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Abstract

The Willmore energy of a closed surface in R™ is the integral of its squared mean
curvature, and is invariant under Mobius transformations of R”. We show that any
torus in R? with energy at most 87 — § has a representative under the Mébius action
for which the induced metric and a conformal metric of constant (zero) curvature are
uniformly equivalent, with constants depending only on § > 0. An analogous estimate
is also obtained for surfaces of fixed genus p > 1 in R? or R*, assuming suitable energy
bounds which are sharp for n = 3. Moreover, the conformal type is controlled in terms
of the energy bounds.

Keywords: Willmore energy, conformal parametrization, geometric measure theory.

AMS Subject Classification: 53 A 05, 53 A 30, 53 C 21, 49 Q 15.

1 Introduction

For an immersed surface f : 3 — R™ the Willmore functional is defined as the integral

1 .
W) =1 [V du,

where H is the mean curvature vector, g = f*geuc is the pull-back metric and p, is the
induced area measure on ¥. The Gaufl equation says that

1, - L, 1
K = S(AP - |aP) = {H]? - 5|4, (1)

1
4
where A;; = Afj + %ﬁ gij is the vector-valued second fundamental form and K is the

sectional curvature of g. In the case when X is an oriented closed surface of genus p, the
Gauf3-Bonnet theorem therefore implies the identities

W) =1 [IAR duy+2m0=p) =5 [ 4P dpy+dr=p). (1)
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We denote by 8, the infimum of the Willmore functional among closed oriented surfaces
f 3 — R” of genus p. It is well-known that 3} = 4r with round spheres as unique
minimizers. For p > 1 we have 8 > 4w by the analysis of L. Simon [Sim93]. We put

k k
Gy =min {ar + 3 (8 —4m): 1< pi<p, Y _pi=Dp}, (1.3)

i=1 i=1

where 5? = 00, and define the constants

. min(8, BS) for n =3, (1.4)
wy = K )
g min(8, B;, ﬁ;f + %’r) for n = 4.

The main result of this paper is the following bilipschitz estimate. As the Willmore
functional is invariant under the Mobius group of R™, i.e. under dilations and inversions,
the choice of the Mobius transformation in the statement is essential.

Theorem 4.1 For n = 3,4 and p > 1, let C(n,p,d) be the class of closed, oriented,
genus p surfaces f : 3 — R"™ satisfying W(f) < wy — & for some 6 > 0. Then for any
f €C(n,p,0) there is a Mobius transformation ¢ and a constant curvature metric g, such
that the metric g induced by ¢ o f satisfies

g=egy where mzax\u] < C(p,9d) < 0.

We have 3] < 8m as observed by Pinkall and independently Kusner, see for example

[Kus89], and By < 5;} from [BK03]. Thus C(n,p,d) is nonempty at least for small § > 0.
The stereographic projection of the Clifford torus into R3 has energy 27% < 87 = w§ and
is conjectured to be the minimizer for p = 1, compare [Sch02]. We remark that we would
have w; = 81 once we knew that 3 > 67 for 1 < ¢ < p and ﬁg > 167/3 for n = 4. Tt
will be shown that our energy assumptions are sharp for n = 3, that is the conclusion
of the theorem fails if wg is replaced by any bigger constant. Combining the estimate in
Theorem 4.1 with Mumford’s compactness lemma we prove the following application.

Theorem 5.1 For n € {3,4} and p > 1, the conformal structures induced by immersions
f in C(n,p,d) are contained in a compact subset K = K(p,0) of the moduli space.

In particular as w{ > 207/3 we conclude W(f) > 272 for all tori f : ¥ — R* whose
conformal structure is sufficiently degenerate. A straightforward second application of
Theorem 4.1 is a compactness theorem, which will be stated in our forthcoming paper
[KS07]. There the problem of minimizing the Willmore functional with prescribed confor-
mal type is addressed.

We now briefly summarize the contents of the paper. In Section 2 we review a version of
the approximate graphical decomposition lemma on annuli, due to L. Simon [Sim93]. In
Section 3 we present the global estimate of the conformal factor, under certain technical
assumptions. The choice of the Mobius transformation is carried out in Section 4, and the
proof of Theorem 4.1 is then completed by verifying the assumptions from Section 3. In



Section 5 we discuss the bound for the conformal type and the optimality of the constant
wy . Our results rely on estimates for surfaces of the type of the plane due to S. Miiller
and V. Sverak [MS95]. The version needed is presented in the final section 6.
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2 Preliminaries

Here we collect some results from the work of L. Simon [Sim93], starting with consequences
of the monotonicity identity. For a proper immersion f : ¥ — B,(0) € R" of an open
surface ¥ and any o € (0, 0), we have by (1.3) in [Sim93] the bound

0 (B, (0)) < C (0 2(Bo(0)) + W, By(0)) ). (2.1)
where = f(ugy) is the pushforward area measure and

WU By = 3 [

We should really integrate over f~1(B,(0)) with respect to j,, but the pullback is omitted
for convenience; in fact the notation can be justified by considering u as a 2-varifold with
square integrable weak mean curvature as in the appendix of [KS04]. If ¥ is compact
without boundary we may let o " oo in (2.1) to get

o 2u(By(0)) < CW(f) forall o > 0. (2.2)

Moreover, the multiplicity of the immersion at 0 is just the 2-density of p and satisfies the
Li-Yau inequality, see Theorem 6 in [LY82],

1

2
< —

W(f). (2.3)

We will need the following version of the approximate graphical decomposition lemma, see
Lemma 2.1 and pp. 312-315 in [Sim93].

Lemma 2.1 For any A < oo there exist g = eo(n,A) > 0 and C = C(n,\) < oo such
that if f : £ — B,(0) CR" is a proper immersion satisfying

p(By(0) — Bya(0)) < Ao*  and / A du < e?  fore <egy, (24)
B,(0)=Bg/2(0)

then the following statements hold:

(a) Denote by A', i = 1,...,m, those components of f~'(Bz,/s(0) — Bs,/s(0)) which
extend to 8399/16(0). There exist compact subdiscs Py, ..., Py C X with

N
Zdiam f(Py) < Ce'l?p,
j=1



such that on each A* — U;V:;l P; the immersion is a k;-valued graph for k; € N,
intersected with Br,/3(0) — Bs,/s(0), over some affine 2-plane. Furthermore

M=) "k <C. (2.5)
=1

(b) There is a set S C (50/8,70/8) of measure L'(S) > 30/16, such that for o € S the
immersion is transversal to 0B, (0), and for each Tt := A* N f~1(0B,(0)) we have

‘/ kgds — 2mk;| < Ce*  where a = a(n) > 0. (2.6)

Furthermore, the restriction of f to AL = A* N f~1(B,(0)) has a CH1 extension
f: flf, — R™, where flﬁ, is obtained by attaching a punctured disc E. to A’ along
'Y, such that f is a flat k;-fold covering of an affine 2-plane L; outside Bs,(0) and
has curvature bounded by

/E |A2 di < Ce2. (2.7)

)
o

(¢) If we assume in addition to (2.4) that

’14’2 2
T du(r) <&, (2.8)
Bo(0)=B,2(0) |7

where L denotes the projection in the normal direction along the immersion, then
JH(Bry/s(0) — Bsyys(0)) = UL, A" and we have the estimate

