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Abstract
We prove that sufficiently regular solutions to the wave equation [y, ® = 0 on the exterior of a
sufficiently slowly rotating Kerr black hole obey the estimates |®| < C (t")*%Jr77 on a compact region of
r. This is proved with the help of a new vector field commutator that is analogous to the scaling vector
field on Minkowski and Schwarzschild spacetime. This result improves the known robust decay rates that
are proved using the vector field method in the region of finite r and along the event horizon.
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1 Introduction

A major open problem in general relativity is that of the nonlinear stability of Kerr spacetimes. These
spacetimes are stationary axisymmetric asymptotically flat black hole solutions to the vacuum Einstein
equations

R, =0

in 3+ 1 dimensions. They are parametrized by two parameters (M, a), representing respectively the mass
and the specific angular momentum of a black hole. (See Section [2)). It is conjectured that Kerr spacetimes
are asymptotically stable. In the framework of the initial value problem, the stability of Kerr would mean
that for any solution to the vacuum FEinstein equations with initial data close to the initial data of a Kerr
spacetime, its maximal Cauchy development has an exterior region that approaches a nearby, but possibly
different, Kerr spacetime.

In order to study the stability of Kerr spacetimes, it is important to first understand the corresponding
linear problem. One way to approach this is to study the linear scalar wave equation Uy, ® = 0, where gx
is the metric on a fixed Kerr background and g, is the Laplace-Beltrami operator. This can be compared
with the proofs of the nonlinear stability of the Minkowski spacetime in which a robust understanding of the
quantitative decay properties of solutions to the linear wave equation plays a fundamental role [6], [18].

The Kerr family of spacetimes contains a one-parameter subfamily known as the Schwarzschild spacetimes
for which @ = 0. It is natural when studying the wave equation on Kerr spacetimes to begin by focusing on
the wave equation on Schwarzschild spacetimes. Pointwise boundedness and decay of the solutions to the
wave equation on Schwarzschild spacetimes has been proved in [27], [15], [20], [4], [I0], [I7], [3] [11], [24].
In particular Dafermos and Rodnianski used the vector field method to show that on the exterior region
of the Schwarzschild spacetimes, including along the event horizon, solutions to the linear wave equation
satisfy |®| < C(t*)~!, where t* is a regular coordinate (up to the event horizon) that approaches infinity
towards null infinity. In an earlier work [19], we improved this decay rate. More precisely, we showed
that sufficiently regular solutions to the wave equation [J;® = 0 on the Schwarzschild black hole obey the
estimates |P| < C,,(t*)_%+" for any n > 0 on a compact region of r, including along the event horizon and
inside the black hole.

This paper generalizes the above result to Kerr spacetimes where a < M. For Kerr spacetimes satisfying
this condition, Dafermos and Rodnianski [7], and subsequently Andersson and Blue [2], have proved a decay
rate in the exterior region of the Kerr spacetime, including along the event horizon, of |®| < C(¢*)~1+7,
where t* is a regular coordinate to be defined later, and with ¢* we will define a foliation of the exterior
region of Kerr spacetime by the spacelike hypersurfaces X;. Extending the methods in [19], we are able to
improve this decay rate using the vector field method. In particular, we have

Theorem 1. Suppose U, ® = 0. Then for all n > 0 and all M > 0 there exists ay such that the following
estimates hold on Kerr spacetimes with (M, a) for which a < ap:



1. Improved Decay of Non-degenerate Energy

Z/ (DI®)? < CrEN(17) 317,
S« N{r<R}

2. Improved Pointwise Decay

N
S |DI®| < CrEN(E)72H forr < R.
=0

Here, D denotes derivatives in a regular coordinate system (See Section[d). En and El; depend only on
some weighted Sobolev norm of the initial data.

A more precise version of this theorem will be given in Section Our proof relies on an analogue
of the scaling vector field on Minkowski spacetime. Recall that in Minkowski spacetime the vector field
S = tdy + r0, is conformally Killing and satisfies [J,,,S] = 200,,. Hence any estimates that hold for ® a
solution to [J,,,® = 0 would also hold for S®. However, S has a weight that is increasing with ¢. Hence one
can hope to prove a better estimate for ® using the estimates for S®. (See, for example, [16]).

In [T9], we introduced an analogue of the scaling vector field on Schwarzschild spacetimes. We defined, in
the Regge-Wheeler tortoise coordinate (see Section ), the vector field S = t0; + r*0p«. In [19], we studied
the commutator [y, S| and showed that all the error terms can be controlled. Thus, up to a loss of ¢" (for
7 arbitrarily small), S® obeys all the estimates of ® that were proved in [10]. In particular, we showed that
SP, like @ itself, obeys a local integrated decay estimate

t T2
// (DF®)2drdt < CER(t')~2 fort’ <t < (1.1)t.,
t/

t T2
/ / (SD’“Q))Q drdt < CER(t)™2™ fort’ <t < (1.1)¢.

From this we proved an improved decay of the L? norm of D*®. We will explain the main idea in the case
k = 0. Firstly, the local integrated decay for ® would already 1mp1y that on a sequence of t; slices, with
ti <tiv1 < (1.1)%t;, ® obeys a better decay rate, namely ®(t;) < Ct, . We then introduced a new method
to use the estimates for S®, which can be explained heuristically as follows. Given any time ¢, we find the
largest t; <t that has a better decay rate. Then we integrated from ¢; to ¢ using the vector field S. Notice
at this point that S has a weight that grows like . Hence we have, at least schematically,

To T2 t T2
/ d(t)%dr < C (/ (t;)%dr + t—1|/ / S (@?) drdt|> :
oy r1 ty Jr

We then notice that the last term can be estimated by the local integrated decay estimates

|/ / S (9?) drdt| <C</ / <I>2drdt—|—/ / (SP) drdt) < Ct 2,

Putting these together, we would get
T2
/ O(t)%dr < Ct—3,

1
Using this method, we also showed the improved decay for the L? norm of higher derivatives. Pointwise
decay estimate thus followed from standard Sobolev embedding.

In this paper we would like to carry out a similar argument. We introduce a scaling vector field (which
we again call S) which is the same as in [19] at the asymptotically flat end, but is smooth up to and across
the event horizon. We will prove a local integrated decay estimate for S® and use the argument in [19] as
outlined above to prove an improved decay rate. The most difficult part of the argument is to control the



error terms coming from the commutation of O, and (the modified) S, i.e., the term [y, , S]®. To control
this, we need to use estimates for derivatives of ®, which in turn is provided by the energy estimates for the
homogeneous equation g, & = 0 proved in [7] and [§]. This term schematically looks like

[y, S]® = 0(1)0ye @ + O(r~20)(D?*® + D® + rDY®). (1)

The term O(1)0g, ® vanishes since we are considering (g, ® = 0. We note that the other terms have the
following two desirable features. Firstly, although S has a weight in ¢*, the commutator is independent of ¢*,
which is a result of 0y« being a Killing vector field. Secondly, these terms decay as r — oo, which is a result
of the asymptotic flatness of Kerr spacetimes. The last term would appear to have less decay in 7, which is
also the case in Schwarzschild spacetimes. In that case, we controlled this term in [I9] by commuting the
equation with €, the generators of the spherical symmetry of Schwarzschild spacetimes. The quantity Q2@
would then give us control over an extra power of . One difficulty that arises in the case of Kerr spacetimes
is that they are not spherically symmetric. Nevertheless, following [8], we can construct an analog of Q, call
it Q, which is an asymptotic symmetry, i.e., the commutator [, , Q] would decay in r. The non-degenerate
energy of Q® would then control the last term in the above expression. Moreover, it is sufficient to define Q
only when r is very large since otherwise the factor in r can be absorbed by constants. Notice however that
in a finite region of r, the commutator [, , S] would in general be large.

In order to understand what quantities of S® have to be controlled, we re-derive the energy estimates
in [8] in the slightly more general case of the inhomogeneous equation Oy, ® = G. This would also immedi-
ately imply that for the linear inhomogeneous equation U, ® = G with sufficiently regular and sufficiently
decaying (both in space and time) G, the solution ®, assuming that the initial data is sufficiently regular,
would decay with a rate of (¢*)~**7, precisely as that in [8]. We will then apply this to the equations for
Q® and S®. In order to derive these energy estimates, we will use the (non-Killing) vector field multipliers
N and Z. N is a modification of i« so that it is timelike everywhere, including near the event horizon. The
use of IV tackles the issue of superradiance, a difficulty that arises from the spacelike nature of 0y« near the
event horizon. Z is an analogue of the conformal vector field v29, + v?8, in Minkowski spacetime and is
used to prove decay.

Since we will use vector field multipliers that has weights in ¢t* and r, in order to prove the energy
estimates at t* = 7 for the inhomogeneous equation would have to control the term (as well as other similar

or more easily controlled terms):
// (t*)2T1+6G2
R(10,7)

where the integration over space and the t* interval |1, 7]. In order to prove the energy estimates for S®,
we need to show that for G as in (D), this is bounded by C(7)". We split this into two parts: r < % and

r > L. For r < L first we notice that since G' decays in r, we can replace r'*% by r=3¥20_ Then, we use

the fact that v
Z// r71+6(Dk<I>)2 < COr 2,
k=1 R((l.l)*lT,T)ﬁ{rg%}

Hence if we sum up the whole integral by integrating in [7o, (1.1)7o], [(1.1)70, (1.1)*70] etc., we will get a

bound of
[log 7]+1

Z (1.1)m0 ~yy 77,

=0

For r > %, we do not have a decay estimate for the integrated in time estimate. However, we would still

have an almost boundedness estimate:

N
Z// r1H(DRERY2 < O,
k=1 R((l.l)*lT,T)ﬂ{TZ%}

Notice, moreover, that G? ~ r=3T9(D*®)? and this region we have r=3+9 < (+*)~2r=1%9_ Hence we again

have
N
2 // G? < Cr 2,
17 IR )n{r> 4}



and the required estimate followed in the same manner as in the case r < %

With the modified S, which is smooth up to the event horizon (contrary to [19]), we can prove the
improved decay estimates for the L? norm of ® and D® once these error terms are controlled. Using the
commutation with the Killing vector s, we would also have control for L? norm of DIL ®. Away from the
event horizon, this is sufficient to control all other derivatives by elliptic estimates. However, since near the
event horizon, 9, is not Killing, we would not have control over other derivatives. Here, we follow [7] and
I8] and commute the equation with a version of the red-shift vector field - Y. Once we control DY*d/. & we
can use the wave equation to control (any derivatives of) A®, where A is elliptic on the sphere. We can thus
control derivatives of ® in any directions. We will show, moreover, that the commutator [DQK,Y] has the
property that the inhomogeneous terms can be controlled once we have controlled the L? norm of DIF
This implies that Y & would decay in the same rate as 0y« ® for which we have already derived an improved
decay rate.

We now turn to some history of this problem. We mention some results on Kerr spacetimes with a > 0
here and refer the readers to [8], [L9] for references on the corresponding problem on Schwarzschild spacetimes.
There has been a large literature on the mode stability and nonquantitative decay of azimuthal modes (See
for example [22], [14], [28], [12], [I3] and references in [§]). The first global result for the Cauchy problem
was obtained by Dafermos-Rodnianski in [7], in which they proved that for a class of small, axisymmetric,
stationary perturbations of Schwarzschild spacetime, which include Kerr spacetimes that rotate sufficiently
slowly, solutions to the wave equation are uniformly bounded. Similar results were obtained later using an
integrated decay estimate on slowly rotating Kerr spacetimes by Tataru-Tohaneanu [25]. Using the integrated
decay estimate, Tohaneanu also proved Strichartz estimates [26].

Decay for general solutions to the wave equation on sufficiently slowly rotating Kerr spacetimes was first
proved by Dafermos-Rodnianski [§] with a quantitative rate of |®| < C(t*)~'+¢e. A similar result was
later obtained by [2] using a physical space construction to obtain an integrated decay estimate. In all of
[25], [8] and [2], the integrated decay estimate is proved and plays an important role. All proofs of such
estimates rely heavily on the separability of the wave equation, or equivalently, the existence of a Killing
tensor on Kerr spacetime. In a recent work [9], Dafermos-Rodnianski shows that assuming the integrated
decay estimate (non-degenerate up to the event horizon if it exists) and boundedness for the wave equation on
an asymptotically flat spacetime, the decay rate |®| < C(#*)~! holds. This in particular improves the rates
in [§] and [2]. In a similar framework, but assuming in addition exact stationarity, Tataru [24] proved a local
decay rate of (t*)~2 using Fourier-analytic methods. This applies in particular to sufficiently slowly rotating
Kerr spacetimes. Dafermos and Rodnianski have recently announced a proof for the decay of solutions to
the wave equation on the full range of sub-extremal Kerr spacetimes a < M.

In view of the nonlinear problem, it is important to understand decay in a robust manner. In particular,
past experience shows that refined decay estimates might not be stable in nonlinear problems. The vector
field method is known to be robust and culminated in the proof of the stability of the Minkowski spacetime
[6], [18]. We prove our decay result using the vector field method with the expectation that the method
will be useful for studying nonlinear problems. As a model problem, we will study the semilinear equation
with a null condition on a fixed slowly rotating Kerr background. In a forthcoming paper that we will show
the global existence of solutions with small initial data for this class of equations. We will also study the
asymptotic behavior of these solutions. The null condition, which is a special structure of the nonlinearity,
has served as an important model for the proofs of the nonlinear stability of Minkowski spacetime and we
hope that it will find relevance to the problem of the nonlinear stability of Kerr spacetime.

We end the introduction with an overview of the paper. In Section[] we will introduce the Kerr geometry,
including a few different coordinate systems that we will find useful in the rest of the paper. In Section Ml
we introduce the (non-Killing) vector field commutators that will be used in this paper. These include the
scaling vector field S, which is the main tool for obtaining improved decay rates in this paper. In Section [l
we introduce the formalism for vector field multipliers. We then have all the notations necessary to state the
precise form of our main theorem in Section B In Section [1 [ and @l we prove the main energy estimates
using the vector field multipliers N, X and Z. We write down the energy estimates in the most general form,
allowing for the possibility to control the inhomogeneous terms in different energy norms. Such generality
is unnecessary for the result in this paper, but will be useful in studying the null condition. Starting from
Section [I0, we return to the homogeneous equation. In Section [[0] we write down the energy estimates
proved in [§]. We then derive the energy estimates after commuting with Y, Q and S in Sections [T [ and



respectively. Finally, using the estimates for S®, we prove the main theorem in Section [I4

2 Geometry of Kerr Spacetime

2.1 Kerr Coordinates

The Kerr metric in the Boyer-Lindquist coordinates takes the following form:

2 2

2M 14 ot ? cos®

9K =~ (1—W> dt2+12Miﬂazd7‘2+T2 <1+%) do?
h -

r2 T r2

(2)

2 2IM 2 32 0 . 29
o (10 S () T Y a - av— D ava,
2\ ey 2 r(1+ T
In this paper, we will consider Kerr spacetimes with a small. It can then be thought of as a small perturbation
of Schwarzschild spacetimes because by setting a = 0, we retrieve the metric for Schwarzschild spacetimes:

2M 2M\ !
gs = — (1 — —) dt% + (1 — —) dré + r%d6? + rE sin® 0d¢?.
rs rs

The Cauchy development of Kerr spacetimes can be described schematically by taking a two dimensional
slice as in the following diagram:

Notice that (2)) represents the metric on the exterior region (R in the diagram). These coordinates are
not regular at the event horizon. It will be helpful in the sequel to use different coordinate systems on Kerr
spacetimes. From now on we will call the coordinate system on which the metric (2)) is defined the Kerr
(t,r,0,0) coordinates. We define a new coordinate system - the Kerr (¢,7*, 6, ¢) coordinates by

dr* r? 4+ a2
dr A
where A =72 — 2Mr + a? is zero at the event horizon. In this coordinate system, the metric looks like

2M

2 2
5 . a” cos® 0
gK—‘<1‘,ﬂT %Zq)dtzw@%ﬂ 0+ aeost0)ar 42 (14 550 )

a?  2M a?sin® 0 asin® 0
+r 14+ =+ () ———— | sin?0d¢® — AM————dtdo.
< 2t )r2(1+—a2;°;29) i r(l+ 252 ’

Notice that since the definition of »* depends only on 7, it would be unambiguous to talk about the vector 0.

2.2 Schwarzschild Coordinates

In order to compare calculations on Kerr spacetimes to calculations on Schwarzschild spacetimes, it is helpful
to exhibit a diffeomorphism between the two. We do so by defining an explicit map between the coordinate
functions (¢,7,0,¢) on a Kerr spacetime and the coordinate functions (ts,rs,0s,¢s) on a Schwarzschild
spacetime with the same mass. These will be defined differently near and away from the event horizon. Take

<o Ty T4
nm—{lr—“/‘ﬁ_,

Ty —T+

where 7, as above, is the larger root of A = 72 — 2Mr + a® and ry, > ry is a constant to be determined
later. With this x(r), we can then define

7’% —2Mrg = 1% — 2M7r + a2,



dh(r) 2Mr
ts + x(rs)2Mlog (rg — 2M) =t + x(r)h(r), where i y e

0s =0,

dP(r a
¢s = ¢+ x(r)P(r), where d7(° ) Yyt

Then, by identifying (tg,rs,0s,¢s) with the corresponding coordinate functions on Schwarzschild space-
times, we have a diffeomorphism between Kerr spacetimes and Schwarzschild spacetimes. This coordinate
system will be used and will be called the Schwarzschild (tg,rs,0s, ¢s) coordinates on Kerr spacetimes.
Once we have this diffeomorphism, we can put any system of Schwarzschild coordinates on Kerr spacetimes.
These include the Schwarzschild (t§,rs,0s, ¢g) coordinates, where t§ = tg + x(rg)2M log (rg —2M) and
rs,0s, g are defined as above. We also define t* = t§ = tg + x(rs)2Mlog (rs — 2M) and use the Kerr
(t*,r,60,¢*) coordinates. Notice that Op = O,

It is common to denote on Schwarzschild spacetimes p = % We will take the same notation on Kerr
spacetimes, with the understand that it is always defined with respect to the Schwarzschild rs coordinates.
In particular (1 — p) approaches 0 as r — r (the event horizon).

