arXiv:1009.1269v1 [g-fin.RM] 7 Sep 2010

OPTIMAL DIVIDEND AND REINSURANCE STRATEGY
OF A PROPERTY INSURANCE COMPANY UNDER
CATASTROPHE RISK

Zongxia Liang
Department of Mathematical Sciences, Tsinghua University, Beijing, China
Email: zliang@math.tsinghua.edu.cn
Lin He
The School of Finance, Renmin University of China, Beijing, China
Email: helin@Qruc.edu.cn
Jiaoling Wu
Department of Mathematical Sciences, Tsinghua University, Beijing, China
Email: maths2005ling@hotmail.com

ABSTRACT. We consider an optimal control problem of a property
insurance company with proportional reinsurance strategy. The in-
surance business brings in catastrophe risk, such as earthquake and
flood. The catastrophe risk could be partly reduced by reinsurance.
The management of the company controls the reinsurance rate and
dividend payments process to maximize the expected present value
of the dividends before bankruptcy. This is the first time to consider
the catastrophe risk in property insurance model, which is more real-
istic. We establish the solution of the problem by the mixed singular-
regular control of jump diffusions. We first derive the optimal reten-
tion ratio, the optimal dividend payments level, the optimal return
function and the optimal control strategy of the property insurance
company, then the impacts of the catastrophe risk and key model
parameters on the optimal return function and the optimal control
strategy of the company are discussed.
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1. Introduction

In this paper we consider a property insurance company in which the
dividend payments process and risk exposure are controlled by the man-

agement. The property insurance business brings in catastrophe risk,
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such as earthquake and flood. We assume that the company can only
reduce its risk exposure by proportional insurance strategy for simplicity.
The catastrophe risk could also be partly reduced by reinsurance. The
regulation of the catastrophe risk determines to what extent the catastro-
phe risk could be eliminated, here we use reinsurance rate and adjusted
risk rate in the regulation. We equate the value of the company to the
expected present value of the dividend payments before bankruptcy.

This is a mixed singular-regular control on diffusion models with jumps.
These optimization problems of diffusion models for property insurance
companies that control their risk exposure by means of dividend pay-
ments have attracted significant interests recently. We refer readers
to Radner and Shepp [22], Paulsen and Gjessing [21], Hgjgaard and
Taksar[17, 19] and Asmussen[2]. Optimizing dividend payments is a
classical problem starting from the early work of Borch[6)] [7], Gerber[10].
For some applications of control theory in insurance mathematics, see
Hgjgaard and Taksar[16, 18], Martin-16f[20], Asmussen and Taksar[4] 9]
and He and Liang[13], 14}, [15], Basse, Reddemann, Riegler and Schulenburg|§],
Guo, Liu and Zhou [II] and other author’s work. Recent surveys can be
found in Taksar[23], Avanzi [3], Albrecher and Thonhauser|[1].

Unfortunately, there is little work concerned with the catastrophe risk
of the property insurance company in the problem of optimal risk con-
trol/dividend distribution via the reinsurance rate. In the real financial
market, the property insurance business generally brings in catastrophe
risk, such as earthquake and flood. The asset of the company evolves as
a lévy process with jump diffusions. Harrison and Taksar [12] provides
a good idea to solve this kind of problems. Bernt (ksendal and Agnes
Sulem[5] study the stochastic control problem of jump diffusions. En-
lightened by these innovative ideas, we can solve effectively the optimal
control problem of the company under catastrophe risk. Firstly, we estab-
lish the control problem of the Lévy processes with jump diffusions which
is a realistic model of the property insurance company facing catastro-
phe risk. Then we work out the solution of singular-regular control of the
jump diffusions, that is, we establish the optimal return function, the op-
timal reinsurance rate and the optimal dividend strategy of the insurance
company. Finally we study the impacts of some key model parameters
on the optimal return function and the optimal dividend strategy.
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The paper is organized as follows: In next section, we establish the math-
ematical control model of the insurance company facing catastrophe risk.
In section 3, we work out a solution of HJB equations associated with
the singular-regular control on Lévy processes with jump diffusions. In
section 4, we establish the solution of the optimal control problem, i.e.,
we derive the optimal return function, the optimal reinsurance rate and
the optimal dividend strategy of the property insurance company. In sec-
tion 5, we use numerical calculations to discuss the influences of the key
model parameters on the optimal retention ratio, the optimal dividend
payments level, the optimal return function and optimal control strategy
of the company. In section 6, we summarize main results of this paper.