11(Br,ys(0) = Bsgs(0)) > (1 — Ce**)Mm ((70/8)* — (50/8)%) . (2.9)

If the assumptions of Lemma 2.1 hold with ¢/2 replaced by some r € (0, 0/2], that is
1(By(0) — By(0)) < Ag? and

12

/ AP dp, el

By (0)—B,(0) B,(0)-B,(0) |7l

then by inequality (2.1) the assumptions of Lemma 2.1 are satisfied with o replaced by
any o € [2r, o]. The resulting graphical decompositions have the same multiplicity M by
continuity. Choosing o, = (5/7)” 0 and summing over the inequalities (2.9) we find

11(Bro/s(0) = Bs,/a(0)) > (1 — C**) M ((70/8)* — (5r/4)°). (2.11)

The results in [Sim93] are stated only for embedded surfaces, however they extend to
immersions simply by considering a pertubation fy = (f,Afy) : ¥ — R" x R3, where
fo : ¥ — R3 is some differentiable embedding. The fy satisfy the assumptions of Lemma
2.1 for a slightly bigger constant A, hence they admit a graphical decomposition as stated
over some 2-planes in R™ x R3, which are almost horizontal for \ sufficiently small. By
slightly tilting the planes one obtains the desired almost graphical decomposition for the
given immersion f, with power o = 1/(4n + 6) instead of 1/(4n — 6) which is the constant
in Lemma 2.1 of [Sim93].

dp(z) < €2, (2.10)




3 Oscillation estimates
In this section we present the main PDE argument for the estimate of the conformal factor.

Theorem 3.1 Let f: X — R", n= 3,4, be an immersion of a closed surface ¥ of genus
p > 1 with W(f) < A. Assume that f(2) C U, By, j2(wx) with o1/ or, < A, such that for
allk=1,...,K and some § > 0 the following conditions hold:

/ |K| du <8m —d  forn =3, (3.1)
ng(xk)

/ |K|d,u+1/ AP dp < 8m—46
By, (wx) 2 By, (ax)

|A°% du < 81 — Cpe?
B.Qk (z1)

forn =4, (3.2)

/ |A]? dp < 2. (3.3)
By, (x1) =By, y2(zk)

Denoting by D&®, 1 < o < my, the components of S HBo () which meet dBg,, j16(wk),
we further assume for all o € [50k/8,70k/8] up to a set of measure at most o /16 that

K dpg > —-2r+46  foralla=1,...,my. (3.4)

Dk

Then for ¢ < e(A,8) and Cy > Co(A), there is a constant curvature metric gg = e~ 2%g

such that
HlXEJlX |’LL| é O(A7 K7p7 5)

Proof: By rescaling we may assume py(X) = 1. We take gy = e~2"g as the unique
conformal, constant curvature metric also with pg,(3) = 1, which means

~Agu+ Kge " =K, where K, = =4 (1 —p). (3.5)

Clearly the condition jug,(X) = p4(X) implies
u(p) =0 for some p € X, (3.6)
and hence it suffices to prove the estimate
oscxu < C(A, K, p, ). (3.7)

The bound W(f) < A and the identity (1.2) imply
147 ay < cap), (35)

and the Li-Yau inequality (2.2) yields

0 2u(By(z)) < C(A) for all B,(z) C R". (3.9)



The set of all o € [50x/8, Tox /8] satisfying both (3.4) and the inequality

/ ]2 ds ::/ AP ds, < 1622/0 (3.10)
9B (x) O[f~2(Bo (x1))]

has measure at least g;/8. Thus we can choose oy, 0} € [50x/8, 70k /8] satisfying (3.4),
(3.10) and the conclusions of Lemma 2.1(b), such that o} — o} > g;/16. Since f(3) C
U{f:l ng/2(a;k) we have

»=J Dk (3.11)
k,a g
From the Gaui-Bonnet theorem and (3.4), we obtain for each component

/ L Fg dsg = 27rx(D§;€°‘) — /k . K dug < 2w (X(Dclff‘) + 1) — 0.
aDU;g Do}c

We conclude that each Dﬁ;f‘ is a disc, and that the multiplicity of its boundary entering
in (2.6) equals one, which means that all the graphs in Lemma 2.1(a) are singlevalued.
Again by Lemma 2.1(b), we extend f|r.o to an immersion fi o : 3 o — R" such that

Tk

[ AP g, < e (3.12)
Ek,oz_Dv:r}C

Here Dﬁ;f C Yga & R? and fk,a is the standard embedding of a single plane outside
Big, (zr) € R™, in particular fy o is complete. Now for gi o = j"/{;ageuc the Gauf3-Bonnet
theorem implies

ng,a dlugk,a = 0
Ek,a

By the uniformization theorem, we may assume that the diffeomorphism > , = R? is
conformal, and write gy o = e2Uk.a oy on Yha R?. From (3.1), (3.2) and (3.12), we get

/ Ky, ol ditg,, <87 —6+ Ce? for n =3,
k,a

1 o
/ ool g + 3 / |AG, [* dpg, , <87 — 5+ C&?
Zk,a Zk,a

fzk,a ’A;k,a ‘2 dll’tgk-ya < 8T — 0052 + CE2

for n = 4.

Choosing Ce? < §/2 and Cy > C, this verifies the assumptions of Theorem 6.1, except
that the parameter § is replaced by 6/2. Thus we have

_Agk,auk7a = ng,a m 2]’{3,&7

where uy, o, satisfies the estimates, possibly after adding a suitable constant,

[tk ,all oo (5. 0)s 1Dkl 205y ) 1D Uk all i) < 0(5)/ Ap, o P disg,
k,a
< C(A,p,9).



Here the L' and L? norms on the left are with respect to the Euclidean metric on Yha =
R?, and we use (3.8) and (3.12) for the second inequality. As fx, and f coincide on Dﬁ,’f‘,

we have gi o, = g on Dfi;f, hence

—Agupo =K, in Dﬁ;f‘.
and by conformal invariance of the Dirichlet integral
Huk,a”Loo(Dk,a)a/k ’Duk,a‘f] dug < C(A,p, 6)'

Combining with (3.5) and as g = g.o = e2Uk.o go. on Dﬁ,’f CYpa = R?, we get

— AU — Uup o) = =P A (U — up o) = — Ky e XU a) - in DR

O

hence using 0 < —K ) = 4n(p — 1) we conclude

—A(u—ugq) >0,

in Dﬁf‘
—A(u—upa)s < Clp— 1),

(3.13)

(3.14)

(3.15)

Next we choose extrinsic cut-off functions v, € Cg(BE,Qk/g(xk)) with 0 < v, <1, 1% =1

on By, jo(wx) and |Diny| < Cop? for j = 1,2; we then put flyq := Y © f on Dy and
Th,a =0on X — Df,;ea_ Then 7 := Zk,a ko > 1 on %, as f(X) is covered by the B, /()

for k=1,..., K. We put ng o = 7./ and get

Spt k.o C DR,
ij7o¢ ”7]@706 = 17
| Djk,alg < C(K)&;l’

D%k 0l < C(A, K) (0,2 + o1, | A]).

