arXiv:1009.6231v2 [math.DG] 1 Dec 2010

BALANCED METRICS AND CHOW STABILITY OF
PROJECTIVE BUNDLES OVER RIEMANN SURFACES

REZA SEYYEDALI

ABSTRACT. In 1980, I. Morrison proved that slope stability of a vector bun-
dle of rank 2 over a compact Riemann surface implies Chow stability of the
projectivization of the bundle with respect to certain polarizations. We gener-
alized Morrison’s result to higher rank vector bundles over compact algebraic
manifolds of arbitrary dimension that admit constant scalar curvature metric
and have discrete automorphism group. In this article, we give a simple proof
for polarizations Opg+ (d) ®n* L¥, where d is a positive integer, k > 0 and the
base manifold is a compact Riemann surface of genus g > 2.

1. INTRODUCTION

In [M], Morrison proved that for the projectivization of a rank two holomorphic
vector bundle over a compact Riemann surface, Chow stability is equivalent to the
stability of the bundle. In [S], We generalized one direction of Morrison’s result for
higher rank vector bundles over compact algebraic manifolds of arbitrary dimension
that admit constant scalar curvature metric and have discrete automorphism group
(19)).

Let X be a compact complex manifold of dimension m and 7 : E — X be a
holomorphic vector bundle of rank r with dual bundle E*. This gives a holomorphic
fibre bundle PE* over X with fibre P"~!. One can pull back the vector bundle E to
PE*. We denote the tautological line bundle on PE* by Opg«(—1) and its dual by
Opp+(1). Let L — X be an ample line bundle on X and w € 27wc¢; (L) be a Kahler
form. Since L is ample, there is an integer ko so that for any k > ko, Opp: (1)
is very ample over PE}, where £y = E® L®F_ Note that there is a canonical
isomorphism PE; = PE* and Oppg:(1) & Opg-(1) ® 7*L*. The main theorem of
[S] is the following:

Theorem 1.1. Suppose that Aut(X) is discrete and X admits a constant scalar
curvature Kahler metric in the class of 2mei(L). If E is Mumford stable, then

(PE*, Opp-(1) ® 7*LF)
is Chow stable for k > ky.

One of the earliest results in this spirit is the work of Burns and De Bartolomeis
in [BD]. They constructed a ruled surface which does not admit any extremal metric
in certain cohomology class. In [HI], Hong proved that there are constant scalar
curvature Kéahler metrics on the projectivization of stable bundles over curves. In
and [H3], he generalized this result to higher dimensions with some extra
assumptions. Combining Hong’s results with Donaldson’s, (PE*, Opg-(n) @ *L™)

2000 Mathematics Subject Classification. Primary 32Q15; Secondary 53CO07.
1


http://arxiv.org/abs/1009.6231v2

2 REZA SEYYEDALI

is Chow stable for m,n > 0 when the bundle F is stable. Note that it differs
from our result, since it implies the Chow stability of (PE*, Opg: (n)) for n,m big
enough.

In [RT], Ross and Thomas developed the notion of slope stability for polarized
algebraic manifolds. As one of the applications of their theory, they proved that if
(PE*, Opp~ (1) ® 7* L¥) is slope semi-stable for k > 0, then E is a slope semistable
bundle and (X, L) is a slope semistable manifold.Again note that they look at
stability of PE* with respect to polarizations Opg- (n) for n big enough. For the
case of one dimensional base, however they showed stronger results. In this case
they proved that if (PE*, Opg+(1) ® 7*L) is slope (semi, poly) stable for any ample
line bundle L, then E is a slope (semi, poly) stable bundle.

In order to prove Theorem [[.T] we used the concept of balanced metrics. Com-
bining the results of Luo, Phong, Sturm, Wang and Zhang on the relation between
balanced metrics and stability, we proved the following.

Theorem 1.2. ([5]) Suppose that Aut(X) is discrete and X admits a constant
scalar curvature Kdhler metric in the class of 2mey(L). If E is Mumford stable,
then

(PE*, Opg- (1) ® n*L¥)
admits balanced metrics for k> 0.