2. Mathematical model with proportional reinsurance
strategy under catastrophe risk

In this paper, we consider a property insurance company with propor-
tional reinsurance strategy. The property insurance business brings in
catastrophe risk, such as earthquake and flood. The catastrophe risk
could only be partly reduced by reinsurance. The company’s manage-
ment can accommodate the profit and the risk by choosing dividend
payments process and reinsurance rate.

The asset of the company evolves as the Lévy processes with jump dif-
fusions. In this model, if there is no dividend payments and only the
proportional reinsurance strategy is used to control the risk, then the as-
set of the property insurance company is approximated by the following
processes(see Oksendal and Sulem|[5]),

AR, = pa(t)dt + oa(t)dW; + ka(t) / ZN(dt, dz),
R

where W, is a standard Brownian motion, p is the premium rate, and
o? is the volatility rate, it is a normal description of the property in-
surance company. 1 — a(t) € [0,1] is the proportional reinsurance rate.
N(dt,dz) = N(dt,dz) — I{:|<ryv(dz)dt is the compensated Poisson ran-
dom measure of Lévy process {N;} with finite Lévy measure v. The
jump diffusions stand for the catastrophe risk produced by earthquake

and flood in the property insurance business. The catastrophe risk could
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be partly reduced by reinsurance strategy. Since the catastrophe risk is
huge, the reinsurance strategy is not the same as the normal reinsurance.
Denote k as the adjusted risk rate according to the reinsurance regula-
tion of the catastrophe risk. k is a constant. Throughout this paper we
assume that & € (0, m]
go into bankruptcy as soon as the catastrophe risk appears.

, which ensures that the company does not

To give a mathematical foundation of the optimization problem, we fixed
a filtered probability space (€2, F,F;, P), {W;} is a standard Brownian
motion, N(dt,dz) = N(dt,dz) — I{1:j<myv(dz)dt is also the compensated
Poisson random measure of Lévy process { N;} with finite Lévy measure
v on this probability space. JF; represents the information available at
time ¢ and any decision is made based on this information. In our model,
we denote L; as the cumulative amount of dividend payments from time
0 to time t. We assume that the dividend payments process L, is an JF;
-adapted, non-decreasing and right-continuous with left limits.

A control strategy m is described by a pair of F; -adapted stochastic
processes {a.,L"}. A strategy m = {a,(t), L]} is called admissible
if 0 < a(t) < 1 and L] is a nonnegative, non-decreasing and right-
continuous function. We denote II the set of all admissible policies.
When a admissible strategy m is applied, we can rewrite the asset of
the insurance company by the following processes,
dRT = pa(t)dt 4+ oaz () dW; + kag(t) / ZN(dt,dz) —dLT, R} =ux.

R
In this case, we consider transaction cost in the dividend procedures. To
simplify the problem, we consider the proportional transaction cost, that
is, if the company pays [, as dividend payments, then the shareholders can
get B, 8 < 1. The company is considered bankruptcy as soon as its asset
falls below 0. We define the bankrupt time as 7, = inf{t > 0: R < 0}.
T is clearly an F; -stopping time.

The performance function associated with each 7 is defined by
J(s,z,m) = E[ / e ALy, (2.1)
0
and the optimal return function is

V(s,x) = sup{J(s,z,m)}, (2.2)

mell
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where ¢ denotes the discount rate. If a strategy 7* is such that J(s, z, 7*) =
V(s,z), then we call 7, a,«(t) and LT the optimal dividend strategy,
the optimal retention ratio and the optimal dividend payments process,
respectively. This paper aims at working out the optimal strategy as well
as the optimal return function, and then discussing impacts of key model
parameters(e.g. k, v, p and 0?) on V(s, ), a,-(t) and LT .

3. The solution of HJB equations for(2.1]) and (2.2

In order to solve the optimal stochastic control problem (2.1]) and ([22]) of
jump diffusions in next section, we establish a solution of HJB equation
associated with the control problem in this section. The main result of
this section is the following.