Putting @ := 3}, Mk aUk,q, We calculate from (3.5) and (3.13)

—Ag(u —a) = _Kgoe—2u +92 Z Dy, o Dug, o + Z AgNi,a Uk,a =: h
k,a k,a

and estimate by (3.8), (3.9), (3.14), recalling K, = 47(1 —p) <0 and gy = e~ ?"g,

/ h dpy < / (K)o dpg
> >

/ /
+CO(AK) Y (9;2ug(D§;ﬁ)>1 i </Dk“ |Duyal; dug>1 2
Tk

k,a

+ ”Uk,aHLoo(Df;}:l) /Dk,a (9;2 + QEI‘AD d:u'g

Tk

IN

C(A7 K7p7 5)'

(3.16)



Furthermore
[P, /Z Duf? dpsy < C(A, K. p,6).

Multiplying (3.16) by u — @ — X where A € R is arbitrary, we obtain

[pe—aE any < [ 1l == A dy

<
< C(A7K7p76)Hu_a_)\HL°°(E)
< C(A7K7p75)(1+ ”u_)‘”LOO(E))7

hence

IN

[ 1Du au,
Y

Recalling the choice of oy, 0}, we note BY 0:/16(%) € C Db for 2 € Df;fl’ where Bj(z) is the

/ u—u\g dug+2/\Du]gd,ug
C(A,K

< p,9) (1 4 oscxu). (3.17)

geodesic ball with respect to g. ertlng Bg( ) for the Euclidean coordinate disc using
Yka = R?, we see from (3.14) that B3, , (z) C Dg,’f‘ for ¢o = co(A, p,d) > 0 small enough.
Now by (3.11) any z € ¥ belongs to some Dﬁr’,ﬁ, hence by (3.14) and py(X) =1

l

(coo)® = L2(Beye, (2)) < C(A,p,6) p1g(D5)) < C(A,p,6),

hence g < C(A,p,0) for all k since gx/0; < A by assumption. Further by (3.9)

K
= <
1= pg(2 kz_: By, j2(7x)) < C(AK | max 0.
Using again g;/0r < A we see that
CO(A7K) < Ok < C(A7p7 5) (318)

Next, (3.17) and the Poincaré inequality show that, for appropriate Ay o . € R,
(coor) ™ llu = Anazllizsz, () < ClIDulr2sz,, (o) < C (1 + Vosczu).

Select a maximal subset {z;}ier C Dg} with B? (z;) pairwise disjoint, whence the
k

2 ; k.l k, 2
BCOQk/2(zi), i € I, cover Da;' As the Do 2 B? on/4

the cardinality of I by

coor/4\*
(z;) are pairwise disjoint, we estimate

card(I) m(coor/4)* < L2(DE*) < C(A,p, §)pug(DE*) <

< C(A,p, 6)u(Bg, (z1)) < C(A,p, 8)j,
as g = e2%k.agoye, using (3.14) and (3.9), hence

card(I) < C(A,p,0).



If B2

CoQk/2(zi) nB;

cogk/2(zj) 75 @ then £2( cggk( ) N Bcogk( )) > 7T(COQk/Q) and

[ Aka,z — )‘k,a,zj‘ < C (COQk)_l <Hu - )‘k,a,zi”L%Bgo (z:)) T Ju — )\kazj”m(Bcogk( )))
< C(AK,p,d) (14 (/oscxu).

As D%, +“ is connected and covered by the BC o /2( z;), we find for ¢, j € I a chain BC o /z(ziu),

I

v=1,...,N, with N < card(I) and such that neighboring discs intersect. Thus
|Nkaz — )\kﬂ,zj\ < C(A K, p,0) (1 + y/oscxu) Vi, jel.
Therefore there exists a A; o € R such that

Q};lHu - )‘k,OéHLQ(Dk;O‘;g) < C(A7K7p7 5) (1 + Vv OSCEU)‘
Tk

The sets B" 72 = D(Ij;o‘ N f~1(By,/2(xk)) form an open cover of ¥. Moreover if z €
k
ko lﬁ : g k.o LB :
BQ o N B o2 where g, < g;, then we obtain as above ng/B(z) C Do;c N DU2 , using

o), > 5Qk/8 o, > 50;/8 , and

k? l?
Mg(DU;ca n DJZB) > pg(BY

Ok /8( )) > CO(Avpv 5)£2(B2 ( )) > CO(A7p75)Qi

CoQk

This yields

Ak — Al

IN

-1 _
(cogk) ”)\k,a )‘lvBHLZ(DifﬁDi’lfB%g)

< (coon)™! <Hu - )‘kva”LQ(Dk}a;g) - )‘WHLZ(DZ’?;QJ
7k 1
< C(AK,p,d) (14 \/oscxu),

as 0;/o0k < A by assumption. Again by connectedness of ¥ there is a A € R

lu = Alr2(siq) < C(A, K, p,0) (1 + /oscsu) max oy (3.19)

Next choose zp € ¥ with u(zp) = miny u. Then 2y € B';;% for some k, . By (3.14) and

(3.15) we have, as B3, ,, (20) C DE®. the estimate u — Uk > ming u — C(A,p, ) =: A,
and conclude from the weak Harnack inequality, see [GT] Theorem 8.18,

(COQk)_l”U — Uk,o — 5\HL2(Bgng(ZO)) <C inf (u — Uk — )\)

Bgogk (ZO)
Hence from u(zp) = miny, u we see that
(coor) ™" lu — lenUHLZ (B2, (z0)) < C(A,p,9).

. <

by (3.19), and we conclude

l|lu — mzinu||L2(27g) < C(A K, p,0) (1 + \/OSCEU) max Q. (3.20)



Now miny v < 0 by (3.6). Employing the mean value inequality, see [GT] Theorem 2.1,
we obtain from (3.15) for z € Df}a
k

[ (u — Uk,oz)+”Lc><>(B2 ) = C(COQk)_lﬂ(U - uk,a)-i-”LQ(BchQk(z)) + C(COQk)2(P —-1).

coey
Combining (3.14), (3.18), (3.20) and miny, u < 0 implies
mzaxu < C(Aapa 6)@];1”“ - Inzi:nu”LQ(E;g) + C(A7p7 5) + C(COQk)z(p - 1)
< C(AK,p,9) (1 + (/oscxu)

1 1
< C(AK,p,d)+ 5 maxu — §mzinu,

hence maxy, u < C(A, K, p,0) + | miny u|, and

oscyu < C(A, K, p,d) + 2| mzin ul. (3.21)

Next we define A = {z € ¥ : u(x) < miny u/2}. As u — mingu > |miny u|/2 on ¥ — A,
we get from (3.18), (3.20) and (3.21)

IN

1
~ | mi DA — mi
2|1rnzlnu| fg( ) /E(u Emu) dpg

< C(A K,p,9d) (1 + +/oscxu)

< C(AK,p,0)(1+ /]mzlnu\)

Thus for | miny u| > C(A, K, p, ) we estimate

(5—4) < C(A, K,p,0)(1 4+ /| miny ul) <

1
| miny; u| -2

Hg
As both g and gy = e~?%g have unit area, this yields y,(A) > 1/2 and

1> / e dpg > pg(A)e” MR > %e‘mmz“‘-
A

We conclude that | miny u| < C(A, K, p,d), and hence (3.7) follows from (3.21), and the
theorem is proved.

