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homogeneous congruences on M and they are in a one to one correspondence with
diagrams of certain special type. There are finitely many such ideals. It is also shown
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INTRODUCTION
For a positive integer n we consider the monoid M = (ay,...,a,) defined by the
relations
(1) aja;a = ajaa; = aga;a; for i <k <j.

It is called the Chinese monoid of rank n. It is known that every element of M has a
unique presentation of the form

(2) x =bby---b,,
where
by = a"
by = (azay)f?ab>
bs = (asar)™ (azaz)*2ab
by = (ana1)™ (anag)*? - (ananu_y )= akm,

with all exponents nonnegative [2]. We call it the canonical form of the element x € M.
In particular, M has polynomial growth of degree n(n—1)/2, [13]. The Chinese monoid
is related to the so called plactic monoid, introduced and studied in [16, 17]. Both con-
structions are strongly related to Young tableaux, and therefore to representation theory
and algebraic combinatorics. The latter construction has already been established as a
classical and powerful tool of the respective theories [6]. The Chinese monoid appeared
in the classification of classes of monoids with the growth function coinciding with that
of the plactic monoid [5]. Combinatorial properties of M were studied in detail in [2].
In case n = 2, the Chinese and the plactic monoids coincide. The monoid algebra K[M|
over a field K is the unital algebra defined by the algebra presentation determined by
relations (1). It is called the Chinese algebra of rank n. If n = 2, the structure of
K[M] is described in [3]. In particular, this algebra is prime and semiprimitive, it is
not noetherian and it does not satisfy any polynomial identity. For n = 3, some in-
formation on K[M|] was obtained in [8]. In particular the Jacobson radical of K[M] is
nonzero but it is nilpotent and the prime spectrum of K[M] is pretty well understood.
One of the motivations for a study of the Chinese monoid is based on an expectation
that it can play a similar role as the plactic monoid in several aspects of representation
theory, quantum algebras, and in algebraic combinatorics. Another motivation stems
from difficult open problems concerning the radical of finitely presented algebras.

The results of this paper contribute to the general program of studying finitely pre-
sented algebras defined by homogeneous semigroup presentations. We say that an
algebra A with unity is defined by homogeneous semigroup relations if it is given by a
presentation A = (X: R), where X is a set of free generators of a free algebra over K
and R is a set of relations of the form v = w, where u,w are words of equal lengths
in the generators from X. In this case A may be identified with the semigroup algebra
K|[S], where S is the monoid defined by the same presentation, [18]. Notice that there
is a natural length function on the underlying monoid S. Certain important classes of
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such algebras, and of the underlying monoids, have been recently considered, in partic-
ular see [3, 7, 11]. Clearly, the Chinese algebra K[M] is of this type. Also, the plactic
algebra is defined by semigroup relations of degree 3. Algebras corresponding to the
set theoretic solutions of the Yang-Baxter equation are defined by quadratic semigroup
relations [11].

For certain important constructions of algebras defined by homogeneous semigroup
relations it was shown that the minimal prime ideals have a very special form, which
proved to have far reaching consequences for the properties of the algebra, [10, 11].
One might expect that this is a more general phenomenon occurring in this class of
algebras. Our aim is to consider problems of this type for the class of Chinese algebras.
We establish a remarkable form of minimal prime ideals of the algebra K[M] and derive
several consequences.

By J(K[S]), B(K|[S]) we denote the Jacobson and the prime radical of K[S], respec-
tively. If i is a congruence on a semigroup S then Z, stands for the ideal of K[S] spanned
as a vector space over K by the set {s —t: s,t € S,(s,t) € n}. So K[S]|/Z, = K[S/n).
If :S — T is a semigroup homomorphism, then by ker(¢) we mean the congruence
on S determined by ¢.

The paper is organized as follows. First, certain basic equalities of the form a K[M|f =
0 for a, 8 € K[M] are established. They are used to introduce two finite families of
ideals of K[M] such that every prime ideal P of K[M] contains one of these ideals.
Each of these ideals is of the form Z, for a congruence p on M. It is also shown that
p is a homogeneous congruence on M, which means that (s,t) € p implies that s,¢
have equal length. A more involved construction allows us to continue this process by
showing that every prime P contains an ideal of the form Z,, for some homogeneous
congruence py containing p. Proceeding this way, we construct a finite tree D whose
vertices correspond to certain homogeneous congruences on M and such that p C p' if
the vertex in D corresponding to p is above that corresponding to p’. Moreover, ideals
corresponding to vertices lying in different branches of the tree D are incomparable
under inclusion. It turns out that the leaves of this tree correspond to prime ideals of
K[M]. This is used to prove the main result of the paper, asserting that the leaves of D
are in a one to one correspondence with the minimal prime ideals of K [M]. The proof
provides us with a procedure to construct every such prime P. In particular, every
minimal prime P has a remarkable form P = Z,,, where pp is the congruence on M
defined by pp = {(s,t) € M x M: s —t € P}. Consequently, K[M]/P ~ K[M/pp],
so K[M]/P inherits the natural Z-gradation and therefore this algebra is again defined
by a homogeneous semigroup presentation.

Moreover, our construction implies that every M/pp is contained in a product B’ x Z
for some i, j, where B = (p,q: qp = 1) is the bicyclic monoid. The latter plays an
important role in ring theory and in semigroup theory, [4, 15]. We then show that
M embeds into the product [[, K[M]/P, where P runs over the set of all minimal
primes in K[M]. Hence M embeds into some B? x Z¢°. However, the algebra K|[M]
is not semiprime if n > 3. This entirely new representation of the Chinese monoid M
implies in particular that M satisfies certain explicitly given semigroup identity. Since
the leaves of D correspond to diagrams of certain special type, one can enumerate the
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minimal primes of K[M]. It turns out that their number is equal to the so called n-th
Tribonacci number. Moreover, the description of minimal primes P of K[M] allows us
to prove that every K[M]/P is semiprimitive. In particular, the prime radical of K[M]
coincides with the Jacobson radical.

1. SPECIAL TYPES OF IDEALS AND CONGRUENCES

In this Section, two families of ideals of K[M] are defined in Part 1.1. They will play
a crucial role in the approach developed in the paper. Basic properties of these ideals

are then presented in Part 1.2. Throughout, M stands for a Chinese monoid of rank
n > 3.