Another system of Schwarzschild coordinates can be defined by introducing a system of coordinates
(z#,28) on the standard unit 2-sphere such that 836?,81? are orthonormal with respect to the standard

metric. We then define the Schwarzschild (t*s,rg,xé,xg ) coordinates in the obvious manner. Using this
coordinate system and the diffeomorphism as above, we have, for small a:

(95 )as — (95)as] < er™. (3)

This smallness assumption will be used throughout this paper.

2.3 Null Frame near Event Horizon

Some extra cancellations for the estimates near the event horizon are best captured using a null frame. Hence
we define a null frame {V,Y’, Ey, Es} in the region r < ry, where ry is to be determined later. On the event
horizon,

V:at*+

;-
2Mry ¢

is the Killing null generator. A direct computation shows that it satisfies
VvV =KV,

where x : H — R is strictly positive on the event horizon. We want to extend V to a null frame. On the
event horizon, define Y first on a 2-sphere given by a fixed ¢* to be null, orthogonal to the 2-sphere and
require that gz (V,Y) = —2. Define also an orthonormal frame {F), F5} tangent to the fixed 2-sphere. Then
push forward Y,Er, B, using the 1-parameter family of isomorphisms generated by the Killing vector field
V. We thus get a null frame {V, SA/, Ey, E5} on the event horizon. We then extend this null frame off a fixed
2-sphere on the event horizon (with V] = V') by requiring

VeV =VV =V, Es=0, (4)

where A € {1,2}. Then extend using the isomorphisms generated by V. We notice that the above equations
hold everywhere. If we choose ry close enough to r, we still have, by Taylor’s Theorem,

VoV =kV+0"Y + b0 By + b2 By, (5)

where k is a strictly positive number and [b*| < C(1 — u). Using the fact that V is invariant under the
isomorphisms generated by V', one can choose the lower bound of x to be independent of ¢*.
The same construction in Schwarzschild spacetime would yield, in the Schwarzschild (t*,r, 6, ¢*) coordi-

nates 1

rgsinfg

. 1
V=14 p)0 + (1= p)0rs,Y = Oz, — Org, E1 = Eaes,EQ = s



Since we consider Kerr spacetimes on which the metric is close to that on a Schwarzschild spacetime, we
have that, in (t*, 7,0, $*) coordinates, the null frame can be expressed as

V =1+ p)d- + (1 — p)d, + 01(€)d,
Y = 0 — 0 + O1(€)0,
1
FE = ;89 + 01(6)8,
1

rsinf

Ey = O+ + O1(€)0.

Alternatively, if we write E,, where o = 1,2, 3,4, for the null frame, we have

(14 @) + (1 — p)dr =V + O1(€) Ea,
Oy- —0r =Y + 01(€)Ea,
0p = rFE1 + O1(€)Eq,
Ogp« =1sinfFy + O1(€)E,.

We also define the vector fields V, Y, Ey, E» outside {r <ry} by requiring them to be compactly supported
in {r < r{} (for some r{> to be determined) and invariant under the one parameter families of isometries
generated by 0;- and J4+. Notice that in particular there is no requirement on the metric components with
respect to the vector fields in the region {ry; <r < r{:}.

3 Notations

3.1 Constants

Throughout this paper, we will use C to denote a large constant and c¢ to denote a small constant. They
can be different from line to line. We will also use A to denote bootstrap constants and we think of A to
be large, i.e., A > C. We also use the notation O;(1) and O;(¢) to denote terms that are bounded up to a
constant by 1 and ¢, with bounds that improve by r—! for each derivative up to the i-th derivative. We will
also use the notation f ~ g to denote c¢f < g < Cf.

There are some constants that we will choose in the proof. The following are values of r in the Kerr

coordinates:
_ L 1M
r+<ry<ry<T<RQ.

ry and ry will be fixed in Remarks @ and Bl respectively.
There are also smallness parameters which can be thought of as obeying

l<di<egnke.

e will always be used to denote the smallness of the specific angular momentum a of the spacetimes that
we are working on. 7 ~ Ce will denote the loss in the decay rate of the solutions to the wave equation as
compared to that on Schwarzschild spacetimes. e will be used to construct the non-degenerate energy. ¢ will
simply be used as a small parameter whenever it is needed in the analysis.  needs not be fixed from line to
line.

3.2 Values of t*

We will adopt the following as much as possible: ¢* will denote a general value of t*. In particular, it will be
used as integration variables. 7 will denote the ¢t* value for which we want an estimate. 7y will denote the
t* value where the initial data is posed. We will always assume 73 > 1 and the reader can think of 7y = 1.
When integrating, we will often denote the endpoints by 7" and 7. Finally, at a few places we will need to
choose a particular value of t* in an interval. This is usually done to achieve the max or min of the energy
quantities. Such choices will often be denoted as 7.



3.3 Integration

Definition 1. Define the following sets:
1.2, ={t*=r1}
2. R(r',1)={r' <t* <7}
3 H( 1) ={r=ry, 7 <t* <7}

When integrating on these sets, we will always integrate with respect to the volume form which we
suppress. On X, the volume form is \/detgi|s.. On R(7/,7), the volume form is \/—detgx. However, on
the event horizon H (7', 7), the surface is null and the metric is degenerate. Nevertheless, on H(7/, 1), the
integrand will always be of the form Jun’i#, where ngﬁ is the normal to H(7’, 7). We will hence take the

volume form corresponding to the (arbitrarily) chosen normal. Occasionally, we will also integrate over the
topological 2-spheres given by fixing ¢ and . We will denote the volume form by dA = +/detgx|sz.

When we write the integrals, we will often use f f to denote an integral over a spacetime region and use
| denote an integral over a spacelike or null hypersurface.

Notice that the volume form on X« can be compared with that on R(7/, 7). In particular, we have

Mt = L)

4 Vector Field Commutators

4.1 Vector Field Commutators under Metric Perturbations

Vector field commutators are stable when the metric is perturbed:

Proposition 1. Consider either the Schwarzschild (tg,rs,xé,xg) coordinates or (tg,rg > r;,xé,x?)
coordinates. Suppose V' is a vector field defined on either of these coordinates. Then

2 2
|[0gx — Oygs, V]®| < Cer™? }:z)mﬂmWﬂmy)

m=1 k=1
where O 1s the coordinate derivative for the coordinate system on which V is defined.

Proof. We rewrite
Ogs = 9570205 + 180,

Oy = 9970005 + 1% Oa.-

Using |(9x)as — (95)ap| < er™2 and [04((9k )ap — (95)ap)| < er™2, we have |\/—det gx —/— det gs| < er—2
and |0y (v/—det g — v/— det gs)| < er~2. Therefore,

sup 98”7 — g2l | + sup [ng — nf| < Cer™2
«

a)

Therefore,

[Dyx — Ogsr VI@| <|(g57 —gs ) (0a05V )0, 0| +2|(95 — 927)0aV 030, ®| + |(ng — 1) (0aV )0, @]
2
<Cer—? Zsup|amva||ak<1>|).

=1k=1



4.2 Commutator S

We construct a commuting vector field S on Schwarzschild that is different from [19] and is stable under
perturbation.

* . T — 2M T~ 2M
Define S = t§0;x + h(rs)0;4, where h(r) = (r + 2M log(r — 2M) — 3M — 2Mlog M)(1 — i) r>R
for some large R and is interpolated so that it is smooth and non-negative. Notice that for » > R, since
t* = t, this agrees with the definition in [I9]. Therefore we have

r* 2 (r* 2r* 1 r* 3r*u
O,+-(——-1- s+ 2 (——1) — .

e 51 = (2+
In the coordinates (t*,r,0, ¢),
Oy = —aa (1) O +ag (1) 02 + a3 (1) 0,0; + ay (1) 0 + as (r) Or + A.

The crucial observation is that all «; are smooth and bounded and depend only on r. Noting that «; does
not, depend on t, we have

[Ogs, 8] = B (r) 0 + B2 (r) 07 + B3 (1) 0: 0y + Ba (1) Dy + B5 (1) O + P (r) A

Again, it is important to note that all ; are smooth, bounded and depend only on r. The form of 3; for
r > R is given by (@]).

We consider the same vector field S on Kerr. Using Proposition[Il and noting that 9"S¢ is bounded for
m > 1, we have

2
(v 2 (r* 2r p r* 3r*p 9 &
— _r Nl (S b — 1) -2=F < E .
[0y, S]® (2+ " ) O, " < 1 " > O ® —2 << " 1> 5 ) AD| < Cer (k:1 |0"®])

r r

4.3 Commutator Qi

Let €; be a basis of vector fields of rotations in Schwarzschild spacetimes. An explicit realization can be
Q= 0y,sin pdy £ %&b- Define Q; = x(r)€; to be cutoff so that it is supported in {r > Rq} and equals
Q; for r > Rq + 1 for some large R. On Schwarzschild spacetimes, €2; is Killing and therefore Ql- is Killing
for r > R+ 1. Therefore,

[Bgs 1) = X (r) (0% + ).

where X is some function depending only on r and is supported in {Rq < r < Ro + 1}.
Using Proposition [[l we have
O

9K

Q)@ < Cr—2 (|0*®] +09)) .
Moreover, since ; vanishes for 7 < Rq, we have trivially,

Oy, ]® =0, forr < Rq.

From now on, we will write €2 to denote Z Q. We would like to point out that this commutator is useful

i
to gain powers of r near spatial infinity. In particular we have
C -
Vo] < = |20

This extra power of r is essential to control the error terms arising from the commutation of Oy, with S.

10



4.4 Commutator Y

Let Y, as in Section 213, be a vector field that is null near the event horizon, normalized with respect to
another null vector V' and is cut off to be compactly supported in {r < 7“;5}

Proposition 2. On Kerr spacetimes such that € is small, we have for r <ry,

[0y, Y]® — 46Y2®| < C (|DOy+ ®| + €| D*®| + |DD|) ,

9K

where k> ¢ >0 is as in [{3).

Proof. The principal term for the commutator [, , Y]® is 2(7")* D, D, ®. We look at two terms that are
useful in deriving the estimates.

oo =9(VyY, V) =—g(Y,VyV) =2k

~ 1 N N

5 The Basic Identities for Currents

5.1 Vector Field Multipliers

We consider the conservation laws for ® satisfying [,® = 0. Define the energy-momentum tensor
1
Ty = 0,90,P — ggwao@&l@.

We note that T),, is symmetric and the wave equation implies that
VT, = 0.
Given a vector field V#, we define the associated currents
(@) =V T (®),
KY (@) =7, T" (),

%

v 18 the deformation tensor defined by

where

1
Ty = 5 (Vo + Vi Vi)

In particular, KV (®) = W,‘fy = 0 if V is Killing. Since the energy-momentum tensor is divergence-free,

VEI (@) = K" (®).

We also define the modified currents

—_

V(@) = J) (@) + < (w0, ®* — §,wd?),

oo

1 1
KV (®) =KV (®) + Zw@”@&,@ - gmgwqﬂ.

Then
V,w _ V,w
VeIV () = KV (®).

We integrate by parts with this in the region bounded by 3., ¥, and HT (7', 7). We denote this region as
R(7',7). Denoting the future-directed normal to X, by nf, , we have

11



Proposition 3.

/ v (@)n‘g‘r—i—/ v (@)n;ﬂq_,ﬂ_)—i-// KV (@):/ V(@) .
H(T',T) R(r",T) b

i

U}V .’IJJV U}V U}V
/ YT (@)nk + / T (@) Wy oy T / / KV (9) = / S0 (@) nk, .
pa HE(T!,7) R(r',T) 3

i

One can similarly define the above quantities for the inhomogeneous wave equation J,® = F. In this
case, the energy-momentum is no longer divergence free. Instead, we have

VT, = Fo,9.

In this case,
VEIY (@) = KY (@) + FVY0,9.

For the modified current,

1
VEIYY (@) = KV (@) — JFw®+ FVY0,®.

Proposition 4.

[or@ne + [ ar@mns [ K@
¥y H(r!,7) R(T’",T)

:/ JY (®)nk | — FVY9,.
b)) R(T’",T)

\4 v \%4
Lot @ng [ et @+ [ k@
. H(r!,7) R(7',7)

1
:/ TV (@) +/ (—Fw(ID—FV”(?UfI)).
D) T R(T!,7) 4

i

5.2 Vector Field Multipliers under Metric Perturbations

If we consider Kerr spacetimes such that € is small, vector fields multipliers that are defined in the Schwarzschild
(t*,r, x4, 2B) coordinates or Schwarzschild (t,r > Ty, x4, 2B) coordinates are stable. We can consider a fixed
vector field defined on the differentiable structure of a Schwarzschild exterior and compare the currents ob-
tained using the Schwarzschild metric and the Kerr metric.

Proposition 5. Consider either the Schwarzschild (t5,rs, x4, xE) coordinates or (ts,rs > ry,r4,x5)
coordinates. Suppose V is a vector field defined on either of these coordinates.

Jv’wv d)nk — Jv’wv P)nk | < Cer™? max |V (0P)2,
s # =, K e s,

1 2
IKY (@) — KT (®)] < Cer2 ((Z max 0"V + [w]) (09)* + ) |amw|<1>2>
k=0

= m=1

6 Statement of Main Theorem

With the currents defined, we can state our main theorem.

Main Theorem 1. Suppose Uy, ® = 0. Then for alln >0, R > ry and all M > 0 there exists ag such that
the following estimates hold in the region {ry <r < R} on Kerr spacetimes with (M,a) for which a < ag:

12



1. Improved Decay of Non-degenerate Energy

Y4
- / (Do)
=0 /= N{r<Rr}

£+2

<Crpr=#t1 |y /E JECONT (O Sd)nky + /E JEreN® (opy i)t
m=0 70

m4k4j <0457 =70

2. Improved Pointwise Decay

4
> Do
j=0

=

{+4
<cpr it (3 / JZEON (QESdynl / JEEENT (opyie) nly
m=0"27 >

mtk+j<l+7" =70

Here the vector field N will be defined in Section[R; the vector field Z with the modifying function w?
will be defined in Section[d.

Remark 1. We will show that although Jf*wz (®) nf,,, is not always positive, Jf+0N=“’Z (®)ng,,, is for
sufficiently large C'. Hence all the energy quantities in the Theorem are positive.

Remark 2. Since we have the improved decay of the non-degenerate energy, the above Theorem can be
extended beyond the event horizon. More precisely, for any vy € (r—,ry), where r— is the smaller root of
A =12 —2Mr — a2, the theorem holds up to r > ry, for D understood as a reqular derivative inside the black
hole, and with the constant depending also on ry. The proof would be similar to that in [19].

7 Vector Field Multiplier N, and Mild Growth of Non-degenerate
Energy

Kerr spacetime has a Killing vector field d;. The conservation law gives that

/ Jo (@) k. +/ Jo (@) nk :/ T (@)nk +// 0 PG.
> H(To,T) P R(TovT)

70

We add to the Killing vector field 0; a red-shift vector field. Here, we use the “non-regular” red-shift vector

field as in [8]. Under this construction, N, is C° but not C! at the event horizon H*. Compared to the

smooth construction in [7], this construction would provide extra control for some derivatives near H™.
Define

Y=y (r)Y +y30)V,

where
1

(log(r —r4.))%’
1
Y2 (r) = 73
(log(r —r4))?
Notice that by this definition Y is compactly supported in {r < r{?} and is invariant under the isomorphisms
generated by 0y« and Og-.
In r <ry, ie., where Y is null and obeys @),

v = (1 ) (s =) 0+ 7)

Notice that 0 < ¢ < Vyr < C on the event horizon with ¢, C' independent of t*. Let N = 0y~ + €Y.

yi(r) =1+

13



Proposition 6. For any e, there is a corresponding choice of € < e and ry such that

TN (@)~ (Vad)?,

[e3

KN (@) > cpe <| log(r — 74 )[P <(VV<I>)2 +>° (VEA<I>)2> + (v,}@)Q) . forr <1y,

A
KNe (@) < CeJlJLVE (‘ID)n;T, forry <r< 7’;5.

Proof. It is obvious that Y is timelike and future oriented for r < ry.. Since J;- is casual in the exterior
region of Schwarzschild spacetime and is null only on the event horizon, for every small e > 0, there exists
sufficiently small € > 0 such that N, is timelike and future directed on Kerr spacetimes. Hence we have

T @)k~ (Va®)®,

To show that K¢ (®) has the required positivity near the event horizon, we notice that

VY = —kV + O(€)Ea,

and
1 .
VY~ g = +Y) + 0O
Therefore, for r < ry,
KY ()
. 2 c A 2 2| ‘ 2
>k (Vi @) + ot =77 ((vvé) +XA:(VEA<1>) ) O(e)(V®)? = 0(1)(VE, 2VP)

Since 9y~ is Killing, KV (®) = eKY (®), we have

KV (@) > cpe <|1og<r—r+>|p <(W))2 +Z<VEA<1>>2> + (VY@)2> . forr <y,

A

Finally, since in the region ry <r < r?}, J 3“ n’gr* controls all derivatives, we have

KNe (@) < C’leLV@ (®)nf, , forry <r< .

