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Abstract

Let © be a domain in RY, where N > 2 and 99 is not necessarily bounded. We
consider nonlinear diffusion equations of the form d,u = A¢(u). Let u = u(z,t) be the
solution of either the initial-boundary value problem over €2, where the initial value
equals zero and the boundary value equals 1, or the Cauchy problem where the initial
data is the characteristic function of the set RY \ Q.

We consider an open ball B in 2 whose closure intersects 92 only at one point, and
we derive asymptotic estimates for the content of substance in B for short times in
terms of geometry of ). Also, we obtain a characterization of the hyperplane involving
a stationary level surface of v by using the sliding method due to Berestycki, Caffarelli,
and Nirenberg. These results tell us about interactions between nonlinear diffusion

and geometry of domain.
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1 Introduction

Let Q be a C? domain in RY, where N > 2 and 02 is not necessarily bounded, and let
¢ : R — R satisfy

¢ € C?*R), ¢0)=0, and 0<d; < ¢'(s) <&y for s € R, (1.1)

where 01, 02 are positive constants. Consider the unique bounded solution u = u(x,t) of

either the initial-boundary value problem:

Ou=A¢p(u) in Qx(0,+00), (1.2)
u=1 on 99 x (0,400), (1.3)
u=0 on Q x {0}, (1.4)
or the Cauchy problem:
Ou = A¢(u) in RY x (0,400) and u=xqe on RY x {0}; (1.5)

here xqc denotes the characteristic function of the set Q¢ = RY \ Q. Note that the
uniqueness of the solution of either problem (L.2)-(T4]) or (I.35)) follows from the comparison
principle (see Theorem [AT]in the present paper). Since 99 is of class C, we can construct
barriers at any point on the boundary 9 x (0, +o0) for problem (L2))-(T4]). Thus, by the
theory of uniformly parabolic equations (see [LSU]), we have the existence of a solution
u € CP(Qx(0,400))NL>®(2x (0, 400))NCY (2 x (0, +00)) such that u(-,¢) — 0in L] ()
as t — 0 for problem (L2)-(L4). For problem (%), since for any bounded measurable
initial data there exists a bounded solution of the Cauchy problem for dyu = A¢(u) by
the theory of uniformly parabolic equations, we always have a solution u € C*!'(RV x
(0, +00)) N L= (RN x (0,+00)) such that u(-,t) = xqe(-) in L} (RY) as t — 0 for any
domain €, that is, in the case of problem (LH]), we only need that the set €2 is measurable.

The differential equation in (L2) or in (LI) has the property of infinite speed of

propagation of disturbances from rest, since

/1 P g — 4o, (1.6)
o ¢

as it follows from (LI).

By the strong comparison principle, we know that

0 < u < 1 either in Q x (0, 400) or in RN x (0, +00);



also, as t — 0T, u exhibits a boundary layer: while v — 0 in €2, u remains equal to 1 on

0. The profile of u as t — 07 is controlled by the function ® defined by
s 1/
D(s) = / @d{ for s > 0. (1.7)
1

In fact, in [MS3, Theorem 1.1 and Theorem 4.1] we showed that, if 92 is bounded and u
is the solution of either problem (L2)-(L4]) or problem (LH]), then

lim+ —4t®(u(z,t)) = d(z)? uniformly on every compact subset of Q. (1.8)
t—0

Here, d = d(z) is the distance function:
d(z) = dist(z,00) for x € Q. (1.9)

Formula (L8) generalizes one obtained by Varadhan [Va] for the heat equation (and
quite general linear parabolic equations); in that case, ®(s) = log s since ¢(s) = s; (L8]
tells us about an interaction between nonlinear diffusion and geometry of domain, since
the function d(x) is deeply related to geometry of €.

We point out that (L8] was proved in [MS3] when 99 is bounded. In Theorem 21 in
Section 2, we will show how to extend its validity to the case in which 92 is unbounded.
Moreover, with Theorem [2.1] in hand, in Theorem [2.3] we obtain a characterization of
hyperplanes as stationary level surfaces of the solution u (i.e. surfaces where u remains
constant at any given time); this result generalizes one of those obtained in [MS2], [MS4] for
the heat equation. As in [MS2, Theorem 3.4], the proof still relies on the sliding method
due to Berestycki, Caffarelli, and Nirenberg [BCN]| but, by a different argument, allows us
to treat more general assumptions on €.

Let us now state our main theorem which shows a more intimate link between short-

time nonlinear diffusion and the geometry of the domain €.

Theorem 1.1 Let u be the solution of either problem (L2)-(4l) or problem (LX). Let
xo € Q and assume that the open ball Br(xq) centered at xoy and with radius R is contained
in Q and such that Br(xzo) N OQ = {yo} for some yg € ON.

Then we have:

N—-1

. _N+1 1

dm [t de= oS IT [g-mtm] {00
Br(zo) =1

Here, k1(y0),---,kNn-1(yo) denote the principal curvatures of O at yo with respect to the

inward normal direction to O and c¢(¢, N) is a positive constant depending only on ¢ and

N (of course, c(¢p,N) depends on the problems (L2)-(L4) or (LI)).



When r;j(yo) = % for some j € {1,-+ ,N —1}, the formula (LI0) holds by setting the
right-hand side to +o00 (notice that k;(yo) < 1/R for every j € {1,--- ,N —1}).