1.1. Ideals of © and < type.
We start with describing certain relations that hold in K [M].

1.1.1 Theorem. The following equalities hold in K[M]:

(3) (aa; — aja;) K[M](ara — aay) =0 for i>7>k>1
(4) (a;a; — aja;) K[M](aj1a — qgajir)a, =0 for i>j+1>j5>m>1
(5)  am(aia; — aja;) K[M](aj10; — aaj4q) =0 for i>m>7+1>j5>1

Proof. We use the canonical form (2) of elements of M. To shorten the notation, we
write only 7 instead of a;. Also, we write each exponent as * if it may be equal 0 and
as + if it is positive. Thus, the canonical form of an element w € M is

w=(1)* (21)*(2)* (31)"(32)"(3)* ... (n1)*(n2)*. .. (n)*

and the desired equalities may be written as

(3) (ij — ji) w (Kl — 1K) =0 for i>i>k>1
(4) (ij — ji) w (kl — lk)m =0 for i>k=j+1>57>m>1
(5) m(ij — ji) w (kl — k) =0 for t>m>k=j7+1>752>1

Notice that all three equalities are of the form awp = 0. We proceed by induction
on the length of w. If w has length 0, so it is the unity of M, by using the defining
relations and bringing the involved elements of M to the canonical form we get

(1j — ji)(kl — lk) = (1jk)l — (ij))k — j(ikl) + j(ilk) =
= j(ikl) = j(il)k — j(iDk + (jk)(il) = (jk)(il) — (jk)(il) — (jk)(il) + (jk)(il) = O,
and similarly
(17 — ji)(kl — lk)m = (ijk)lm — (ij1)(km) — j(ikl)m + j(il)(km) =
= j(iklym — (il)j(km) — j(km)(il) + j(km)(il) = j(km)(il) — j(km)(il) = 0,

m(ij — ji)(kl — k) = m(ijk)l — (m5)(ikl) — m(ij))k + (mj)(ilk) =
= mk(ijl) — k(mj)(il) — (mj)k(il) + k(mj)(il) = k(mj)(il) — k(myj)(il) = 0.
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So, assume the length of w is positive and assume the equalities hold for all w’ € M
shorter than w. The following regularities hold in all three cases being considered.
If y is the last letter of w and y > k, then y(kl — lk) = k(yl) — k(yl) = 0, which
completes the proof. So assume that y < k. Two possibilities can occur.
1) If
w=(1)" (21)"(2)" (31 (32 (3)" ... ()" (u2)" .. ()"

then all letters of the word w are smaller than £, so not greater then j, in particular this
applies to the first letter — we denote it by x. Therefore, (ij — ji)x = j(ix) —j(iz) = 0,
which proves the assertion.

2) We now assume that for some x > y

w=(1)" (21)*(2)" (31)*(32)*(3)" ... (x1)"(22)" ... (wy)""

If x < k then again the first letter of w is smaller than k, so not greater then j. As
above, we obtain (ij — ji)x = j(iz) — j(iz) = 0, as desired. Hence, assume that = > k.
We know that & > [ and k£ > y. Two possibilities arise.

2a) [ > y,sox > k > 1> y. Let w be the initial subword of the word w such
that w = w'(zy). Then w' is shorter than w, so by the induction hypothesis aw’s = 0.
Moreover, in all three equalities awf = 0 considered above, zy commutes with S,
because xy commutes with all letters of z such that > z > y. Thus we get

awf = a(w'(zy))f = (aw'B)(zy) = 0 (zy) = 0,

which completes the proof in this case.
2b) I <y,so x>k >y>I[ Then

(zy)(kl = lk) = (zyk)l — (zyl)k = (kzy)l — (yzl)k = k(zyl) — y(zlk) =
= k(yal) — y(kal) = ky(zl) — yk(zl) = (ky — yk)(xl),

and zl also commutes with all m such that x > m > [. Therefore, (zy)8 = f'(xl),
where (' is of the same form as 3, but has an y instead of the [.
Thus the following equality holds:

awB = aw'(xy)s = aw' B (zl).

If y < m, the indices i, j, k, y, m in «, [’ satisfy the inequalities mentioned in hypotheses
of the theorem. Then awf = aw’f’'(zl) = 0 holds by the induction hypothesis, because
w'’ is shorter than w. This completes the proof in this case.

If y > m (this can occur in the case of equality (4)), we have ' = (ky — yk)m =
y(km) — y(km) = 0. Therefore in this case the desired equality holds as well. This
completes the proof. |

1.1.2 Notation. Pairs of elements «, 5 € K[M] satisfying aK[M]5 = 0 and of
a form as in Theorem 1.1.1 will be called pairs of type H. We denote by H =
{(cvi, Bi): i € I} the set of all such pairs; [ is a finite set of indices.

If P is a prime ideal of K [M], then for each of the equalities a K [M]5 = 0 in Theorem
1.1.1 one of the elements « or § must belong to P. So P must contain a set of the
form {v;: Vies (i = a; or v, = B;)}. In this manner we obtain a number of different
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sets X1, Xo,.... We shall use indices ~; ; for the elements of the set X;. By (X;) we
denote the ideal generated by the set X, in K[M]. So, let

Py=(X;)= Y K[My;K[M]<K[M].

Vi,5 €X5

Since every element ~; is of the form [; — p; for some [;,p; € M, it follows that
P; =1I,,, where p; is a congruence generated by the pairs (I;,p;) for i € I.

1.1.3 Definition. An ideal of © type, for s =2,3,...,n— 1, is the ideal of K[M]
generated by the elements:

(Q) Ay @i — Qi Gy for s <m,i,

A1Qpy, — Ay for I,m <s.

Notice that, modulo such an ideal, the corresponding element a, is central.
An ideal of < type, for s = 2,3,...,n, is the ideal generated by the elements:

(&) ama; — a;apy, AiOg— 10y — Qg1 for s <m,i,

A0y — A0y, Qs — Oy Qs for I,m<s—1.

Notice that, modulo such an ideal, the corresponding element aza,_; is central.
We say a congruence p on M is of © or & type if the ideal 7, o K[M] generated by
p is of Q or { type, respectively. We write M, = M/p in this case.

If 7 is an ideal of a ring R then w denotes the image of the element w € R in R/Z.
Sometimes, to simplify notation, we shall write w instead of w if from the context it is
clear that we mean the image in R/Z.

1.1.4 Theorem. Every prime ideal P in K[M] contains one of the above mentioned
2n — 3 ideals Z, of © or { type.

Proof. If all elements a; in K[M] commute modulo P, then K[M]/P satisfies all
equalities (3)-(5) of Theorem 1.1.1. Hence P contains all ideals of © and < type.

Hence, we will assume that for some u > v the element a,a, — a,a, does not belong
to the ideal P. Since P is prime, for each equality of the type aK[M]8 = 0 either
a € Por 8 € P holds. In particular, for an equality of type (3), all elements axa; — a;ay,
for v > k > [ and all a;a; — aja; for i > j > u must belong to P.

Therefore, in K[M]/P, the elements aq, as, .. ., a, commute and a,, @, 1, - - ., a, also
commute. Let s be the smallest index greater than v and such that in K[M]/P the
element a, does not commute with an element a; for some ¢ € {1,2,...,s — 1}. Such
an s exists and s < u, because for s = u the elements a; = a, and a, by assumption
do not commute in K[M]/P. Since s is minimal, the elements ay, as, ..., as—; commute
in K[M]/P.

Since as and a; do not commute in K[M]/P, in the equalities of (3) type, in which
B = a;as—asa;, we obtain o € P. Therefore, the elements ag, asy1, . . ., a, must commute
in K[M]/P. Thus, we have found such an s > 1 that the elements ay,as,..., a1
commute in K[M]/P and the elements as, as11,. .., a, also commute in K[M]/P, so P
contains « or f3 for each equality of (3) type.
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The prime ideal P must also contain a or § for each equality of (4) and (5) type.
We know that P does not contain the element a,a, — a,a,, so elements a,, a, do not
commute in K[M]/P.

Assume that in K[M]/P the element a;,_; commutes with each of as,asi1,...,a,
(so, in view of the earlier assumptions, as_; is central in K[M]|/P) or as commutes
in K[M]/P with all elements ay,as, ...,as_1 (so, similarly a, is central in K[M]/P).
If in some equality (3)-(5) in one of the parentheses there is a noncommuting pair
(so their difference is not in P), then the pairs in the other parentheses must com-
mute in K[M]/P. Therefore, if elements ay,as,...,as—1 commute in K[M]/P, the
elements as, asi1, .. .,a, commute in K[M]/P and one of the elements as_1, as is cen-
tral in K[M]/P, then P contains an element « or /5 from each equality of (3)-(5) type.
The properties described above lead to the conclusion that P contains some ideal of
Q type. There are n — 2 such ideals (because 1 < s < n).