Theorem 3.1. Assume that the Lévy measure v and the adjusted risk
rate k satisfy 0 < v(R) < 400, 0 < [p2v(dz) < +o0 and 0 < k <
. Let ¢(s,x) be the function defined by

¢(s, ) = e"“Y(x) and

Ui(z) = Cha?, 0 <z < o,
Y(x) = Po(x) = C3e®" + Cye™®, xo <z < 27, (3.1)
¢3(x) =[x — x*) + Po(2*), x> 2%,
where zo = 1207 'Y , Y, d_ and dy are solutions of (310) and (313) below
with

2fRzzx (dz)

To n 1 1

v ld-| dy
z*, C1, Cy and Cy are determined by (3.21), (322),([314) and (5.17)
below, respectively. Then ¢(s,z) € C? and is a solution of the following
HJB equation

< 0. (3.2)

0
max{ — 8_i(8’ x) + ﬁe‘cs,;g[zoaﬁ{Agb}} =0, (3.3)
where
0 0 1 0?
Agb = a—f + a—¢ att + §a20'2a—xq25 —+ /§R {(b(S,LU + CL]{?Z) — ¢(8,$)

9¢
- akz% (s,z) }v(dz).
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Proof. Define D as

9¢

D ={(s,z): ~

(s,z) 4+ fe”* < 0}.
We guess that
D={(s,z):s>0, 0<zx<z'}

for some unidentified x*. Inside D, the ¢ satisfies

arg[gfi{flcb} =0, (3.4)
ie.,
d¢ d¢ 2 252¢ /
;S[%?f]{a + %a,ujt— {6(s, 2 + akz) — ¢(s, x)
o¢
- akza—x(s,x)}y(dz)} = 0.
(3.5)
Differentiating A¢ = 0 w.r.t. a, we get
99 0%

The equation (B.6) implies that the maximizer of the right-hand side of
the equation (), a(z), is the following

/,L%
a(r) = — zg§¢. (3.7)
T" a2
Putting the expression (B:ﬂ) into the equation (B:‘jl) we derive
0¢ e
o ——-y% + [ ot - Zﬁ@ 8(5.)
“&c a¢ —
+ w; 22¢ k:za (s,z)}v(dz) =0.
(3.8)

Define ¢ = e~ “¢)(x), then it is easy to see from (B.8) that the function
Y (x) satisfies
o= 3L [ (e - Bk - v+ S ket =0
” 2¢// 21/}// cyplaz) =u.
(3.9)

Because a(z) € [0,1), 0 <z < z¢ and a(z) = 1, z > x( for some xy > 0,
we guess that (x) = ¢y (z) := C127 4+ Cy, 0 < z < x. Using ¢(0) =
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we have ¢(z) = Cy27. Putting it into ([B.9), we derive the following
equation

2
_C_EN_L+/{(1_ﬂ Loy 14 2 eyuds) —o.
R —1 -1

(3.10)

By the assumption of Lévy measure v every term in the (B.I0) is well-
defined. Let h(y) denote the left hand side of the (3.I0]). Then by the
assumption of k& we have h(1_) := Klligl_)l{h(v)} = 400 and h(0) =
—c < 0. So there is at least a 7 to solve the equation (Bﬂﬂl) Thus
P (x) = C127 and a(x) =
a(z) € [0,1].

If zp < x < a*, then a(z) =1 and the (3.3 ) becomes

206 96 1
9s Tt T3 g

27 for 0 <z < zxy = — 2997 hocause of
o2(1—~ u

2

——|— {¢sx+kz) o(s, )—kz%

e (s,x)}v(dz) = 0.

(3.11)

Define ¢(x) = ¢o(x) := e “iy(x) for o < x < z*, then we derive from

the (B.11)) that
1 " / !
3705 0) + i) = va(o) + [ Lala+ 82) = o) = kevia)(d=) = O
(3.12)
We guess that
y(x) = ™ for some constant d € R

and further get the equation
1
I(d) = 50'2(12 + pd —c +/ {e"* — 1 —kdz}v(dz) =0.  (3.13)
R

Since 1(0) < 0 and dli:in [(d) = dlim [(d) = 400, the equation(B3.I3]) has
—+o0 ——00

two solutions d_ and dy with d_ < 0 < d,, and so the 15(x) should have

the following form

() = Cyed=" + Che®+® for xy < z < a*
where C3 and C, are constants.
For x > z*, the solution ¢ = e~“93(x) and

Ps3(z) = flx — x%) + ho(x™) for z > x*.
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Since ¢’ and " are continuous at x*,
Uy(77) = Yy(a), (3.14)
Uy (2%) = 5 (a”). (3.15)
So
Ca(x*)d_e="" + Oy(x™)d ™™ = B,
Cg(l'*)dzedfx* + C4($*)d3_€d+x* = 0.