Remark 1.2 In view of the proof given in the end of Section [ instead of assuming that
0Q is of class C?, we only need to assume that 05 is of class C? in a neighborhood of the
point yo under the existence of the solution w of problem (L2)-(L4). Of course, in the
case of problem (5] we only need to assume that 92 is of class C? in a neighborhood of

Yo-

When 00 is bounded and ¢ satisfies either fol @dg < 400 or ¢(s) = s, Theorem
[L1] was proved in [MS1] for problem (L2)-(L4]). The method of the proof of the present
article will enable us to obtain the same result also when 02 is unbounded. In [MSI]],
the construction of supersolutions and subsolutions to problem (L2)-(T4) was eased by
the property of finite speed of propagation of disturbances from rest descending from the
assumption fol @d{ < +o00. In fact, such barriers were constructed in a set Q, x (0,7},
with

Q,={z e : dlx) < p}, (1.11)

and p and 7 were chosen sufficiently small so that the solution u equals zero on I', x (0, 7],
where

I'y={zeQ : d(z) =p}. (1.12)

This property does not occur when (L.6]) is in force.

Also, in order to construct the supersolutions and subsolutions of u, instead of using
the linearity of the heat equation and the result of Varadhan [Va] as done in [MS1], here,
we exploit Theorem 2] together with the result of Atkinson and Peletier [AtP, Lemma
4, p. 383] concerning the asymptotic behavior of one-dimensional similarity solutions (see
(BI3) in the present paper). This will be done in Section B

In the Appendix, we give proofs of several facts used in Section B, and prove a com-
parison principle (see Theorem [AT]) for dyu = A¢(u) over general domains €2 including
the case where 92 is unbounded (in this case we could not find a proof of Theorem [A.]]
in the literature). Once the comparison principle is proved, then the strong comparison

principle follows immediately.



2 Short-time asymptotic profile in the unbounded case and

application
We begin with our extension of formula (L8] to the case in which 02 is unbounded.

Theorem 2.1 Let Q C RN, N > 2, be any domain with boundary 02 of class C? and let

u be the solution of either problem (L2)-(L4) or (LH).
Then (L8] holds true.

Remark 2.2 In view of the proof given below, instead of assuming that 9€) is of class
C?, we only need to assume that 9Q = 0 (RN \ﬁ) under the existence of the solution u
of problem ([2)-(T4]). Of course, in the case of problem (L), we only need to assume
that 9Q = 9 (RV\ Q).

Proof. The case where 02 is bounded is treated in [MS3]; here, we shall assume that
0% is unbounded.

Take any point xg € Q. For each € > 0, there exists an open ball Bs(z), centered at z
and with radius §, contained in RY \ €, and such that |zq — 2| < d(xq) + €.

Consider problem (L2)-(T4) first. Let u® = u®(x,t) be bounded solutions of the

following initial-boundary value problems:

St = Ag(ut) in Bd(xo)(xo) x (0, 400),
ut =1 on ({“)Bd(m)(wo) x (0, +00),
ut =0 on By (wo) x {0},

and

du~ = Ad(u~) in <RN \ Bs z)) % (0, +00),
u” =1 on 0Bjs(z) x (0,400),
u =0 on <RN\Bg(z)) x {0},

respectively. Then it follows from the comparison principle that
u” (zo,t) < u(xo,t) < ut(wg,t) for every ¢ >0, (2.1)
which gives

—4t®(u (z0,1)) > —4tP(u(xg,t)) > —4tP(uT (x0,t)) for every ¢ > 0.



By [MS3, Theorem 1.1], letting ¢ — 07 yields that

(d(z0) + €)? > limsup (—4t®(u(xo, t)) > lim inf (—4t®(u(xo,t)) = d(z0)>.

t—0t t—0F

This implies (L)), since € > 0 is arbitrary. Furthermore, let py and p; be given such that
0 < po < p1 < +o0; then by a scaling argument, we infer that the convergence in (L.g]) is
uniform in every subset F' of {z € Q : py < d(z) < p1} in which the number § > 0 can
be chosen independently of each point x € F. In particular, when F is compact, it was
shown in [Va, Lemma 3.11, p. 444] that § > 0 can be chosen independently of each point
x € F only under the assumption that 92 = 0 (]RN \ﬁ)

It remains to consider problem (LH). Let u™ = u®(z,t) be bounded solutions of the

following initial value problems:
dut = Ap(ut) in RN x (0,+00) and ut = XByay)(z0)° OO RY x {0},

and

du = Ad(u”) in RN x (0,400) and u” on R x {0},

= XBs(2)

respectively. Then by the comparison principle we get ([2.I). Thus, (L)) follows similarly
also in this case, with the aid of [MS3, Theorem 4.1]. O

We now give a simple application of the theorem just proved. Let f € C?(RV~1) and

set
Q={zecRY : zy> f(z)},
where @’ = (x1,--- ,2zy_1) € R¥~1. Consider the solution u = u(x,t) of either problem
(L2)-(@T4) or problem (LA). In the sequel, it will be useful to know that
0
a—u < 0 either in Q x (0, 400) or in RN x (0, +00); (2.2)
TN

this is obtained by applying the comparison principle to w(z/,zy + h,t) and u(x,t) for

h > 0 and then the strong maximum principle to the resultant nonnegative function %(:f),

since v = ¢(u) satisfies dpv = ¢'(u)Awv.
A hypersurface I' in € is said to be a stationary level surface of w if at each time t
the solution u remains constant on I' (a constant depending on t). The following theorem

characterizes the boundary 92 in such a way that u has a stationary level surface in €.
Theorem 2.3 Assume that for each y' € RV™1 there exists h(y') € R such that

lim [f(2"+y) — f(2")] = h(y). (2.3)

|z’ |—o0



Let u be the solution of either problem (L2)-([L4) or problem (LH). Suppose that u has a
stationary level surface I' in €.

Then f is affine, that is, 02 must be a hyperplane.