Assume now that in K[M]/P an element as_; does not commute with an element q;
for some i € {s,s+1,...,n} and as does not commute with an element a; for some
le{1,2,...,s—1}.

Consider an equality of (4) type. The ideal P is prime, so it must contain « or § from
that equality. This condition is of course fulfilled, if P contains the expression from
one of the parentheses. However, if j = s —1 (so j + 1 = s), by our assumption, there
exists an ¢ such that a;, a; do not commute in K[M]/P and there exists an [ such that
ajt1,a; do not commute in K[M]/P. Therefore, both expressions in the parentheses in
our equality may not belong to P. Then, if P is to satisfy the above condition for such
i>j+1=s5>s—1=7>m >, it must contain (a;41a; — @;aj11)a,. This means
that in K[M]/P the following equality holds:

(6) sy, = QA5

for every a; not commuting with a;1; = as and every m such that [ <m < s —1.
Notice that if a;,a, commute in K[M]/P, this equality is of course also satisfied. So,
we may rewrite condition (6) in a more general form (using the relations in M):

(7) 50 = Q1asa,, for [,m such that [,m < s.
Similarly, for equalities of (5) type we obtain
(8) A s_10; = A;0s_10,y, for i,m such that s —1 < m,i.

Therefore, in this case P must contain all elements a,,asa; — a;asa,, for [, m such that
I,m < s and a,,as_10; —a;a5_1a,, for i, m such that s—1 < m, i, as well as the previously
mentioned elements a,,a; — a;a,, for s < m,i and @a,, — a,,a; for [,m < s — 1. This
means that P contains an ideal of < type. Notice that there are n — 1 such ideals
(because 1 < s < n). Moreover, the element asas_; is central modulo such an ideal (so
also modulo P). Namely, by (7) for m = s — 1, it commutes in K[M]/P with a; for
[ < s—1, similarly by (8) for m = s, it commutes in K[M]/P with a; for i > s, an
finally, by the equalities in M, it commutes with as_1, as.

We have considered all the possible cases. The result follows. [
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1.2. The form of M, for p of O type and M,((a;a;_1)"') for p of { type.

1.2.1 Notation. For a congruence p of type © or <, let ¥ be the natural homo-
morphism M — M, = M/p. We also denote by 1 its natural extension to a map
K[M] — K[M,]. The image of an element € K[M] under ¢ will be also denoted
by Z. Since p is a homogeneous congruence, in M, we still have a natural Z-gradation
given by the lengths of words, so we may consider the degrees of elements of M,,.

For p of © or < type, we denote the homomorphism v by 1o or 1, respectively.

If pis of © type with the distinguished generator a, then by M?_, we denote the
Chinese monoid with generators aq,...,as 1,051, .- .,a, and by m its image under
Y|ns - Then it is easy to see that

MS—l = ¢|M§71(M5—1) = Mri—l/ <p|M§71> = Mfl_l/(al,---,as1 commute).

As41,...,an cOmmute

If p is of ¢ type with the distinguished generators as,a,_1, by M:_2° we denote

. . . “1s ., -
the Chinese monoid with generators ay, ..., as 2, as11,...,a, and by M —>° its image

under w|Ms:é,s. Then, using Definition 1.1.3, it is easy to see that

s—1,s s—1,s s—1,s Ms—l,s
]\471—27 = w|Mf;;S (Mn—Q’ ) = ]\471—27 / (MMZ:;’S) = n2 /(‘117---7%2 commute).

As41,-..,0n CcOmMmute

1.2.2 Remark. By Definition 1.1.3, we know that @, is central in K[M,] for the
congruence p of Q type with the distinguished generator as.

1.2.3 Lemma. If the congruence p is of © type with the distinguished generator as,
then the element @; is regular in K[M,]. Moreover, M, o~ M?_; x (a5) ~ M:_; x IN.

Proof. An easy degree argument shows that the element @, is non-zero in K[M,].

By Remark 1.2.3, @, is central in M, and every element w € M, is of the form
w = wy - a5*, where wy € M:_, and k € N. Therefore M, = M:_, - (@;).

We now introduce in M, a new relation @; = 1. Then the corresponding image of
the whole M, coincides with M?_; and wy is the image of w. If w = wy - @;* is equal
to some w' = w - @5* for wly € M?_,, then their images after introducing the relation
a; = 1 are also equal. Therefore wy = wy.

Moreover, if the elements w,w’ are equal in M,, then the exponents, with which @;
appears in them, must also be equal (by a degree argument). Therefore the equality
k = k' also holds. So the product M, = M3_, - (a;) is direct:

M, ~ M | x (as) ~ M;_; x N.
In particular @; is a regular element in K[M)]. |

For the future convenience, we reformulate the above lemma, introducing an addi-
tional notation.
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1.2.4 Corollary. Let ¢o: M — M:_, x (@) be the homomorphism defined by:

Jolas) = (1)
Yola;) = (a;,1) fori # s.

Let A\: M, — M3:_| x (as) be the isomorphism w — (wo,as ) introduced in the proof

of Lemma 1.2.3. Then v is an epimorphism, ker(lpqp) = ker(1o) and the following
diagram commutes:

M

i Yo
Yo

M, ~ M’ x (@) ~M: |, xN

1.2.5 Remark. By Definition 1.1.3, we know that the element @ a,_; is central
in K[M,] for the congruence p of <) type with distinguished generators a,_1, as.

1.2.6 Lemma. The element a;a, is regular in K[M,], where p is of  type with
distinguished generators a,_1, as.

Proof. A degree argument easily implies that @;a; 1 # 0. In view of Remark 1.2.5,
it suffices to prove that for any elements x,y € M,, from the equality a,za,—7y = 0 it
follows that x = y.

As in the proof of Theorem 1.1.1, to simplify notation we shall write ¢ instead of @;
and we shall write * instead of the exponents (they may be equal 0). Then, by (2), we
know that elements w € M have the canonical form

w =(1)"

(21)*(2)°
(31)"(32)"(3)"

Relations in M), in particular imply that the generators 1,2,...,s—1 commute. There-
fore, the element w € M, may be written in the form

w=(1)"(2)"...(s—1)"

(s1)*(s2)"...(s)"
(s+11)*(s+12)"...(s+ 1)

A presentation in this form is not unique, because for example i(sj) = j(si) for i,j < s,
where the element j commutes with all j' for j* < s — 1 and the element si commutes
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with all si’ for i/ < s. We can therefore perform all such possible changes for j < i,
coming to the following form of w:

w=(1)*(2)"...>4)"
(si)(sj+1)"...(s)"
(s+11)*(s+12)"...(s+ 1)

(n1)*(n2)*...(n)",
where the first or the second row (or both) may disappear or in the second row only
(s)* may be left. If in both of these rows some elements with non-zero exponents are
left (other than (s)*), then w may be written in the above form with i, j satisfying the
condition ¢ < j < s — 1 and the exponents of (i) and of (sj) are positive.