/1]

Inspecting the proof, we see that instead of (3.4) we could require directly that each
component D¥ is a disc and flypk.e is asingle, nearly flat circle, for all o €]50y./8, 7o /8]
up to a set of measure p;/16. We also remark that the assumptions (3.1)-(3.4) are trivially
implied by the single condition
/ AP dp <& forallk=1,... K.
ng (l’k)

In fact, the estimate of the conformal factor can then be shown in any codimension.

10



4 Estimation modulo the Mobius group

It will be essential in Theorem 4.1 to pass to a good representative under the action of
the Mo6bius group. The following lemma yields the desired Mobius transformation.

Lemma 4.1 Let f : ¥ — R"™ be an immersion of a closed surface ¥, with conformally
mvariant energy fz |A°|? du =: E. Then there exists a Mobius transformation ¢ such that

f = 6o [ satisfies (%) C B1(0) and

/ |A°)2 da < EJ2  for all x € R™, where gy = oo(n, E) > 0. (4.1)
Bgo(x)
Proof: By a dilation we may assume that for all z € R" and some xg € R"™ we have
/ A°12 dp < B/2 < / A2 dp. (4.2)
Bi(x) B (z0)

From (1.2) we see that the total Willmore energy of f is bounded by
W(f) < E/2+ 4. (4.3)
We now prove by area comparison arguments that there is a point z € R” satisfying
Bi(x)Nf(X)=0 and |z — x| <C(n, E). (4.4)
The Li-Yau-inequality as in (2.2) yields the upper bound
r2u(B,(x)) < C(E) for any 7 > 0, (4.5)
while p =1 and 0 \, 0 in (2.1) yields
w(Bi(x)) + W(f,Bi(x)) > ¢ >0 forany z € f(X). (4.6)

For R > 0 to be chosen, let By(z;), j = 1,...,N, be a maximal disjoint collection of
2-balls with centers z; € Br(zo). As the balls By(z;) cover Br(zg) we have N > R"/4™.
If f(X)N Bi(xj) # 0 for all j, then (4.6), (4.5) and (4.3) imply

¢N < Z ( (Ba(;)) + W(f, Bg(:cj))) < O(E) (R? + 1),

thus R < C(n, E). Taking R = C(n, E) + 1 yields (4.4) for appropriate = ;.

Translating by —x, we can assume that x = 0 in (4.4), that is f(X) C R™ — By(0).
For R := C(n,E) + 1 with C(n, E) as in (4.4), we obtain from (4.2) for all z € R"

/ |A°* dp < E/2, and / |A°1> dp < E/2. (4.7)
By w) R"—BR(O)

Now for f = ¢ o f where ¢(x) = x/|z|*> we clearly have f(X) C B;(0). Moreover if
|z| > 1/(2R), then a ball B,(z) of radius ¢ = $(v1+ R~2 —1) is mapped by ¢! = ¢ to
a ball By«(2*) with ¢* <1, and claim (4.1) follows from (4 7) using that the integral is
locally conformally invariant. In the remaining case [x| < 1/(2R), we use B,y(x) C By, p(0)
for o <1/(2R), and obtain (4.1) from the second inequality in (4.7).

11



/1]

We can now prove our main theorem, recalling from (1.4) the definition of the wy.

Theorem 4.1 For n = 3,4 and p > 1, let C(n,p,d) be the class of closed, oriented,
genus p surfaces f : ¥ — R" satisfying W(f) < wy — & for some 6 > 0. Then for any
f €C(n,p,0) there is a Mobius transformation ¢ and a constant curvature metric g, such
that the metric g induced by ¢ o f satisfies

g=e*gy where mzax|u| < C(p,d) < 0.

Proof: It is obviously sufficient to obtain the result for small § > 0. We consider an
arbitrary sequence of surfaces f; € C(n,p,d), and put g; = f;geucv pi = fi(pg,). From
(1.2) we have

/ | A3 dpg, < 2(wp —6) +87(p—1) < 8x(p+1) — 26, (4.8)
b
Using Lemma 4.1 we may assume after applying suitable Mobius transformations that

fi(3) € B1(0) and / \A;]Q dp; <4n(p+1)—4§ for all z € R, (4.9)
By, )

where gy > 0 depends only on the genus p. The uniformization theorem yields unique
conformal metrics e 2% g; having the same area and constant curvature. The theorem will
be proved by showing that
lim inf [Ju; || foo () < 00. (4.10)
J—00

We start by recalling from (2.2) the Li-Yau-inequality
0 2u;(By(z)) <C for all z € R™, o > 0. (4.11)
For o = f;(pg,|A;[*) we have a;(R™) < C(p), hence for a subsequence
iy aj — pyo weakly® in CO(R™)*. (4.12)
Moreover we see as in [Sim93] p. 310 that
spt 1; — spt 1 in Hausdorft distance, (4.13)

which yields further spt o C spt 4 C B1(0). Now by Allard’s integral compactness theorem
for varifolds, see [Sim] Remark 42.8, the measure p is an integral 2-varifold with weak mean
curvature H,, € L?(u), more precisely we have

1
W) = / (1, dyu < Hmin W(F;) < 87 &

As discussed in the appendix of [KS04], the monotonicity formula from [Sim93] applies to
varifolds with weak mean curvature in L?, in particular the Li-Yau inequality (2.3) yields

8 =0 :2—4i for all z € R". (4.14)

2
<
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We further obtain, writing L for the projection onto ()",
L2
/ @ = z0) |7 du(z) < oo for all zp € R™. (4.15)
Bo'(xo)

Let €9 = €o(n, 8) be the constant from Lemma 2.1 of [Sim93]; we take 5 = C for C' > 0 as
in (4.11) whence gy > 0 is universal. For 1 € (0,&¢] there are only finitely many points
Z1,...,Tr With
al{xp}) > et fork=1,...,K,
in fact K < C(p)ey?. For given ¢ € (0,61) we may use (4.15) and (4.14) to choose
€ (0,1 5 ming. |2, — 27]) with o < gg, such that for all £ we have the inequalities

a(By(zr) — {zr}) < €2,
p(Bros(zr)) < (2 - —) (70/8),

. 12
Bo(an) € — 2kl

For any y ¢ {z1,..., 2k} there exists a radius o, € (0, 09) such that a(B,, (y)) < 3. Now
we select finitely many points y1,...,yr € sptu — Uszl B,/2(zy) such that

L
sptu © BQ/2($I€)UUBle/2(yl)'

k=1 =1

C =

By (4.12) and (4.13) we get for any r € (0, /2] and j sufficiently large (depending on r)

L

K
fi(X) =sptp; C U o/2(T1) U U By, 12(u1),
k=1 =1

/ |45 duy < €2,
Bo(xy)—Br(x1)

‘Aj‘2 dﬂj < E%, (4.16)
B.le (yl)

115 (Bros (i) < (2 — 6/20)7(T0/8)?,

_ 192
/ |($ 33‘k)4| d,uj(m) < 62,
Bo(zk)—Br(zk) |l‘ - $k| )

for k=1,...,K and [l = 1,..., L. For the covering in (4.16) we shall now verify the as-
sumptions of Theorem 3.1, provided that £; = &1(n,d) € (0,&9) and € = e(n, p,0) € (0,1)
are sufficiently small.