In this paper, we give another proof of Theorem[I.Ilin the case of one dimensional
base X. The proof is simple in this case and can be generalized to polarizations
Opg-(d) ® 7*LF for any positive integer d and k > 0. The main theorem of this
paper is the following.

Theorem 1.3. Let X be a compact Riemann surface of genus g > 2 and E — X
be a holomorphic vector bundle on X. Let d be a positive integer. If E is Mumford
stable, then

(PE*, Opg-(d) ® n* L)
admits balanced metrics gi for k> 0.

The Hitchin-Kobayashi correspondence implies that the stable bundle £ admits
a Hermitian-Einstein metric ho,. A simple calculation shows that the Hermitian
metric Sym?ho on Sym?E is Hermitian-Einstein. Therefore the vector bundle
Syde is stable. By a theorem of Wang , we know that there exist balanced
metrics H® on Sym?F ® L. This means that there exists a basis s1, ..., sy for
H°(X,Sym®E ® L¥) such that

* ()
E 5@ 8;"" = Isynap

rV
/X<Si,5j>H(k)w = W(SU

Using the canonical isomorphism between H%(X, Sym? EQ L*) and HO(PE*, Opp-(d)®

LF), we get a sequence of Hermitian metrics H*) on Opg- (d) ® L*. We prove that

the sequence H(*) is ”almost balanced”, i.e.

5i,5; k
/<Si78j>§(7)dvolh/® = D(k)(gij +Mi(j)7

where D) — C,. 4 as k — oo (see (22)) for the definition of C,.4) and M®*) is a
trace-free Hermitian matrix such that ||[M®)||,, = o(k~>) as k — oo .
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The next step is to perturb these almost balanced metrics to get balanced met-
rics. As pointed out by Donaldson, the problem of finding balanced metric can
be viewed also as a finite dimensional moment map problem solving the equation
M®) = 0. Indeed, Donaldson shows that M) is the value of a moment map pp
on the space of ordered bases with the obvious action of SU(N). Now, the problem
is to show that if for some ordered basis s, the value of moment map is very small,
then we can find a basis at which moment map is zero. The standard technique is
flowing down s under the gradient flow of |up|? to reach a zero of up. We need
a Lojasiewicz type inequality to guarantee that the flow converges to a zero of the
moment map. This was done in [S] by adapting Phong-Sturm proof to our situa-
tion. In [S2], we generalize Theorem [[3] to higher dimensional base manifolds that
admits cscK metrics and do not have any nonzero holomorphic vector fields. After
this work was completed, we became aware of the preprint [DZ].

Acknowledgements: I am sincerely grateful to Richard Wentworth for many
helpful discussions and suggestions and his continuous help, support and encour-
agement.

2. PRELIMINARIES

Let V be a Hermitian vector space of dimension r. The projective space PV*
can be identified with the space of hyperplanes in V' via
feVv—{0} = ker(f)=V; CV.
There is a natural isomorphism between V and H°(PV*, Opy- (1)) which sends
v eV tod e H'(PV* Opy-(1)) such that for any f € V*,o(f) = f(v). Any
Hermitian inner product h on V induces a Hermitian inner product h on Opy«(1)
as follows:

- fw)f(w)
<an>ﬁ(f) = W,
for v,w eV and f e V*.
For any positive integer d, define an equivalence relation ~ on V®¢ by
’U1®---®UdNUU(1)®---®UU(d), ocesSy.

We define Sym?V = V®d/ ~ and simply denote the class of v; ® - - @ vy in Sym?V
by v1...vq. Similar to the case of d = 1 any Hermitian inner product h on V
induces a Hermitian inner product Sym®h on Sym?V by

1
<1}1 <. Ug, W1 - 'wd>Symdh = E Z <’Ul, wo’(l)>h s <vd7wo'(d)>h-
" o€Sy

Remark 2.1. Let ey, ..., e, be an orthonormal basis for V' with respect to h, then
the set

- S N S . -
() T e 0<in<d, Y ia=d}
. a:1

forms an orthonormal basis for Sym?V with respect to Sym?h.