Using the commutativity of elements s, s+ 1,...,n, each segment (¢£1)*(¢2)*...(¢)*,
for t > s, can be replaced by a segment of the form (£1)*(t2)*...(t s — 1)*(s)*(s +
1)*...(t)*. Moreover, the whole product (s)*(s + 1)*...(t)* commutes with every
product (t'1)*(¢2)*...(t' s — 1)* for any ¢’ > ¢, and (s)* commutes with the prod-
uct (s+11)*(s+12)*...(s+1s—1)". Hence, w can be rewritten as

=(1)*(@)"... (@)
(s7) (s j+1)"... (s s = 1)
(s+1 )(s+12)*...(s+1s—1)*

w

(nl) (n2)"...(ns—1)"

(s)*(s+1)"...(n)",
where the first or second row (or both) may disappear. If in both of these rows some
elements with non-zero exponents are left, then w may be written in the above form
with i, 7 satisfying the condition ¢ < j < s — 1 and the exponents of (i) and of (sj) are
positive.

Each element of the form (¢t s — 1)*, for t > s, commutes with all elements of the

form (¢’ t")* for ¢’ >t and t” < s — 1. Thus, we obtain another form of w:

w=(1)"(2)"...(1)"
(sj)(sj+1)*...(ss—2)"
(s+11)*(s+12)"...(s+1s—2)"

(n1)*(n2)*...(n s —2)"
(ss—=1)*(s+1s—=1)...(ns—1)"
(s)"(s+1)"...(n)",

where the first or second row (or both) may disappear. If in both of these rows some

elements with non-zero exponents are left, then w may be written in the above form
with i, j satisfying the condition ¢ < j < s — 2 and the exponents of (i) and of (sj) are
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positive. If some elements remain only in the first row, then in the above form we have
0 <i<s—1,if only in the second row, then 0 < 7 < s — 2.

Note that this form is not unique, for example (k s — 1)l = (I s — 1)k for k,1 > s —1,
where the element (I s — 1) commutes with all (I’ s — 1) for I’ > s — 1 and the element
k commutes with all &’ > s. Thus we can perform all such possible changes for k > [,
coming to the following form of w:

(%) w=(1)*(2)"... (&)
(sj)(sg+1)*"...(ss—2)"
(s+11)"(s+12)"...(s+1s—2)"

(n1)*(n2)"...(ns—2)"

(ss—1)"(s+1s—1)...(ks—1)

O+ 1D*...(n),
where the first or second row (or both) may disappear. If in both of these rows some
elements with non-zero exponents are left, then w may be written in the above form
with 7, j satisfying the condition 7 < j < s — 2 and the exponents of (i) and of (sj) are
positive. If some elements remain in only one of the first two rows, in the above form
we have i < s —1or j < s— 2. Moreover, the last or the second last row (or both of
them) may also disappear. If in both of these rows some elements remain with non-
zero exponents, w may be written in the above form with £, satisfying the condition
s < k <. If some elements remain in only one of the last two rows, then in the above
form we have £ > sor [ > s.

For example, for s = 2 the above algorithm leads to the following form of w:

w =(1)"
(21)*(31)* ... (k1)*
O +1D)*...(n),
where the conditions concerning the last two rows and the values of k and [ are similar
to those described above for an arbitrary s.
We shall prove by induction on n that the general form (x) of w is unique. By

assumption n > 3.
First, consider the case n = s = 3. We get

w =(1)*(2)"
(31)
(32)"
(3)",
where at least one among the exponents of (2), (3 1) is zero. Let
w=(1)7(2)"(31)*(3 2)'(3)", W =(1)"(2"(31)%(32)"(3)",
where either y = 0 or 2 = 0 and either Y = 0 or Z = 0. Assume that w = W.
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If p is of type <, the relations introduced by factoring by p are aya; = aza; and
@1a303 = G2a30,. By introducing in M, a new relation @; = @3, we obtain a homo-
morphism of M, into the Chinese monoid M, = (a1, a3). So, we can use the canonical
forms in M, of the images of w and W, by comparing the corresponding exponents.
The image of w is (1)**¥(3 1)**(3)“, where either y = 0 or z = 0, the image of W is
()XY (3 1)#77(3)Y, where either Y =0 or Z = 0. Therefore,

r+y=X+Y
z+t=7+T
u="U.

On the other hand, comparing the degrees of w and W with respect to their generators,
we obtain

r+z=X+272
y+t=Y+T
z+t+u=2+T+U.
If x,y, z,t, u are known and the equality Y = 0 holds, we may calculate U = u, T' = y+t,
X =x+yoraz Z = z —y. Since either y = 0 or z = 0 and the exponents are non-
negative, the equality Z = z — y yields y = 0. Therefore Z = 2, T'=1t, X = x, so all
exponents in w and W are equal. The case of Z = 0 is similar. Therefore, forn =s =3
the form (x) is unique, as was claimed.
A similar proof works in the case where n = 3 and s = 2.
Thus, assume that n > 3 and that the above form (%) is unique for all Chinese

monoids of rank m < n and all congruences of type < defined on them.
Assume first that s > 3. Then, as we already know, w is of the form

(6 w=(1)"(2) .. () (s — 1)
(s1)%1 .. (57)% (s j 4+ 1) 1 . (s § — 2)% 2
(8 +1 1)0‘s+1 1(5 +1 2)as+1 2 (S +1s5— 2)as+1 s—2

(n1)* (n2)*2 ... (n s—2)% *=2
(ss—1)% Y (s+1ls—1)%st  (ks—1)%s1.. . (ns—1)%="
()% ... (D) + 1)*r . (n)*,

where the following conditions (#*) and (% * =) hold:

(%) oy =y =...=a41=0or
OésleZSQI...:OéSS_QZOOI'
in the first and in the second row there exist non-zero exponents and

ai+1:ai+2:...:a8_1:0
Qg1 = Qg = ... =05 j—1 =0, wherei <j<s—2
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and
(k**)  Qgs1=Qsi151=-...=0Q,s1=0o0r
Qs = Qgy1 = ... =0, =0or
in the last and in the second last row there exist non-zero exponents and
gl s—1 = Qpg2 s—1 = ... = Qp 51 =0
as = g1 = a1 =0, where s <k <.

Let us now introduce a new relation a; = @, in M,. Then the relations in the new
monoid M,/(@; = Gz) are exactly the same as in the Chinese monoid of rank n — 1
with generators ag, ..., a, and with relations of <} type for the distinguished elements

@s_1,05. Using notation of 1.2.1, we get natural isomorphisms M,/ (a7 = @z) ~ M§‘1; ~
Ms—2,s—1
n—1 .
In the new monoid M,/(a; = @z), the image of w is
w=(2)F ()% . (s — 1)
(82)@1 ¥z (55)%i(s j+ 1)¥ i+ (55— 2)% 2
(8 +1 2)a5+1 1+0s41 2 o (8 +1s— 2)a5+1 5—2

(n2)mitanz - (n g — 2)%n o2
(ss—1)% Y s+1ls—1)%=1  (ks—1)%s1. .. (ns—1)%="
(s)* ... (D + 1) (n)*m,
where conditions (%*) and (% * =) hold.
Assume we have an element w’ such that w’ = w in M,, which is also written in the
form (), with exponents denoted respectively by 3, or 3,,. To prove that the form (x)

is unique, we need to show that the corresponding exponents o and ( are equal. Let
the image of w’, after introducing the relation a; = @3, be equal to

@' =) (i (s — 1)
(82)PstP2 (5555 (5 §' 4 1)Ps 31 . (5 5 — 2)P= =2
(8 +1 2)53+1 1+Bs+1 2 o (S +1s— 2)Bs+1 s—2

(n2>5n1+5n2 . (n S — Q)ﬁn s—2
(ss—1)F s t(s+1s—1Fr et (K s—1) 1 (ns—1)
(s)% .. (NP (I' + 1)+ (n)Pn,

where conditions analogous to (%*) and (% * =) hold.

