the second term on the right-hand-side of (B=])) is
O-.,(t"™) in light of (Z3) by taking a := (n+1)/z and using that 0 < & < z5/(n+1)A1.

(2) The second term in (1)) is also O. ., (") because f < 1 and clearly
e Y i (A /RS (A)" T = O(t" ).

(3) We proceed to work out those terms in ([B.2]). Using the independence of U and X,
we have

k
Efz <Ut -+ XtE -+ Z 5@) - E.]?;f,z (Ut + XtE) = Efk,z,t(Xta)u (B_?))
=1

where

ﬁvz(y)::(&)—k/ sFwydu  and  fio. () =Efe. (U +y).

—y
In particular, by the assumption (2.4,

fidly) = O (=150 w507z — ),

sup [ F2(y)| < A8V e < AZ! max i =T < oo,
e 10 0<i<j
It follows that fk%t € Cv°(R) and moreover,
f,gjz)t(y) = Eﬁ@ (U +vy), and sup (J) Wy )’ <T,, for any j > 0. (B-4)

zy
We will then be able to apply the iterated formula (2.8]) to get

—k n—k+1 1
€ E : t t n— n— r €
Efk z t X Z_ fk zt (n — k’)' /0 (1 - Oé) kE{Ls k+1fk,z,t(Xat)}da‘ (B_5)

1=0

It follows from the representation in Lemma 22 and (B=4]) that

1
sup/ (1-— a)"_kE(L?_k+1fk7z7t(X§t))da < 00,
0

z
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and thus the second term on the right hand side of (B=5) is O, ., (t"**1).
(4) Combining (3.1, (B2) and (B=H), we obtain

LD WA LI
Bf(z) =Y PR (0X7) 4 0,

k=1

n )\5t Lk n—k tz
— e—)\th( ) Z kazt( )+Oa,zo(tn+1)
=0

n tj J . . .
=D 5D (‘;) NELE fie0) + Oy (£
j=1"" k=1

Using again the representation in Lemma 22 and (B=4)), it follows that

LI (x) = LF [Eﬁz(Ut + -)} () = ATFLE [Eﬁz(Ut ¥ -)] (2),

and (3.4) follows. O

C Proof of Theorem

We will analyze each term in (B.]) and (B.2).
(1) For 2 < z5 <0,

Ef.(U,+ X;)=E (ezJ’UtJ’X 1) <E (eUerXfl{UtJrthZ_z}) (C-1)
S (E62Ut+2Xf]P> U _I_Xa ))1/2
Wi, 2X5\1/2 1/2
< (Ee?V'Ee?X) (P(Ut > 2/2) + P(XE > —z/2)> ,

1/2

)2 (Eert)W (P(Ut > —2/2) + P(X{ > —2/2)> ;

where U is the characteristic exponent of X¢. Since M, := eVt satisfies the SDE dM,; =
Mta(K)th(l) and using the Davis-Burkholder-Gundy inequality,

t 2
Ee?t = E (1 + / Msa(Ys)dWS(”)
0
t
<2+2E (/ eUSJ(Ys)dWs(l))
0

By Gronwall’s Inequality,

2 t
< 2+2M2E/ Vs ds.
0

Ee?Vt < 2¢*M° — O (1).
Therefore, the right-hand-side of (C=]) can be made o, ., (t"**) by [23)) and B3).
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(2) The second summation in (1) is also O, ., (t"™) since for any k > n + 1,

Ef. (U, + X5 + Z &) < eEeVtEe™i (Eeft )k

i=1

< )\e_ke“p(l)(/ 5. (x)dx)".
R

(3) To work out the summation in ([B3.2)), recall that by the independence of U and X, for
any 1 < k <n,

k
i=1
where
y B B k
Jrop(@) =Efy. (Ui +z) and  fi.(z) =Ef. (:c +Y &-) :
i=1

Let us show that sz is C*°. Indeed, since

[eS) k
ﬁc,z(x> = )‘;k/ / . (€z+m+zlg:1 w— 1) §€(u1)du1 H §€(u5)du5,
RF-LJ -3 cup—z—w