Definition 2. We call the positive quantity fE Jéve (®) n’gf the non-degenerate energy.
The following identity determines how the non-degenerate energy changes with 7.

Proposition 7. Let ® satisfy O, ® = G. Then

/ I (@) nk +/ I (@) nk +// K (9)
Xr H(70,7) R(r0,7)N{r<ry}

:/ JNNe (@)n§,0+e// K (<1>)+/ (0@ + €Y D) G.
b)) R(ro, ) {ry <r<ri} R(70,7)

The estimates given by the vector field N is sufficient to show that modulo inhomogeneous terms, the
quantity fz Jiv < () ngT cannot grow too much in a short time interval:

14



Proposition 8. Let ® satisfy Oy, ® = G. For e sufficiently small, e < e and 0 < 17— 7' < 1, we have

/ TNe (®)nly < 2/ TN (@) +// G2,
> ] R(T,vT)

Proof. We first note that [[ ., Jn(rs<r<rt) KY (@) <C [ [, JNe (®)nk_d7, with C independent of e
and € whenever ¢ < e < 1. With this estimate, we will prove the proposition by a bootstrap argument. We
want to prove the conclusion by assuming

/ J;Ve(rb)ngfgzx/ Jﬁe(@)ngﬂu//m/ )G2

-

Then, by Proposition [

/ JNe (@) bl +/ I (@)n%++// K (9)
H(T!,T) R(r,m)N{r<ry }

-

:/ J,ivc(q))ngf,-i-e// ) X KY(@)—i—/ (0p-® + €Y ®) G
! R(ﬂr/y‘r)ﬂ{rygrgry} R(r',1)
T - 1 1
S/E Tt (@)nk Ce/ / Tut (D) ka7 + 3 /R(T/ T> (0@ + Y @))" + 2 /R(T/ " G2

S(g-l—élCe)/ Jivﬁ ( +2Ce) G2.
A R(',7)

The proposition is proved by choosing e < % O

8 Integrated Decay Estimates and Boundedness of Non-degenerate
Energy

In this section we would like to show an integrated decay estimate. We first follow [19] to construct a vector
field and prove an integrated decay estimates for the terms near spatial infinity. That construction is in turn
inspired by [23]. In [I9], the decay rate in 7 of this integrated decay estimate is crucial to control the error
terms arising from the vector field commutator S. In the sequel, such estimate would also facilitate many
computations as we prove the full integrated decay estimate.

In view of the red-shift, all derivatives of ® can be controlled near the event horizon. However, we would
also like to prove an integrated decay estimate that controls @ itself near the event horizon. This is in
contrast to the integrated decay estimate in [8] which degenerates near the event horizon. This extra control
is useful as we are considering the inhomogeneous problem.

The proof of the integrated decay estimate for a finite region of r away from the horizon follows that
in [§]. We would like to remark that one difference here is that we do not assume the boundedness of
fZT JNe (®)n&, (even after ignoring inhomogeneous terms). We would instead like to prove the boundedness
of fET Jiv )n‘E‘T using the integrated decay estimates. We will, however, use Proposition [§

The reader should think of this integrated decay estimates as analogous to the estimates associated to
the vector field X in [10],[7],[T9]. However, it is impossible to obtain such estimates using a vector field in
Kerr spacetimes and we therefore resort to a phase space analysis (see [T]).

To perform the phase space analysis, we will take the Fourier transform in the variable t*, take the Fourier
series in the variable ¢* and express the dependence on the 6 variable in oblate spheroidal harmonics. Carter
[5] discovered that with this decomposition, the wave equation can be separated. However, in order to take
the Fourier transform in the variable t*, we need ® to be at least in L2. To this end, we perform a cutoff in
the variable t*.

8.1 Estimates near Spatial Infinity

In this subsection, we follow [I9] to construct a vector field X = f (r*) d,- so that the spacetime integral
that can be controlled with a good weight in . We refer the reader to [19] for the following:
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A 2B coordinates, there exists X = f (1) O

Proposition 9. In Schwarzschild spacetimes, using (t,r*, z*,
and wgf supported in r > % such that

KX (@) 2 ¢ (77170 (9-@)% 77 VO 4+ 70002
for r* > max{100,100M} and
[ g @)k |<C | JN(@)nk
. T 2, T
This implies via stability (since the vector field is supported away from the event horizon) the following:

Proposition 10. In Kerr spacetimes, using (t*,r,z*,2B) coordinates, there exists X and wX supported in

> % and wX such that for some large R,

KX (@) > g (T*H (0 @) + 171V + T*Hqﬂ) — Cger 2 (0,-9)%,

for ™ > R and
¢ X
[ Rt @ <o [ @

-

Now it is easy to construct the following vector field on Schwarzschild spacetimes:

Proposition 11. In Schwarzschild spacetimes, using (t,1*, 2, xB) coordinates, there exists Xg = f (1*) O
supported in r > % such that

KX (@) > er2(9,-0)2 — C (r_1_5 (0,-®)% + 17|V D[ + r_3_5<1>2) ,
for r* > max{100,100M} and

| g JX(@)nk | <C N (@) nk, .

s,

Proof. Let f be supported appropriately and f (r*) = m whenever r* is large. O
As before, a stability argument would give:

Proposition 12. In Kerr spacetimes, using (t*,r, x4, 2B) coordinates, there exists ):( supported in r > %

such that for some large R,

KX (®) > er2(9,-9)* — Cs (T—l—a (8- )2 + V| VO|? + T—3—6q)2) 7
for r* > R and

| Jf(rb)n;JgC/E I (@) nk, .

X

Now using the vector field X + %é—x):( and modifying function w*, we get the following estimate for e

sufficiently small:

Proposition 13.

// (Y @) nt, 00002

R(70,7)N{r>R}

<C / I (@) nk, +/ I (@) nky +// (Jf(@)ngﬁqﬂ)
5, i Sy o R(70,7)N{ M <r<R} !

+// (|0,-®] +r~t|®]) |G|>.
R(10,T)
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8.2 Estimates near the Event Horizon

The integrated decay estimates shown in [8] degenerate around the event horizon. Here we will prove the
corresponding estimates near the event horizon. In view of the availability of the red-shift estimate KVe, we

will focus on the zeroth order term ®2. It turns out that we can use a construction in [19].
Proposition 14. In Schwarzschild spacetimes, using (t,7*, 2, xP) coordinates, there exists Xy, = f1, (r*) Op-

and wXr supported in r < % such that

KXnw™ (0) > ¢ ((0,8)% + |V + 82)
forr <ry and

-

X
| g JXmet (@)nk | < C N (@) nk. .

P3P
Proof. Let
WE 17
_X = * 8’!‘* = — 767‘* = — 767‘*7
h fh (TS) S X(T) (1 + 4#72) S X(T) ] (1 + 4,&72) S
where x(r) is a cutoff function that is compactly supported in r < % and is identically 1 for r < ry,. Also,

let (1
W =2 )+ T ),

From now on, we will focus on the behavior when r < ry, and treat the terms in {ry, <r < %} as errors.
Recall that on Schwarzschild spacetime:

KXh"th ((I)) f:ll/E )(8 (I)) ( 3:“) ( )|W(I)|2

_%(%fﬁ/( )+ f//( )_’_Tﬂzf/(r*)_%(3_4u)f(r*)>q)2

We now look at the sign of this expression for » < ry. It is easy to see that the coeflicient for (6T*<I>)2 is
positive:
fro7)=0-p)o fol(r)
(=) cl—p)
(144p~2)> = 3

The coefficient of |Y®|? is also clearly positive. A computation shows that
1 4 2
f”l+_f”+%l /1*(3 Ap) f
— i r r
w0 (192 + 1 (128 + 1o (=784 + 11 (464 4 1 (—28 + 1 (52 + p (=3 +4p)))))))
444 p2)!

We want to show that P(u) = 192+ 11 (128 + 11 (=784 + 11 (464 + 11 (=28 + 1 (52 + pu (=3 + 4p1)))))) > 1 for
16 w<l1
S<p<i.
192 + 128y — 784u? + 464> = 16 (—12 —20p +294%) (n— 1) > 0.
52 — 3u + 442 reaches its minimum at 3. Hence, 52 — 3u + 4u° > %.
—28+ 11 (52 — 3u+4p?) > 28+ o5 > 5

Therefore, P(u) > é%g 2 for =2 < p < 1. Therefore, for r <y,

KXnw™ (3) > ¢ ((0,@)* + |VO|* + ©%).

’IJJX
[ @t <e [ @a

follows from the boundedness of f; and w™*. O

The second statement
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This implies via a stability argument:

Proposition 15. In Kerr spacetimes, using (ts,r%, s, %) coordinates, there exists X, and wXr supported
mr < % such that

KX0w™ (3) > c®2 — Ce(0y- D)2,
forr <ry and

X,
| g JXme (@) nk, | gc/E I (@) n, .

We therefore have the following integrated decay estimate near the event horizon. Note that the error,
while containing only the 0, derivative on Schwarzschild spacetimes, now has potentially all the derivatives.

Proposition 16.

Moo ™

R(TUvT)m{TS"';}

<C / I (@) k. +/ N (@) ntt +// ¢2+// I @t
T Xrg 0 R(70,7)N{ry <r<28M My R(TO;T)Q{TS%}

+// (|o®] +r~ @) |G|> )
R(70,7)N{r< 28M 3

8.3 Cutoff, Decomposition and Separation
Following [§], we define the cutoff
37, = €0,
where
E=x{t"—1—T1)x(—t" =1+7"),
for some smooth cutoff function x(z) identically 1 for x < —1 and support on {z < 0}. Then

0,87, = £G + 2VOOV & + 0, =: F

We then decompose in frequency. We decompose the Fourier transform in ¢ of ® into Fourier series in ¢ and
oblate spheroidal harmonics:

= Zle Spne(aw, cos 0)e™?.

We also decompose the inhomogeneous term F' (which comes both from the original inhomogeneous term G
and the cutoff):

F= Z Sme(aw, cosB)e me.
Letting ¢ be a sharp cutoff with such that C =1 for |z| <1and ¢ =0 for |z] > 0, we define

D, :/ C(wi) Z R (1) S (aw, cos 8)e ™ e duw

bt (@) <

Dy :/ C(wi) Z R (1) S (aw, cos 8)e ™ e duw

bt (@) >

w

‘I)h:/ =) S RS, cosB)e e du
- w1 m, LA (w)> Ao

Oy = / (1-— g(wil)) Z R (1) S, (aw, cos )e™™? e duw.
- Myl (W) < A2

In this decomposition, we think of w; as large and Ao as small.
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8.4 The Trapped Frequencies

Trapping occurs for <I>h. An integrated decay estimate is proved in detail in [§]. We refer the readers to
Section 5.3.3 of [g].

Proposition 17.

// or00) (X(I)WX(‘? op)° Xl{\r—lez%}JﬁV (‘I’u) n%)

<C/ JN ;,+Ce/ 3¢*‘1>u / dt* / (r* +a*) 2F 0 (7% + a®)/?97,)
T H(T",T) >R
Ff'(r? + a?)F, 87, ) = _sin 0 dg do dr”,
g=T) 2 +a

where x is a weight that degenerates at infinity and f is increasing and f = tan™! # —tan"1(-1—

a)’%, for v > R for some fized a.

8.5 The Untrapped Frequencies
For each of the pieces that are untrapped, i.e., ® 5 for » =b,d or f, a vector field Xy is constructed in [§] so

that
JL (e @gns.esad)<c [[ - way).
R(—00,00) R(—00,00)

where x is a weight function that degenerates at infinity and x is a weight function that both degenerates
at infinity and vanishes around the event horizon. Using this vector field and the conservation identity, it is
shown in Section 5.3.4 in [§] that

Proposition 18.
//R( | (X(Jf)’(q)b) + I (@) + I (By))nks + X (rbg + @2+ @ﬁ))
<C [ JY(@)n"+Cot // F?
P R(—o0,00)N{r<R}
+C§ // (1) + (8, ®L)% + 1ppc2mny J)Y (BT )N
R(—o00,00)N{r<R} -0
[ [ (2007 @) EE, + B+ FO,- (2 + 0?1207
—00 r>R
'(r? F, + Fy+ F, A 0 dedo dr*
+f(r +a)(b+ 4t ﬁ) o 5 sin 6 d¢ df dr
where x and f are exactly as in Proposition [T}

8.6 The Integrated Decay Estimates

In order to add up the estimates in the previous sections, we need a Hardy-type inequality:

Proposition 19.
/ TO‘_2<I)2§C'/ TO‘JIJLV (@) nk; .

Proof. Let k(r) be defined by solving
K (r,0,$) = r*2voal,
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where vol = wvol (r,0, ) is the volume density on X, with r, 6, ¢ coordinates, with boundary condition
k(ry,0,9) =0. Now

/ET ro-2g? _///T K (1) ®%drdfde
— 2 / / / k(r) 80, Bdrdfde
<2 ( / / / 1;;1(2; (8T<I>)2drd9d¢>§ < / / / k’(r)fI)Qle@déf’)%

Notice that vol ~ 72, k(r) ~ r®*1 and k'(r) ~ r®. Hence ’fj’(ﬁj ~ r*pol. The lemma follows. O

We now add up the estimates for Dy, @, <I>h and <I>u.

Proposition 20.

//R( - (ril*‘sll{lT_3M‘Z%}Jév (®)ng, + r170(0,0)% + 7‘73*6@2)
<C </ JN (@) nk +/
. b
// c*).
R(t'—1,7+1)

Proof. Since the function f appears identically in Propositions [I7] and [I8, we can add up the estimates to
obtain:

//R( : (Y (@) + TN (@) + Ty _anz iy T (@) + Y (@p))nls -+ X (92 + 83 + 92 + 02 )

B [ @ ] (19:01 + 7' #) 6]
H(T',T) R(t'—1,7+1)

vy

2
gc/ Jﬁ(@)nhrce/ (f%*%) + 061 F?
P H(T',T) R(—o0,00)N{r<R}

+ 05/ (7)) + (0, ®T)% + Lgpcoany J)Y (BT )by |
R(—o00,00)N{r<R} - !
+/ W/)(”W+JW%%+Q+%+%M4W+fW%m
—o00 r>R

A
12 2 - . .
+f/(r% + a®)(F, + Fy+ Fy + Fﬂ)ch,) Ty sinfdodd dr’.
By the definition of the cutoff, we have the pointwise equalities
(I)Z‘I)b-i-@d-i-@h-f—(l)ﬁ,
F:Fb+Fd+Fh+Fﬂ'

Therefore, we have

T ~ T\2
//R( )Xl{\r—?;MQ%}J;iv(q’w)n%t* +Xx(®7)

<c | JN(@)nk  + Ce/ N (@) nky +Co // F?
b T H(r!,T) R(—o0,00)N{r<R}

+C4 // (®7)% + (9,97,)% + 1{T§¥}Jg(®:,)n§t*
R(—o0,00)N{r<R}

r2+q

+/ dt*/ (2f(r2 +a®)V2F0 (2 4 a*)V20T) + f/(r? + a2)Fq>;,) % sin 6 de df dr*.
—o0 r>R
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We want to estimate the expression in the last line. Recall that
F =(G+2VPV,€ + o0, &

Notice that by the definition of &, the last two terms are supported in the ¢* range (7' — 1,7") U (7,7 + 1).
Using this, we immediately have, using the trivial bounds:

Co! // F?
R(—o0,00)N{r<R}
o <// o+ [[ (202 + Y @ >ngt*)>.
R(TI_LTJ’_l)m{TSR} R(T’—l,T’)UR(T,T-i-l)

Similarly, we have

A
/ dt” fl(r*+a )F@T "t a 5 sin 0 d¢ do dr*

r>R
<C (// —1|<1>||G|+// ( 2% 4 Y (@) 0k ))
R(t'—1,7+1) 7' —1,7" ) UR(T,7+1)

The other term with F' is more delicate to estimate. One of the terms in the expansion does not have
sufficient decay in r:

/ dt*/ (r2 + a®)Y2Fd,- ((r* 4+ a )qu) = > sin 6 de df dr*
>R +a

<o ( e ] (1202 4+ 52 (@)t ))
—1,7+1) —1,7" ) UR(7,7+1)

- A
* 2 2\1/2 2 2y1/2
e A I e I

sin 0 d¢ df dr*

Nevertheless, noting that ¢ is independent of 7*, an integration by parts in r* would give

/ dt*/ 2f(r* + a®) V2 @0, 0, ((r* + a®)'/? @) A
—oo >R T

+a

5 sinf dp do dr*

— / dt* / (r* + a®)®%¢0,,. £0,- (f%) sin 0 d¢ df dr* + boundary terms
— r>R ’ re+a

SC// r 292,
R(t'—1,7")UR(7,7+1)

where the boundary terms can be controlled (after possibly changing R) by pigeonholing in r € [R, R + 1].
By the mild growth estimate of Proposition [§ and the Hardy inequality of Proposition [I9

// (72@2_’_‘]1\7()2)

R(t'—1,7")UR(T,7+1)

<C / ij(@)ng,Jr/ Jg(@)ng,+// G? ).
- T - T R(r'—1,7")UR(7,7+1)

Therefore, using all the above estimates and noticing the support of £, we have

/,/R( , )Xl{|T73M\Z%}J5(q>)n;t* +)~((I)2

s T

<ont [y, woot [ Y@, +C’e/H( )J;V(cp)n;gH

+c// |6<I>|+7°1|<I>| G|+ C5 //
R(rt'—1,7+1) R(T'—1, T+1)

+ 05 / / 2 4 (9,0) + Ly 20y I (D).
R(r'—1,7+1)N{r<R}
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We add to this to the estimates near spatial infinity and the event horizon, i.e., Propositions [[3] and [If to
get

—1— —1— 2 —3—
//R(’ )T ! 6]1{‘T73M|2%}J5(<I))n‘§t* +r7179(9,0)% + r 370 P2

<06t JN( i, + 06~ / I (@ )nET—l—C'e/ (@) nly,,
H(T',T)

+c// (10,®] + |2} |G| + C6~ // G2
R(t'—1,7+1) R(r'—1,7+1)

+C6 // % 4 (0,9)% + Ly, camuy Iy (@)nf .
R(r'—1,7+1)N{r<R}
By choosing 4 sufficiently small, we can absorb the last term restricted to R(7', 7):
//R( , )Tﬁl*‘s1{‘T73M|2%}Jév(<1>)n%t* + 7170 (0,0) 4+ 3092

<C Jlﬂv(fb)n’g/—i—C/ N (@) nk, —i—Ce/ I (@) n,
b T T H(r!,T)

vl (-] + )G+ [ G2
R(t'—1,7+1) R(t'—1,7+1)

vl O 4 (0,0)% + 1, aspr, I (D)l
R(t'—1,7" ) UR(7,7+1)N{r<R} - @ ¢

<C Jév(fb)n’g/—i—C/ I (@) nk, —i—Ce/ I (@) nl,,
D . =, . H(r'\7)

+O// (|0r®| + 7" |®]) |G|+C// G?,
R(t'—1,7+1) R(t'—1,7+1)

using Proposition [§] and [[9] at the last step. O
Definition 3. From now on, denote
EX0 (@) = r ' 00, gpppsay I (@)nf + 77170 (9,9)? + 7707002, and
KX (@) =r 0 N (@), +r 37002,

We remark that this is a slight abuse of notation because these “currents” do not arise directly from a vector
field.