Remark 2.4 In view of the proof given below, instead of assuming that f € C?2(RN~1),
we only need to assume that f € C°(RV~!) under the existence of the solution u of
problem (L.2))-(L4]). Of course, in the case of problem (L.3]), we can replace the assumption
f € CYRN1) with f € CORN).

Proof. We shall use the sliding method due to Berestycki, Caffarelli, and Nirenberg
[BCN]. The condition (Z3)) is a modified version of (7.2) of [BCN| p. 1108], in which A(y’)
is supposed identically zero.

Since T is a stationary level surface of w, it follows from Theorem 2.1} ([2:2]) and the
implicit function theorem that there exist a number R > 0 and a function g € C?(RN 1)
such that

L={(,g@x) eRY: 2/ eRV" N ={z eRY: d(z) = R}; (2.4)

moreover, it is easy to verify that the function g satisfies

g(@)y= sup {f(y)+ VR2—|z'—y|?} forevery 2’ € RN-L, (2.5)
|$/_y/|§R

Conversely, let v(y') denote the unit upward normal vector to I' at (', g(y')) € T'; the
facts that g is smooth, dQ is a graph, and (', g(y')) — Rv(y') € 09 for every 3y’ € RN—1

imply that
f@) = ‘ inf|<R{g(y') — /R?2 — |2/ —y/|?} for every 2’ € RV 7L (2.6)
xliy/ <
00 = {zeRY: dist(z,{y e RY: yny > g(y)}) = R}. (2.7)

Thus, if follows from (24]) and (2.7 that for every z € 9 there exists z € I" satisfying
Bgr(z) € Q and 0BRr(z) N0Q = {x}. (2.8)
For fixed 3/ € R¥~! and h € R, we define the translates:
Qyn =y h)+Q, Tyn=(yh)+T
[23) guarantees that the values

hi(y') =inf{h e R: Q) C Q} and
h_(y') =sup{h e R: Q C Qy 1} (2.9)



are finite, since in fact, h_(y') < h(y') < hy(y') for every y' € RV-L

To complete our proof, it suffices to show that

Indeed, this yields that Q= Q,/ () for every y' € RN¥~1 and hence
f(2') = f(a' —y') + h(y') for every 2,y € RN ™1,

Then, Vf(z') = Vf(2' — ') for every 2/, € RN~ and hence Vf must be constant in
RY=1 Namely, f is affine and 99 must be a hyperplane.

Thus, set hy = hy(y') and suppose by contradiction that hy > h(y’). Then it follows
from (Z3)) and (2.8) that there exist zg € Q2N 0Qy 5, and z € NIy 5, satisfying

Qy/,h+ ; Q and 8BR(Z) N o N 8Qy/7h+ = {1‘0}
On the other hand, from the strong comparison principle we have
u(z’ =y, xn — hg,t) > u(a,t) for every (z,t) € Qyp p, x (0,00).

Therefore, u(2' — ', xn — hy,t) > u(z,t) which contradicts the fact that z € T N Ty 5.
and that I' is a stationary level surface of u.

The proof that h_(y') = h(y’) runs similarly. O

3 Short-time asymptotics and curvature

This section is devoted to the proof of Theorem [[.Il We first prove two lemmas in which
we construct useful barriers for problems (L2))-(L4]) and (LE), respectively.
In the former lemma, we use a result from Atkinson and Peletier [AtP]: for every ¢ > 0,

there exists a unique C? solution f, = f.(¢) of the problem:

(& (FF2)' + 5670=0 in [0,+00), (31)
fe(0)=c¢, f(§) =0 as £ — +o0, (3.2)
fi<0 in [0,4+00). (3.3)

Note that, if we put w(s,t) = f. (f%s) for s > 0 and ¢ > 0, then w satisfies the one-

dimensional problem:

ow = 92p(w) in (0,400)%, w=c on {0} x (0,400), and w =0 on (0,+00) x {0}.



Lemma 3.1 Let 9 be bounded and of class C? and let py > 0 be such that the distance
function d belongs to C*(Q,,) (see [GT)); then, set p1 = max{2R, po}. Let u = u(z,t) be

the solution of problem (L2])-(14).
Then, for every e € (0,1/4), there exist two C? functions f+ = f+(€) : [0,4+00) — R

satisfying
0< fe(§ < e B¢ for every & € [0, +00); (3.4)
f+ — f1 as € = 0 uniformly on [0, +00), (3.5)

where a and B are positive constants independent of €, and there exists a number 7 = 7. > 0

such that the functions w+, defined by
w(z,t) = fu <t*%d(x)) for (z,t) € Q x (0, +00), (3.6)

satisfy the inequalities:

_<u<wy in Q, x(0,7]. (3.7)

Proof. We begin by deriving some properties of the solution f. of problem (3.1))-(B.3));
by writing v. = v.(§) = ¢ (fe(§)) for € € [0,+00), we see that
w_ 1,1
ve  27¢(fe)
With the aid of the last assumption in (1)), integrating (B.8]) yields that

in [0, +00). (3.8)

& &
v..(0) exp {——} < vl(&) <v(0) exp{ } <0 for every & >0, (3.9)

452 451
and hence
ve(0) & v(0) &
< £ 0 f 0. 3.10
5 ex p{ 452 f (&) < 5 exp 451 < or every & > ( )

Furthermore, by integrating (3.10) and using (3.2), we have that for every £ > 0

ve(0) [ U ve(0) [ Ui
-5 /g exp{—E}dnzfc(g)Z— 5 /{: exp{—4—51}dn. (3.11)

Thus, with the aid of ([B.9) and (BIIl), by integrating (B.II), we have:

1 o
—v(0) = 5/ fe(§) d¢ for ¢ > 0. (3.12)
0
Moreover, a comparison argument will give us
0< fey < fe, on [0,400) if 0< 1 < g < +o0; (3.13)
0> v, (0) > v, (0) if 0<c1 <cp<+oo. (3.14)



In the Appendix, we will give a proof of ([B.12])-(B.14]).
Furthermore, [AtPl Lemma 4, p. 383] tells us that, for every compact interval I

contained in (0, +00),

—49(f())
52

Let 0 < e < %. Then, by continuity we can find a sufficiently small 0 < 7. << ¢ and
two C? functions fy = f1 (&) for & > 0 satisfying:

f=(&) = free (VIF 200 €) i€ >

fL <0 in [0, 400);

f- < fi < fy in [0, 400);
(#(F)f2) + 567 = ha(©) s in [0, +00),

— 1 as & — 400 uniformly for c € 1. (3.15)

where hy = hy(§) are defined by

+ng it &>,
h =
£l { 02 if £ <.

(Here, in order to use the functions hy also in Lemma later, we defined h (§) for all
¢ € R.) It is important to notice that

on R. (3.16)

Moreover, (B3] follows directly from the above construction of fi, and (BII]) together

with (B13) yields (34).
Set U = ®~1. Then it follows from (B.I5]) that there exists & > 1 such that

2 2
v (-% (1 - %)) > f.(6) > T (—% (1 + %)) for { >¢ andcel,  (3.17)

where we set I, = [1 — 2¢,1 + 2¢].
Since 02 is bounded and of class C?, Theorem P.1] yields that

— 4t®(u(x,t)) — d(x)? ast— 0" uniformly on Q,, \ 2. (3.18)

Then there exists 71 > 0 such that for every ¢ € (0,71 ] and every = € Q,, \ Q,,

|~ 440 (u(z, 1) — d(@)?| < 2003 <

2 n&d(x)2a

1
2

10



which implies that

o (_ (1- %775) d(w)Q) > u(z,t) > W (— (1+ 5n.) d(x)2> ) (3.19)

4 t

for every ¢ € (0,71c] and every z € Q,, \ Q.
From (3.17)), we have

2

Fr(6) = free(VI—20:€) > U (—Z (1- %)) ife > ﬂ%ﬁ (3.20)
o) = fie(VT+2n. 6 < ¥ <—§ (1 + %)) if £ > \/%72775 (3.21)

Now, consider the two functions wy = w4 (z,t) defined by ([B.6]). It follows from (3.19]),
(3:20) and (3:21)) that there exists 7o, € (0,71 ] satisfying

wo <u<wy in (Qy \ Q) x (0,72,]. (3.22)
Since d € C?(€Q,,) and |Vd| =1 in Q,,, we have
Orws — Ad(ws) = = fit {he + VE S (F2)Ad} in Dy x (0,400),
Therefore, it follows from (BI6]) that there exists 3. € (0, 72| satisfying
Ow— — Ap(w_) <0 < Qwy — Ap(wy) in Qpy x (0, 73]
Observe that

w_=u=wy =0 in Q, x {0},
wo=f_(0) <1=f1(0) =u< f1(0) =ws on 90 x (0,73,],
w_ <u<wy on Iy x(0,73.].
Note that the last inequalities above come from (3.22]).
Thus, ([8.7) holds true with 7 = 73, by the comparison principle and (3.22]). O

In the next lemma, instead of ([B.1])-([B.3]), we will work with the following problem:

(#(FF2) + 567 =0 in R, (323)
fe(§) = ¢ as &€ = —o0, fe(§) >0 as & — +o0, (3.24)
fi<0 in R. (3.25)

11



In the Appendix we will prove that, for every ¢ > 0, (3.23)-([3.25]) has a unique C? solution
fe = fe(&). Note that, if we put w(s,t) = f. (t_%s) for s € R and t > 0, then w satisfies

the one-dimensional initial value problem:
dw = 2p(w) in R x (0,400) and w = CX(=o0,0] ON R x {0}.

Also, let us consider the signed distance function d* = d*(z) of z € R" to the boundary
0f) defined by
y dist(z,00Q) if xz € Q,
d*(z) =
— dist(z,00Q) if = & Q.

If 0Q is bounded and of class C2, there exists a number pg > 0 such that d*(z) is C*-
smooth on a compact neighborhood N of the boundary 99 given by

N ={z eRN: —py < d*(z) < po}.
For simplicity we have used the same letter pg > 0 as in Lemma B.11

Lemma 3.2 Let S be bounded and of class C?, set p1 = max{2R, po} and let u = u(z,1)
be the solution of problem (LHl).

Then, for every ¢ € (0,1/4), there exist two C? functions f+ = fi(&) : R — R
satisfying

0< fe(§) < ae B¢ for every & € [0, +00); (3.26)
f+ = f1 as e = 0 uniformly on [0, +00), (3.27)

where a and B are positive constants independent of €, and there exists a number 7 = 7. > 0

such that the functions w+, defined by
w(z,t) = fx <t*%d*(m)) for (z,t) € RY x (0,400), (3.28)
satisfy the inequalities:
w_ <u<wi in NUQ, x(0,7]. (3.29)

Proof.  Let f. be the solution of problem [B23)-@B20); by writing v. = v.(§) =
& (fe(€)) for £ € R, we have:

1 o
—vL(0) = 5/ fe(§) d§ for ¢ >0 (3.30)
0
0< fe, < fe, iIm R if 0<e1 <eg<+o0; (3.31)
0> v, (0) >, (0) if 0<e1<cy<+oo. (3.32)

12



In the Appendix we will give a proof of ([8.30)-(3.32]). Then [AtPl Lemma 4, p. 383] tells
us that ([BI5]) also holds for the solution f. of this problem.
Let 0 < e < %. We can find a sufficiently small 0 < 7. << ¢ and two C? functions

fx = f£(&) for £ € R satisfying:
f:t(g):flzte<\/1:|:2776 5) if £ > n.; ( )
fL <0 inR; (3.34)
f-(=00) <1= fi(—00) < fy(—00) and f_ < fi<fy inR; (3.35)
(¢ (F)FL) + 5E0L = he(©)fs i R. (3.36)

In the Appendix we will prove ([B.35) by choosing 7. > 0 sufficiently small.