=2

and 5. € C;°, we have that

k
o
fow=xt[ e, (uy)duy [ 52 (ue)du,
Re=1 S5k up—z—z =2
. k
z - e_ / / Z+x+ze=1“e§€(u1)du1H§E(u5)du4
Rk—1 Sk up—z—z =2

ek s (ZW_Z_ )H (ue)du

Using induction, we see that

00 k
_k// ez+w+zl‘§=1“f§a(u1)du1Hga(u@)dug (C-2)
R —Z?ZZ Up—2—2

(=2

i—2 k k
—k . ; _( ) . o o _
+ Al ;( 1)/ /}Rk1 5/ ( ;Uz z x) g 5 (wg)duy,
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In view of (2.4]), there exists a constant M; . < oo such that, for any i > 1,

k
‘]?Igg(Ut + x)‘ < >\€—k/ 62+x+zlz€:1“l H ge(uf)dué . eVt (C—?))
/=1

]Rk
i—2 k
—k _
+ M; )] E / H 5e (ug)duy - max v; /2.
=0 RE—1 73 0<5<i
‘]: =

The right-hand side of (C=3) is integrable because EeVt = 1. By dominated convergence,
we conclude that f; ., € C*(R), and also,

@) =B [[20+2)], ¥i>0, and Timsupe il

|z|—o00

J )] < ox,
since ¢ > 2. Thus, applying (2.8) gives

= k+1
T
To show that the last integral in (C=4)) is bounded, we apply Lemma 2.2 to get that

B{w et} = X T00(" )R [Bdeai],

KEK,,_jp1 i=0

1
Eszt Z 'Llszt /(1_a)n_kE{L?_k+lfk,z,t(X§¢t>}da‘ (C-4)

Thus, it is sufficient to show the boundedness of EB, fk,z,t(X £,), for any 1 < k < n and
k = (ko,...,k4) € Ky_g11. Indeed, noting that (2.6]) implies that

~ k3 g . kg
M = =1 Bt i < oo,

[0,1]F3 x Rk3+Fa

we have, for any x € R and some contants K, Ky < 00,

’Bk,sfk,Z,t(x)’ S/ <ZL’—|— g ﬁ]w] + E Uz) d’]T
[0,1]F3 x Rk3+Fa
S/ ’f(ek U +x+ E Bjw; + E U; d?Tk,E
[0,1]F3 x Rk3+ka = p—

k
< MXFR eV / et "5, (uy)duy H 5. (ug)duy
=2

7 (lx)
k,z,t

RE-1
O—2

= Me® —I—M2<OO,
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where the third inequality follows from (C=3). It follows that EB, fk 2i(XE) 18 Oc (1),
and so is ELPF1f, _(X2,). Therefore, the last integral in ([C4) is indeed O, (£"F+1).
(4) By plugging (C-4) into(3.1]) and ([B.2]) and rearranging terms, we obtain that

EfZ(Zt) = 6_>\E Z ()\ t) szt(Xa) + OE Zo(tn+l)

k=1
e Z Z( )AﬁLZ‘kfk,z,t(O) + O, (t"). (C-5)

It remains to expand the coefficients
LI foa0) = L7 [Bfia (Ui )] (0) = AFLIF [Efia(Ui+ )] 0. (C-6)

Using the expansion (3.0) and Remark 3.5 we have

n—j s 1

z tn 7+1 ) R

Efk z Ut + LL’ E 'lek z m/(l_a>n_jE<£n_j+1fk,z(Uat + LL’)) da
. . 0

—Z Z.ZBJ (o) L., fr.x () (C-7)

tn ]—I—l

T, 0 (T Rt s ) o

Finally, by combining (C=5l), (C-6)) and (C-1)), it follows that

Ef.(Z)=e Z Z() [Z L <ZBf(yo>£zﬁvz) (0)
tn—j+1

i (n—j+1)!
= e Z Z ( ) Z Z,Lé g <; Bj (yo)ﬁiﬁ,z) (0) + O, (") (C-9)
e ! Z Z ( ’ )LE <§_:0 B;(yo)ﬁﬁﬁ,z> (0)+ O, (1"1).  (C-10)