The condition (3.4) is clearly satisfied on the By, (yi), L = 1,...,L, for ey > 0 suffi-
ciently small. For k € {1,..., K}, we have the assumptions of Lemma 2.1 and also (2.10)
for any r € (0, o/2]. Thus for the multiplicity M}, as in (2.5), we get from (2.11)

(1- CE)MW((7Q/8)2 - (57’/4)2> < pwi(Bross(ak) — Bspja(zr))

< 1 (Brgs(w)
< (2-6/20)m(70/8)%,
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Assuming € < £(d) and r/p < ¢(d) this implies
My = 1. (4.17)

For o € [501/8, 70x /8] as in Lemma 2.1, we conclude that fj_l(BU(xk)) is bounded by just
one circle, and can be compactified to a closed surface ¥ = ¥, of genus p, = p;i by
adding one disc. This means we have

X5 (Bo(zx))) = 2(1 = p) — 1. (4.18)

As (2.6) holds with multiplicity one, the GauB-Bonnet theorem yields
‘ / K dpj + 47Tpk‘ < Ce™. (4.19)
Bo- ((Ek)

Now K; > %\A;’]z by (1.1), and using ¢ < g we see from (4.8) and (4.9) that

1 . 1[0 5
/ K; dujz—g/ EME dujz—z/ [AF* dpj > =2m(p+1) + 3.
Bo (zk) BQk (z) Y

In the case p = 1 this implies the condition (3.4) with §/2 instead of J as well as px, = 0,
for ¢ < e(n,d). For p > 2 we get
pe<(p+1)/2<p fork=1,... K. (4.20)

For appropriate o}, = 0 €]50/8,70/8], we now use Lemma 2.1(b) to attach an end to the
restriction of f; to fj_l(BUk (x1)), obtaining an immersion f;; : 3 — {gr} — R™ such that

under fjk a neighborhood of the puncture g corresponds to a neighborhood of infinity in
some affine plane, and such that

/ |Ag|? djig, < Ce2. (4.21)
Rn—ng (mk)
By (4.21) and the conformal invariance of the Willmore energy, we get

W(f;, Boy (k) = W(fjr) — Ce® > B — dr — Ce?, (4.22)

k;_

Adding k discs to X — Uszl By, (z1) yields a surface of some genus pg, where
K K
20-p) =x(®) = x(Z= U7 Bon@r))) + 3 x (f7 (B an)))
k=1 k=1

= 2(1—p0)—K+§:<2(1—Pk)—1>

k=1
K
= 2(1-Y ),
k=0
which means
K
=S (423)

k=0



In fact, adding the discs with bounds as in (4.21), we see that

K
w(f R~ kL:Jl By (1)) 2 B, — C(K)E (4.24)

Combining (4.22) and (4.24) implies

K
Z( e — 4m) < W(f5) — 41+ C(K)e* < wy — 6 —4dr + C(K)e? < W — 4r,
k=0

if e < e(K, ). From (4.23), (4.20) and the definition of the wy, see (1.4), we now see
po=p, and pr=0 fork=1,... K. (4.25)

Together with (4.19) this establishes (3.4) for any p > 1.

Next, claim (3.3) is immediate by taking e,e; < €(A,0) and r < p/2 in (4.16). More-
over, for [ =1,..., L we get from (4.16)

2 / K| s, /
B.le (yl) B

hence (3.1) and (3.2) hold for £; > 0 small enough. For k = 1,..., K we get from (2.6)
combined with (4.17), (4.18) and (4.25), for appropriate o €]50/8,70/8|,

AP an < [ AR <,

Qy; (yl) B.le (yl)

‘ / K; d,uj‘ <27 ‘X<fj_1(Bo(xk))> - 1‘ + Ce® = Ce”. (4.26)
Bo(xk)
From |K| < £|A|? = |A°|> + K we have the inequality

1 o
[l [ AP+ [P [ K du
By(zr) Bo(x)—Byy2 (k) Bo (1) Bo (1)

hence we obtain from (4.16) and (4.26)
/ || dpy < / |AS|? dpj + Ce™. (4.27)
Bo(zk) By(zy)

We proceed similarly using (4.16), (4.26), (4.24), (4.25) and |A°|2 = |H|2/2 — 2K

1 o 1 T «
5/ |AS)? dpy < Z/ |H;|* dpy + Ce
By(zk) Bo (1)
K
< W(fj) = W(#,R" = | Bo, (z1)) + C*
k=1

< Wl 8- B+ Ce.

As wy <87 and ] > 4w, we conclude from (4.27)

/ | K| dpy < 2(wyy — By) — 20 + Ce® < 81 — 26 + (e,
By(x

15



which proves (3.1) taking € < £(4). For n =4 we have

1 o 3 o o
/ K| dpj + 5/ |A2* dpy < 5/ |A5[7 dp; + Ce
Bo(zr) Bo(zk) Bo(zx)

3wy — 6 — By) + Ce™.

IN

Now (3.2) follows by definition of wf) for £ < £(0) small enough. Thus all conditions of
Theorem 3.1 are verified, and application of that theorem finishes the proof.

/1]

5 Compactness in moduli space
The main result of this section is

Theorem 5.1 Forn € {3,4} and p > 1, the conformal structures induced by immersions
f in C(n,p,d) are contained in a compact subset K = K(p,d) of the moduli space.

The theorem follows directly from Theorem 4.1 and the following

Lemma 5.1 Let f : ¥ — R" be an immmersion of a closed oriented surface of genus
p > 1, with induced metric ¢ = f*geye. Assume that

W(f), mEaX lu] <A,

where W(f) is the Willmore energy and gy := e~ 2%g is a conformal metric of constant
curvature. Then the conformal structure induced by g lies in a compact subset K =
K(n,p,\) of the moduli space.

Proof: = We first give the proof for p > 2, where we normalize to K,y = —1 by a
dilation. Let £ > 0 be the length of a shortest closed geodesic in (X, gg). By the Mumford
compactness theorem, see e.g. [Tro] Theorem C.1, the lemma follows from a lower bound
for ¢ depending only on n,p and A. As the hyperbolic plane has no conjugate points,
we have inj(M, go) = ¢/2 by an argument of Klingenberg, see Lemma 4 in [KI1i58], and
hyperbolic geometry implies

figo(BL(p)) > mr?  for all 0 < r < £/2. (5.1)

Select a closed geodesic v for gg of length £. With respect to geodesic distance, there is a
parallel neighborhood of v which is isometric to the quotient of {re? : r > 0, |§—n /2| < 6y}
by the action of ¥, k € Z, where v corresponds to # = /2. Clearly v is not contractible
since otherwise it would lift to a closed geodesic in the hyperbolic plane. By the collar
lemma, see [Tro] Lemma D.1, we may take 0y € (0,7/4] as a universal constant, as we
can assume without loss of generality that £ < 1. Now let p; ~ €1, ... px ~ €% be a
maximal collection of points with |6; — /2| < 6y, such that the balls B’ (p;) are pairwise
disjoint. By maximality the Bgy(p;) cover the geodesic {e : |0 —7/2| < 6y}, which implies
that K > c¢y/¢ for a universal constant ¢y > 0. The closed curves 7 corresponding to
et (0 <t < ¢, have length Lgy(vi) < Cl. We conclude

Ly(y) < C(A) Lgy(m) < C(A) =: o/4. (5.2)
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Given k € {1,..., K}, we denote by Ij the set of those i € {1,...,K} for which f(p;) €
Bao(f(pk))}. For i € Iy, and p € BJ°(p;) we estimate

|f(p) — fpr)| < disty(p, pi) + [ f(pi) — f(pr)| < C(A)distg,(p,pi) +20 < C(A)o.