Solving the last two equations, we have

o B
o) = g a = <" (3.16)
Cu(z?) = pd > 0. (3.17)

et dy(d —dy)
Also, since ¥ and 9" are continuous at z,

Qﬂl(ﬂfo) = ¢2(ZE0),
Wy (o) = 1y (o),

that is,
Cix) = Cs(x*)e®" + Cy(z*)eh+™, (3.18)
Cryzl ™! = Cy(x*)d_e®0 + Cy(x*)dyed+. (3.19)
We deduce from the equations (3.18) and (3.19) that
% Zo 1 6d+ d_(zo—z*)
q(z*) = (—— —)————=e"
@) = (2 P
l’() 1 ﬁd_ d ( _ *)
—(— = 5 )= = 0.
( v d+)(d+ —d_)

We claim that the z* satisfying the last equation does exist. In fact,
differentiating ¢(z), we have

Zo

d — 1)&# d—(zo—z) _ (@dJr _ 1)Led+(wo—r)

q\r)=— e
@) =~ —VE—a) @)
Todyd_ d_(zo—x) dy (zo—x) d_et+ o) — d+6d7(xo_x)
=—0{———— 0 — e+ (o 4 >0
S - ) TR

for x > xy. So ¢(x) is an increasing function of x and reaches its minimum
at zo. Furthermore, by (8.2) we have

q(z9) = (— - —)7—=—(— =)= <0.  (3.20)
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Also lim ¢(x) = 4+o0. Thus there exists an z*(> ) satisfying ¢(a*) =

T—400

0. Solving the equation g(z*) = 0, we get

¥ =129 —

1 (d_xog — )
i d_l {d2 d+x0_7)}. (3.21)

Clearly, (3.2)) implies that 0 < % < 1, so z* > xg. Moreover,

Bd d_ o Bd_

drwo > (),
e rd (d—d)¢ T dehrd (d —d)

Cl (ZL’*) =

(3.22)

Therefore the function ¢(s, x) defined by the (B3] should be the following

form

o(s,x) = e “P(xr) and

() = Ci(z*)z", 0 < x < =y,
o(7) = Cs(z%)ed=% + Cy(z*)ed+®, zo <x <%,  (3.23)
() = Bz — ") + o(a”), = =2,

where zy = (1_3)”2. x*, v, d_ and d are solutions of (B.21]), (3.10) and
BI3), and Cy, Cy and C3 are determined by (3:22)),(3.16) and (B.17),

respectively.

The problem remained is to approve the following inequalities.
For 0 <z < 2%,

_ %(s, £) + B <0, (3.24)
13l0) [3l0) 1
arél[?li]{— + %a,ujtiaa /{gbs x+ akz) — ¢(s, x)
0
_ akza—i(s,x)}u(dz)} <. (3.25)
For x > «x*,
- %(s, £) + P =0, (3.26)
o¢ 99 2 28245
Lg[%f]{a + San aa /{¢sx+akz) o(s, x)
— akz%(s,z)}u(dz)} <0. (3.27)

ox
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Since
¢I1/ (x) = e “Cry(y — 1)x7_2 <0,

" dyd_ . .
¢2(I) _ 6—csd€_ i y (ed,(x—:c ) ed+(x—:c )) <0

for v < 1 and z < x*, the inequality ([324) is trivial due to ¢(z) € C?
is a convex function, and the inequality (3.20) is a direct consequence of
4(x) = p for x > a* .

For 0 < z < zg, by the expression of ¢, IIl[%L}li]{Agb} = 0 is obvious.
aec|0,

For zy < x < x*, the inequality ([3:25)) is equal to
1 " !
m (5005 (1) + apty (o) — cta(o) + [ Ll ake) — (o)
a€|0, R

— akzy(z)}r(dz)} <0, (3.28)

Denote the function in bracket {-} at the left side of the inequality (3.28))
as p(a), we will prove that p(a) is an increasing function of a.

i

p(a) = ac®y(x) + py(z) = ao®[Cy(d-)?e™" + Cu(dy) e™]

dyd_ . .
+ ,M[C3d_€d7x 4 C4d+€d+:c] _ dﬁ + y (ed,(:c—x ) ed+(:c—x ))
+ - —

+  p[Csd_e™* + Cydye™"] > 0.

asd_ <0,d. >0,z <z* C3<0,and Cy > 0. Then p(a) < p(1) =0
for0<a<1.