. - - - - . 1
Since w = w', also w = @w'. Now, @ and @’ are elements of the monoid M; . As

noted before, this monoid is defined by relations of type {» on a Chinese monoid on n—1
generators. Therefore, by the induction hypothesis, w and w’ are uniquely presented in
the form (x). Thus i =14, j =7, k=K, [ =1 (if they exist) and
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ay +ag =f1 + B2 a; =Py as—1 =PFs-1
a1+ a2 =Bs1 + Bs2 asj =B Qs s—2 =P s—2
asy1 1+t Qsp1 2 =Bs411+ Bsr12 .- s Qg1 s—2 =fs41 52
an1 + a2 =Bp1 + Bn2 Qp s—2 =P s—2
as s—1 =P s—1 cen Qs 1 =P i1 s QO s—1 =P s—1
g =[ oy =0y ay =L,

where conditions (%) and (% * %) hold.

Suppose s > 3. Then we may introduce the relation @; = @3 in M, instead of the
relation a; = a@3. We then obtain a system of equations similar to the one above. It can
easily be checked that this system, combined with the one above, leads to the conclusion
that all corresponding exponents o and (3 are equal. Therefore the form (%) of w is
unique.

The last case to consider is s < 3. Suppose first that s <n — 1.

We may then introduce a new relation @,—; = @, in M,. As in the case considered
above, using the induction hypothesis and the commutativity of all elements of the form
nx for arbitrary x, we can reach the conclusion that i =14, j = 5/, k = k', { = I’ (if they
exist) and that

ap = a; =By as—1 =Fs-1
as1 =01 asj =fsjr Qs s—2 =fs s—2
Osy1 1 =Bs11 1 Qsq1 s—2 =PBs41 s—2
Op_11+on =Pn-11+Bn1 --. ... cer Q1 s—92+ Qp s—9 =Bn_1 s—2 + Bn s—2
as s—1 =05 s—1 ce Q51 =P 51 e p s—1 =P s—1
as =05 ap =0y Qn—1+ an =Pn-1+ Bn,

where conditions (%) and (% * %) hold.

We may also introduce the relation a, s = @,_; instead of @,_1 = @,. We then
obtain a similar system of equations which, combined with the one above, leads to the
conclusion that all corresponding exponents o and 3 are equal. Thus the form (%) of
w is indeed unique.

The last case to consider is n — 1 < s and s < 3. Then n < 4. For n = 3 we know
by the induction hypothesis that the claim is true. For n = 4 we have to consider only
the case 4 — 1 < s <3,s0 s =3.

Let us introduce in My /p the relation a; = Gy, which leads to the system of equations
as above. Also, independently, we introduce the relation a3 = @y, leading to another
system of equations as above. These two systems of equations combined lead to the
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conclusion that
a3 + azz = P31 + P32
Qg + oy = Ba1 + Bao
az) + aq = B31 + Pa
Qg + g = P32 + Pa2
and all other exponents «, 3 are, respectively, equal. Furthermore, either as = 0 or
az; = 0 and either ag = 0 or ay, = 0, similarly for 5.
Now we introduce in M,/ p the relations aza, = a,a; and aza, = ayaz forz = 1,2,3,4.
We obtain

M = 4/p/ asz Central >~ M2 <a2> X <CL_3>,

a3 Central

where @; and @ are the generators of M;. In M, we have the canonical form of
elements, so the elements of M, X (@) X (@3) may be written in the canonical form
(1)*(41)*(4)*(2)*(3)*. Therefore, for the any elements w = w’ in My/p and their images
W = W' € M, comparing the exponents in the canonical forms @ and @' we obtain
in particular ay; = [41. Combined with the system of equations obtained above for
exponents « and [, this equality leads to the conclusion that all respective exponents
are equal. Therefore the forms w and w’ are identical, so the form (%) is indeed unique
also in this case.

Therefore, we have a unique form (%) of elements in M,. We shall now prove that
the element s (s — 1) is regular. Suppose that for some elements w,w’ the equality
s(s—1) w=s(s—1)w holds and that the exponents of the element s (s — 1) in
elements w, w’ written in the form (x) are as s_1 and s s_1, respectively. By Definition
1.1.3, the element @;a;_7, denoted here by s (s — 1), is central in M,. Therefore the
exponents of the element s (s — 1) in s (s — 1) w and s (s — 1) w’, written in the
form (%), are equal to ay s—1 + 1 and f, s_1 + 1, respectively. Since, by assumption,
s(s—1)w=s (s—1) w" and the form (*) is unique, the equality s s 1+1 = s s_1+1
holds, so ay s_1 = (s s—1 also holds. All other exponents in the canonical forms of the
elements s (s — 1) w and s (s — 1) w’ are the same as in the elements w and w’, so they
are equal. Hence w = w’, which means that the element s (s — 1) is left regular. Since
it is central, the assertion follows. [ |

Note that Remark 1.2.5 and Lemma 1.2.6 imply that for p of  type we can consider
the central localization M,((@sas_1)"').

1.2.7 Lemma. If pis a congruence of ) type with distinguished generators a,_1, as,
then there is an isomorphism

M,(@a57) ") ~ M ~5° x BX Z
which is the natural extension of the map \: M, — M, _, M?~)* x B x Z defined by
Aas=1) = (1,p,9)
A@s) = (1,4, 1)
(@) = (a;,p,1) fori<s—1
(a@;) = (@j,q,1) for j > s.

>~

A
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Proof. Define the transformation 1y : M — M:~1* x B x Z by

Vo (as-1) = (L., g)

Volas) = (1,q,1)
Yo (ai) = (@,p, 1) fori<s—1
Vo (a;) = (@, q,1) for j > s.

We will prove that {D\Q is a homomorphism by checking each coordinate separately.

In the first coordinate we have the transformation a,_; — 1, as, — 1, @y — a; =
Yo (ar) for [ # s —1,s. We shall check that under this map the images of generators
satisfy all the relations satisfied by the generators, i.e. the defining relations of M:
a;ajay = a;apa; = aja;a, for 1 > j > k.

If all three indices ¢, 7, k are equal to s — 1 or s, then all the images of generators are
equal 1 and satisfy all the relations.

If exactly two among the indices i, j, k are equal s — 1 or s, then on both sides of each
of the relations there is only the image of the generator with the third index. Therefore
all the relations are satisfied.

If only the index i is equal s — 1 or s, then

a;a;ay — lajay,
a;apa; — laga;,
aja;ap — a;lay
and all the images are equal, because, by the definition of ¢, @; and @; commute.
Similarly, one verifies the case where only the index k is equal to s — 1 or s.
If only the index j is equal s — 1 or s, then
a;a;ay — a;lay,
a;aa; — a;agl,
aja;ar — laay
and in this case also all the images are equal.

If none of the indices 7, j, k is equal to s — 1 or s, then the images of the generators
satisfy the respective relations, because 1 is a homomorphism. This completes the
proof of the fact that the first coordinate of 1Z<> is a homomorphism.