Here, we also have [B.I6]), (826, and (327). Moreover, it follows from (BI5) that
there exists & > 1 satisfying (B.17). Proceeding similarly yields (18], (3.19), (3.:20) and
B21).

Now, consider the functions wy defined by ([B.28]). Then we also have ([3.22]) and, since
d* € C?>(N) and |Vd*| = 1 in N, we obtain that

Brwe — Ad(wy) = — fit~! {hi FVE fi)Ad*} in AN x (0, +00).
Therefore, it follows from (BI6]) that there exists 73, € (0, 72 ] satisfying:
dw_ — Ap(w_) <0< Qwy — Ap(wy) in N x (0,73],
w_ <u<wy in N x {0},
w- <u<wy on ON x (0,73].

Note that, in the last inequalities, the ones on I'y; x (0,73.] come from ([3.22)) and the
others on (ON \T),) x (0, 73] come from the former formula of (3.35]).
Thus, 3:29) follows, with 7 = 73, from the comparison principle and ([3.22]). O

In the proof of Theorem [[I] we will also use a geometric lemma from [MS1] adjusted

to our situation.

Lemma 3.3 ([MSI, Lemma 2.1, p. 376]) Let x;j(yo) < % for everyj=1,...,N—1. Then

we have:

NI

N-1
. N1 N1 Y = l_ .
Jim 55T, 0 Baa) = 2°F H(R ) b

where HN™1 is the standard (N — 1)-dimensional Hausdorff measure, and wy_1 is the

volume of the unit ball in RN,



Proof of Theorem [I.11 We distinguish two cases:

(I) 09 is bounded; (II) 92 is unbounded.

Let us first show how we obtain case (II) once we have proved case (I). Indeed, we can
find two C? domains, say €, and s, with bounded boundaries, and a ball Bs(yo) with
the following properties: 1 and RY \ Q5 are bounded; Br(xg) C Q1 C Q C Qo;

Bg(yo) NoN C 9021 NNy and BR(.%'()) N (RN \ Qz) = {yo} fori=1,2.

Let u; = u;(x,t) (i = 1,2) be the two bounded solutions of either problem (L2I)-(T4)
or problem (3 where Q is replaced by €; or Qg, respectively. Since Q1 C Q C Qo, it

follows from the comparison principle that
ug <wu in Qx(0,400) and u<wy in Q x (0,+00).

Therefore, it follows that for every ¢ > 0

N+1

tm 4 ug(z,t) do < = / u(z,t) de < = / uy(z,t) d.
Br(zo) Br(zo) Br(z0)

These two inequalities show that case (I) implies case (II).
Now, let us consider case (I). First, we take care of problem (L2)-(I4). Lemma [31]
implies that for every t € (0, 7]

tN4+1/ w_ dxgtNIl/ udxgtNZl/ wy dx. (3.37)

Br(z0) Br(xo0) Br(zo)

Also, with the aid of the co-area formula, we have:

Ni1 2Re™3 No1 /1 N
/ wi do =77 (87 (t5¢) T HNTH(T,y, N Brlxo) ) de.
0
Br(wo)
Thus, when x;(yo) < % for every j =1,..., N — 1, by Lebesgue’s dominated convergence

theorem, (34)), and Lemma B3] we get

im [ e do =2 oy ] <%—“j(?/0)> | e e
j=1

Br(zo)

N

Moreover, again by Lebesgue’s dominated convergence theorem, (3.4]), and (B.0), we see

that o 00
li %d = %d .
im /0 Fele)e™s ae /O FOENT de

e—0
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Therefore, since € > 0 is arbitrarily small in ([8.37)), it follows that (LI0) holds true, where

we set

(6, N) = 2°F oy /0 T R de.

It remains to consider the case where r;(yo) = 4 for some j € {1,--- , N —1}. Choose

a sequence of balls {Bg, (z)}32, satisfying:

Ry, < R, yo € 0Bg, (x1), and Bg, (zx) C Br(xo) for every k > 1, and klim Ry, = R.
— 00

Since k;(yo) < % < Rik for every j = 1,...,N — 1 and every k > 1, we can apply the

previous case to each Bp, (zx) to see that for every k > 1

liminfter/ u(z,t) de > liminftNil/ u(z,t) do

t—0t t—0t
BR($0) BRk(xk:)
N-1 g 3
= N ] <R_ —’fj(yo)>
, k
7j=1
Hence, letting £ — oo yields that
liminft= "4 / u(z,t) de =400,
t—0t
Br(zo)

which completes the proof for problem (2])-(L4]).
The proof of (II0) in the case of problem (L3]) runs similarly with the aid of Lemmas
and 3.3 O

Appendix

Here, for the reader’s convenience, we give proofs of several facts used in Section [B] and
prove a comparison principle (Theorem [Al) for d;u = A¢(u) over general domains €

including the case where 052 is unbounded.