For x > x*, the inequality(3.27)) is equal to

max %azojzbg () + awby(x) — cps(z) + /%{1/13(1’ + akz) — Y3(x)
— akzy(2)}v(dz) = apB — Bz — x*) — ciba(a”)
< uf —cee(x*) — ez —x%) <0
due to > z* and uf — cyo(x*) = 0. So we end the proof. O

4. The solution of the optimal control problem with jump
diffusions

We now give a verification theorem for singular -regular control prob-
lem(2.1)) and (2.2)). We first prove the following.
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Theorem 4.1. Let W(s, x) satisfy the following HJB equation,
ow
max{———(t,z) + Be” %, max {AW (t,x)}} =0 (4.1)
ox a€l0,1]
fort >0 and x >0,
W(t,0) =0 foranyt>0. (4.2)
Then W (s,x) > J(s,x, ) for any admissible strategy m and (s,x) € R2.
Proof. For any fixed strategy 7, let A = {s: LT # LT}, L = > sensct(LE—
L7_) be the discontinuous part of LT and LT = LT — LT be the continu-
ous part of LT. Let 7, be the first time that the corresponding cash flow
RT defined by (2.2) hit (—o00,0). Then, by applying the generalized It6

formula to the stochastic process Y™(t) := (s + ¢, RF)T and the function

W (s, z), we have

E[W (s +t A7p, BT )]

tATx
=W(s,z) + E| AW (s + u, Ry)du
0
e OW (s +u, RT) . i
—/0 o dLY + Y AW(s+t,, RY)],
0<tn <tATr
(4.3)
where
oW oW 1, ,0°W
AW (s,z) = B + - +ga%0 52 + /%{W(s,x +akz) — W(s, )

ow
- akz%(s, x)v(dz),

AW (s +tn, Ry ) := W (YT (t,)) = WY (t,) + AnY (L)),
BNY () i= (0,kan(t) [ 2N ({ta},d2)
{tx} is the set of jumping t?mes of L.
Using AW < 0 in the equation (4.3]), we see that
E[W(s +t A7, Ri,,. )] < W(s, )

T OW (s +u, RT) . i
e D D L cO NN

s§<tn<tATn
By the mean value theorem we have

W <
AW (YD) = =5 (Vi) AL(t),
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where }A/;i") is some point on the straight line between Y;" and Y© +
An(Y/). Since W' (Y,F) > Be~clstv),

ALW(Y]) < —BeH(Ly — Lf ),
which, together with the inequality (4.4]), implies

tATx

EW(s+tAr, R, ) + E{ Be ™ TIGLTY < W (s, x).
0
(4.5)
By the definition of 7,, the boundary condition (4.2) and W' (Y]) >
Be~els+w) it is easy to prove that li{n inf W(Y;)I{r oy = 0 and
—00
liminf W(s +t A7, Rj,. ) = W(s+ 7,0) (<00} + liminf W(Y;) L7, =00}
t—00 4 t—00
> W(S + T, 0)]{TF<OO} = 0. (4.6)

So, we deduce from the inequalities (£.5) and (£.6) that
J(s,x,m) = E{/ e BT < W (s, x),
0

thus we complete the proof. O

Let

Hx
a(z) = { #a=p TS0
1, T > X

where xy = (1_3)02. We call a(z) the feedback control function of the

control problem (2.1]) and (2.2).

We can now state the main result of this paper.

Theorem 4.2. Assume that (32)holds, the Lévy measure v and the ad-
justed risk rate k satisfy 0 < v(R) < 400, 0 < [ 2v(dz) < 400 and
0 < k< m. Then the optimal return function and the optimal
dividend strategy of the control problem (21)) and (2Z2) are V(s,z) =
B(s,z) = e Y(x) and 7 = (a(RT"), LT, respectively, where (RF , LT")
is uniquely determined by the following stochastic differential equations
with reflection,

R7 =+ [ pa(RT)ds + [ oa(RT)dW, + k [; [, a(RT)2N(ds, dz)

—LT,

RT ! < ¥,

fooo [{t:R;f* <w*}(t)de* =0,

(4.7)
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Y(x) is the function defined by (3.1]) and the optimal dividend payments
level x* is given by (3.21)).