8.7 Boundedness of the Non-degenerate Energy
Proposition 21. Let ® satisfy g, ® = G. For e sufficiently small and € < e, we have

/ I (@) nk +/ I (@) ks +// K (@)
p H(T',T) R(‘r/,‘r)ﬁ{rgry}
<C / I (@ +|// 8t*<I>G|+|// eY oG]
- (r'—=1,7+1) R(t'—1,7+1)
+// (o, <I>|+r_1|<1>|)|G|+// G).
R(r'—1,7+1) R(7'—1,7+1)

Proof. We recall that
// KY (@)g(}/ / JNe (@) nk  dt*,
R(T’,T)ﬂ{r;grgrst} ! = )
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with C' independent of e and ¢ whenever € < e < 1. At this point, we choose TY < M < M Hence this
term can be controlled by the integrated decay estimates. Then, by Proposition [7]

/ JNe (@) nky +/ I (@)n%++// K[ ()

- H(T",T) R(r/,m)N{r<ry }

:/ TN ()l +e// KY (<1>)+// (0D + Y ®) G
- R(T/,T)Q{T;STST;Z} R(7',T)

g/ I (@) nk +Ce/ / g (@)ng,d%ﬂ// (0 ® + eY D) G|
- i T’ E.,:ﬁ{r;,grgrxt} T R(r',T)

g/ I (®)nk; , + Ce </ I (@) b +/ I (@ )ng,+// (|0,@] +r|®]) |G|
- - T R(t'—1,7+1)

+|// >+|// (0-® + YD) G,
R(t'—1,7+1) (r/,7)

Hence, the Proposition holds if e is chosen to be sufficiently small. |

Remark 3. From this point on, we will consider r}t and e to be fived. After e is fized, the vector field N,
will be written simply as N.

We now estimate the inhomogeneous terms in Proposition 2T}

Proposition 22.

/ I (@) nk +/ N (@) nk, +// KN (<1>)+// K> (®)
. H(T',T) R/, m)N{r<ry } R(r",T)
T+1 % 2
<C / I (@) nk |+ / </ G2> at* | + // G?
o i /-1 pape R(',7)

Proof. Adding the estimates in Propositions 20l and § times the estimates in Proposition 21],

/ N (@ )nZT—l-/ Jﬁ(@)n;++// KN(<I>)+6// K% (®)
pI H(T',T) R(r',7)N{r<ry} R(r',7)
< ( [ e« ([ (osleraicl+ [ GQ)
- T R(t'—1,7+1) R(t'—1,7+1)
+C§ / I (@) nk, +/ N (@) nt,,
p3 " H(T',T)
T+1 %
SC’(/ JY (@)nk  +  sup </ I (@ )”z*> / (/ G2> dt*
" T trelr—1,741] \J5,. ¢ -1 \J5,
+// @\ + 05 / TN () nlt. +/ I @)nk, |,
R(t'—1,7+1) py H(r!,7)

where at the last step we have used Proposition 9 Choosing C'§ < —, we can absorb the last term to the
left hand side to get

/JN()E+/ Jg(@)n%++// +6// KXo (@
>, H(T',T) R(T’,T)O{TSTY} T/,
§ T4+1
<C / JY (®@)nk 4+ sup (/ JN(@)nE*> / (/ G2> dt* (7)
o T el —1,741] \Jz . § =1 \J3,.
+ / / G*|.
R(t'—1,7+1)

NG

M\)—l"
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By considering the above estimate on [/, 7], where 7 is when the supremum on the right hand side is
achieved, and using Proposition 8, we get

/ JN (@) nk: +/ I (@)n%++// KN (<I>)+6// KXo (®)
7 H(T!,7) R, 7)) {r<ry } R(7",7)
T+1 % 2
<C / N (@) nk | + (/ (/ G2) dt*)
- " /-1 I

We plug this into (@) and apply Cauchy-Schwarz to prove the proposition. O

We can also estimate the inhomogeneous terms not in L'L? but in L?L?, provided that we allow some
extra factors of r and some loss of derivatives in GG. This is especially useful for estimating the commutator
terms from S, which do not have sufficient decay in ¢* in the interior to be estimated in L' L2. More precisely,
we have

Proposition 23.

/ TN (@)l +/ J5<¢>n;++// KN<<I>>+// K ()
- H(T!,T) R(r’,m)N{r<ry} R(7’,T)

1
<C / I (@)nk  + Z // rHOnG)? + sup / G? .
) T o) IR -1,741) tr€[r/—1,74+1] J 8, N{|r—3M|< M}

Proof. By Propositions 20 and 211

/JN()’IIZT-F/ I (@) H+Jr// +6// K*o(®
¥y H(7!,T) R(r!,T ﬂ{r<ry} (r',7)
< / N ( +|// at*q>(;|+|// YOG
- R(t'—1,7+1) T'—1,74+1)
+// (|0r®| +r~"|®]) |G|+// G2>
R(t'—1,7+1) R(t'—1,7+1)
+09 / I (@) nk +/ N (@)nk, |
p3 H(T!,T)

Choosing C§ < %, we can absorb the last term to the left hand side to get

/ I (@) nk +/ ij(@) H++// // KXo (@
p H(T! R(T’ ‘r)ﬁ{r<ry} R(T’,T)
<C / +|// at*@G|+|// eY OG|
- (r'—=1,7+1) R(t'—1,7+1)
+// (|6<I>|+7°_1|<I>|)|G|+// G).
R(t'—1,7+1) R(t'—1,7+1)
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For the bulk error term, we focus at the region {|r — 3M| < 41} and integrate by parts.

| / / 010G
R(r'—1,7+1)N{|r—3M|<}

ga// q>2+c5*1// (0-G)?
R(r'—1,7+1)N{|r—3M|<2L} R(r'—1,7+1)N{|r—3M|<2L}

+ | PG| + | otel
Sepn{|r—3M <A} S n{|r—3M|<y

<5 / / L Ne / / (01-G)*
R(+'—1,r+D)N{|r—3M|< M} =L+ 1)N{|r—3M|<4}

+  sup 5/ r 20 05!
t*€[r/—1,7+1] S N{[r—3M|<2AL} S N{|r—3M|< %

<5// r 37002 4 05! // (0;-G)?
R(r'—1,7+1)N{|r—3M|<2L} /=1, 7+1)N{|r—3M|<}

+ sup 5/ JL]LV (@)nk  + 06t G* |,
tr€[r/—1,7+1] S N{|r—3M|< 4} ! S N{[r—3M|< 4}

where at the last step we used Proposition [[9

Therefore,
/ N (@) nk +/ ij(@) H++// KN<I>+// K* (®)
- H(T! R(r!,m)n{r<ry } R(r",T)
<C / +|// at*@G|+|// eY OG|
- (r'—1,7+1) R(t'—1,74+1)
+// (16, <I>|+r_1|<1>|)|G|+// G)
R(7'—1,7+1) R(7t'—1,7+1)

<C (/ T (@)t +|// at*q>G|> Lol // PG ()
i R(r/ —1Lr+1)N{|r—3M|< M} R(r'=1,7+1)

+6// r370% 4T 0 (9,8) 1, I (B) 0l
R(T/—].T-'rl)( ( ) {Sy} :“( ) Et)

gc/ IN (@) nk, |+ Co™ 12/( P14 (G +5// )KX“(fb)
! 7/'—1,74+1) 7/'—1,74+1

+ sup 5/ JY(@)nk 4+ Co! G*|.
tr€[r/—1,7+1] S N{[r—3M|< 4} ¢ S N{|r—3M|< 4}

where at the last step we have used Propositions[8 19 Suppose sup 1) J iv (@) nk |
telr'—1L,r+1]  JSn{r—3M|<M} !
is achieved by t* = 7. Apply @) on [7/, 7], we get

[y @,
pIES

1
<o @t vty // P+ (ag’zc)2+5// Ko (@)
T m=0 R(t'—1,7+1) R(rt'—1,7+1)

s,

—|—5/ Jliv (®)ng,_+C  sup / G2,
SEn{|r—3M|<i} tee[r'—1,74+1] J S N{|r—3M|< L}
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which, upon choosing § < % and subtracting the small term on both sides, gives

|y @t
’ 1
gc/ TY (@)l +C57 > // pito (3;’3G)2+5// KXo ()
- m=0 R(t'—1,7+1) R(rt'—1,7+1)

+C sup / G?,
trelr’'—1,74+1] J S, n{|r—3M|< X}

Therefore, plugging this back into (&)

/ I (@) E+/ Jﬁ(@)n;++// KN(<I>)+// KXo (®)
p H(T',T) R(‘r’,‘r)ﬁ{rﬁr;} R(T",T)
gc/ Jlﬂv(fb)n‘g‘,+5// KX°(<I>)+6// K*0 (®)

P T R(r",T) R(t'—1,7")UR(7,7+1)

+CZ / / OG> +C up / G?
R(T'—1,7+1) tre[r'—1,74+1] S n{|r—3M|< XL}

<C [ JY(®)n +5// KXo ( +C§/ N (@

P R(r’,T)

+C // POrG)?+C sup / G2,
Z R(T'—1,74+1) K teelr'—1,74+1] J S N{|r—3M|< L}

where at the last step we have used Propositions [l and [9 Finally, by choosing C'§ < , we can absorb the
small terms to the left hand side and achieve the conclusion of the Proposition. |

Notice that in the proof of Proposition 23] there is a loss in derivative for G because we have to integrate
by parts in the region {|r — 3M| < %} Therefore, if G is supported away from this region, we can repeat
the proof without this loss. In other words, we have

Proposition 24. Suppose G is supported away from {|r —3M| < %} Then

/ I (@) k. +/ N (®)nk . +// KN (<I>)+// K% (®)
H(T',T) R, m)N{r<ry } R(r",T)

1
<C / N (@)nk  + Z // G2+ sup / G*|.
- T oz IR —1,741) t €[t/ —1,74+1] J S N{|r—3M|< M}

This will be useful in Section
In applications, it is useful to have both ways of estimating G.

Proposition 25. Let G = G1 + G be any way to decompose the function G. Then

/ I (@) nk, +/ J,T(@)n%jL// KN(<I>)+// KXo (®)
p H(T',T) R(‘r’,‘r)ﬁ{rﬁr;} R(T’",T)
T4+1 % 2
<C / I (@)nk |+ / (/ G%) dt* +// G2
o " /=1 \J R(r'—1,7+1)

1
+ Z // P (OmGy)* + sup / G3 .
m—0 JR(T'—1,741) telr'—1,74+1] J S N{|r—3M|< L}

In the above estimates, only the function ® and its 0, derivative can be estimated without a loss around
the trapped set. To estimate the other derivatives, we need to commute with the Killing vector field Jy-.
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Proposition 26.

Sl
<C Z/ /JN (Omd)nk  + le </T+1 (/E (621?(?1)2) dt) + Z//R(T/_l o (9 Gh)?

m=0

+ Z // PO (O Gy)? + sup
R(r'=1,7+1) tr el

7' —1,7+1]

1

/ (82’3G2)2> |
pIP ﬁ{\T*3M|§%}

m=0

Proof. Using Proposition 25l and the fact that 9« is Killing, we immediately have the following estimate for

Dy ®
J. ey
R(T!,7)
T+1
<C / I (0 )n2/+</ (/ (8t*G1)2> dt) // (8,-G1)?
- T7/—1 pIF T'—1,74+1)

2
s / / P0Gt - sup / (9r-Ga)” |-
=1’ JR('—1,7+1) trelr’'—1,74+1] J N {|r—3M|< 2}

This would allow us to estimate all derivatives of ® except for the fact that the estimates for the angular
derivatives of ® degenerate around r = 3M:

/[R - (T_1_51{|T73M‘2%}|W®|2 + T_1_6 (87-@)2 + T_1_5 (815*@)2 + 7"_3_5¢2)
1 T4+1
<C Z/ TV (02 d)n +Z </ (/ (6;1}(;1)2> dt) +Z// (OGy)?
- pIF R(t'—1,7+1)

=0
1

+ / / PO Gy)? + sup / (01Gy)? | .
Z R(T'—1,7+1) K t*e[f’fl,‘rJrl]Z SexN{|r—3M <A} !

m=0

We now use this known estimate and construct another vector field to control the angular derivatives in the
region r ~ 3M. The argument is simple because the estimate is only local. Take f,,(r) to be compactly
support in 3M — % <r<3M+ % and identically equal to —1 in 3M — % <r<3M+ %. If we consider
Xan = fan(r)0p in Schwarzschild spacetime, we get that the coefficient in front of the terms with angular
derivatives is Qﬂ, which is bounded below in 3M — § r<3M + %4. In other words, one gets an estimate
of the following form:

// - rotee ]1{\r 3M|<M}|W(I)|

<O ( / 1761{‘T*3M|>%}|W¢|2 + 7"7176 (87«@)2 + T7176 (8t* @)2 + T7376®2)
R(T’,T) -

+/ I (@) k. +/ Jﬁ(@)n;,+// (|or®| +[r~'®]) |G|
o T R(T’",T)
+// G2> :
R(r,7)

Using a stability argument, (@) would hold also on Kerr spacetimes. One easily checks that the terms with
G on the right hand side can be estimated in the same manner as before. Hence, the Proposition can be
proved by applying Proposition 25 O
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9 Vector Field Multiplier Z and Decay of Non-degenerate Energy

We follow the definition of Z in [§]. Let Z = u?L + v?L, where u, v are the Schwarzschild coordinates

u=3%({t—r5),v=5(+r5), L=0,and L=V — L, where V = ;- + X(T)%(%* with x being a cutoff

function that is identically 1 for r < ry — T;;” and is compactly supported in {r <ry — T’;;” }. Notice

that with this definition, V' is Killing except in the set {ry — Iy —E<r<ry— T;;H }. Let w? = w.
Notice also that while u — oo as one approaches the event horizon, Z is continuous up to the event horizon
due to the following (However, Z is not C'' and hence its deformation tensor is not continuous up to the

event horizon):

Proposition 27. In the Kerr (t*,1,0,¢*) coordinates,

2ry — 2M
L=(1-p)0—(1-p) (m) Or.

In the null frame near the event horizon in Section[4.3, we can write
L=L"V A+ LYV + LAEs, where |L%| < C(1 — p).

Heuristically, we want to show that in the region {r > 7y},

z
/ JIV (®@)nk > 0.
S0 {r>ry}

Moreover, we would like to have

Zw? W 2 2 2 2 2 2 2 u? +0? 2
I (@)ng > ut (L®) + v (LD) + (u® + %) [VO]* + 5 d
S.n{r>ry} Son{r>ry} r

These are true modulo some error terms that can be controlled:

Proposition 28.

9 9 u2_|_,02
/ u? (L®)" + v* (L) + (u* 4+ v°) VP[> + < 5 ) ?
Son{r>ry} r
zZ
<Cc [ JPT(@)nk +C [ JY(®)nk +C2T2/ I (@) nk. .
2, " 2, " S.n{r<ry} "

Proof. The proof is analogous to that in Minkowski spacetime (see [21]) and Schwarzschild spacetime (see
[10]). Recall that on Schwarzschild spacetime, on a ¢ slice [10]:

(787) (@)n,
__ 1 02 2,2 2 ul 4+ 2 2, 2t (1—p) _ (1= p) o
== < (L®)” + u? (LP)" + (u® +07) |[VP|* + - DO, P — P > :

Now, since ¢, r* are stable under perturbation on {r > ry — (r{, — r+) /4}, we have, on this set:

(727) (@)ng,
1
VI—u
— Cer™? ((u2 +v?) (V) + t*<I>2) .