Proof of (BI2)-BI4). First of all, (812) and B3] imply (B.I4). It suffices to prove
(BI12) and BI3). Let ¢ > 0. By integrating equation (B.]) on [0,7] for every n > 0 and
integrating by parts, we get

1 1 /"
wL() = 0) + sl = 5 [ fule) de =0,
Then, with the aid of (3.9) and (B11]), letting n — oo yields (312]).
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Let 0 < ¢1 < ¢a < +00. Since fg,(0) = ¢1 < ¢a = fe,(0), suppose that there exists
&o > 0 satisfying

fc1(§0) = fc2(§0) and fm(g) < fc2(§) for every § € [0750)'

Then it follows from the uniqueness of solutions of Cauchy problems for ordinary differ-

ential equations that
U{ZQ (50) < Uél (50) < 0 (Al)

Thus, we distinguish two cases:

(i) There exists & € (&, 00) satisfying
fer(§1) = fer (§1) and fe, (&) > fe,(§) for every & € (6o,61);
(ii) For every 5 € (50700)7 fc1(§) > fc2(§)

In case (i), by the uniqueness, we also have

vi, (§1) <, (&) <O (A.2)

By integrating equation [B.]) on [{p,&1] for f., and f., and integrating by parts, we see
that for j = 1,2

1

vy (61) = vty (60) + 5607, (61) — 560y 60)

&1
5 Jol6) de =0

Then, considering the difference of these two equalities yields

1 &1
5/50 (fer (€) = fe(8)) d§ = 0.

This contradicts (AJ), (A2) and the situation of case (i).

Ve, (€1) — v, (61) = (g, (§0) — Ve, (&0)) —

In case (ii), by integrating equation (B.I) on [§y, o) for f., and f., and integrating by
parts, we see that for j = 1,2

—v, (€0) — 50fcj o) — / fe;(€) d¢ = 0.

Then, considering the difference of these two equalities yields

1

! /5 T (©) = ful©)) dE = 0.

— (v}, (€0) — v, (&0)) — 5

This contradicts (AJ]) and the situation of case (ii). O
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Proof of the existence and uniqueness of the solution of problem (3.23))-(3.25]).
Let ¢ > 0 and define ¢ : R — R by

P(s) = ¢p(c) — dp(c—s) for s € R. (A.3)

Then 1 satisfies the same condition (1)) as ¢ does. It was shown in [AtP] that, for every
a > 0, there exists a unique C? solution g, = g (&) of the problem:

(¢/(92)65) + 56, =0 i [0,400), (4.4)
ga(o) =a, ga(&) —+0 as §— +oo, (A5)
gy <0 in [0,+00). (A.6)

Hence, writing V, = V,(§) = ¥ (94(§)) for € € [0,+00) and proceeding similarly yield that

1 o0

_Va/(o) = 5/ 9a(§) d¢ for a > 0;
0

O<ga1 < ga, OND [07+OO) if 0<a1 <ag < -4oo;

0>V, (0)>V,(0) if 0<a; <ay<+oc.
For a € (0,c¢), define f, — = f,—(§) by

fa7,(f) =c— go(—=§) for £ € (—o0,0].

Then, in view of (A3)-(A0), f, — satisfies the following:

(& (fa)fo) + 560 =0 i (—00,0]
fa,,(O):c—a, fa,f(é)%c as £—>—OO,
fo— <0 in (—00,0].

Let fo+ = fa+(§) (€ € [0,+00)) be the unique C? solution f._, of problem (B.I))-(B.3)

where c is replaced by ¢ — a. Then we have

(&(fa=)) le=o = V2(0) and (¢(fat)) le=0 = v._4(0),

where ve—q(§) = ¢(fa,+(§)) for & € [0,+00). Observe that both V/(0) and v,_,(0) are

continuous as functions of a on the interval [0,c]|, V,(0) is strictly decreasing, v._,(0) is

/
c—a

ax € (0,¢) satisfying V (0) = v._, (0), and hence the unique C? solution f. = f.(§) of

C—Qx

problem (3.23))-([3.25)) is given by

o fa*,-i-(g) if §€ [07+OO)7
a _{ form (&) if €€ (—00,0).

strictly increasing, and lir% VI(0) = liinv (0) = 0. Therefore, there exists a unique
a—r a—cC

O
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Proof of (3.30)-([3.32]). The proof of (B.12]) also works for (3.30). (3:30) and (B.31]) imply
(332). Thus it suffices to prove [B31]). Let 0 < ¢; < ¢ < 4+00. Since 5lim fa(§)=a <
——00

co = lim f., (&), there exists £, < 0 satisfying
E——o0

fer(§) < fea(€) for every £ < &

Hence we can begin with supposing that there exists &y > £, satisfying

fer(§0) = fe,(§0) and  fe,(§) < fe,(§) for every £ € [, &o)-
Therefore, the rest of the proof runs along that of (B.13]). O

Proof of (B35). In view of (B3I) and (332]), by continuity, we can find a sufficiently
small 0 < 1. << ¢ and two C? functions fi = f1(£) for £ € R satisfying (3.33), (3:34),
(3:36) and the following:

f-<fi</f4+ on[0,+00); (A7)
0<fi s < fo< fioe < frye < fi< fris. at&=0; (A.8)
0> Ullf%e > (¢(f) > vl L > v’H%g > (o(fy) > v;Jr%g at £ =0, (A.9)

NI

where we put fi(€) = f+(€ + 2n?2) for £ € R. Notice that fi = f+(€) satisfy
- 1 - _
() L) + 5€7% =0 in (00,0 (A10
In order to prove (835]), it suffices to show that
fiose < J- < fiisoand fiya < iy < fips. in (—00,0]. (A.11)

Indeed, (334) implies that f_ < f_ and f, < f4 in R, and hence (AI1) and &3I) give

us
f- < fi<fy on (—00,0].