Proof. Since the function ¢(s, z) satisfies the HJB equations (3.3), it is
not hard to see that ¢(s,x) also satisfies conditions in Theorem 1l So

o(s,x) > J(s,x,m) for any m, i.e.,
o(s,z) > Vs, x). (4.8)

Next, we will prove V(s,z) = ¢(s,z) = J(s,z,7*) corresponding to 7*.
By applying the generalized It6 formula, noting that the construction
of ¢(s,z) and the last two equations in (A7), we deduce from the in-
equality (3.24)and the equations (LI)) that A¢(s + ¢, RF ) = 0 for any
t>0, ;" LU = [V geretIdLy) and Y Apg(Y) =

s<tn ST*

2. %(5 + b, 2)AL(ty) = — Y. BeCTAL(t,), where T =

s<tn<T* s<tn<T*

inf{t >0: R <0}. So
Blo(s + AT RE )] = ol +EL[ A6V )
0
. o 8¢(Yuﬂ*) () w*

v s<tp<T*
tAT*
— o(s,0) ~E[[ gLl
0
+ Y BeCTIAL(L,)]

s<tnp<t*

= ¢(s,7) — E| /0 " Be~cltuqrr. (4.9)

Since tlim A(s+HAT*, RT, ) = tlim e HNTY(RT L) = e HT (R =
—00 —00

e+ (0) = 0, we see from the inequality (Z.8) and the equation(Z9)

that

tAT™

Vis,z) < ¢(s,x) = tlim E[/ e CBdLY | = J(s,x, ) < V(s,x).
—00 0

So V(s,z) = ¢(s,z) = J(s,x,7*), that is, ¢(s,z) is the optimal return

function, 7* is the optimal dividend strategy and z* is the optimal divi-

dend payments level. Thus the proof has been done. O
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5. Numerical examples

In this section, based on Theorem [4.2] we present some numerical exam-
ples, together with the feedback control function a(z) and the comparison
theorem for SDE, to portray how the key model parameters(e.g. k, u,
0% and v) impact on V (s, z) and the optimal control strategy 7*, that is,
ar+(t) and LT, respectively.

Example 5.1. Let v(dz) = e *I.>0)(2)dz. Figure[l below explains that
the adjusted risk rate will increase the optimal dividend payments level
x*(k), so to avoid bankruptcy the company should decrease the times of
dividend or increase k if possible, that is, the company needs to maintain
the cash inside the company to cover the catastrophe risk ,so it pays divi-
dend at a higher level. On the other hand, LT decreases with k by (Z.7),
RF increases with k, so we see that ax(t) also increases with k. In fact,
the catastrophe risk business brings in more risk as well as more income,
and the higher asset level raises the risk sustainment of the company.
It could reduce its reinsurance level (i.e.,1 — a«(t)) according with the
optimal control strategy m*.

8

781

761

741

7.2F

x*(K)

7k

6.8

6.6

6.4

6.2

0 0.2 0.4 0.6 0.8 1
k

FIGURE 1. The optimal dividend payments level z*(k) as
a function of k. The parameter values are 0 = 5, ¢ = 0.05,
pnw=2 s5=0.

Example 5.2. Let v(dz) = e *I.>0y(2)dz. Figure[d below states that
the property insurance company’s profit increases with the initial capital
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x and the adjusted risk rate k. So the property insurance company can get
some return from its catastrophe risk insurance business, but the return’s
increment 1s small by adjusting k. However, the company can receive a
good public reputation by constant k, and interest from the catastrophe
msurance business.
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FIGURE 2. The optimal return function V'(z, k) as a func-
tion of x and k. The parameter values are 02 = 5, ¢ = 0.05,
B=08,5s=0,u=2.

Example 5.3. Let v(dz) = e *I.>0y(2). Figureld below portrays that the
optimal dividend payments level x*(u) decreases with the premium rate
@, so LT increases with p, but a.-(t) decreases with the premium rate.
These facts mean that the higher growth rate of the insurance company’s
asset raise the company’s risk tolerance level and the company could pay
dividend at a lower level. Meanwhile, the company should adopt a higher
reinsurance rate to avoid bankruptcy due to the lower dividend payments
level.
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FIGURE 3. The optimal dividend payments level z*(u) as
a function of . The parameter values are 02 = 5, ¢ = 0.05,
s=0,k=0.5.

Example 5.4. Let v(dz) = e *I>0(2)dz. Figure []] states that the
optimal return function V(x,p) is an increasing function of u, and high
premium rate can notably increase the company’s return, that is, a higher

growth rate of the insurance company’s asset results in a higher return.

i P
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el

o

X 0 0

n
FIGURE 4. The optimal return function V'(x, 1) as a func-
tion of x and p. The parameter values are 02 = 5, ¢ = 0.05,
B=0.38,s=0,k=0.5.
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Example 5.5. Let v(dz) = e *I>0(2)dz. Figure [3 below portrays
that the optimal dividend payments level z*(0?) increases with the risk
volatility rate o of normal insurance business, so LT decreases with o2,
but ar«(t) increases it. These mean that the higher volatility make the
insurance company’s asset reduce the company’s risk tolerance level and
the company prefer to maintain the cash inside the company to cover the
risk. Meanwhile, the company should adopt a lower reinsurance rate to

get lower optimal dividend payments level.

x' (0%

0

I I I I
0 10 20 30 40 50
o 2

FIGURE 5. The optimal dividend payments level z*(o?)
as a function of 02. The parameter values are ¢ = 0.05,
s=0,k=0.5, u=2.