/ (1—a)"—jE{Lg—’f[Ln—Hﬁ,z(Uat+ -)}(O)}da +0. (") (C-8)

3 \payr

Here in (C9) we used the fact that the integral in (C=8) is O..,(1) as seen from the
uniform boundedness condition (3I3]) and the estimate (C-3]). O
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D Proof of Theorem

We only consider x > 0 (the case x < 0 can be similarly analyzed by considering P(X; <
x)). Again, we start with the expression

00 k
]P)(Xt > :L') — et (Xte > :L’)J—l—e_)\Et Z ()\gt)’f]P) (XtE n ZSZ > :L’) (D—l)

|
B;(,x) k=n+1 k! g i=1 g
Ci(z)
n k

ey OB (e > D-2
e Ol (xi e ez, 02)

k=1 ’ i=1 g

D:Ex)

Let us denote by ff the density of X7, whose existence follows from (6.4}a). Given that
d - 1
—P| X +)) &> | =——fx5%(),
dl’ ( t ZZ:; ) )\]g t €
and that sup |ff = 555 ()] < sup [52F(2)] < YejmoAi™!,

one can interchange derivative and summation in (D-I) to show that Ci(z) admits a
density ¢;(x) and moreover,

— = =% — ’y 5 = )\ t y n n
sup |ey(z)] = sup e Z S Ioxs(a) < e 3{20 Z ( ]Z,) < AN eppot™tt (D-3)
x €T £ .

k=n+1 k=n+1

Also, in view of Proposition II1.2 in [27], there exists a real €o(n,n) > 0 such that for all
O<e<egandt <1,
sup fi(z) < M(n,e)t"", (D-4)

[z]>n

where M (n, e) is some unversal constant depending only on 7 and €. The last step is to
deal with the terms in D,. Recall that

k

P (‘Xt(E +Z§z > :L’) = Efk,x (Xta)’
=1

d" ~ —k i—1zx(k—1) , =(i—1)

@fk,x(y) - )‘e (_1) Se * 5 (‘T - y)?

with

k o0
ﬁcx(y) =P (y + Zfz > ZL'> = )\;k/ 5% (u)du.

=1 -y
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Then, applying the iterated formula (Z8]), we get

tn+1—k

Efial(X7) = Z. orl0) + o [ 0=y E (1 (32 ) do. (D

Using the representation of L. in Lemma 2.2 one can easily verify that

d .~ o~

%Lf:fk,m(y) = —Llfi.(y) = —(\) FLida(y), (D-6)
d n+l—k 7

S;lf %La fra(y)| < Mnksog}j?; {Ves2nts (D-7)

for some constants M, ;. < co. Hence, one can pass d/dx through the integral and the
expectation in the last term of (D=3)) to get

—Efm(X*f = ’fz ng,m )+ "R (1), (D-8)

where O, (1) means that sup, |O x,(1)| is bounded by a constant depending only on

e, k, and n. Differentiating P(X; > z) in (D-Il) and plugging (D-3), (D-4)), (D-8)), we get
that for any 0 < e < ¢pand t <1,

- n tk n—k tZ A
flz) =e ™y o Lzsm(o) + "o, (1),
k=1 " i=0
where O, (1) is such that sup,<; sup|,s, |Oc,(1)| < co. Rearranging the terms above, we

have
n

_ (2
filz) = e Z CP(@H +10, (1),
p=1
with

p
._ —k g
(@) —Z(k)L 0(0).
The expression in (6.I0) follows from the Taylor expansion of e <!, using also that
sup, |¢p(7)] < oo (a fact that itself follows from (D-@)). Finally, the ”constant property”

of (G.I0), for any 0 < £ < &g, follows from inversion. Indeed, given that a posterior

fi(z) = “’“]{E‘ V4 "0, (1) (D-9)
k=1
holds true for any ¢t < 1 and 0 < € < g¢, ax(z) can be recovered from f;(x) (independently
of €) by the recursive formulas:

t—0 ¢ t—0 tk

ar(z) = lim — ft() ak()—hm—<ft Zal ) 2<k<n.
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