>

(v (L0 + a2 (L) + (a2 + 7)o+ 20 =g 0 - ZU=Hg2)
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We now cutoff @: define & so that it is supported in {r > ry — (ry —r4) /4} and equals ® in {r > ry}
All the error terms arising from the cutoff will be controlled using the red-shift vector field.

w? [ %
e (),

- /ETQ{TZTY_(TY—T+)/4} Jl%—ﬂ (U2 (L(i))z 1 (L(i))Q + (u* +07) |77‘i’|2)

1 1

215 (1—p)? o = 15 (1—p)?

] G DS P A Gl )
r

R N\ 2 N
®2 — Cer2 <(u2 + 1)2) (V‘ID) + t*<I)2) .
r
The term

N[

2tr% (1 - 1)

/ $0,- &
Son{r>ry—(ry —ry)/4} r

is to be handled by two different integration by parts. Recall that [10] on Schwarzschild spacetimes we have
t0,® = vLd + uL‘iD — Tg(?rg <i>, and
N t N R +2 N
b = — (v — uLd) - —0,:9.
s s
Therefore, upon integrating by parts, we have on Schwarzschild spacetimes that

tre (1 — A A
LSO P
T

/ETF]{TZTY—(TY —7‘+)/4}

:/ <(1—u)r2r—5 (vL‘i)—l—uLfi)) o+
ETQ{TZT;f(T;7T+)/4} r

%&g ((1 —p)r (r*)2) <i>2> dr*

* R R R 1 * * R
/ (1= p)r? (= (vLd + uLd) & + LO5)” 75 42
Son{r>ry—(ry—ry)/4} r 2 r

V)

Alternatively, we have

/ZTI"W{TZTY—(TY —r+)/4}

/ZTI"W{TZTY—(TY—T+
o a1t
:/ (1—u)r2<—(vL®—uL¢)fb+ (t) )
E.,.Q{TZT;f(T;,fmr)/él} r

" ((1 — 1) 7“2? (vL@ - uL@) D+ %BT* (1= p)r(t*)?) <i>2>

2
57‘2(1)

We would like to imitate this integration by parts on Kerr spacetimes. We notice that we have

t0,® = vLd + uLd — 7‘5&;@, and

- t
to® = —

. . +2 .
— (0Ld —uLd) - —0,. . (11)
s s

The volume form on a constant ¢t* slice on a Kerr spacetime is close to that on a Schwarzschild spacetime,
including in the region being considered. In other words, for r > ry; — (TY r+) /4,

(10)

dVols, = (r2 (1— ,u)fé + Ol(e)) drdz?dz®.
Moreover, for r > ry — (r;, - r+) /4,

Oz = ((1 = p) + Or(er™?)) .
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Therefore, using ([IQ)), we have

/ trS (1 )2 CI)(%*

ETQ{TZT;f(T;7T+)/4} r

/ <(Tr§ +O(e)) (vai) + uLfi)) D+ (1& ((1 — p)r (r§)2) + O(e)> @2) drdz? dz®
Son{r>ry ( 7r+)/4} 2

Alternatively, we can integrate by parts after using (II)):

/Z*”{TZTY—(TY—T+)/4} r
<(rt* +0(e)) (vLciJ — ugi) d+ (%& (1 — wyr(t)?) + 0(6)) <i>2>

(1- u)% <<§ + O(er‘2)> (vL(iD - uL@) P+ <% (t:f + O(er_2)> <i>2> .

\/;.,.ﬁ{r>ry(ry 7T+)/4}

/ZTI"W{TZTY—(TY —7‘+)/4}

Therefore, we have

/ Jf"wz (‘i) ng,
s,
1 A\ 2 A\ 2 .
L 0
Son{rzry—(ry—ry)/4} 1- ( ) ( ) ( )
+M<b6 T G D TR ((uQ—HJQ) (Dé)z—kt*fiﬂ)

T T
> ( +u? (@)2 + (U2 +0?) |y7<i>|2>

S0 {r>ry — (ry—r+ /4}
1 1

TRE I (1; Dk (vr+ uL@) %—7}2_ 17 (12)
1

t*(1— )2 . 1 _ N2
+——L (v —uLd) b+ 5 r2 — Cler2 ((u2 +0%) (Dd) +t q>2>

= (fz A{rzry—(ry—ri)/4) K ((”L‘i’ + “L‘i’)z + (UL(i) - ugi))2>

* 2 * 2
+(1—p) <(uLci> + uLld + T—%) + (vL(I) —uLd + t—é) +2 (u® +0?) |y7<1>|2>
T T
AN\ 2 ~
—Cer—? ((u2 +v2) (DCI)) +t*<1>2>) ,

where the last line is obtained by first completing the square and using ¢ < 1—p < C' in this region of r. Let
us for now ignore the error term and look at the other terms (which are manifestly positive). With exactly
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the same argument as in [I0], we have that these positive terms provide good estimates:

. N\ 2 . N2
/ @ <(qu> n uL@) n (vLCIJ . uLCI)) >
ETQ{TZT;f(T;7T+)/4}
* 2 * 2
+(1—p) ((vLé +uld + T—S@) + (eri) —uL® + t—@) +2 (u® +0?) |y7<i>|2>>
T T
N\ 2 A\ 2 ~ ~
Zc/ (v2 (L@) + u? (L(I)) + (u? +0%) [V + v + vt —® )
So0{r>ry—(ry -y ) /4}

A\ 2 ~
+ Ce/ r2 ((u2 + 02) (Dq)) + t*<1>2> .
Sen{r>ry—(ry —ry)/4}

We refer the reader to [10] for the proof. This together with Jiv (é) n’gT bound the error term in ([I2)):

N\ 2
/ P2 ((u2 + v2) (be) + 7'(1)2)
ETQ{TZT;f(T;7T+)/4}
A\ 2 N\ 2
gc/ (v2 (ch) +u? (L(I)) + (u? +0?) [P + v +” $ )
Son{r>ry 7(7“ - )/4}
N\ 2
+C (Lo)
S.n{r>7}
A\ 2 A\ 2 2
gc/ (v2 (ch) +u? (L(I)) +(u?+0?) |V + uqﬂ)
Son{r>ry—(ry—ry)/4}
+C /,: KA (&) nt
. A\ 2 . N2
<C ( / s ((vm + qu>) + (vL(I) - qu>) )
S0 {r>ry—(ry—ry)/4}
* 2 % 2
+(1—p) ((vLé +uld + 7‘75@) + (eri) —uL® + t?@) +2 (u? +?) |y7<i>|2>>
N Iz
+C /E K (®)n
Therefore, if € is chosen to be small enough, then ([I2]) implies that
Zw? (& I N
/ETJ# (Q))nET—I—/EJ ()”2
/ (1 (59) "+ (19)" s (25 ) o ).
>c v +u” | L + (v +v
ETQ{TZT;f(T;7T+)/4}

We note that ¢ here is independent of the choice of .. With this bound we would like to estimate sz D (T, r)2.
Using ([@3)), there exists a 7 € [ry,,ry + 1] such that

/52 d (r,7)° = /52 O (r,7)? < Or 2 (/ J#sz ((i)) nk, —l—/ g (é) n‘i) ,

T T

(13)

Then for every r € [r4,7y], since

D (1,7) — @ (7,7) /8<I>dr
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we have

/ @(T,r)2g/ @(T,f)2+(f—r)/ TN (@) nk,
s2 s2 ,0[r,7] T
SC/ TN (@)nly +C7 (/ JE (&) nth +/ Y (@) nt )
S.n{r<ry} T b " =, "
Now we need to obtain estimates for ® from that for ®. It is obvious that

/ (v2 (L®)* + u? (L®)* + (u? +v°) VD[ + v +“ q>2>
S.0{r>ry}

S/Zm{rzry} (U2 (L(i))z +u? (L(i))Q + (u? + %) |[VD* + u? +” U TV g2 )

A\ 2 A\ 2 o 2 2,
<v2 (L(I)) +u? (ch) +(u?+02) |V + #qﬂ ,
T

-

<

x/;q—ﬂ{TZTY—(TY —7‘+)/4}

and

Jf’wz (fi)) ngT —i—/ Jliv (‘i) n‘E‘T
b

.

L
g/ Jf,wz (@) nk, +/ Jj)’ (®)ng_ + 072/ Jf)’ (®)ng, + 072/ P2
b)) b Son{rry} So{r<ry }

-

T T

where we have used Proposition B7] to show that the u? factor comes with a factor of 1 —

S/ vawz (@) nk: +/ I (@) nk +O¢2/ I (@) nk,
b s, S.n{r<ry} T (15)
+C(ry —r4) (/ JZ“’ () +/ JN(Q)nE>
z
g/ JIY (@) nky +/ JY (@)nk +C7? / N (@) k.
s . S n{r<ry}
1 Zw? (& I N
w5 (L oz (@)n+ [y (a)at).
for ry, chosen to be sufficiently close to 7. Then
Zw? (& m N
/ETJM (‘I))nZT—i-/EJ ()”z

wZ
< / JZUT (@) nky + / Y (@)nk, +C7° / I (@) nk,
b)) Son{r<ry }

s,
Remark 4. From this point onward, we consider vy, to be fivzed. We note again that vy is chosen so that

@) and (I3) hold.

Remark 5. The proof of the above proposition in particular shows that

T

O

z
/ J0T (@) k. +CT2/ I (@)ng >0
S.n{r<ry}

-

In order to use this Proposition, it is helpful to have a localized version of ®. This follows [10], [8]. The
idea is to use the finite speed of propagation and cutoff ® outside the domain of dependence. Suppose we
now focus on the time interval [/, 7]. Take G to be any smooth function agreeing with G on the domain of
dependence of the region (t* = 7,7 < 7). Let (1) = xP ('), 0 ® (7') = Xy ® (7'), where x is a cutoff
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function identically equals to 1 for r < & o " and compactly supported in r < %. Notice that the region for
which x is one is inside the domain of dependence of the region (t* = 7,7 < 7) if 7/ <7 < (1.1)7". We solve

for Oy, ® = G.
With this definition of ®, we have two ways to estimate the non-degenerate energy of ®:

Proposition 29.

/ (@)t <o I @k,

! P

/ NOES

s

— wZ
<Cc? / T (@)nk , +C(7")7° < / T (@)nk  + / J7v (@) ng>
ZT/I'-W{T‘S’I‘;,} v v

Proof. The first part is an easy application of Proposition 19

/ ,JN( )nZ SC/;T,Q{T<9_T/}

Following ([4]), we have

/ P2 <C / Jj\’(@)n;,+/ o2 .
Son{r<ry } Son{r<ry} T ETzﬁ{r;STST;Z}

Using this and Proposition 28, we have
N (@) nk
L (@),
c / ((De)* + () 20?)
s n{r<s
/ D<I>)2 + qﬂ)
Son{r<ry}
+C(r)” / <u2 (L®)* +v® (L®)° + (u® + %) VD> + (“ Rl > q>2>
Sn{ry <r<2yy r?

gc?/ TN (@)l + ()2 / Jg(fb)n’g/+/ JZ” (@)ns ).
Son{r<ry} T i b T

IN

| /\

The cutoff procedure above would also allow us to localized the estimates for the bulk term:

Proposition 30. Let G = G1 + G2 be any way to decompose the function G. Then for 7/ < 1 < (1.1)7/, we
have
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1. Localized Boundedness Estimate

/ N (@) nk, + / N (@) nk,,
=.n{r<g} H(!,T)

+// KN(<I>)+// K% (®)
R(r!,m)N{r<ry } R(‘r/,‘r)ﬁ{rg%}
T4+1 %
<C / I (@) nk |+ / / G3) dt*
P T -1 2 N{r<2s

1
“J) i 3 ] (0 Ga)?
R(T/_l,‘r-i-l)ﬁ{rg%} m—0 R(r'—1,7+1)N{r<2ts)

G22> .
}

2

+ sup /
t €[t/ —1,7+1] J B N{|r—3M|< L In{r< 2

2. Localized Decay FEstimate
/ N (@) nk, + / I (@) nl,,
s.n{r<3} H(r’,T)
)

+// KN (@ +// K*o ()
R(r/,m)n{r<ry } R(r/, )N {r<4}

— wZ
<C (T 2/Z TN (@) nk,  + O I (@) mg)

S on{r<ry}

v

T+1 % :
+C / / G| dt* | + / / G2
-1 \/Den{r<i5} R(r/ =1, r+1)N{r<%}

1
+> / / P ORGy)* + swp / ) G%).
m—0" JR(T' =1L, r+1)N{r<%5} tre[r'—1,74+1] S S n{|r—3M|< L }n{r< 2

Proof. Applying Proposition 28] to the equation DgKfi) = @, we have

/Em{rS%} 0 ((I)) ", /mm) a ((I)) Mot / /mrzf)m{rsw} i ((I)) i / /wa)m{rs%} o ((I))
3 T+1 S\ ? : N
o [ ([ a) w) ff e

1 .2 .
+ Z // pito (8{?6’2) +  sup / G%|.
m=0" Y/ R(T'=1,7+1) tre[r'—1,74+1] /= n{|r—3M|< X}

Since by the finite speed of propagation, ® = ® in {r < %}, we have

/ I (@) nk +/ JY (@) n*;ﬁ+// - KV (q>)+// K (@)
Z,—ﬁ{rﬁ%} H(T',T) R(‘r’,‘r)ﬁ{rgry} R(T’,T)ﬂ{rg%}

) T+ _\2 ? 3
<C / T () nt, + / (/ G%) dt* +// G2
b)) /=1 pI R(t'—1,7+1)

v

L N2 N
+ Z // pito (8{?(?2) + sup / G .
m—0" Y R(r'—1,74+1) te[r'—1,74+1] J S n{|r—3M|< L}
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Now, we choose a particular G. Define G to be G for r < %, and 0 for r > %. It can be easily shown

* k m
’”—> oGl < 0N |(t) FopE RG] for T << %

that one can have the bounds [9/2G| < C'kzzo| ((t*)2 2

Therefore, we have

/ TN (®)nk +/ JN (@) n%++// KN (@)+// KM (®)
S.n{r<%} H(r!,T) R/, m)N{r<ry } R(r',7)N{r<i}

B T4+1 % ’
<C / Ty (@) nk 4 / / G| ar +// G
. » oo Usinpree R(r'—Lr+)n{rs%

vy

1
+Z// P OrGe)? + sup / G%).
m=0? IR 1,7+ 1)N{r< %} trelr’—1,74+1] S n{|r—3M|< &}

We can now conclude the Proposition using Proposition O
We can remove the degeneracy around r ~ 3M using an extra derivative.

Proposition 31. Let G = G1 + G5 be any way to decompose the function G. Then for 7/ < 1 < (1.1)7', we
have

1. Localized Boundedness Estimate

// K7 (@)
R(r",m)N{r<i}
3

1 1 T4+1
<C Z/ JiV (Of®)nk,  + Z / / OrG)? | dt*
m=0" =+’ . m=0 71 SN {r< 5

10

1 2
+ / / (07Gr)* + / / r (01 Gy)?
mz::o R(r'—1,7+1)N{r< 25 ! mz::o R(r'—1,7+1)N{r< %5 !

1

2

+ sup
tre[r'—1,7+1]

/ . (8?3(12)2) :
Sex {|r—3M|< M n{r< 2

m=0

2. Localized Decay FEstimate

I/ K% (@)
R(T’,T)O{T‘S%}

1
<C <7’2 Z / Jf*N’“JZ (Ord)nk +C
m=0 !

1

>/ gy (amna,)
Son{r<ry }

m=0
1 741 % 2 1
+C / / OrG)? | dtt | + / / (O Gy)?
mz::o T'—1<ztm{r§f§ ! mz::o R(T—1,7+1)N{r<%} '
2
+ // P (0 G)?
mz::o R(T—1,7+1)N{r<2%"} !

1

+ sup

trelr’'—1,7+1] 72 /zt* N{lr—3M|< M In{r<8

(3;’3@)2) .

Proof. We repeat the argument in Proposition [B0, using Proposition 26 instead of O



When using the conservation law for Z, we can ignore the part of the bulk term that has a good sign.
oy Z.w? ZwZ
Definition 4. Let K7 (®) = max{K*"" (®),0}.
Using the conservation law for the modified vector field, we have a one-sided bound:

Proposition 32.
UIZ ’lUZ
/ J#Z, (®)n§*+/ﬂ(, )va ((I))n%+

§O(7-’)2/ Jé\’ ((b)n;# +/ Jf,wz (@) nk,
Son{r<ry}

.
s

Zw? 2 2 1
+ KDY (@) +| uw?LP® +v'LP — —wd | G|.
R(7",T) R(7",T) 4

Remark 6. In the above Proposition, the left hand side is not claimed to be positive. Note, however, that
the right hand side is positive by Remark[3

Remark 7. We note also that fH(r’,r) f’wz (®) n‘;fﬁ > 0 because Z and n%+ are both null and future

directed and w? = 0 on the event horizon.