In the second coordinate we have a;, — p for « < s —1, a; — ¢ for j > s. As above,
we verify that under this map, the images of the generators satisfy all the defining
relations of M. Let ¢ > j > k. If k > s, then the image of each of the elements a;a;a,
a;axa;, aja;ag is equal to ¢®, thus these images are equal. Similarly, if ¢ < s — 1, then
the images are equal to p®. If i > s > s — 1> j > k, then

a;a;ag — qpp = p,
a;aka; —r qpp = p,
a;a;ag — pap = p,
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thus also all the images are equal. Similarly, for ¢ > j > s > s — 1 > k all the images
are equal to g. Therefore the second coordinate of Q//J\Q is indeed a homomorphism.
The third coordinate of @EQ is a homomorphism as well, because all the relations in M
are homogeneous with respect to as_;. This completes the proof of the fact that @EQ is
a homomorphism.
We shall now prove that ker(ie) C ker(@o). So, assume that ¢ (x) = 1 (y) for
some x,y € M. We will show that also Uo(x) = Yo(y). It suffices to prove that

e () = e (y) for pairs (x,y) generating p.
For i,k < s — 1 and the pair (a;ax, axa;), we obtain
@/D\Q(aiak) = (a'_iap> 1) ' (a_kap> 1) = (aia'kap2a 1)
and similarly {D\Q (aga;) = (ara;, p*, 1). Therefore 1Z<> (a;ar) = @Q(akai), as claimed. The

proof is similar for j,! > s and the pair (a;a;, a;a;).
For i < s — 1 and the pair (a;as_1, as_1a;), we obtain

¢O(aia8—l) - (a_iapa ]-) ' (Lpa g) = (a'_iap2ag) = wO(as—lai)-

Similarly for j > s and the pair (a;as, asa;).

For i,k < s — 1 and the pair (a;asa, axasa;), we obtain

,lvbO(a'ia'sa'k) = (a_iap> 1) : (1a q, 1) : (a_kap> 1) = (aia'kapqp> 1) = (aiak,p, ]-) = wO(akasa’i)-

Similarly for j,I > s and the pair (a;as_1a;, qjas_1a;). If in the above cases i = s — 1,
k=s—1,5=sorl=s, the proof is analogous. R

We have thus completed the proof of the fact that ker(ie) C ker(¢g).

Therefore, 1 can be presented as the composition of the epimorphism ¢ and some
homomorphism A:

M—=M"°x BxZ
/7
o ///)\
MP

The element @;a,—; is central in M, and from Lemma 1.2.6 we know it is regular,
therefore we can consider the localization M,((@sa5—1)""). The image \(@sa5_1) =

(1,1, g) is an invertible element in M®~5* x B x Z. Hence, we may consider the natural
extension X' of A to the localization M,{(asas—1)"").
We shall check that X is an epimorphism. We have

A/(asas—1> = (17 179) a‘nd A/((aSaS—l)_l) = (17 179_1)7

so also
N@1(@a 1)) = (Lp,g)(1,1,97) = (1,p, 1).
Moreover
N(@) =(1,q.1),
so also

N(aa;) = (1,q,1) (@, p, 1) = (a;, 1,1) for i <s—1
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and

N (@ (@ (aa)™Y) = (@5,4,1)(1,p, 1) = (@5, 1,1) for j>s.
Therefore, in the image of X' we can obtain any value in each of the three coordinates
separately. Thus X' is an epimorphism.

Next, we prove that ) determines an isomorphism (@, 1, a5, (a@za5_1)"}) ~ B x Z.
Notice that by the definition of M, and v, we have (@5_1,a5) =~ (as_1,as) =~ Mo,
because V¢ (a,_,.q.) 15 trivial. Let Mj = (a1, @), so that M; ~ M,. The localization
of (@;_1,a@,) with respect to (@ a;_1)~*) is (@51, a5, (@za5_1) '), so

(@, @, (@a—) ) = My{(@a =) ).

Consider the restriction of X to (a1, @, (@.a;_1)~ ). We know that
)‘/(as—1> = (17p7 g)v )‘/(CL_S) = (qu 1)7 A/((asas—l)_l) = (17 1vg_l>7

therefore, a proof similar to the one above shows that this restriction of ' is an epi-
morphism onto {1} x B x Z.

We shall check that it is also an injection. Each element w € (@,_1, s, (Gsa,_1) ') =
Ms((aza,—1)"!) can be written in the form w = @,_1*a,' (@za;_1) ™, where k,l € N, m €
Z. We then obtain X (w) = (1, p*¢!, g*~™). If for some element v = @, 1* @;' (Gsa5—1) "
the equality N(v) = N(w) = (1,p*q¢',g*~™) holds, then from the uniqueness of the
canonical forms of elements of B and Z it follows that k = k', [ =1, k —m =k —m/,
so also m = m’ and thus w = v.

Therefore the considered restriction of X’ is indeed an injection. Since we know it is
a surjection, it is an isomorphism and thus

My {(@sa,—1) ") = (@1, @5, (Gea—1) ") A {1} x BxZ ~ B x Z.
We shall now prove that
M, (@@ 7)) =T x B x Z,

where
def . .
C = (asa;,aja51:1 < s—1;5 < j) C M.

First we check that

M,y ((@a=)™") = C - (@, @, (@a 1) 7).
By the relations in the Chinese monoid, the following equalities hold in M:
(asai)as—1 = as-1(asa;), (asa;)as = as(asa;)
for i < s — 1 and similarly
(ajas—1)as = as(ajas—1), (ajas—1)as—1 = as—1(a;as_1)

for j > s. Analogous equalities hold in M,. Therefore, each element of the set C' =
(@507, @;a5—1: 1 < s —1; s < j) commutes with all elements of the set (@;_7,a5).
In the localization M, p((asas_l)_1> the following equalities hold:

@ = (@3a,-1) (@a;)a@5-7 fori<s—1,

a; = (asas_l)_l(ajas_l)a_s for j > s.
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Hence M, C (C,a,_1,as, (asas_1) '), thus also M,{(asa5_1) ") C C - (@51, @3, (@sa5_1) ).
The opposite inclusion holds by the definition of C', thus we obtain

(9) My(@a=)™") =C - (@, @, (@a1) ).
Let : M:"y® — M be the map defined by

{ﬁ(a_i)zm fori<s—1

p(a;) = ayas—; for j > s.

We shall check that 3 is a homomorphism. It suffices to check that all relations of M,,_,
hold also for the images of elements in M. The relations in M,,_, are the relations of
the Chinese monoid M,,_, and the relations introduced by p. To simplify notation,
instead of @, we shall write only z. Then in M, _, we have:

1) relations from p: commutativity of elements 1,..., (s — 2),

2) relations from p: commutativity of elements (s +1),...,n,

3) relations from the Chinese monoid: zyzr = zzxy = yzx for x <y < z.

Notice that if 2 < s —1 or > s, then the relations listed in (3) follow from the
relations from (1) and (2). Therefore instead of (3) we can consider only:

3.1)if x <y < s <z then zyr = yzz,

3.2)if x < s <y <z, then zyz = zxy.

In M we have relations of the Chinese monoid M and the relations introduced by p.
We shall now check that the images of elements in M satisfy relations stated in (1),
(2), (3.1) and (3.2).