There is a natural isomorphism between Sym?V and HO(PV*, Opy--(d)) which
sends vy ...vg € Sym?V to v1. .. 0g € HO(PV*, Opy+(d)) defined by

(2.1) o B (W) © - @ wh) = wi(v) .. wi(va),
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where v* € V* — {0} and w; € V* are scalar multiple of v*. There exist complex
numbers Ay, ..., Ag such that w} = \;v*. Thus,

vl vg( ) (wl @ - @wh) = A Agvt(vr) v (vg)

and therefore ([Z]) defines a well-defined section of Opy-(d).
For any Hermitian inner product H on Sym?V, we define a metric H on Opy-- (d)
by

. v®d(s)v®d(t)
§ ) Ay = — 227
(5. 8) [0} lv...v[%
In particular, we have
- v (s)v(t)
<S, t>synl\dh[v] = |’U }2Ld

The following lemmas are straight forward.
Lemma 2.2. For any Hermitian inner product h on V, we have
hed = Sym?h.

Lemma 2.3. There ezists a constant C q such that for any v,w € Sym?V and
any Hermitian inner product h on V.,

r—1

w
r—1 RS FS,h
(2.2) d /PV* <U’w>s%7h 1)! = Cr7d<’l), w)symdh,

(r -

where wps,p, = 100 log h.

Remark 2.4. Let H be a Hermitian inner product on V. Suppose there exists a
constant C' such that
r—1

IR Wrs H
/ <0, >g 5, ':O<v,w>H,
PV * (r—1)!

for any v,w € Sym?V. Then H = Sym?h for some Hermitian inner product i on
V.

Lemma 2.5. Let hg and h be Hermitian inner products on V. If ||h — hol|n, <€,
then [|h — holl g2 (i) < C€, for a constant C depends only on r and d.

Lemma 2.6. Let X be a Kahler manifold of dimension n and Qo and Q be two
Kihler forms on X. There exists a constant C depends only on the dimension of

Qr—Qp
X such that if ||Q — Qo||co(ay) < €, then ‘70 < Ce.
0

Proposition 2.7. Let h be a Hermitian inner product on'V and H be a Hermitian

inner product on Sym®V such that ||H — SymthSymdh < min(e, 3). Then for any

v, W E Syde, we have

_ PN W;_slh
& 1/ (3,0) 5 PSR 0 ylo,w)a| < Celolalwla,
PV * (T - 1)!

where C' is a constant depends only on r and d.
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Proof. Let e1,...ex be an orthonormal basis for Sym?V with respect to Sym?h.
Define Hij = H(ei,ej) and €5 = Hij — 5” We have |€ij| = |HZJ — 5ZJ| S €. Given
v,w € Syde, we can write v = Y a;e; and w =Y be;. We have
(v, w)syman — (v, w>H‘ = ‘ Z aib; — Z aibjHyj| = ‘ Zaigjeij
<ey laillbsl < Key iy [b)?

= 6I(|’U|Symdh|u)|Sym‘7lh'

The last inequality follows from Cauchy-Shwartz inequality. By a unitary change
of basis we may assume that H;; = 0 if ¢ # j. Therefore the basis {f1 =

=t =t
H? e,...fx = H,? ex} is an orthonormal basis for Sym?V with respect to H.
We have % < H; < % since |H;; — 1] < % Thus,
2 2 -1 |1 — Hii
"fi|Symdh - |f1|H’ =|1-H; | = T”” < 2e.

Therefore by the same argument, we conclude that
(2.3)
Applying [2.3), Lemma 23] Lemma 2.5 and Lemma 2.6 we have

(0, 0)symetn = (v, w0 | < 26K ol arlwla

r—1
— ~ ~ Yrsh
d 1‘/IPV <U7w>ﬁ7(7”—1)' —CT,d<v,w>H‘
r—1 r—1
w w
-1 ~ ~ Yrsh _drfl/ S Yrsh ’ c.
/ﬂmv*<v’w>H(r—1)! o O O iy |+ O
r—1

< d’r‘71 /
o PV*
WEs h

< Ced™? /}PV* 0l | @l o, ] + 2K Cy alv|nlw|

<

<’U, w>Symdh - <’U, U}>H

r—1
wWEs h

(r—1)!