Combining this with (A7) yields that
f-<fi<fy inR. (A.12)

Also, since lim fy = lim fyi, (A1) implies that
E——0 E——o0

1 1
1- ;6 < fo(-o0)<1-— 3¢ < 1= fi(—o0) <1+ 3¢ < fi(—o0) <14 ge. (A.13)

Therefore, (A.12)) and (A.13]) yield ([B.33).
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Thus, it remains to prove (A.11)). (A.II) consists of four inequalities. Since we will see

that all the proofs are similar, let us prove the fourth one:
f+ < f1+%6 in (—o0,0]. (A.14)
By (A.8), we have f, < fi43. at &= 0. Hence, suppose that there exists & < 0 satisfying
2

f+(&) = fiy3.(&o) and fr < fiysc on (o, 0] (A.15)

Then, by the uniqueness we also have

Vs > (0(f1) at € = &. (A.16)

2

By (A.9), we have
(o(f+)) > v£+%e at £ =0. (A.17)
Here, integrating equations (A.10) for f, and (323) for fiy 3. on the interval [, 0],
integrating by parts, considering the difference of the two resultant equalities, and using
the fact that f} (&) = f,,3.(&), vield that
2
- - 1 [0 _
3200 = O {13060 = U @) =5 [ (30 = Fr(@pae =0
0

On the other hand, by combining (A.15), (AI6]), and (A7), we see that the left-hand
side of this equality is negative, which is a contradiction. Therefore, we get (A.14]). O

In the next theorem, we prove a comparison principle over general domains including
the case where their boundaries are unbounded, by adjusting a proof that Bertsch, Kersner
and Peletier gave for the Cauchy problem (see [BKPl, Appendix, pp. 1005-1008]). Observe
that, when Q = RY (and (A19) is dropped), there is no need to use the approximating

sequences {D;} and {Dj;;} constructed in our proof below, since the sequence of balls
{Bg, (0)} suffices, as in [BKPJ.

Theorem A.1 (Comparison principle) Let T > 0 and let  be a domain in RN, with
N > 2, where 09 is not necessarily bounded. Assume that u,v € C*Y(Q x (0,T7]) N
L®(Q x (0,T]) N CYQ x (0,T)) satisfy the following:

Ou — Ap(u) < 0w — Ap(v) in Q x (0,77, (A.18)
u<wv ondQx (0,7, (A.19)
u(-,t) = up(-) and v(-,t) = vo(-) in Li.(Q) ast]O0, (A.20)

where ugy, vog € L>®() satisfy the inequality uy < vy in .
Then u <wv in Q x (0,T].
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Proof. (a) Approximating the domain Q. Let d = d(z) be the distance of  from
the closed set RN \ Q and let U = {z € RV : d(x) < 1}. From a lemma due to Calderén
and Zygmund [Z, Lemma 3.6.1, p. 136] (see also [CZ, Lemma 3.2, p. 185]) it follows that
there exist a function 6 = §(z) € C*°(UNQ) and a positive number M = M (N) such that

M~ Yd(z) < 6(x) < Md(z) forall z € UNQ. (A.21)

Since 6 € C*°(U NQ), in view of (A.21)) and the definition of U, Sard’s theorem (see
[Sal [St]) yields that there exists a strictly decreasing sequence of positive numbers {p;}

with lim p; = 0 and p; < M1 such that every level set

vi={reUNQ:i(x)=p;} (A.22)

is a union of smooth hypersurfaces in RY. For each j € N, denote by D; the set satisfying

0D = ~; and D; C Q (Dj is in general a union of smooth domains). Moreover, in view
of (A.21]), we may have

00
D; CDjjy forjeN and Q= JD;. (A.23)
j=1

Without loss of generality, we may also assume that the origin belongs to all the D;’s.
The intersection D; N Br(0) of D; with the ball Br(0) may not be a finite union
of Lipschitz domains; however, again by Sard’s theorem, the restriction to «; of the C'°*°-
smooth map z + |x|? is regular at almost any of its values, and hence there exists a strictly
increasing and diverging sequence {Ry} of positive numbers such that each 0Bpg, (0) is
transversal to all the ~;’s; thus, for each pair of j and k, D; N Bg,(0) is a finite union of
Lipschitz domains with piecewise C'*°-smooth boundaries. Therefore, by using a partition
of unity, we can modify the boundary of D; N Bg, (0) near the compact submanifold ~; N
0BR, (0) to get a family {D; } of finite unions of smooth domains, each one approximating

D; N Bg, (0), and satisfying the relations
Dj-10 Br,(0) C Djy, C Dj1 N Br, (0) (C Br,(0))

and aDng N Dj_l = 3BR]€ (O) N Dj—la (A.24)

for every j > 2 and k € N.