1) by the definition of g for i,k < s — 1 we have fi = si, (k) = sk, so using
the relations in M we obtain ((i)3(k) = sisk = s(isk) = s(ksi) = sksi = B(k)B(i);
therefore the images of elements 1,..., (s — 2) commute.

2) by an analogous argument.

3.1) forx <y <s—1< s < z, using the Chinese relations in M, we obtain

B(2)B(y)B(x) = z(s — 1)sysz = z(sx)(s — 1)sy = (zx)s(s — 1)(sy) =

= (sy)zsz(s — 1) = syz(s — 1)sz = B(y)B(2)B(x).
3.2) by an analogous argument.
Thus, we have verified that 8 is indeed a homomorphism.

From the definitions of 5 and C' we obtain that §: M*~}* — C. Therefore C is the

homomorphic image of the monoid M:~)*.
We may now define the natural homomorphism

B MY XBXxZ —MxBX1Z

as (3 on the first coordinate M°~}*° and identity on B x Z. Therefore, /(M:"2° x B x

n

7)) = C x B x Z.. Earlier we have shown that (a@,_1, @, (@:0,_1)"") ~ B x Z. Therefore,
(10) C x BxZ~C x (@10, (Gsa5-1) ).

The composition of the epimorphisms X and ' gives a natural epimorphism

(11) BN M,((aza,—7)"") » C x B x Z.
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We also have a natural epimorphism

(12) 6 X <CL5_1,CL_5, (a'sa's—l)_1> - U : <a's—1aa'_8> (asas—l)_1>~
Using (9)-(12) we obtain the commutative diagram
MP<(aSaS—1)_1> = U : <as—17a_87 (asas—l)_1>

g |

CxBxZ =~ Cx(a,1,0, (aza,-1)"")

Therefore both maps in (11) and (12) must be isomorphisms. Thus in particular
M,{(@sa5—7)"") ~ C x B x Z.

Denote this isomorphism by «, so « = '\’. Then we have the commutative diagram

0
M—> M1 xBx7
¢<>i / TA’ K
M, C MyJ((aa,21)"") ¥ CxBxZ

This means that 5" and A" are isomorphism, which in particular leads to the conclusion
that M,((@sa;—1)~") ~ M:~y* x B x Z. This completes the proof. |

Notice that M~ M C M,, but the factor M, —, M?~L* in the image of X, i.e. in M~ METLe
B x 7., is not the same obJect

2. MINIMAL PRIME IDEALS IN K [M]

In this Section, a bijection between the set of minimal prime ideals of K[M] and
the set of leaves of a certain tree D is established. More precisely, the elements of
D are defined as diagrams of some special type, which correspond in a constructive
way to certain homogeneous congruences on M. In particular, it follows that every
minimal prime ideal P of K[M] is of the form P = Z,,, where pp is the congruence
on M defined by pp = {(s,t) € M x M: s—t € P}. Therefore K[M]/P ~ K[M/pp].
The construction implies also that M/pp embeds into the monoid N7 x (B x Z)er,
where cp + 2dp = n. In Part 2.1 the tree D is introduced. In Parts 2.2 and 2.3 some
intermediate steps are proved. The main result is summarized in Theorem 2.3.2.

Recall that if the rank n of the monoid M is equal to 1 or 2 then the algebra K[M]

is prime and semiprimitive, [3]. Hence, as before, we shall assume that n > 3.

2.1. Diagrams and the tree D.
2.1.1 Notation. We start with defining certain auxiliary diagrams, built on the set
of n generators ay,as,...,a, of M. Let o denote the i-th generator. The simplest

diagram is of the form

— 0
O
30
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If unambiguous, we omit the indices, denoting the above diagram also by

0..-0

The next simple diagrams are of the form

0.0 @ O--:0

with a distinguished generator a,. A diagram of this type will be called a dot a4 or
simply a dot. We consider such diagrams only for s = 2,3,...,n — 1. If the number of
generators is k < n, such a diagram is called dot;.

A diagram of the form

0.0 @ 0.0

with an arc joining generators a,_; and a, is called an arc asas_; or simply an arc.
Here s can be any of the numbers 2,...,n. If the number of generators is k < n, such
a diagram is called an arcy.

Next we construct more complicated diagrams. It turns out that all considered
diagrams can be organized in a tree D, which indicates the order and the way these
diagrams are constructed.

2.1.2 Definition. We construct a finite tree D whose vertices are diagrams. The
construction is performed in several steps. We start with defining the root of D, then
in the first step we connect it by edges with certain new diagrams, which treated as
vertices of D form the first level of D. In the next steps we build the subsequent levels
of D.

e We start with the vertex corresponding to the first of the diagrams described in
2.1.1; this vertex is called the root of D,

e in the first step we connect the root with 2n — 3 vertices: n — 2 diagrams which
are dots and n — 1 diagrams which are arcs (in the sense of 2.1.1); for example,
if n =4, then we get the first level of D:

O O O O

I N

O ® 0O OO0 @O0 ¢« 0 0 o ¢ o oo ¢

e generators involved in the construction of the appropriate dots or arcs are
marked in black and are called the used generators, while the other genera-
tors are called unused,

e in the next steps we construct the subsequent levels of D, in each step adding, as
vertices of D, more complicated diagrams constructed according to the following

rules @@ and ().
Rules €B:

e in every diagram each generator can be used at most once,
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e if a diagram has k£ unused generators, we connect to it, as vertices of D, all
diagrams obtained by adding a dotj or an arcy (for these k generators), in a
way allowed by the remaining rules; according to 2.1.1, neither a; nor a,, can be
used as a dot.

e if in a diagram there is an arc using one of the extreme generators a; or a,, then
we do not connect any new vertices of D to this vertex and we call such an arc
an extreme arc, and the corresponding vertex — a leaf of D,

e an arcy (for some k unused generators) can be added only above, which means
that this arc connects the two generators that are neighbors of some used gen-
erators. (As we shall see in Remark 2.1.4, in every step of the construction used
generators have indices ranging from j to 7 4+ ¢ for some 57 > 0, 7 > 0, so that
the two neighboring generators are well defined). We get a diagram of the form

n—k used
© -0 generators © -0

We denote i subsequent used generators by < i >, so that the above diagram is

simply written as
o --- 0 m 0 -+ 0

e if in a given step we do not add to some diagram an arc above, and this diagram
is not a leaf of D then we have to add a dot obeying rules (©).

Rules (:

e after an arcy a doty_s can only follow next to this arc, in other words, after the
diagram whose last step of construction was an arcy

6. o —heo0 .o

we can either have the diagram

o---omou-o

or one of the following two diagrams

o---o@-oo---o or o---oo@oo---o

e after a doty, for k£ < n, the next dot,_; can occur only as a direct neighbor of
the former dot; in other words, after a diagram

O «++- 0O <n_k>.o NG)

whose last step of construction was the indicated doty, either a diagram of the
following form can follow

0 ... 0 o</n—_/{;>\oo 0 ... 0
or the following diagram can follow
o---o<n—k>e®e®o0 ...0

e immediately after a dot in the first level of D only an arc,,_; above can be added,
so after a diagram
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the following diagram can only follow

0.0 € e 0.0

2.1.3 Example. The following diagrams are vertices of some trees D (for n = 15
and 9, respectively)

O 00O0O0O0O (R ) o) Oo0O0ee &w® OO

2.1.4 Remark. The tree D is finite. In every step of the above construction the used
generators have indices j,...,7 + ¢ for some ¢ > 0, 7 > 0. The order in which all dots
and arcs were added can be uniquely determined from the form of a given diagram.
The generators a; or a, can only be used as elements of an arc, and such an arc is an
extreme arc. A leaf of D is a vertex in which an extreme arc has appeared.