(v, W) 5 — (v, W) +Cra

SynAﬂdh <U7 w>Symdh - <U7 w>H‘

< e(Cd"7V + 2K C, g)|v| | w| o

The last inequality follows from the fact that suppy - U] o = V| symer-

3. BALANCED METRICS ON HOLOMORPHIC VECTOR BUNDLES

Let (X,wp) be a compact Kéhler manifold of dimension n and (L, g) be an ample
holomorphic Hermitian line bundle over X such that iddlogg = wy. Let E be a
holomorphic vector bundle of rank r over X. By possibly tensoring with high power
of the ample line bundle L, we may assume that F is very ample. Therefore we can
embed X into G(r, H°(X, E)*), the Grassmanian of r-planes in H°(X, E)*. Indeed,
for any x € X, we have the evaluation map H(X, E) — E,, which sends s to s(z).
Since F is globally generated, this map is a surjection. So its dual is an inclusion
of E¥ — H°(X, E)*, which determines an r-dimensional subspace of H?(X, E)*.
Therefore we get a map ¢ : X — G(r, H(X, E)*). Since E is very ample, ¢ is an
embedding. Clearly we have (*U, = E*, where U, is the tautological vector bundle
on G(r, H'(X,E)*), i.e. at any r-plane in G(r, H'(X,E)*), the fibre of U, is
exactly that r-plane. A choice of basis for H°(X, E) gives an isomorphism between
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G(r, H°(X, E)*) and the standard Grassmanian G(r, N), where N = dim H°(X, E).
We have the standard Fubini-Study Hermitian metric on U,., so we can pull it back
to E and get a Hermitian metric on F.

Definition 3.1. The embedding is called balanced if

wn
/ (sir85)1hps —7 = Cdij.
b'e n.

Notice that being balanced depends on the choice of the Kéhler form. A Hermitian
metric on F is called balanced (more precisely w-balanced) if it is the pull back
t*hrg, where ¢ is a balanced embedding.

Equivalently, we can formulate the definition of balance metrics in terms of
Bergman kernels.

Definition 3.2. Let h be a Hermitian metric on F and s1, ..., sy be an orthonmal
basis for H(X, E) with respect to the inner product
wo

(5.) = /X (s(2), 1)) L

n!
The Bergman kernel of (E, k) is an endomorhism of E defined by
N
B(h,wp) = Z s @ sim.
i=1
Note that B(h,wp) does not depend on the choice of the orthonmal basis.
A Hermitian metric h on E is balanced if and only if B(h,wy) = CIg for a
positive constant C.

We recall Catlin-Tian-Yau-Zeldich asymptotic expansion of Bergman kernel.

Theorem 3.3. ([C], [Z]) Let (X,wo) be a compact Kahler manifold of dimension
n and (L,g) be an ample holomorphic Hermitian line bundle over X such that
i00log g = wo. For any Hermitian metric h on the vector bundle E, there exist
smooth endomorphisms A;(h) € I'(X, End(E)) such that the following asymptotic
expansion holds as k — oo

(3.1) B(h® g®*,wo) ~ k" + Ay (R)K™ ™ + ...

There is a close relationship between stability of vector bundles and the existence
of balanced metrics given by the following theorem of Wang.

Theorem 3.4. ([W],[W2| Theorem 1.2]) The bundle E is Gieseker stable if and
only if there exist balanced metrics h'*) on E @ L¥ for k> 0. In addition if there
erists a Hermitian metric hoo on E such that hy — hoo in C°°, then

i 1 d
3.2 —AF, 58 ls = (7
(3:2) g e + 58 elle = (7
where hy, = h(*) ®g§(7k), S(weo) 18 the scalar curvature of woo and s is the average
of the scalar curvature. Conversely, if ho solves B2), then there exists a sequence

of balanced metrics h'¥) on E ® L* for k> 0 and hj, — heo in C™.