As the balls BJ°(p;) are pairwise disjoint, we get putting » = £/2 in (5.1)

T 2
(#1075 < 3 o (B (00)) < O g (5 Beqayol F(pi))) < CLAYE

i€l
where the last step uses the Li-Yau inequality (2.2). We thus have
#I <C(A) fork=1,...,K. (5.3)

Now choose a maximal set J C {1,..., K} with B,(f(px)) N Bo(f(pi)) = 0 for k # 1.
For any m € {1,...,K} we have f(pm) € Bao(f(pg)) for some k € J, which means
{1,...,K} = Upes k- By (5.3) this yields K <), #I; < C(A)#J and hence

#J > co/t  for cog = co(A) > 0. (5.4)
As the B,(f(px)) are disjoint for k € J, we get for some k € J using GauB-Bonnet

/ AP dp < - / AP du < C(A, p)L.
Bo(f(pk)) #J Js

Thus for C(A,p)f < eo(n,A) the assumptions of [Sim93] Lemma 2.1 are satisfied, re-
calling also the density ratio estimate (2.2), hence there exists a o €]|o/4, 0/2[ such that
B, (f(pr))) is a disjoint union of discs D%, i = 1,...,M. Now by (5.2) we have
Ly(vk) < 0/4 < o which implies that f o~ lies in By((f(px)), or equivalently -, is con-
tained in f~!(B,(f(px))). But then 7, is actually contained in one of the discs D?, in
particular ~ is contractible in ¥. But then -~ is also contractible which contradicts our
previous observation.

For p = 1 we normalize such that pg(X) = 1. It is well-known that (¥,g) is iso-
metric to the quotient of R? by a lattice of the form T'/v/b, where I' = Z + Z(a, b) with
0<a<1/2, a®>+0b*>>1and b > 0; here dilating the lattice by 1/v/b adjusts the volume
to one. The length of a shortest closed geodesic is then ¢ =1/ Vb, in fact any horizontal
line segment of that length corresponds to a shortest closed geodesic. We now consider
points py corresponding to (0,2k¢) for k =1,..., K. It is elementary that we can achieve
BY°(pr) N By (pi) = 0 where K > col~2. The horizontal segments yield closed geodesics
vk through py of length Ly (vx) = ¢. From here the proof proceeds as in the case p > 2.

/1]

We finally discuss the optimality of the constants w; in Theorem 4.1. A standard example,
see [Sim93], is obtained by connecting two concentric round spheres at small distance by
p + 1 suitably scaled catenoids. This yields a sequence of embeddings f; : ¥ — R? of
genus p > 1 with W(f;) — 8m. By a dilation we have in addition that p, () = 1 for
all j. Assume by contradiction that there exist Mobius transformations ¢; and constant
curvature metrics go j, such that §; = (¢; 0 f)*Geue = et go,; where maxy, |u;| remain
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in a compact set as j — co. Composing ¢; with a suitable dilation we may assume that
K, (¥) = 1. By Lemma 5.1, the conformal structures induced by the g; remain bounded,
which implies that the minimal length of a noncontractible loop with respect to go ;, and
hence with respect to g;, is bounded below independent of j. In particular, the metric g;
is not uniformly bounded by g; near the concentrating catenoids. Now ¢; is a composition
of a Euclidean motion, a dilation and an inversion, hence we have

2
52, GG . here ¢: > 0. 4. € R3
g]—ngj or g]—mgj, Werecj> ,(IJG .
J

J

In the first case, the area normalization implies ¢; = 1 which is a contradiction. In the
second case, we note that the a; cannot diverge since otherwise we get for large j
c? i< 160?
16]ay 1% = = 19

The area normalization yields 1/16 < c? /la;|* < 16, and we have a contradiction as before.
Thus we can assume that the a; converge to some a € R3, and also that the ¢j remain
bounded. But since p + 1 > 2 there is a catenoid concentrating at a point different to a,
and at that point g; remains bounded by g;. This contradiction shows that the constant
w, in Theorem 4.1 cannot be replaced by a constant strictly bigger than 8. Inverting
surfaces of genus p; where p; + ...+ pi = p at points on the surface and then glueing them

into a round sphere, we see similarly that w) cannot be replaced by a number bigger than
Bg, and in particular that w;’ = min{8, ﬁg’} is optimal for the statement of Theorem 4.1.

6 Conformal parametrization

In this section, we prove the estimate for the conformal factor needed in the proof of
Theorem 3.1, thereby extending results of [MS95].

Theorem 6.1 Let f : R2 — R”, n = 3,4, be a complete conformal immersion with
induced metric g = €*"geye and square integrable second fundamental form satisfying

/RZKd,ug:O for K = K, (6.1)
/RZ\K]dugg&r—& forn =3, (6.2)

1 o
/RZ|K| d,ug—l—a/RzM 2 duy < 87 — 6,

Jo2 | A% dpg < 8,

forn =4, (6.3)

for some § > 0. Then the limit A = lim,_,o u(2) € R exists, and

o= Al oy 1Dl ID*ull ey <€) [ JAF . (6:49)
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We shall prove this theorem by constructing a solution v : R — R of the problem

~Agy=K inR*® and lim v(2) =0, (6.5)

Z—00

which satisfies the estimates
HUHLOO(RQ)a ”DU”L2(R2)7 HD2UHL1(R2) < C(9) /R2 ’A\z dpg. (6.6)

The claim then follows easily. In fact, the function u solves —Agju = K, see (3.5), hence
the difference u — v is an entire harmonic function. But [MS95] Theorem 4.2.1, Corollary
4.2.5, combined with (6.1), imply that u is bounded. Therefore u — v is also bounded and
reduces to a constant A, which proves the lemma.

Proof of Theorem 6.1 for n = 3: The projection 7 : S — CP!, (21,22) + [21 : 23],
is a Riemannian submersion for the Fubini-Study metric grg on CP'. Introduce the
diffeomorphism P : S? — CP! induced by composing the standard chart

. 1 _ (Z’l)
¥ :C — CPY, 9(z) _W<7\/W)

with the stereographic projection

T:5%\{~es} = C, T(¢,5) = s

One computes ¥*grs = (1 + |2]?) "2geue = T(T71)*gs2, which implies
1

P*grs = 7952 (6.7)

As the Jacobian of the normal v : (R?,g) — S? along f is Jv = |K|, we get by (6.2)

1
J(Pov) dug:—/ |K| dpg < 2w —0/4.
R2 4 Jr2

Recalling that the Kihler form w on CP!, as defined in [MS95] 2.2, equals twice the volume
form volpg with respect to the Fubini-Study metric, we get P*w = 2P*volpg = %vol g2 by
(6.7). Hence using v*volgs = Kvol; = Ke* 0l we obtain from (6.1) that

/Rz (Pov)'w= /R2 (K/2)voly = 0.