To show that |, Jf*wz (@) nf,_is almost bounded, we would have to show that [ Ar<ro) N (@) nk,
- T s {r<ry -
in fact decays. This is given by the following Proposition:
Proposition 33.
Lo e,
ETH{TS%}
§O2r*2/ JY (@)l o+ 07*2/ T (@) nky
Saay-2,N{r<ry} e Ean-2- o
1
+COr2 // K27 (@) + Cr72 // (u2L<1> + 2L — —w<1>> G|
R((1.1)=27,7) R((1.1)=27,7) 4
1 2
2

T+1
+C / / G| dt*| + // G>
(1.1)=27-1 Sy m{TSQt*} R((l.l)*2771,7+1)m{rg%

10

1
+C<Z Il ereyts s f * G>
m=0" /R((1.1)2r—1,7+1)N{r<%s t*e[(1.1) 27 =1, 7+1] S S n{|r—3M | < 3N {r< 25}

10

Proof. By Proposition Bll2 applied to the t* interval [(1.1)~17, 7], we have

/] KV (@)
R((l.l)*l‘r,‘r)ﬁ{rgr;,}

-2 Z+N,w? w 2 N W
<Cr / J; (@) nk A +C / J, (®) nk, N
(1.1) (1.1)
Z(1A1)*1T )

a-1-M{r<ry}
1
+C Z // P (onG)? + sup / G*|.
m—0 R((l.l)*l‘r—l,r-i-l)ﬂ{rg%} t*e[(1.1) " tr—1,741] Et*ﬂ{|r—3M\S%}

By taking the infimum there exists 7 € [(1.1)717, 7] such that
/ JY(@)nk < Crt // KN (®).
Sen{r<ry} R(1L.1) =t m)n{r<ry}
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Hence,

/ TN @) n,
Sen{r<ry}

p— wZ —_
<Cr 2/E T @y O 1/ I (@) nk,

P
— (1.1) T
(n=tr Say-1.M{rsry}

1
cr1 Z// O (OmG)? + sup / G*|.
m—0’ JR((A.1) "1 r=1,r+1)N{r< 9% tre[(1.1) " tr—1,7+1] /S« n{|r—3M|< L}

Apply Proposition BOl2 to the ¢* interval [7, 7] and use Proposition 25 and

/ I (@)l

S.n{r<t} "

<C <7'_2/ J5+N’wz (@) nk,_ —|—C’/ ) Jiv (®) ”i)

F Z;—ﬂ{’I‘STY}
1
+C Z // I (OmG)? + sup / G?
=0’ JR((1.1)"1r—1,r+1)N{r< 2 tre[(1.1) " tr—1,74+1] S n{|r—3M|< L }n{r< 2
_ w?Z w?
<Cr72 (/ JerN’ (@) nk,_ —I—/E JerN’ (®) n§(1‘1)17>

(1.1)~ 1+

+C?r *1/ TN (D) nk
S n{r<ry) © Ea-1.

+C Z // P Ona)? + sup / G?
(1.1)~17r—1,7+1)N{r<2 1 t*e[(1.1)~1r—1,7+1] S N{|r—3M|< L }n{r< 2>

2_—1 N -2 Z4+N,w? I
=oT /2(1 -1 ﬁ{rSTy}J ( ) E(l n-1lr +or /E JH ((I))nz(l‘l)*lr

(1.1)— 1+

1
+Cr2 // K7 (®) + Cr2) // (u@b + v’ L — —u@) G|
R((1.1)~17,7) R((1.1)~17,7) 4

1
+C Z // P Ona)? + sup / G?
m—0 R((1.1)~lr—1,7+1)N{r<%} t*e[(1.1)~1r—1,7+1] S N{|r—3M|< L In{r< L1
(16)

Replacing [(1.1)7'7, 7] with [(1.1)727, (1.1)~!7], we get also

/ T (@)t
Z(1,1)*17—ﬁ{7“S%}

<cr7! I (@) nt +COr 2 JZHNT (@) nk
2(1 - ﬁ{r<r;} 123 (1.1)— 2+ 1

E(1.1)*27—

1
Cr—2 // K47 (@) + 0r 2 // (u2L<1> +v2L® — —w<1>> G|
(1.1)~27,(1.1)~17) R((1.1)~27,(1.1)~17) 4

+C Z / / r 0 opG)’
R((1.1)=27—1,(1.1) " 1r+1)N{r< 2

+ sup / G?
t*€[(1.1)=2r—1,(1.1)~t741] /S n{|r—3M|< L yn{r< %}

(1.1)=2+

(17)

37



Therefore, plugging (1) into (L6,

2_—2 N I -2 Zw? I
=CT /2 2 N {r<ry} T @)z, +O7 /g AL
(1.1)—4~r =Y

(1.1)=27

1
+CO772 // K27 (@) + 0772 // (u2L¢ + 2L — —wq>) G|
R((1.1)~27,7) R((1.1)~27,7) 4

1
+C (Z // ) P (G + sup / ) G2>
m—0 R((1.1) =271, 7+1)N{r< 2 t*€[(1.1) 27 =1,74+1] J Sy N{|r—3M | < L }n{r< 25

O

Proposition immediately gives control over the non-degenerate energy and conformal energy using
Propositions 2§ and [32] respectively:

Corollary 34. For any v < 1,

z
[z @ms vor [ gy @
S.n{r~y7}

-

<c /
o

cff k@[ (zesicne L) G|)
R(10,7) R(10,7) 4

1
+C (Z // () r (0@ +  sup / (t*)2G2> .
m—0? JR(ro—1,7+1)N{r<2r} t*€[ro—1,7+1] S N{|r—3M|< L In{r<2s

Proof. By Proposition 28]

70

’IJJZ
Jf" (D) ngm —|—C'/ Jiv (@) nk;

PIF

72/ JY (@)nk <C Jf*N’wZ (®) nk, +0272/ I (@) nkl .
S.n{r<yr} " 2, " S, n{r<ry} "

Therefore, by Propositions 32 and B3]

z
/ J2WT(®) nk; +CTQ/ I (@) nk
p3 S.n{r<yr}

< N m Zw? m Zw?
= </E Tu (q))nzu-lﬂr +/2 Ju (q))nzu-lﬂr * /w/R((l.l)z‘r,‘r) L ®

(1.1)= 2+ (1.1)= 2+

1
+| // (u@@ + 2L — —wq>) G|
R((1.1)~27,7) 4

1
+C7? Z // P onaG)? + sup / G?
m—0 R((1.1)=27—1,7+1) t*e[(1.1)27—1,7+1] J 5« ﬁ{\r—3M|§M}ﬂ{rS%

We then use the same estimate for [(1.1) =47, (1.1)~27], [(1.1) =67, (1.1) 7], .... O

The term [ fR(TD ) K f’wz (®) can be controlled. Here is where the control of the logarithmic divergences
from the red-shift vector field is crucially used.
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Proposition 35.

w?
[[ x#" @
R(7',T)
gc// t (r 2 I (@) ndy +r10) —I—e// ) KN (9).
R(T’,T)Q{TZT;} R(‘r’,‘r)ﬁ{rﬁr;}

Proof. See [q].

The bulk term arising from the inhomogeneous term G can also be controlled.

Proposition 36.

1
|// w?L® + v’ LO — —wd | G
R(10,7) 4

gé’// (t*)2 KXo (<1>)+6// (t*)2 KN (@)
R(r0,7)N{r<i} R(70,7)"{r<ry}

w8 | TN @), (0 [ T @)t
SeN{r24} S N{r<23My

t*€[70,7)
1 2

Z// t)2r1+6(8ffG)2+C(5')_1/ / 262 ar
R(T(),T)ﬂ{’l‘<t* To Et*ﬁ{rz%}

0(6/)71 sup / (t*)2G2
t*€[ro,7] D N{ry <r<25M 13

Proof. Two regions require particular care to deal with. The first is the region {r < ry }, since the coefficients
of the vector field Z are not bounded as r — r.. The other is the region {|r — 3M| < 4}, This is where
trapping occurs and where the integrated decay estimate degenerates or loses derivatives. We first look at

the region {r < r;} using the null frame:

|// (UQLCI) + 02 L® — lw@) G|

R(ro,7){r<ry } 4

SC// ()2 + (%)) [ IV @G| + (1 — p)| V3 @G| + (1 — Z|VEA<I>G|
R(ro,7){r<ry }

using Proposition

=l (t) (| log = -V 9G] +[ V3 0G] +3 |vEA<1>G|>
T0,7){r<ry } A

<5 // ()2 (| log [r — 4 ||* (Vo @)” + (Vg @)* + Y (VEA<I>)2>
R(to,7){r<ry } A
—1 // (t*)2G2
R(ro,7)N{r<ry }
_5/ // (t*)QKN ((I)) _'_0(61)71 // (t*)2G2.
R(7o,7){r<ry} R(7o,7)N{r<ry}

For the region {ry < r < %}, where trapping occurs, we integrate by parts in t* so that the bulk term
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does not have 9« ®, which cannot be controlled by the integrated decay estimate.

1
| // (uQL@ + 2L — —w<1>> G|
R(70,m)N{ry <r< 234} 4

<c / / (£)210, DG + (2|90, G| +1°|0C + / (9G] + / e
R(70,7)N{ry<r<25My =

T T0

T /1
<C (// (") (¢2+(arq>)2)> <Z // (t*)2(8{1}G)2>
R(TO,T)O{T;STS¥} m—0 R(To,T)ﬂ{T;ST‘§25M

8
+ 5// 2TV (@) nky + 5’/ 70 I (@) nk,
S, n{ry <r<28My T SroN{ry <r<23My 0

1
2

+ ("™t sup

/ (t*)2G2,
t*€lro,7] J S N{ry <r< 28M13

using Proposition I3 We then move to the region {% <r< %}

1
|// u?L® + v’ LO — —wd | G
R(r0,m)N{ 24 <r< 4

2

<[ (@ o]+ 1) 6]
R(7o,m)N{ M <r<tr}
<C // () (r 00 40 (@) )
R(r0,7)N{2BM <r< By '
% // (T3+5 + (t*)2rl+5) G2
R(70,7)N{BM <r<Lr

2
<C // (t*)? (r—3—6q>2 +r TN (®) ks )
R(r0,m)N{BM <r< L} '

. . . . .
Finally, we estimate in the region {r > % }:

1
| // (ﬁgb + 0L — —w<IJ> G|
R(ro,m)N{r>L} 4

1
- 3
<C sup / Jf’wz (®)nk . + (t*)z/ I (@) nk, | / / r2G? | dt*,
t*€lro,r] \JSpn{r>£1 ' S {r<ry ) ' o \ISn{rz5}

where we have used Proposition 28 The Proposition follows from Cauchy-Schwarz. O

[V

N
[N

// (t*)2rl+5G2
R(ro,m)N{ 25 <r< iy

1
2

We have therefore proved the following decay result associated to the vector field Z.

Proposition 37. For 0,0’ > 0 sufficiently small and 0 < v < 1, there exist ¢ = ¢(,7) and C = C(0,7) such
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that the following estimate holds for any solution to Oy, ® = G:

c / JET (@) nkh 472 / TN (@) ks
S-n{r~y7}

-

<C JEEENWT (@)l 4 C / / tr IO KX (@)
S 0 R(70,7)

+ o5 / / )R (9) 4+ C (8 + o) / / ()2 KN (3)
R(ro,7)N{r<it-} R(ro,7)N{r<ry }

+C(6")? / </Z {>*}T2G2> | +Co 12//R( (t*)2r1+5(agzza)2
T0 =M 7‘_% TO,

(t*)*G>.

+ 08"~ sup /
t*€lro,7] JZ e N{ry <r<28M Y

10 Estimates for Solutions to [, ® =0

From this point onwards, we consider [;,, ® = 0. In this section, we write down the energy estimates derived
by Dafermos-Rodnianski [§]. These will be used in later sections.

Proposition 38.

72/ Y (@) n +c/ Jf+waZ (@) nk,
S.n{r<%} " "

-

2
<Cr Yy (/ TZ0 (0 ) nk +/ TN (O @) nk )
m=0 z ’ z ’

70 70

Proof. We introduce the bootstrap assumptions:

72/ I (@) nk, +c/ Jf*vaZ (®) n
s, ﬂ{r<"} " "

.

<A2TWZ / JZHON T () nf,

=, m{r<f} b

.

(19)
<AT1+77 Z / JZ+CN'w a;?q))

Here we think of 7 as a small positive number. We divide the interval [rg, 7] dyadically into 79 < 7 <
o < Tpo1 <1 = 7 with 741 < (1.1)7; and n the smallest integer for doing such division. We then have
n ~ log|r—7'|. We can now apply Proposition[B0 on the intervals [1;_1, 7;] and use the bootstrap assumption

/], s ff K
R(‘ri,l,‘ri)ﬂ{rg R(ri—1,m)N{r<ry}

<C <Ti_2/ Jf,wz ((I)) n%ril —|—C/ JL]LV ((I)) n%rl>
S ! i N{r<ry} ‘

<CA2 —24n Z / JZ+CN'w 8;11(1)) nlEL
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Similarly, we can apply Proposition B0 on the intervals [r;_1, 7;] for 0;® and use the bootstrap assumption

@:
// KXO at* // N (875* @)
R(ri—1,m)N{r<i-} R(7i—1,7)N{r<ry }

SC Ti_2 / Jf;u)z (at* @) ’)’L%Ti —+ O/ JP]LV (8t* @) ’)’L%Ti
b ot 2., N{r<ry} it

Ti—1

<CAr; 1*’72 / JZHENWT (9 n!
By Proposition 26l we have
1
// P KX (9,.0) < CZ/ JN (o) nk .
R(Ti—1,7i) m=0" % ’
By Propositions 26l and B, we have
// —1+6KX1 (fl))
R(Ti—1,Ti)
<c// KX (@) + Cr 10 // KX (®)
(i 1,Tl)m{r<f*} R(mi—1,m)N{r>4}
<CA7; 1+"Z / JEHONCT (9 d) nl

Apply Proposition [37, we get

c/ Jf+waZ (@) nk, +T2/ JN (@) nk
Srn{r<~y7}

-

SC/ J#Z+CN,wZ (@) nls + C// 1T KX (9)
b))

0 R(710,7)
+C§’// (t*)2KX0 (@) + C (8 +¢) // )2 KN ()
R(ro,7)N{r<i- } R(ro,7)N{r<ry }
(C+(C+CA+CA2(26’+6 [’) Z/ JZ+CN“f (072 @) nk,

<(CH+n ' (C+CA+CA% (25 +¢)) ) Z / JEHENT ()

Now take A large, e = ;& and ¢’ = §, we improve (I8). Apply Proposition 37 again, this time to J;- @, we

c/ Jf’wz (01 D) n‘E‘T —0—7'2/ Jiv (O ®)
pr Srn{r<~y7}

<C/ JZJrCNw (a fl))nz +C// t*T71+5KX1 (at*q))
R(10,7)

+C¢¥ // (t*)2 K0 (0 ®) + C (0" +€) // (t*)2 KN (04 ®)
R(TO,T S% R(ro,7){r<ry }

n—1
(c +C Z T+ CAQ26 +e)> T”") Z / JEFONWZ () nl

have

=0 =0

< (C+Cr+CA(28' +e)r't) Z / JEHONWT (9rd) n!
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Now take A large, ¢’ = € and e sufficiently small, we also improve ([I9]). O
In particular, the Theorem of Dafermos-Rodnianski [] is retrieved.

Corollary 39 (Dafermos-Rodnianski). Suppose Oy, ® = 0. Then for all n > 0 and all M > 0 there exists
agp such that the following estimates hold on Kerr spacetimes with (M, a) for which a < ap:

1. Boundedness of Non-degenerate Energy

/ N (@) nk +/ I (®)nh, +// KN (<I>)+// K% (®)
H(10,7) R(TO,T)F]{TSTY} R(7",T)

-

<C I (@) nk, .
Yo o

2. Decay of Non-degenerate Energy

1
2 / N (@)nky +c / JEENT (@)l <cortt iy / JEEONWT (g nlh
-n{r<yr} ! =, ! =0/ % o

and
zZ 2 zZ
72/ TN (@) nk, +c/ JEENWT (@) gCT"Z/ JEXONWT (g )k,
= N{r<yr} T =, T =0/ 5 o

3. Decay of Local Integrated Energy
For " <71 < (1.1)7,

2
/ / KXo (@) + / / KV (@) < or Y / JEHON (g plt
R(r,m)N{r<} R(,r)N{r<ry} 0 S 0

and

3
/ / KX (@) <or 2ty / JZHON T (o) nl .
R(r,m)N{r<t} /= 0

Proof. 1 follows directly from Proposition B2l 2 contains two statements. The second one is a restatement
of Proposition[B8 The first one is evident from the proof of Proposition38 3 again has two statements. For
the first statement, we revisit the proof of Proposition 38l Notice that the bootstrap assumptions are true.
Hence it holds. For the second statement, we note by comparing Propositions B0 and 1] that KX can be
estimated in the same way as K~° except for an extra derivative. The second statement in 3 can then be
proved by re-running the argument in Proposition [38 with an extra derivative. O

11 Estimates for Y® and Elliptic Estimates

Away from the event horizon, we can control all higher order derivatives simply by commuting with O«
and using standard elliptic estimates. We write down a general version of the estimates in which we have
inhomogeneous terms.

Proposition 40. Suppose Uy, ® = G. For m > 1 and for any o,
1. Boundedness of Weighted Energy

m—1 m—2
ez, (§ [ oo ) 5 [ ey
v/ETﬂ{TZTY}T ( ) - ]20 TT H (t )nET Z r ( )

=07
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2. Boundedness of Local Energy
For any 0 < v <+,

/ r (D™ o)
Son{ry <ryt}

Coyy Z / O‘Jiv (8,{*@) n’gf +TO‘_’(3_2/ r'@Jiv (@)ngT
Son{r<~t*} by

-

+ Z/ “(D'G)*

SN{r<y't*}

Proof This is obvious for m =1 (even without the restriction » > ;). We will proceed by induction. Take

§ <« ™ Assume

m—1
Z/ETWZT_%} (Div) < Z/ ag* nz +Z/ (D'G)?