S
-1
+2) E,

In the case that the base manifold X has dimension one and the Kéahler metric

Woeo has constant curvature, we prove that the rate of convergence of hy to he is
O(k=).
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Theorem 3.5. Let X be a compact Riemann surface and ws be a Kdhler form of
constant curvature on X. Let a be a positive integer. Suppose that the Hermitian
metric hoo on E satisfies the Hermitian-Einstein equation
i
27

Let h'®) be a sequence of balanced metric on EQL* for k > 0 and hy, = h(k)®g§(_k).
If hy; = hy, then

F(Eyhoo) = WooIE-

[P = hes||ce (na) = O(K™).
The proof follows from Theorem [B.4] lemma and lemma 3.7

Lemma 3.6. Let h be a Hermitian metric on E. Suppose that E is stable and coef-
ficients A, ..., A, in the asymptotic expansion [B.1)) are constant endomorphisms

of E. If q is big enough, then there exists a sequence of balanced metrics h*) on
E® L* for k> 0 such that

||h - h(k) ® g®(_k)||0a(h) = O(k3+137n+%_q),

Proof. First we claim that

Buh) = 15+ ),

where ||ox||ca = O(k"~971). In order to prove this, we observe that there exists a
smooth section A(z) of End(E) such that

Bip(h) = k™ + Ajk" 1 4+ A" 4 Az)kn e
The bundle F is stable and A,’s are constant sections of End(E). Therefore there

exist numbers a1, ..., a4 such that A; = a;/g. On the other hand

n

w
[ Bz = xv.
D¢ n.
where V = [ %" Thus,
_ X(k> — _ i/ n—q—1
Bi(h) = X215 = (A(@) - — A )L )K",
Define oy, = (A(:z:) -4 [ A(:E)IE)k”*qfl, we have

Bk(h) = %(I—Fak),

where ||ok||ca = O(k"~971). Now Wang’s argument ([W2, page 276]) concludes
the proof.
O

Lemma 3.7. In the situation of Theorem [30, all coefficients A;’s are constant.

Proof. The coefficients of the asymptotic expansion of the Bergman kernel are poly-
nomials of the curvature tensor on the base manifold, curvature tensor on the bundle
and their covariant derivatives. The whole curvature tensors on the base manifold
and on the bundle are constant. Therefore all coefficients are constant.

|
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4. CONSTRUCTING ALMOST BALANCED METRICS

The goal of this section is to prove Theorem [[.3l In order to prove Theorem
[L3] we construct a sequence of almost balanced metrics on Opg-(d) ® L¥(Theorem
[£E). We start with definition of balanced metrics on polarized manifolds.

Let (Y, w) be a compact Kéhler manifold of dimension n and O(1) — Y be a very
ample line bundle on Y equipped with a Hermitian metric o such that i00log o = w.
Since O(1) is very ample, using global sections of O(1), we can embed Y into
P(H®(Y,O(1))*). A choice of ordered basis s = (s1, ..., sy) of H’(Y,O(1)) gives an
isomorphism between P(H®(Y,O(1))*) and PV~1. Hence for any such s, we have
an embedding ¢ : Y — P¥~1 such that :*Opn~ (1) = O(1). Using ts, we can pull
back the Fubini-Study metric and Kihler form of the projective space to O(1) and
Y respectively.

Definition 4.1. An embedding ¢, is called balanced if

nggs Vv
/Y<Si75j>L;thT = N%‘a
where V' = [, w"/n!. A Hermitian metric (resp. a Kahler form) is called balanced

if it is the pull back (;hps (resp. twrs) where ¢5 is a balanced embedding.

Remark 4.2. The concepts of balanced metric on holomorphic vector bundles (Defi-
nition[3)) and balanced metric on polarized manifolds (Definition f1]) are different.
In order to find a balanced metric on a holomorphic vector bundle £ — X, we need
to fix a Kéhler form wy on X. A Hermitian metric h on E is balanced (more pre-
cisely wo-balanced) if B(h,wy) = Clg, where C is a constant. But in order to
find a balanced metric on a polarized manifold (Y, O(1)), we do not need to fix a
Kihler form. A positive Hermitian metric g on O(1) is balanced if B(g,i00log g)
is constant.

Definition 4.3. A sequence of Hermitian metrics hx on O(1) ® L* and ordered
bases s = (sgk), o 85\1;)) for HO(Y,0(1) ® L*) is called almost balanced of order

q if for any k
> lsMh =1

/ <S£k)a S(‘k)>hkdv01hk = D(k)(sw + M(k)
Y

and
J ij o

where D) is a scalar so that D*) — C as k — oo, where C is a constant and M (¥)
is a trace-free Hermitian matrix such that [|M®)||,, = O(k~971). Here ||[M*)]|,,
is the operator norm of the matrix M *).