We may therefore apply [MS95] Corollary 3.5.7 to get a solution v : R? — R of
—Av=#2(Pov)*w=Ke* onR? with lim v(z) =0,

Z—00

where A, * are taken with respect to the standard metric on R?, and such that

C) [ 1DP v dy

c (o
= S0 oo ay,
R2

= S0 i an,
4 e

As —Agv = K by construction, the lemma follows for n = 3.

IN

0]l Lo g2y, 1DVl 22y, |1D*0]l L1 (R2)
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We remark that if we use instead of P the map P identifying S? with the Grafmannian
G32 C CP?, then we have P*grg = gg2/2 instead of (6.7), which implies only

~ 1
[ Pov) dny =5 [ 1K) du,
R2 R2
so that instead of (6.2) we would need the stronger assumption
/ |K| dpg < 4w — 6 for n = 3.
R2

For n > 4 the Jacobian JG of the Gaul map G : (3,9) = Gn2 C CP™ ! can in general
not be expressed in terms of the Gauf3 curvature K alone, more precisely it was computed
in [HOS82] that in points where H is nonzero one has

1 1 =
16 = 3\ ik + L

where B is the component of A orthogonal to H. For the proof of Theorem 6.1 for n = 4,
we will use a correspondance Gy2 52 x S2. Recall that an oriented 2-plane P in R"
with oriented orthonormal basis v, w is represented by

n—1
(v + iw) V2] € Gug = {[zo et 2] ‘ Y= o} ccpl, (6.8)

k=0

Alternatively, we can assign to P the 2-vector v A w € Ay(R™). For n = 4 the Hodge
operator x : Ay(R%) — Ag(R?) is an involution, that is ** = Id, and we have a direct sum
decomposition Ap(R*) = E, @ E_ into the £1 eigenspaces, with corresponding projections
I ¢ = (£ £%£)/2. As the Hodge star is an isometry the decomposition is orthogonal, and
both spaces E4 are three-dimensional with orthonormal bases

efy = (e1 Nea+ez Neq)/V?2, ey :=(e1 Nea—e3Aeq)/V2,
el i=(e1 Nes+esNex)/V2, epy:=(e1 Nes—eqAe)/V2,
ef4 = (ey ANeg +ea ANes)/ V2, ey = (e1 Aeg —ex Aes)/V2.
We orient the 2-spheres S2 = SN EL by selecting ef?), eﬁ as positive respectively negative

basis for T ot S2. One checks that this definition is independent of the choice of a positive

orthonormal basis €1, es, e3, e4 for RY. Now we define N : Gy — S_% x 5% by

N([UT/;WD = \/§<H+(v/\w),ﬂ_(v/\w)>

= L(v/\w—i—>|<(v/\w),v/\w—*(v/\w)), (6.9)

V2

and put Ny =11 o N : G4o — S%. Clearly NV is well-defined, smooth and injective.
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Proposition 6.1 With respect to the Fubini-Study metric on G42 and the product metric
on Si x S2, the map N : Gy — S_2|_ x 8% defined by (6.9) is diffeomorphic and isometric
up to a factor, more precisely

N*gSiXSE =4grs. (6.10)

Moreover, the Kdhler form w as defined in [MS95] has on Ga o the representation
w= (Niwlsi + N wolg2 )/2, (6.11)
where the sphere factors S1 are oriented as above.

Proof: For an orthonormal system v,w € R*, we put z = (v + iw)/v/2 € S7 C C* and
check that z, Z is a complex orthonormal system in C*. Extending v, w to an orthonormal
basis v, w, 11,7 of R*, we note that z,z, 7,7 € C* is actually a hermitian basis of C*.
Now for a« € C and j = 1,2 we have

3

3

d

d_z z + taT; k|t 0—2@sz 7i)k =0,
k=0 k=0

since Z is perpendicular to 7; in C*. Thus if 7 : ST — CP3, 7(z) = [2], denotes the Hopf
projection, then by (6.8) we see that

T7r(z) G4,2 = Span(C{Dﬂ-(Z)Tlv DT((’Z)TQ}‘

Now Dm(z)iz = 0, and by definition of the Fubini-Study metric the restriction of D7 (z) to
the horizontal space {z}¢ is an isometry onto Ty (,)(CP?). In particular the four vectors
Dr(2)7;, Dne(2)it; for j = 1,2 are an orthonormal basis of Ty (;)G42. We calculate

d 1
DN (n(2)) Dr(2)r; = ﬁ@wow)ﬁg
d
= d9 ((cos@)v + (sin0)7;) A w
= (mAw+x(15 Aw), 75 ANw — *(15 Aw)),

cos )v + 1w + (sin 9)7']-)

and

DN (n(2)) Dr(2)it; = V2 d% (W om) %

= 2 (% v A ((cos O)w + (sin 0)7;)

= (WATj+*v AT, v AT —*(vATy)).

<v + i(cos O)w + (sin 9)7'j>

Writing (v, w, 11, 72) =: (€1, €2, e3,e4) we see that D(N o m)(z) maps as follows:

es — \/_( 6147614) €4 — \/5(61%7 —e3),

(6.12)
ieg — V2(efy, e13),  ies — V2(efy, ery)-

In particular, DN (7(z)) maps an orthonormal basis of T (,)G42 to twice an orthonormal
basis of TN(,T(Z))(SZ x §?), which proves (6.10). Furthermore, A is a local diffeomorphism
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by the inverse function theorem, hence N'(G42) C S? x S? is open. As N(Gy4z2) is com-
pact, non-empty and S? x S? is connected, we obtain that A is surjective. As we already
saw that A is injective, it is a global diffeomorphism.

The Kéhler form w on CP? is defined in [MS95] by
w(Dm- &, D -n) =2gps(Dw - &, Dr -in)  for &,n, € {z}é.

In TeESi, the rotation by +7/2 is given by Jiefg = :I:eﬁ, whence

volga (€,1) = g2 (€, Jym) for &, € T,e S5,

Using (6.12) we see that D(Nyom)-i§ = JLD(Niom)E for any € € spanc{Ti, 2 }. Together
with (6.10), we obtain for all £,n € spanc{ri, 72}

(NiUOZsi + N volg2 )(Dm - §,Dm-m) = ZUOlsi(D(NiOW)f,D(Ni om)-mn)
+

= Y 9s2(DWNxom) & Je DNy o) - 1)
+

= ngi(D(Ni OW)'f,D(N:I: Oﬂ') 'i77)
+

= 9s2xs2 (DN - (Dm - &), DN - (D7 - in))
= (N*Qsixsz)(DﬂfaDW'iﬁ)

= Adgrs(D7-&, D7 -in)

= 2w(D7-&, Dm-n),

and (6.11) follows.
/1]

Next for any immersion f : R? — R” we introduce a modified Gaufl map by
p:=NoG:R*— S% x 52, (6.13)
and denote by ¢4 = II1 0 p : R? — S2 its corresponding projections.
Proposition 6.2 The pullback of the volume form on S% via o+ is given by
pivolgz = (K £ R)volg, where R =2(A7 N Afg,v1 Ava). (6.14)

Here we use an oriented orthonormal basis e1,e2 on X, and an oriented orthonormal basis
vy, v of normal vectors along f. In particular we have