(b) Constructing test functions. Set

A:A(:c,t):{ w if u(z,t) #v(z,t),z € Q, and t > 0,

01 otherwise.
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Then §; < A < 8, on RVF! and we can approximate A by a sequence {4, } of regulariza-

tions satisfying
A, € COO(RN+1) and 0; < A,, < dy in RV for each n € N, (A.25)
A— A, —0in L2 (RY 1) as n — oo. (A.26)

Let 0 < 7 < s < T and choose x € CSO(RN), with support supp x contained in 2,
such that 0 < y < 1in RV, In view of (A21]), there exist jo, ko € N such that

supp x C Dj for every pair of j > jo and k > k. (A.27)

Now, choose an integer k > kg and then a number € > 0. Since u,v € C°(Q x (0, 7)),
it follows from (A.19) that there exists p > 0 satisfying

P(u) < ¢(v) +¢ in Q, N Bg,,(0) x [r,T], (A.28)

where €2, is given by (LII]). Hence, by (A.2I]) and (A.24]), we see that there exists j1 > jo
such that

d(u) < @(v) + ¢ on (0D \ Dj—1) x [7,T] for every j > ji. (A.29)

For each j > j; and n € N, let w,, ; € C°°(D; 1, x [0,5))NC (D, x x [0, s]) be the unique

bounded solution of the problem:

atwn,j + AnAwn,j = 52wn,j in Dj,k X [0, S)a (A30)
wyj =0 on 9D;j x [0, s), (A.31)
Wy j(x,s) = e 1?ly(2) for every x € Dj . (A.32)

Then, by the parabolic regularity theory (see [LSU]), we see that
wiy € O ((Dy x [0.1)\ ({0} x {8)}) and Vs € L(Dy x [0, 5],
and, as in [BKP, Lemma B, p. 1007], we can prove the following lemma.

Lemma A.2 There exists a constant ¢ > 0 depending only on x such that, for each j > j1

and n € N, the solutions wy, ; have the following properties:

(i) 0<wy; <el in Djj, x [0, s],

(ii) /dt/ Ap(Awy, ;) dx<c
]k

(iii) sup / |V, j(z,t)|*dz < ¢,
OStSS D]k

(iv) 0< —% <ce B on (0D;j} NOBR,(0)) x [0,s],

where v denotes the unit outward normal vector to 0D .
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Remark A.3 The fact that D C Bpg, (0) (see (A.24])) guarantees that the same barrier
function as in [BKPl, Lemma B, p. 1007] can be used to prove (iv). The proofs of the

others are the same.

(c) Completion of the proof. For each j > j; and n € N, multiplying (A.I8]) by

w = wy; and integrating by parts the resultant inequality over Djj X [7, s] yield that

0= [ {atu-0) - Alola) - o)} w deds

Djka[T,S]
= / [(u—v)(z, t)w(z,t)]? do — / (u —v)Opw dx dt
Dijk Dj i, x[T,s]

S

—/dt / 831/ [p(u) — o(v)]w do + / V(o(u) — ¢(v)] - Vwdx dt

T 9D Dj o x[r,s]
— [ {w= 0@ @) - (@ o) e )} ds
Dj x
- / (u —v)oyw dzx dt + / Vip(u) —¢(v) —e] - Vwdz dt;  (A.33)
D 1 x[T,s] Dj i x[r,s]

here we used (A.31)) and (A.32]), and we modified the last term a little for later use. The
last in (A33) term equals

j a [ o) - o) - o) 5 do

T ODjk\Dj-1

s

sfa [ pw-sw -a5ed— [ 6w -o0) - Awds

T 8Dj7kﬂDj,1 Dj’kX[’T,S]

Since %—f < 0on dD; x [0,s], it follows from (A.29) that the first term above is nonneg-

ative; also, in the third term, we write:

¢(u) = (v) —e = {An + (A= Ap)} (u—v) —e.
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Therefore, it follows from (A.33) and (A.30]) that

0> / (u—v)(z,s)e”*y(z) dz — / (u—v)(x, T)w(z, ) dr
D

Dj k

+/Sdt / [6(u) — ¢ )_e]‘;—fda_52/ (u —v)wda dt

T 0D; xNDj_1 Dj 1 x[7,s]
- / (u—v)(A—A)Awdzdt + ¢ / Awdx dt. (A.34)
Dj x[1,s] Dj % [7,s]

Since u and v are bounded, there exists a constant K > 0 such that
max{|u — v|, |p(u) — ¢p(v) —e|} <K in Q x [0,T].

Combining (A24]) with (iv) of Lemma[A 2l yields that the third term in (A34) is bounded
from below by
—cKe*R’“TNwNR,]cV_l,

where wy is the volume of the unit ball in RY. By using (i) of Lemma [A2], we see that
the fourth term in (A.34]) is bounded from below by

—5g/dt/max{u—v,0}ex dx.

T

With the aid of (A25), (ii) of Lemma [A.2] yields that the fifth and the sixth terms in
(A234)) are bounded from below by

T
/dt /(A— Ap)? dx and —6— T\Dj il

respectively, where |D; 1| denotes the N-dimensional Lebesgue measure of Dj ;. Conse-
quently, with these bounds and by using (A.27) in the first term in (A.34]), from (A.34)

we obtain:

NI

/(u —)(z, s)e Iy (z) dz < / (u —v)(x, 7)wp j(z,7) dx

Q Dj,k

S
+eKe T Nwy RN +52/dt/max{u —v,0}e” 1l dy

T

T
/dt /(A—An)2 da +e—\/T|Djk
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Since ¢ > 0 is arbitrarily chosen and D;; C Bg,(0), we can remove the last term in
the above inequality. Also, letting n — oo and 7 — 0 with in mind (A26]) and (A220),
respectively, yield that

/(u —v)(x,s)e *ly(2) dz < cKe_R’“T]\TWJ\;RQP1 + d2 / max{u — v,0}e” 1 dz dt.

Q Qx[0,s]
By letting £k — oo, we remove the first term in the right-hand side of this inequality.
Then, since x € C§° (R™) is an arbitrary function satisfying that 0 < x < 1in RY and its
support is contained in 2, we conclude that for every s € [0, 7]

s

max{(u — v)(z,s),0 e 1l de < 8y [ dt | max{u —v,0}e" 1" da. (A.35)
/ [*]

0

Finally, Gronwall’s lemma implies that v < v in Q x (0,7]. O
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