For the rest of this section, let X be a compact Riemann surface and L be an
ample line bundle on X. Let g be a positive Hermitian metric on L and wy, =
i00log g be a Kahler form on X. Let E be a holomorphic vector bundle on X of
rank r and slope u. The slope of E' is defined by p = degT(E).

Similar to the case of vector spaces, we have the natural isomorphism H?(PE*, Opp- (d)®
L¥) = HO(X,Sym?F ® L¥). Also, any Hermitian metric H on Sym?F induces a
Hermitian metric H on Opg-(d) @ L*.

Suppose that H is a Hermitian metric on Syde and s1, ..., Sy is an orthonormal
basis for H°(X,Sym®E @ L*) with respect to L?(Hy,ws), where Hy = H @ g®*.

Let 1, ..., s be the corresponding basis for H?(PE*, Opp-~(d)).
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We prove that the matrix [ [, . (83, §;) gdvolz] is close to a scalar matrix. More
precisely, we prove the following.

Proposition 4.4. Let hy, be a Hermitian-FEienstein metric on E, i.e.
(41) iF(gEJloo) = /,L(UOOIE,

where Fg, 5,y s the curvature of the chern connection of ho and u is the slope
of E. Then there exists a constant C' depends only on r and d such that if

. 1
(42) ||H - SymdhOOHCz(Symdhoo) < InlIl(E, 5)7

then
‘/IF’E* <‘§\ia§\j>f{\kd’UOlf{\k — Craldp + k)6i;| < Ce(dp + k).

Here Hy, = H @ g®F.

Proof. In this proof C denotes a constant depends only on r and d that might change
from line to line. Define Hoo = Sym%hoo, wo = i(’;(?logff; and wg = wo + kweo-
Lemma 2.2 implies that ﬁo\o = ﬁ;®d and therefore wy = didd logffo\o = dwEo\o. A
simple calculation shows that w%\ = ruw%il AWwso, since ho satisfies the Hermitian-

oo oo

Einstein equation ([@I]). Thus,
(4.3) wh = wh 4+ rkwd T A wee = r(dp + k)wh T A Weo.

Therefore,

r—1
wo

- ’(du—i—k)/ <SZ,S/}>H A Woo — Craldp + k)5
PE* F(r—1)!

’ / (s, SJ —’: — Craldu + k)i
IPE* .

r—1

wW—
_ r—1 SN he By
_(du+k)‘/X(d /PE;<SZ,SJ>H,C(T_1)! Crabiy) Ao
< Cldu + k)e / il 11551 -
X

The last inequality follows from Proposition[2.71 Hence Cauchy-Scwarz inequal-
ity implies that

T 1 1

~ ~ w 2 2
| / (5 53) 7, 2~ Coaldp+h)dis| < Cldp+h)e( / Jsilfrwe ) " / 53/, w00 ) = Cldpih)e,
PE* r D'e D'e

since s1,...,sx is an orthonormal basis for H°(X, Syde ® L¥) with respect to
L2 (Hk,woo).
On the other hand, Lemma 2.5 implies that ||w — wo||co(w,) < Ce. Therefore,

10+ keose) ~ il oy = 1w+ ko) = (w0 + ko) o0y < oo =il ooy < Ce,

since wy is a semipositive (1, 1)-form on PE*. Applying Lemma 2.6 implies that

(4.4) dvolg: — —F| < Ce
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/ (5.5 - || dvol - — &

< S:. 5=~ |ldvol ~ — —=Z&

PE* © "I/ Hy, Hy, r!
s

w
< Cé/ il 115 e =
PE* T

< C(dp+ k)e/

Yo
- |5i|Hk|5j|Hkm A Woo

= Cldu+ ke / 5117, 155 1, 00
X

1 1
< Ce(/ |si|§{kwoo>2 (/ |sj|quwoo) * < Ce.
b's p's

Here we used [@3)), (@4) and the fact suppp-

Silg. = Isi(z)|m,. We have

| /P (505 dvolig, = Craldu-+ 15,

S/PE*K@,@)@Hdvolm k|+‘/ (55 ——Cr,d(du+k)5ij
< C(dp+ k)e.
O
Theorem 4.5. Let X be a compact Riemann surface and L — X be an ample
line bundle equipped with a Hermitian metric g. Suppose that i0010gg = weo 1S

a Kdhler form on X. Let E be a stable holomorphic vector bundle of rank r on
X and heo is a Hermitian-Einstein metric on E. Let R be the rank of Sym?E.