1 1
IR| < §|A°|2 and Joi = |K +R| < |K|+ §|A°|2. (6.15)
Proof: We may assume that f is (locally) the inclusion map, writing e; 2 instead of

D f-e1,2; also we write e3 4 for v 9. It is easy to check that the definition of R is independent
of the choice of the (oriented) bases. We have G = 7((e1 + ie2)/+/2), whence by (6.9)

o1 = V2101 (e1 Aeg),
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Differentiating and using (De, e1,€1) = (D¢,e2,€2) = 0 we obtain
D(pi e = \/iﬂi (A(el, ek) Neg+ep A A(eg, ek)> .
Writing A;; = ayjes + Bijes and expanding yields

Doy -ep = V2114 (Oélke?, A ez + Pires A ez + agrer A ez + Pager A 64)
= (aok £ Be)eds + (Fauk + Bor)eiy-

Now efg, eﬁ is a positive respectively negative orthonormal basis for T+ 5?2, therefore
12

a1 £ 11 e £ P2

Fair + B Fouz + P2

det(Dpy) = £ det

By choice of the bases at a point we can assume that a;5 = 0 and H=H e3 for H =
@11 + aga. Then B = —B9g =: B, and K = (H? — |A|?)/2 = aj1a92 — % — B3,. Hence
B +ag + P12
Faqr + B2 —B

= aqam — B2 — B £ (a1 — a)Pia
= K= (11 — a22)bi2.

det(Dpy) = det

On the other hand from Afj = A;j — %ﬁ gij we see that

o ° 1 1
11 N Ajy = ((0411 - §H) e3 + 51164) N Broes = 5(6211 — a2)P12e3 A ey.

This proves (6.14), and (6.15) follows easily.
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Proof of Theorem 6.1 for n = 4: We have (cpivolsi + p*wolg2)/2 = Kvol, from

(6.11) and (6.13), as well as |Dp|?> = 4|DG|* = 2|AJ? by (6.10) and [MS95] 2.3. Recalling
the discussion for n = 3, it is therefore sufficient to find a solution v : R? — R of
—Av = *(goivolsi + ¢ volg2 )/2 on R? and  lim v(z) =0, (6.16)

Z—00

which satisfies the estimates
0]l oo 2y, 1DVl 12(R2)s 1D?0]l 11 R2) < C(6) /R2 |Del* dL?. (6.17)

Using (6.14), (6.1), (6.15) and (6.3), we obtain the following estimates, assuming without
loss of generality that both inequalities in (6.3) are strict,

/ Jo+ dpg < 8m—46  and ‘/ phvolg | < 4. (6.18)
R? R? =
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As explained in [MS95] Proposition 3.4.1, we may assume using approximation that ¢ is
smooth and constant outside a compact set, while keeping the assumptions (6.18). Here,
we do not assume anymore that ¢ is obtained as the Gaufl map of some surface. Our
argument will essentially follow [MS95] 3.4 and 3.5.

Considering ¢+ as maps from S? to S% using the stereographic projection, we compute

/ pivolgs = 4mdeg(ps) € ATZ,
R2 =
hence we conclude from (6.18) that

deg(p+) = 0. (6.19)

Defining G = N"1ogp:R? = Gaa C CP3, we get

/ G'w = / (901”0153 + ¢ volg ) /2 =27 (deg(gm.) + deg(gp_)) =0.
R2 R2

Let 7 : S” — CP3 be the Hopf projection. By Proposition 3.4.3 in [MS95] the map G has
alift F:R? - 87, ie. G = 7o F, whose Dirichlet integral is computed as follows, using
|IDG|? = |Dp|?/4 and G*w = (goivolsi + ¢ volg2) /2,

4/R2 ’DF’2 d£2 = /]Rz ‘D(‘DP d£2 + H * ((‘D*_i_’l)()lsgr =+ QO*—UOZSE)H%/V*LZ(]RZ)’ (620)
Here for w € L, .(R?) the norm on the right hand side is
[ sup{/ wip dL2 ¢ € C°(RY), / Do ac? <1},
R2 R2

By (6.19), the number of preimages card (¢3'{p}) must be even for almost every p € S3,
whence (6.18) implies

vols (0 (B%) < 5

Jot dpg < 4m —0/2.
R2

Therefore, we may choose open sets Ux C S% with Uy O ¢4 (R?) and
volgs (51 — Ux) > §/2, (6.21)

so that (R?) C Uy x U_ C 5% x S2. We shall now construct one-forms &4 on Uy with
the properties

C
déy = fuolsi\Ui and |£4] < 5 on Ust. (6.22)
Using euclidean coordinates ¢ = (w,y, z), we first define a one-form &., on S? — {e3} by

<€3 X q,'U>

_wdy —ydz _les X q,v)
1- <€3,q>’

563 = 663 (Q) U=

1—2z
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where x denotes the cross product. In polar coordinates x = sincos, y = sin¥sin p
and z = cos ¥, one readily checks that &, = —(1 + cos¥)dp and hence

dé., = sinddd A dp =wolgz  on S? — {e3},

where S? is oriented by its exterior normal. Next for any p € S% we choose T' € SO(3)
with Tp = e3 and put &, = T*&., on S? — {p}. We have explicitely

{(pxqv) 2
v =—>—"+ on S°—{p},
&(9) L~ (p.q) w
in particular
dfp = 'UOlsz on 52 - {p} and ‘gp(Q)’ < |p E q| ’

For E C S? closed with volgz2(E) > §/2 we now define on U = S? — E the one-form

£5() = ]lE £,(q) dvols: (p),

which satisfies
2 2 C
dég =volg2|ly and  |€g(q §—/7dvolzp < —.
S’ ‘ ()‘ (532’])—(]’ S() 5
The forms £+ as in (6.22) are obtained by choosing orientation preserving isometries
T4 : Si — 52, and putting &4 = Tiép, where By = T:t(Si — Uy). Now define on
Uy x U- the one-form § = II" § + 11" {_, and compute

* * * * C
dp™€ = (90+U0553 + ¢ volg )|y, xv_, and |p*E| < 5 |Del.
As p+(R?) C Uy, we can estimate for any ¢ € C§°(R?)
(/ «(%volga + " volge ) dﬁz‘ - (/ d(cp*g)w‘
R2 * - R2
= | [ e+ orena
C
< gHDCPHLZ(R%”DWLZ(RZ),
hence we get by the definition of the W =12 norm and by (6.20)
/ IDFP dc? < 0(5)/ D2 dL2. (6.23)
R2 R2

Now (6.11) and [MS95] 2.2 imply that

3
W*N*(Hivolsi + 1" wolg2 ) /2 = T°w = Z idzy N\ dzp.

k=0
From ¢4 =1l o ¢ and ¢ = N o7 o F we therefore have
3 3
(¢l volgs + prvolg2)/2 = F* > idz, Adzy =2 det(DFy) dx Ady.
k=0 k=0

25



As in [MS95] Proposition 3.3.1, we apply [CLMS93] to obtain the Hardy space estimate,
combining with (6.23),

| % (% volgs + " volga ) /2 a2 < c/ IDFP dc? < 0(5)/ Dl? AL,
- R2 R2

Now [MS95] Theorem 3.2.1 yields the existence of a function v : R? — R satisfying (6.16)
and (6.17), thereby proving the theorem also for n = 4.

/1]
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