Jj=1

We want to show

D"®)? < C / aJN dl.® n + / DJG ,
/ZTO{TZTY—é} ( Z ! r Z

which would then imply the conclusion. Denote by A, the Laplace-Beltrami operator for the metric gx
restricted on the spacelike hypersurface t* = constant. Notice that since 0;« is Killing, the operator is defined

independent of ¢*. Then we have
k+1

(A, DR <CY Do
j=1
Denote by V the spatial derivatives with respect to the spatial coordinate variables in the Schwarzschild

Ty —T4

(t5,rs, x5, %) coordinate system. On the set {r > ry — }, Ay, is elliptic and therefore controls all

spatial derivatives:

/ r® (D)
So{r>ry -0}

<C 1 (80 D™720)" 4+ (D" 710)" + (97271 0)” + (92 0)?)
No0{r>ry —26}

m—1
gc/ r [ (D20, 8)° + > (DI®)? 4+ r20% + (9 'VD)° + (910)°
S.n{r>ry—26} J=1

The last two terms are obviously bounded by C' [ Jév (8?3_1@) ng, . The second term can be bounded
using the induction hypothesis. The third term can be bounded using the Hardy inequality in Proposition

Finally, to estimate the first term we use the equation [;,, ® = G. Then, by the form of the Kerr metric,
Age® =G — gt 920 — 2t % 942 04+ ®. Therefore,

/ r (D™ %A, @)
S-n{r>ry—20}

SO/ (030"« (07-26)’)
Son{r>ry —26}
m—2
Z/ Y (o2)nt +Z/ r (DG)? |
=07
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where at the last step we have used the induction hypothesis for 0« ®. We have thus proved the boundedness
of weighted energy. To prove the second part of the Proposition, consider the function x(%)® () for a fixed
time ¢* = 7, where x : R>o — R>q is supported in {x <~} and is identically 1 in {z < ~}. Now

Oge ® = XG + 771%0,® + 72X,

where ¥ and y are supported in {y < & < 4'}. Thus, by the estimate just proved,

/ r (D™ ®)?

Son{ry <r<ytr}

<C, / ro g (9.0 +/ 2 4 / (DG
Z Son{r~t*} ! ek Z,—ﬁ{vtﬁrﬁ’y’t*} Z SN{r<y7t*} )

m—1
=Co Z ~/E)7—I"W{T§’Y't*} TaJiv (ag* (I)) n;T + Ta_B_z/ BJN nz} * Z / D]G) 7

j=0 . ﬂ{’l‘<’7/t*
by Hardy inequality in Proposition O

Remark 8. The boundedness of local energy should be seen as a decay result because for example for the
homogeneous equation, the right hand side of the inequality decays.

Near the event horizon, higher order derivatives can be controlled by commuting with the red-shift vector
field as in [7], [§]. The computation here will be completely local, i.e., only in the region {r <ry}.
We have the following estimate for higher order derivatives:

Proposition 41. Suppose Uy, ® = G. For every m > 1,

/ (D™"®)* < C / (ag*yk nk + Z/ (D'G)*
Son{r<ry} Son{r<ry } ~N{r<ry}

Proof. This is obvious for m = 1. We will proceed by induction. Suppose, for some m > 2 that

m—1
Do) < ¢ / Ty QJ*Y’“ + / (D'G)* | . (20
Z /ZTI"W{TSTY} ( ) Z Eon{rry} ‘ nE Z ) ( )

j=0 jtk<m-—2 S-n{r<ry}

J+k<m-—1

Since Oy (0= @) = 04+ G, this immediately implies

m—2

0. D" ) < ¢ / aﬁyk + / D’G)’
/E.,.ﬁ{r<ry} ( ' ) Z p ﬂ{r<ry} i ) ek Z ( )

jtk<m-—1 =0 Son{rry}
(21)

Since Oy, @ = G, we have O (Y@) =YG+0(1) (D*® + D®). Then using the induction hypothesis (20)
(both on Y& and @), we have

R 2
ey (27%)

—1

3

(]

7=0
X m—3 9 m—1 )
<C / aﬂ VEo) nl + / DIYG) + / (D’® 29
]+k§n 2/ %r m{T<’”y} ) ;0 =, ( ) =0 JEenfr<es) ) (22)
m—2
SC / 8J*Y’“ + / D]G 2
(J+/€<Z7n 175 m{T<’”Y} ' ) - JX::O Erﬂ{TST;}( )
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Using the null frame {V, Y, El, Es},
Ogie (D™72@) = =4V VD™ 20 + AD™ ¢ + P D",
where P; denotes a first order differential operator. Notice that we also have

m—1
T (D™72@) | = [[Ogye, D™ 2|0+ D 2G| < C | Y |DI®|+ D™ 2G|
j=0

Now using a standard L? elliptic estimate on the sphere,

/ [V2D™2®|2dA < C/
2

m—1
(D" 2G)° )+ > ( (D7®)? 4 (D™ 'V, ®)° | dA,
SQ
7=0

where we notice that the constant can be chosen uniformly because the metric on the sphere is everywhere
close to that of the standard metric. Therefore, after integrate over {r, < r < ry} and applying 20) and

22), we have

/ |Y72Dm_2(1)|2
Son{r<ry}

m—1
<c / (D" 2G)* + 3 (D) 4+ (D" 'V, @) ’
Son{r<ry } =0 ( )
<C / JY (o7 @) ng + / (DiG)’
j+k<zqnl Ern{r<ry} Z ~N{r<ry}
Combining 1)), (22) and (23]), we have
) m—2 9
/ (D"®)* < C / g (8§*Yk<1>) nk + ) / (D'G)
Son{r<ry } jHk<m Son{rry} =0 Son{r<ry }
O

We show that the currents associated to Y*® can actually be controlled. Again, in view of the nonlinear
problem, we work in the setting of an inhomogeneous equation.

Proposition 42. Suppose U, ® = G. For every k > 0,

/Em{r<r¢} d (W@) " /mr'.,r) a (Yk(b) " T / /R(T/,Tm{my} . (Yk(b)

k
<C / JN (aﬂ; Ymrl)) nh o4 / JN (aﬂ; @) nt
j+;§k P ﬁ{r§r¢} a ! e Z ETﬂ{rgr;;} : ! r

j=0
k k
2 N (5. Iz // i)
+]EO /w/R(T’,T)ﬁ{TSZFQI} ((I) * J# ( ! (I)) nZt*) * J:ZO R(‘H,‘r)ﬁ{rﬁ%} (D )

Proof. We prove the Proposition by induction on k. The k = 0 case is trivial because the right hand side
simply contains more terms than the left hand side. We suppose the Proposition is true for k < kg — 1 for
some kg > 1. Commuting (g, with Y for ko times, we get

ko
Oy V0@ = £FoV 0D 4+ O(1)Y 500, @ + O(e) DM 10 + 0(1) Y - DId + YHG.
7j=1
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We now use the energy identify for the vector field N, i.e., Proposition[7] for Y*®. Notice that Y is supported
in {r <r{} and therefore each term is supported in the same set.

/ T (Vroe)ng + / 7Y (Ve )t / / KN (Vhoe)
ETﬂ{rgr;;} H(7o,7) (to,m)N{r<ry }
- / T (Vo) +e / / KY (Y’%@)

PIEN 0 R(Tg,‘r)ﬁ{rfgrgr;j}

+ // (at* ko 4 eY’f0+1q>) (—ﬁ’%f/’%“rb +0(1)Yk0§,.
R(r0,7)N{r<ri}

ko
+0(e)DF e + 0(1) Y " DId +YFG
7j=1

The crucial observation in [7] is that one of the inhomogeneous terms has a good sign and thus gives

/ I (Yroe)nk + / Y (V) g / / KN (Vo)
p H(T!,T) (", m)n{r<ry }
+ / / (f/’%“@)z
R(r',T)
<C / Y (Vo) nl +// KN (Yro) —|—e// (Dko+1p)”
ET/F]{TST;;} 0 R(T’,T)ﬁ{r;grgr}t} R(T’,‘r)ﬁ{rﬁr}t}

ko
+// Y (o7 0) nt +Z// (Dj<1>)2+// (Yhoa)?
R(‘r/,‘r)ﬂ{rgr;;} ) =1 R(T',T)Q{Tﬁﬁt} R(T',T)Q{TST?;}
ko+1

<C / T (Vo) + // (Dj<1>)2+e// (Dko 1)
E,,_/ﬂ{rgr}t} a ( o Z R(T’ ,T)Q{T;STST;Z} R(r,m)N{r<ry }
+// I (G @)l +Z// (D'e)” // (oG
R(r!,m)n{r<ry } R(T! ‘r)ﬁ{r<7‘y} (7’ T)ﬂ{r<ry}

Using Proposition 40l with a appropriate cutoff,

ko+1

> ], (D)’
(7’ T)ﬂ{r;grgr;;}
[) ko*l 9
<C P2+ JN (0L.@)nt )+ // DG
- jz—%//mf’»f)ﬂ{%%}( . ( ' )nz) Z R(rw)n{rs%}( )

=0

Using Proposition M1

Z / / (D7 ®)*
R/, m)N{r<ry }

ko 2

<C // 6]*Ym<1> o+ // (D'G)*

J"l‘m;ko 1 R(T 77')m{7“§7“y} M ( ! Z T ,T ﬁ{T<TY} )
<C / aﬂ*ym@ + / gy aﬂ* nk

]+m;ko 1 /ﬁ{rgri,} ( ' Z ﬂ{r<r+} K ) 2

k[) 1 )
+ 6J*Ym<1> L+ // DIG)” |,
J+m;ko 1//73(7 Lr)N{r< My T ( ' Z R(+/,r)N{r< 230y ( )
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using the induction hypothesis (on 92 ® instead of ®) at the last step. Similarly, using Proposition A1

g / / (DFot1p)?
R(T’,‘r)ﬁ{rﬁr}t}

m 1 2
=Ce Z // (") n{r<ry } (8g*Y (I) nE +Z// (v, m)n{r<ry } DJG)

j+m<ko

N (Ykocb nt 4 / (aﬂ* )n
/‘/7;(7'/77')0{7"<T Zes Z /ﬁ{r<r+} t B
ko . ko ,
+ // Y (oh@)nt, + // DiG)’ |,
;o R mngreaey 1T T ; ey &)

where again the induction hypotheses is used at the last step. All these together give

/27 JN (Y’CO@) n + /H(Tw) Ty (Y’%@) nl + //R(m.,rm{rqy} KN (Ykoq))
<| ¥ / Y (o v )t +i/

j+m<ko E,./ﬁ{rgr;;}

+ o2+ JV (9.0 / D'aG)°
Z/\/;{(T m)N{r<23M ( ( ! Z R(r/,m)N{r<23M ) ( )
—I—e// IV (Yho n“*>.

R, m)N{r<ry } a ( ) =

The Proposition can be proved by noticing that

/ / JY (Yee)nt, <c / / KN (Yha).
R(r,m)N{r<ry} R(ro,7){r<ry }

and absorbing the small term to the left hand side. O

Y (of.0)nt,

2on{r<ri}

We now specialize to the case [, ® = 0. The above Proposition implies that the behavior of VED is
determined by the behavior of 9@ in the region {r < M}

Proposition 43. Fiz k > 0. Suppose O, ® = 0 and suppose for some constants o, B > 0 (independents of

T)7
Z/E ﬁ{'r<2'3M} @2 + Jliv (8;2*@) ngT) < CBr—°

Then
3 / Ty (ohyme)ng <o | 3 / Ty (ohyme)nk 4B,
j+m<k j+m<k

and

/Z A CASITES:

jHm<k o

/ / KN (9h.77@) <C(+)
R(r!,m)n{r<ry }

Remark 9. In the applications, we will apply this Proposition with B being some energy quantity of the
initial condition.

j+m<k
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Proof. We will proof this with a bootstrap argument. Suppose for all 7 that

/Eﬂ{rgﬁ}JN (8#}/’”(1))71; < AT ¢ Z /Z JN 8,{*}/7”@)71E +B]. (24)

J+m<k j+m<k

This obviously holds initially for any A > 1 (and in particular independent of ®). By taking 7/ = 7 — K, for
some (large and to be chosen) constant K and 7 > 2K, Proposition 2] implies

Z </ZTO{T§T§+/} Jl]tv (6g* Ym(l)) n%T - //R(T—K,T)ﬁ{rﬁry} Jiv (‘%* f/m@) ngt*>

j+m<k
<C / Ty (ol yme)nl  + / Y (9.0) nl
j+;<k ET*KQ{TST)t} e Z ﬂ{r<r;§}

k
+§//R(TK,T)Q{T<2BSIVI} ((I)Q (3# )”z )

<c| > / JY (ag;?m@) nk 4+ KBr
jbme<k ) Br—xn{r<ri}

using the assumption of the Proposition and using Proposition

<C|A(r-K)“ Z/ JN ag*y’"@)nz +B|+KBr “
PIE

J+m<k

using the bootstrap assumption
<cre| 3 A / JY (ohyme)nly + AB+ KB
j+m<k “YZw

Notice that C' is independent of K. By selecting a t* slice, we have that for some 7,
N [
/ Y (Vre)ng,
Sen{r<ry}

<CK 'm0 > A/ JN 8,{*Ym<1>)nz +AB+ KB
J+m<k

Now apply Proposition 2 on [7, 7] to get

/ Jliv (8,{*}77”(1)) nk
jm<k E.,.ﬁ{rgr}t}

J m J
< ¥ /m{@y} MCALIS +Z/ s, Y (o2 ni,

J+m<k

k
+ // (@2 (aﬂ* )n )
jzzjo R(7,7)N{r<28M} ' B

<CK'r | Y A/ JN ag*qu))nz +AB+BK | + CB(K + 1)1~

J+m<k

<CAK'r Y / TV (91¥m @) n + (CAK™' + CK +C) Br-
jAm<k >
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This would improve ([24) if we choose K = 4C and A sufficiently large. Hence we have proved

/ T (olyme)nk <o | Y / A CASIE:
S-n{r<ri} jtm<k? Ero

To prove the second statement of the Proposition, we simply use the first statement and Propositiond2 [

J+m<k

We can use Corollary [39] to show the decay of VED.
Corollary 44. Suppose Og,,® = 0. Then for 7 <7 < (1.1)7’,

JN (3j* mel)) nk:
\/;.,.ﬁ{r<r;§} . ! >
k42

S N EEACE SO o B AR COIENE
70 7=0 70

J+m<k

j+m<k

and

J+m<k

/ / KN (ag; f/mcb)
R(r/,r){r<ry}
k+2

corrn[ ¥ [ oy ey, X
j+m<k Ero =07 %
12 Estimates for Qo

In this section, we would like to prove estimates for Q'®. The estimates for Q@ are useful to provide an
extra factor of r in the energy estimates.

Proposition 45.

/ YRR < c/ Y (@,002,00) nf .
Son{r>ry} po

// P02 < C// 10N (@,@@,Q@) nk .
R(r,m)N{r>ry} R(r",T)

// P10Vl < C// KX (®,0,-3) + KX (Q@) .
R(r,m)N{r>ry} R(7",T)

In order to prove such estimates, we commute [, with Q. Recall from Section B3] that
Oy, Q@] < Cr2 (|D*®| + |[D®|) everywhere, and
Oy, QP =0, for r < Rg.

9K

Now suppose [y, ® = 0. We have
O (Q%) =) V[0, YO0 = Gy
j=0

Since [D, ] = D, we have

£—1 4+1
(Gael <02 [ 3 (1020 a|+ DV al) + 3" [D/a] ||
=0 =0

and Gq ¢ is supported in {r > Rq}.
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Definition 5.

148 2 2
Lo, = // r G+ sup / Gae™.
R(T'—1,7+1) tre[r'—1,74+1] J S« n{|r—3M|< X}

This is the error term for the energy estimates for Q‘@®. We show that this can be controlled.

Proposition 46.

1 4
Eq, <C / / KXo (amﬂ’@) +C / / KXo (919).
mZO]ZO R(t'—1,7+1)N{r>Rq} ! mZ:O R(r'—=1,7+1)N{r>Ra} ¢

Proof.
// 1+5G2 2,
R(r'—1,7+1) ’
N2 N2
<CZ // P+ <(D29Jq>) +(pve) )
R(t'—1,7+1)N{r>Ra}
041 )
+C / / r 3 (DI
Z r'—1,7+1)N{r>Ra} ( )
1
<C / / N (000 ) nk,
/ITLZO]ZO (r'=1,7+1)N{r>Ra} a ! =
+C / / 3TN (9m ) nk .
Z R(t'—1,7+1)N{r>Ra} . ! >
1
<C // (a"mﬂ@ + C // KXo (1 ).
/ITLZO]ZO (r'—=1,741) ﬂ{r>RQ} ! Z (r'=1,7+1)N{r>Ra} !
By choosing Rq sufficiently large, the second term of Eq , vanishes. O

We can show that the non-degenerate energy of Q@ is almost bounded.