Example 5.6. Let v(dz) = e *I.>0y(2)dz. Figure[@ below states that
the increment of the optimal return function V(x,0?) due to o? is very

large, so higher risk can also notably increase the company’s return.
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X 0 0

FIGURE 6. The optimal return function V(x,0?) as a

function of x and ¢2. The parameter values are ¢ = 0.05,
ﬁ:08,520’k:05’u:2

Example 5.7. Let v,(dz) = e "I ,>0)(2)dz(t > 1). Figure[] below por-
trays that the optimal dividend payments level x*(t) has obvious decre-
ments on [1,4], but on [4,400) the optimal dividend payments level has
no visibly changes, so a+(-) and L™ change greatly for different Lévy
measures vy(dz) = e * 1,50 (2)dz, t € [1,4]. However, they are almost
same for different Lévy measures v,(dz) = e *I,>0y(2)dz, t > 4.
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6.4

6.35 . . ; . . . . . :

1 2 3 4 5 6 7 8 9 10 11
FIGURE 7. The optimal dividend payments level z*(¢) as
a function of t. The parameter values are 02 = 5, ¢ = 0.05,
s=0,k=0.5, u=2.
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Example 5.8. Let v,(dz) = e "*I,>0y(2)dz. Figure[d below states that
the change of the optimal return function V(x,t) for different t is not dis-
tinct. So the optimal return function V(x,t) is nearly stable for different
Lévy measures vi(dz) = e ¥ ~m(2)dz (t > 0).

107 a0
.
. 00 ‘
FIGURE 8. The optimal return function V' (z,t) as a func-

tion of x and t. The parameter values are 02 = 5, ¢ = 0.05,
f=085s=0 k=05 pu=2)

6. Conclusion

We consider the optimal dividend and the reinsurance strategy of a prop-
erty insurance company. The property insurance business brings in catas-
trophe risk, such as earthquake and flood. The catastrophe risk could
be partly reduced by reinsurance. Due to the huge risk, the company
needs to add a adjusted risk rate in the regulation. The management
of the company controls the reinsurance rate and dividend payments to
maximize the expected present value of the dividends before bankruptcy.
This is the first time to consider the catastrophe risk in an insurance
model, which is more realistic. The catastrophe risk is modeled as the
jump process in the stochastic control problem. In order to find the
solution of the problem, we implore the mixed singular-regular control
methods of jump diffusions. We establish the optimal reinsurance rate,
the optimal dividend strategies and explicit the optimal return function
of the company. The influences of the catastrophe risk and the reinsur-
ance regulation of the catastrophe risk on the optimal control strategy
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of the insurance company are also discussed. Based on the main results
we have just established, we present some numerical examples to analyze
in detail how the key model parameters impact on the optimal retention
ratio, the optimal dividend payments strategies and the optimal return
of the company.

Acknowledgements. This work is supported by Projects 10771114
and 11071136 of NSFC, Project 20060003001 of SRFDP, the SRF for
ROCS, SEM and the Korea Foundation for Advanced Studies. We would
like to thank the institutions for the generous financial support. Special
thanks also go to the participants of the seminar stochastic analysis and
finance at Tsinghua University for their feedbacks and useful conversa-
tions. Li He also thanks the generous financial support of 10XNF057
from Renmin University of China. We are also grateful to Dr. Huan Fan
and Yifeng Yin for useful discussions.

REFERENCES

[1] Hansjorg Albrecher, Stefan Thonhauser: Optimality results for dividend prob-
lems in insurance, RACSAM, Rev. R. Acad. Cien. Serie A. Mat. Vol.103,
295-320, 2009.

[2] Asmussen, S., Hgjgaard, B., Taksar, M.: Optimal Risk Control and Dividend
Distribution Policies: Example of Excess-of-Loss Reinsurance for an insurance
corporation, Finance and Stochastics, Vol. 4, 199-324, 2000.

[3] Avanzi, B., 2009. Strategies for Dividend Distribution: A Review. North Amer-
ican Actuarial Journal, Vol. 13, No. 2, pp. 217-251.