Suppose that {sl(-k)}fvzkl is a sequence of bases for HO(X, Sym®E ® L®*) and H®) is
a sequence of Hermitian metrics on Syde ® L®* such that

Zs(k) (k) w0 = Jg ipeLks

RVol(X, wso
/ (s, 55) g woo = M%a
X Ni

|H® @ g®=h) — Sym hos|| o2 (symen..y = O(k™).
Then the sequence of Hermitian metrics H®) on Opg-(d) @ L* and ordered bases

s(k) = (sgk), . ,55\2) of HY(PE*, Opg-(d) ® L¥) is almost balanced of order q for

any positive integer q.

Proof. Let p be a positive integer. There exists a constant C' independent of k such
that

IH® @ g2 — Sym hoo || o2 (symen..y < CEP.
Fix k> 0. The basis {vVE 1Nps\¥, ... \/RT]V]CSE\];Q} is an orthonormal basis for
H°(X,Sym?FE @ L*) with respect to L2(H®) w,.). Applying Proposition @4 to
H=H® @ ¢®* implies that

(4.5) ‘ /}P . ’“ §’“> ) dvol = — Cr a(dp + k)dij | < Ch™P(dp + k).
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Define
ME) — /PE* <S/Ek\), S/g‘k\>H(k)dvolH(k) Cr.a(dp + k)33,
D® = C, y(dp + k).

We have o

A simple calculation shows that
D¥) Cra as k— oo.
On the other hand, (Z3) implies
||M<’“>||op<Z| )] < Ck™P(dp + k)N2 < C'K3P.

Note that Ny = O(k) by Riemann-Roch theorem. Therefore for any positive integer
q, ||M®)|| = O(k=%') which means that the sequence of Hermitian metrics H®)

on Og-(d) ® L* and ordered bases s(*) = (sgk), . (k)) of H*(PE*, Opg-(d) ® L¥)

is almost balanced of order ¢ for any positive integer q.
O

Proof of Theorem[I.3. Fix a positive integer a > 4. Let ws be the kdhler form on
X with constant curvature. Since E is a stable bundle, there exists a Hermitian
metric hoo on E satisfies the Hermitian-Einstein equation (#]). Therefore Theorem
B4l and Theorem imply that there exists a sequence of balanced metrics H(*¥)
on Sym?E ® L* such that

(46) ||H(k) ® g®(7k) - SymdhOOHCa(Symdhoo) = O(kioo)

By definition of balanced metrics on vector bundles (Definition B]), there exists a
sequence of bases {sﬁ’“)}fﬁg for HO(X,Sym?E ® L®*) such that

Ny
S sV @ (V) n0 = Iy napern,
=1
k k RVOZ(X, woo)
/X<S§ ) s oo weo = T%‘,

where R is the rank of Sym?E. Hence

Nk/\

(4.7) Z BT

Define wy = i00log Hoo and &y, = 90 log H® . Thus ([A6) implies
llwr — willce () < Wk = kwos) — wollca(we) = O(K),
|10g£/l-(F) —10g(Hoo @ g%F)| otz = |10g(k/f-(?) ® g% —log Hoo|care = O(k™).
On the other hand, Theorem and (L7) imply that the sequence of Her-

mitian metrics H®) on Opg-(d) ® L* and ordered bases s*) = (sgk) sg\,g) for
H°(PE*, Opp~(d) ® L¥) is almost balanced of order g for any positive integer q.
Since PE* has no nontrivial holomorphic vector fields, we can perturb these almost
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balanced metrics to get balanced metrics on Opg-(d) @ 7*L* for k > 0 (see [S|
Theorem 4.6]).
O
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