Proposition 47. Suppose U, ® = 0. Then

/27 JP]LV (Q%) ng* * /H(TO,T) J’iv (Q%) n%+ - //R(Tg,‘r)ﬂ{r<ry} //R(To ) Ql )

<C Z/ JN 8;93(1))

i+j<l

Proof. We prove this by induction on ¢. The ¢ = 0 case is true by setting G = 0 in Proposition We
assume that the Proposition is true for £ < ¢y — 1. This in particular implies, after a commutations with the
Killing vector field 0y, that

lo—1

Z// K N (grore)<c Y //:,Oj’iv(az*ﬁjq))"#

i+j<m-+Lo—1

o1



By Propositions 24] and 46,

/Z EA (r@)nt + /H . T (Q00d) mh. + / /R e K (Q00) + / /R . KXo (0a)

<C / I (Q%@) n& +// r' Gy, + sup / Gde,
> o R(r/—1,7+1) ’ telr’—1r+1] JS e nfr—3M|<2y

lo—1

1
<C /; Jliv (QEO(I)) n%m +C Z Z //IZ(TOI,T+1)Q{T>RQ} KXO (aZ?QJ(I))

0 m=0 j=0

Lo
+C / / KXo (97 )
7nZ:O R(to—1,7+1)N{r>Ra} ‘

<c Y / 7Y (o) nk .
P

i+i<to Y E0
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Remark 10. Only the £ =1 case will be used.

13 Estimates for So

We will now use the energy estimates that we have derived to control S®. In particular, we would like to
prove a local integrated decay estimate for S®. This will be used in the next section where we prove our
main theorem. Recall from Section that for r large

2
[imPci (2 + %) Oy ®— (’“— —1- ’“T”) 0,2 ((’“7 - 1) - ;T“) pd| < Car (Y [0*a)).
k=1

T r

From now on we will prove estimates for S® by considering the wave equation that it satisfies. We will
assume, as before, (g, ® = 0 and let G denote the commutator term, i.e., O, (S®) = G. If we look at our
estimates in the previous sections, we will need to control G in three different norms. We now consider them
separately.

Proposition 48. Let 7/ < 7 < (1.1)7". Then

L
> / / r (o G)?
m=0 R(t'—1,7+1)

<cr M ( / gz’ (agzzf/’ffzj@) nk +C
3

Iy (e g ) .
70
mAk+i<0+3 0 S

and

14
> // rH (oG
m—0’ /R =1, r+1)N{r<25}

10

<crtn M ( / gz (6$kalj<1>)n’§m+0
mktji<e+4 \7 I Xrg

Y (opvrive) n;> .

In other words, we can get more decay if we localize and allow an extra derivative.
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Proof.

3
> // r (o G)?
m=0 R(7t'—1,7+1)

4
<oy / / 3+ ((agzzp?q))? + (O D)2 + (ragm@f)
m=0 R(t'—1,7+1)

noting that the ¢ in the two lines are different

<C / / P16 N (a“:chp) k.
Z < R(r'—1,r+1)N{r<i} AN i

mtk<é+1

+ / / r IOy (a;mkcp) n..
R(r'—1,7+1)N{r>1" ¢

by Proposition A0 [4I] and

<c Y v ( / JE (opeynk +C | Y (a;zf/k@)ngm)
mAk<(+3 Xrg Ero

T *\ — w? m mY *
+c Y / (17)-3+5 ( / JE (o)l +C / gy (8t*ykc1>) n ) dt
mak<e+37 71 g g
T+1 B
+C > / (t*) =349 / JN (a;zzm) nf | at*
m<e4177' =1 g "

using Corollaries 39 [44] and Proposition [47]

<cr -t} </ JEe (v hare) nk +c/
» 9]

N my-kyj n
Y (opvrive) nET()) .
m+k+j<0+3 0 =

70
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We then move on to the localized version:

‘
> / | G
(r'—1r+1)N{r<%}

<C Z / / A ((agZ}D?cp)2 + (0 D®)* + (ragm@)z)
=1, r1)N{r<8T

<C / / N (9 e) n,
Z ( R(r' =17+ 1)N{r<i} moAT =

m+k<é+1

+ / / N (9 ) n,
R(+/ =1 r+1)N{& <r< 198" 3 t
+C / / N (000 nl,
Z ( R(r'—1r+1)N{% < <195*} pAT =

=73
by Proposition B0 [41] and [4
JY (opve) ng>

<c Y o < / T2 (gpd)nk +C /
) 0

mtk<l+4 0 Yrg
+c Y / —3+0 / g2l eyl +c | gy (a;ﬁf/@) nl | e
mk<e+37T —1 2y ° g o

+C Z / —3+5 </E JY (8{’30@) ngm> dt*

using Corollaries B9 [44] and Proposition 7]

<Cr % Z ( /,:

JE (v o) n 4 C / Y (opvraie) g, )
mtk+j<e+4 ’ g ’

70
O

To estimate the inhomogeneous term in the region » < %, we would also need to estimate a term not
integrated over t* which arises from the integration by parts

Proposition 49. For 7/ <7 < (1.1)7/

¢

sup / (O G)?
t*E[T’—l,‘r-i-l]Z_ SpeN{|r—3M| <AL} !

m=0

<Cr 2 Z ( /Z

w? mo)J mo)J
T (i) ng wc | gY (ope) ng> .
m+7<t+3 g

70
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Proof.

Y4

sup (07:G)?

tre[r'—1,741] m—0 /Et* ﬁ{\T*3M|§%}
L

<C s Y / ((D26§13<I>)2+(D&{Z?(I))z—i—(rﬁat’?@f)
tre[r' —1,741] ;"o Y S N {ry<r< 28M3

(+1
(O ®) nk. + / JN (Qa%) nt,
Z/Etm{ry«@?f} o Z Sengry<rcapy N

m=0

<C sup (

trelr’'—1,7+1]
by Proposition 40 and
<ot 3 ( [ e (orea)ng o [ (opve) )
m+j<e+3 \7 =m0 X

using Corollary [39 and Proposition [47]

O
Finally, we estimate the third norm:
Proposition 50.
¢ 3 ?
3 /(/ (3;2(:)2) a | <o Y / JN a;m@)
m=0 70 Et*m{T> } m+7<l+3
Proof.
1 2
¢ - 3
> / / r2(OnG)? | dt*
m—0 0 Spen{r>4}
2
¢ . 1
= / (£)- 1+ / ((0%2)" + (Doa)* + (rpop®)?) | dr
m=0 To Et*ﬁ{rz%}
1 2
041 2
<C / 1+5<Z/ TN ()l +Z/ (o) ni ) dt*
o Ty
N m
<o Y / A 8t*QJ<I>) ‘.
m47<l+3
O

Now that we have control of the inhomogeneous terms in the equation g, ® = G, we can prove the
decay of S®. To this end, we will introduce the bootstrap assumptions:

c / vawz (0 S®) nk, + 77 / I (04 S®) 0k
- Srn{r~y7}
(25)
<Ar Z / JEAONWE (ms@ynk 4+ ATt S / JEHN® (e ) g,
m+k+35<5
c / J#waz (S®)nf, + 77 / I (S®)nkl
- S-n{r~y7}
(26)

2
z z Ok (Y
<A2pn Z/ Juz+czv,w (8{’35<1>)n§m+ kz‘<5/2 JMZ-FCN,w (8{1}3/’“9“1’) nt
m+k+j<
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We think of A as some large constant to be chosen. We will improve the constants A and A? in the above
assumptions. Under these two assumptions, we will get the following three estimates for the bulk terms:

Proposition 51.

/ / K™ (04 S®)
R(70,7)

2
m w? myxr0J
<Y /E I @Opseynk + Y /E JEren® (opy ) ng
m=1 70 70

m+k+;<5

Proof. By Proposition 26 for the equation Oy, (9, S®) = 9;+G, taking 7" = 79 and G = 0, G2 = 9-G.
Then use Propositions 48 and [49] to estimate the terms with G. O

Proposition 52. For 7/ <7 < (1.1)7,
/ / KN (8- 5®) + / / KX (0,-59) + / / r K (5P)
R(r,m)N{r<ry } R(‘r’,‘r)ﬁ{rﬁ%} R(10,7)

<CA (7’2 /
s

— w? myr)J
+ A Y /E JEreNe” (g ey ng
mtk+5<5” 0

Jg,wz (S®)nk, , +C / I (S®) n, )

Son{r<ry} i

s

Proof. By Propositions Bl and B1] taking G; = 0 and G2 = G, and using Propositions @8 and @9 to estimate
the terms with G, we have

/ / KN (0p+5®) + / / KX (9;-5®) + / / KX (S0)
R(r',7)"{r<ry} R(r/,r)n{r<t} R(ro,m)N{r<4}
<CA 7*2/ gz’ (S@)n‘g/—f—C/ I (S®)nk,

b T Son{r<ry} T

Lot Y /E TN (o ie )ty
m+k+j<5" =70

vy

It now remains to estimate 7~ 't KX1 in the region r > % Here, we will use crucially the decay in 7.

Clearly,
// P KX (8®) < O // KX (S®).
R(1o,7)N{r>4"} R(710,7)

2

Then we can estimate the right hand side by Proposition 28 taking 7" = 79 and G7 = 0, G5 = 9;+G. Then
use Propositions @8 and M9 to estimate the terms with G. O

Proposition 53. For 7/ <1 < (1.1)7,

/ / KN (5®) + / / KXo (S9)
R(r",m)N{r<ry } R(‘rﬂ‘r)ﬁ{rﬁ%}

<CA? 772/
b

— w? myxr0J
+ oA Y /E JEEen® (opy ) ng .
m+k+j<4 " =70

-

,LUZ
JET(S®)nk, , +C / A (sq>)n;,>
Son{r<ry }

i

Proof. This follows from using Proposition B taking G; = 0 and G2 = G, and using Propositions 48 and
to estimate the terms with G. O
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We are now ready to retrieve the bootstrap assumptions:

Proposition 54.
¢ / JZY (8- S®) nls 477 / IN (D SP)
- Srn{r~y7}

A : Z+CN,w? [qm A1+ Z+CN,w? [ amxrk®i
STZ/ SN @RSy ng + oty /EJH 1 (at*y Qﬂcp)n“

m+k+35<5

Proof. By Proposition B7]

c / vawz (O SP) 0y, + 72 / I (0p SP) nk,
- " Srn{r<~y7}
<C / Jf+CvaZ (0 SP) b, +C / / tr IO KX (9, SB)
o 0 R(70,7)

+C§’//R( e *}(t*)QKXO (0= SP) + C (8 +¢) // e }(t*)QKN (D= SP)
T0,7)N T?% R (10, 7)N{r ry

C(5) / < / (at*a)2> i |+ o) Z / / *(t*)%l”(ag’za)?
T0 Et*ﬁ{r> } R(ro0,7 ﬂ{r< 9r

(t)2 (0 G)2.

+C)! sup /
t*€lro,7] J B N{ry, <r<28M 3

It suffices to check that by Propositions 48], [49] and B0, all terms are acceptable.
We can now retrieve the bootstrap assumption (20)).

Proposition 55.

c / T2 (S nlh 4 7 / TN (5®)nls
- Srn{r<~7}

2
<Az [ 3 / JERON (rsd)nk 4+ S / JEHNE (i@ ) nt
3

m+k+35<5

Proof. By Proposition B7}

c / T2V (S®)nlh 4 72 / TN (5®)nl
p Srn{r<~y7}

<C | JFHONVT(Se)nk, +C / / KN (SO)
o o R (70,

+ 06’ // (") KXo (S®) + C (8 +¢) // ()N (59)
R(To,‘r)ﬁ{rg%} R(7o,7 ﬂ{r<ry}

+ o)t / (/Z {>t*}r2G2> at | +C Z// Jfr<si ) ()21 40 (9mG)?
7o e Mr2>5 (10,7)N{r

C(6"™t sup /
t*€lr0,7] J Epe N{ry <r< 28M Y

(t*)*G>.

It suffices to check that by Propositions[48] [49] and B0} all terms are acceptable.

We have thus showed the following:
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Proposition 56. For all n > 0, there exists € > 0 small enough such that for Kerr spacetimes satisfying
(A), the following estimates hold:

c/ J#Z’wz (S®) nk. +72/ I (SP)nk
- Son{r<yr}

2
<cry. /E JEHONE (us@ynk 4 O7" /E JErEN e (g e )ng
m=0 70

m+k+35<5 70

Moreover, for ' <1 < (1.1)7/,

// KN (S®) + // K*0 (S®)
R(r/,m){r<ry } R(r',m)N{r<i-}

2
SCT_2+n Z / Jf-ﬁ-CN,u)Z ((9;?5‘1)) n%m + Ot
m=0"%

z A~ .
/ JZHONw (ag’zmﬂrb) k.
70
mAk+5<57 70

and

/ / KX (S®)
R(T’,‘r)ﬁ{rﬁ%}

3
<Crn Yy /E JEXONWT (G S@) nl 4 O /E JEHONw? (a;fmﬂ'cp) nk_ .
m=0 70

m—+k+35<6 70

Proof. The first statement is proved by the bootstrap above. Since the bootstrap assumptions are true, the
conclusion in Proposition (3]s also true, hence the second statement is true. The third statement makes use
of the fact that KX can be estimated in the same way as KX° with an extra derivative. O

14 Improved Decay for the Linear Homogeneous Wave Equation

To use the estimates for S®, we need to integrate along integral curves of S. We first find the integral curves
by solving the ordinary differential equation

dTS h(’l”s)

dty — t%

where h(rg) is as in the definition of S. Hence the integral curves are given by

rs dr’,
exp (f(rs)o h(ri))
ts

= constant,

v _dr!_
where 19 > 2M can be chosen arbitrarily. Let o = t*, p = cxp(f;w and consider (o, p, 24, 25)

system of coordinates. Notice that

as a new

h(r) 1
- Op + O = t—*S.

0 =

Now for each fixed p, we have
1
(1) < ®*(7') + |/ —S(®?)do|.
O

Integrating along a finite region of p, we get:
P2 P2 P2 T 2
/ ®2(1)dp < / ®2(7")dp +/ / |=®S®|dodp.
p1 P1 P1 0
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We would like to change coordinates back to (t%,rs, 5, 25). Notice that since h(rg) is everywhere positive,
(p, ) would correspond to a point with a larger value of r than (p,7’). Therefore,

/TQ <I>2(r)—exp( i) dr
Lt

Th(r)

T2 exp (fr o r2 9 ( Tr dr )
s/ o (r')— 0 M) h( dr—i—/ / |—<I>S<I>| ° M) g,
T4 h(’l”)
rs _drs
exP(&Ts)o h(rs)) . .
We have to compare ——=——=-+ with the volume form. Very close to the horizon, h(rs) =rs —2M.

Hence

rs dr,
exp (f(rs)o h(ri)) _ f("'S)O hcf:s < 1 ) o1
h(T‘s) T{, —2M '

The corresponding expression on the compact set [y, R] is obviously bounded. Hence we have

o2 o2 (7! 2
/ ) _ ¢ / (,T) +// |—— 359 |. (27)
S {r<re} T son{r<r} T R(t/,7)N{r<r2} (t )

This easily implies the following improved decay for the non-degenerate energy:

Proposition 57.

/ P2 < Crr! // <1>2+// (59)% |.
2,N{r<R} R((1.1)~1r,7)N{r<R} R((1.1)~1r,7)n{r<R}

Proof. By choosing an appropriate 7, we have

/ > <Cort / / P2,
S:n{r<R} R((1.1)"tr,r)n{r<R}

Now, apply [217) with 7 = 7, we have

foron™
Srn{r<R}
o2 2
S.nf{r<R} T R(7,)n{r<r} (%)
cr! // ¢2+// (S®)* ),
R(1.1)~tr,m)N{r<R} R((1.1)"tr,7)n{r<R}

using Cauchy-Schwarz for the second term. O

We can now conclude with the improved decay for solutions to the homogeneous wave equation.

Proof of Main Theorem [ By Proposition B9 (57 and (6, we have

forron™
S-n{r<R}
<Cpr! / / 3 ¢ / / (S)?
R((1.1)~'7,7)N{r<R} R((1.1)~'r,r)n{r<R}
<Cgrr™! / / (KXo (@) + K*0 (S®))
R((1.1)~'r,r)N{r<R}

2
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Similarly we can use Proposition 57 for the derivatives of ®. By Proposition B9 (7 and (6, we have
[ ey
S-n{r<R}

<Cgpr! // (ch)2+// (SD®)?
R(1L.1D)~tr,m)N{r<R} R((1.1)"tr,7)N{r<R}

<Cprr ! / / (K5 (@) + KX (S9))
R(1.1)"1r,m)Nn{r<R}

since we have the commutation [D,S] = D

3
<t | Y [ aErene” opsayg ¢ [ apree (pvee)ng,
m=0 70

m-+k+;j<6 70

By commuting with 0.+, we get

/ (Do ®)
S-n{r<R}

243

<Crpr=®tn [ /E JEXONWT (rSd)nlh + /,: JEreN® (pyie) g
m=0 70

m4k4j<e+6 7 =70

Without loss of generality, we can take R > %. Then, by Proposition [43]

/ Jiv (3@;}7”@) nk,
j+m<t ZTQ{T§T§+/}

£+3

<Cprt [ 30 //S JERON (Grse) 4 /E JEEON (Vi) nly
m=0 70

mAtk+ji<e+6 7 Em0

Hence, by Proposition [0 and [4T],

Y4
/ (D'®)?
=0 S-n{r<R}

£+2

<Crr 1 [} /E JEXONE (msd)nly + /Z JEreN® (opy )t
m=0 70

mtk+j<t+5" Z70

The pointwise decay statement follows from standard Sobolev Embedding.

15 Discussion

The Theorem that we proved in this paper holds in the set {ry < r < R} for any fixed R. It is however
interesting also to derive the same estimates, for example, in the set {r; <r < %} This can be achieved

by proving the full decay result when we commuted the equation with Qf. Using this we can prove (with

more loss in derivatives) that

|®] < CE(t*) 3t1p2 1 |DO| < CE(t*) 22+,

for r < % This will be useful in studying nonlinear problems. This decay rate will be proved as a corollary

in our forthcoming paper on the null condition.
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