[4] Asmussen, S., Taksar, M.: Controlled Diffusion Models for Optimal Dividend
Pay-out, Insurance: Mathematics and Economics, Vol.20, 1-15, 1997.

[5] Bernt @ksendal, Agnés Sulem: Applied Stochstic Control of Jump Diffusions,
ISBN:3540140239, Springer-Verlag Berlin Heidelberg, 2005.

[6] Borch, K.: The Capital Structure of a Firm, The Swedish Journal of Eco-
nomics, Vol.71, 1-13, 1969.

[7] Borch, K.: The Theory of Risk, Journal of the Royal Statistical Society.
Series , B 29, 432-452, 1967.



8]

[18]

[19]

OPTIMAL DIVIDEND AND REINSURANCE CONTROL 21

Basse,T.,Reddemann,S., Riegler, J.J., Schulenburg, J. : Dividend strategy and
the global financial crisis: empirical evidence from the Italian insurance industry,
Zeitschrift fr die gesamte Versicherungswissenschaft(German Journal
of Risk and Insurance), Volume 97, Supplement 1, 155-171, 2010.
Cadenillas, A., Choulli, T., Taksar M., Zhang Lei: Classical and Impulse Sto-
chastic Control for the Optimization of the Dividend and Risk Policies of an
Insurance Firm, Mathematical Finance, Vol. 16, No. 1, 181-202, January
2006.

Gerber, H. U.: Games of Ecomonic Survival with Discrete and Continous Income
Processes, Operations Research, Vol.20, 37-45, 1972.

GUO Xin, LIU Jun, ZHOU Xunyu: A Constrained Nonlinear Regular-singular
Stochastic Control Problem, Stochastic Processes and Their Applications,
Vol.109, 167-187, 2003.

Harrison, J.M.; Taksar, M.J.: Instant control of Brownian motion, Mathemat-
ics of Operations Research, 8(1983)439-453.

He, Lin and Liang, Zongxia: Optimal Financing and Dividend Control of the
Insurance Company with Proportional Reinsurance Policy. Insurance: Math-
ematics and Economics, Vol. 42, Issue 3, 976-983, 2008.

He, Lin and Liang, Zongxia: Optimal Financing and Dividend Control of the In-
surance Company with Fixed and Proportional Transaction Costs. Insurance-
Mathematics and Economics, Vol. 44, 88-94, 2009.

Lin He, Zongxia Liang, 2008. Optimal Dividend Control of the Insurance Com-
pany with Proportional Reinsurance Policy under solvency constraints. Insur-
ance: Mathematics and Economics, Vol.43, 474-479.

Hgjgaard, B., Taksar, M.: Optimal Proportional Reinsurance Policies for Diffu-
sion Models, Scandinavian Actuarial Journal, Vol. 2, 166-180, 1998.
Hgjgaard, B., Taksar, M.: Controlling Risk Exposure and Dividends Payments
Schemes: Insurance company Example, Mathematical Finance, Vol. 9, No.
2, 153-182, April 1999.

Hgjgaard, B., Taksar, M.: Optimal Proportional Reinsurance Policies with
Transaction Costs, Insurance: Mathematics and Economics, Vol. 22, 41-
51, 1998.

Hgjgaard, B., Taksar, M.: Optimal Risk Control for a Large Corporation in
the Presence of Returns on Investments, Finance and Stochastics, Vol. 5,
527-547, 2001.

Martin-Lof, A.: Premium Control in an Insurance System, an Approach Using

Linear Control Theory, Scandinavian Actuarial Journal, 1-27, 1983.



22 ZONGXIA LIANG, LIN HE AND JIAOLING WU

[21] Paulsen, J., Gjessing, H. K.: Optimal Choice of Dividend Barriers for a Risk
Process with Stochastic Return of Investment, Insurance: Mathematics and
Economics, Vol. 20, 215-223, 1997.

[22] Radner, R., Sheep, L.: Risk vs. Profit Potential: A Model for Corporate Strategy,
Journal of Economic Dynamics and Control, Vol. 20, 1373-1393, 1996.

[23] Taksar, M.: Optimal Risk/dividend Distribution Control Models: Applications
to Insurance, Mathematical Methods of Operations Research, Vol.51,
Number 1, 1-42 2000.



	1.  Introduction
	2.  Mathematical model with proportional reinsurance strategy under catastrophe risk 
	3. The solution of HJB equations for(??) and (??)  
	4.  The solution of the optimal control problem with jump diffusions 
	5.  Numerical examples  
	6.  Conclusion  
	References