2.1.5 Definition. A branch in D is a chain of connected vertices, leading from the
root to some vertex d. If d is a leaf then such a branch is called mazimal.

If a vertex do was connected to a vertex d; in the process of construction of D, then
dsy is called a descendant of the vertex d;.

2.1.6 Examples. The following diagrams are leaves of D

ooom m

For n = 3 the tree D has the form

O O O

while for n = 4 the tree D has the form

O O O O
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2.2. Diagrams as congruences on M.
In this part we show that every leaf of D determines a minimal prime ideal of K[M].

2.2.1 Notation. Ifu <wv, by M;j” we denote the Chinese monoid with i, generators
@1,y Qye1, Ay, - - -5 Qp; SO that 4; = n — v +u — 1. Sometimes we denote this monoid
simply by M, if it is clear from the context or inessential which of the generators

ai,...,a, are skipped. This generalizes the notation used earlier: M? | and MS~)*°.
Indices 7; will be helpful because we shall build sequences of congruences p; for j =
0,1,2,... and monoids M;, corresponding to these congruences.

Recall that py denotes the trivial congruence on M. For a congruence p on M, by
M;, /p we mean Mij/(p\Mij).

For a given congruence p;, let ¢;: M — M /pj be the natural epimorphism. For every
r € M we write ¢;(z) = 77. In particular, for x € M;, by 27 we mean the image of x
in M;;/p; = M,-j/(,oj|Mij). With this notation, M/py = M, 1y = id, 2° = z. If p; is a
congruence of type © or < on M, then 7' = 7 = ¢(x), where ¢ = ,: M — M/p; is
the natural homomorphism.

2.2.2 Definition. We define inductively the following sequences of pairs (.S;, ;) for
t> 1,44 >0. Let 1o = n and

{51:]1\1 {SlszZ
or

z'lzn—l z'lzn—2
and for every t > 1 let

{St:St_:[X]N or {St:St_:[XBXZ

’it = it—l - 1 ’it - it—l - 2

Every such sequence (S, ;) is clearly finite. In each of the pairs, S; is a direct product
of n — 4, factors.

For example, (N,n —1), (INx B xZ,n—3), (INx B xZ x N,n—4), ... are initial
elements of a sequence of pairs.

2.2.3 Construction. With each of the diagrams defined in part 2.1 we associate in
a natural way a congruence on M such that if a vertex d; is a descendant of a vertex
ds in the tree D, then the congruence corresponding to the diagram d; contains the
congruence corresponding to the diagram d.

Proof. We proceed by induction. We adopt an induction hypothesis consisting of five
parts and we immediately verify the validity of the first inductive step.

Part (I). Consider the diagrams described in 2.1.1. With the diagram o---o we
associate the trivial congruence py. With a diagram from the first level of the tree D
(so a dot or an arc) we associate congruences p; of type © and {, respectively, with
appropriate values of the distinguished index s. Clearly, all such p; satisfy pg C py.

Hence, assume inductively that we already know congruences corresponding to all
diagrams up to the j-th level of the tree D. We wish to define a congruence for
some diagram d’ from level j + 1. This diagram was constructed in step j + 1 of the
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construction of the tree D from a diagram d in level j, with which a congruence p; is
associated, by adding an arc above or adding a dot on one of the sides. So we assume
that (I): a diagram d from level j is not a leaf of D and that we already constructed a
chain of congruences py C p; C p2 C ... C p; on M, corresponding to the branch of D
which leads to a diagram d’ from level j + 1.

Part (II). Let ay, ay.1, .- ., a, be the generators used in our diagram d from level j
(we know that u # 1, v # n and in view of 2.1.4 the used generators form a connected
segment). Consider M;*/p;.

For j = 0 this is M,,/py = M,,. For j = 1 we know from 1.2.1 that in case ©

n 1/p1 / ai,...,as—1 commutey,
as+1,...,an Commute)
while in case

s—1,s
MS 18/p = MZ ;8 = Mn_2 /(al,...,asfg Commute>.

as41,...,4n, commute

Hence, assume inductively that (II): the congruence p; is chosen in such a way

that M“ Y/p; is a Chinese monoid of rank 4; with generators @}, ...,a’, 1,av+1, coal,
and Wlth additional relations making the monoid @l,...,al_ ) free commutative and

making (@), ,,...,a) free commutative.

Part (IIT). Assume that for every diagram from any level ¢ < j, which has some
number 7; of unused generators, there is an associated pair (S;,;), in accordance with
Definition 2.2.2. For t = 0, so for the root of D, we have ig = 0, while Sj is not defined.
With diagrams of the first level of the tree D, so for ¢t = 1, we associate the pairs (57, i)
as in Definition 2.2.2.

Part (IV). By Corollary 1. 2.4 and Lemma 1.2.7 we have, for p; of type © and &,

respectively, an epimorphism wqp or a homomorphism ¢<>a such that

(V) M — M/py~M;_ x (@) ~M;_; x N~ My /p1 x I,

(O) M — M/py— M/p, {(@e8:7) ") ~ M3 3" x BxZ ~M:"3°/p1 x B x Z,
with the embedding accomplished by the central localization with respect to (@za;_1).

More precisely, in M,,, for n > 2, we have n — 2 possible congruences p; of type O,
so also n — 2 possible epimorphisms @E@, and also we have n — 1 possible congruences
p1 of type &, so also n — 1 possible homomorphisms @EQ. These homomorphisms can
be associated with the corresponding branches in D, depending on the value of s. For
example, if n = 3, we get the following first level of the tree D:

O O O
Yo M—M2ZxIN | b : M— M2 x BXZ,
Yo M—M]?x BXZ
O @ O ¢« O o ¢ e

Let f be a diagram from the branch of D leading to the considered diagram d from
level j +1 (for which we want to construct p;i;). Assume that f is from level t+1 < j
in D and it was created from a diagram from level ¢ < j, in which there are 0 <1, <n
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unused generators, and the used generators have indices uy, ..., v;. The value of #; can
be different for different diagrams from level t, see Definition 2.2.2.

If the diagram f was created by adding a dot then assume inductively that (IV Q):
there exists an epimorphism

Vo M ) pr = Mi,_1/prya X N
given by

(@) = (1,9.)

Jo@) = @+,1)  forlss,
where (gs) ~ N and s = u; — 1 or s = v; + 1, depending on which of the two possible
dots was added. We associate this epimorphism with the edge of the tree D which is
used to add the diagram f.

If f was created by adding an arc, then assume inductively that (IV {): there exists
a homomorphism
Pl M py— M pyy x B x Z

given by
AtO(/dtu—1> = (17p7 g)
AtO(/df)—l—l) = (17 q, 1)
L@) =@t p 1) forl<u, —1

vh(@a) = (@, q,1)  forl>uv +1,

where Z ~ (g,g7!). We associate this homomorphism with the edge of the tree D,
which was used to add the diagram f.
Notice that for ¢ = 0 the corresponding homomorphisms are ¥% = 1o and 1/1% = Y.

Part (V). Define for t < j and for A = Q or A = { the map &y by £% = ¥)» and
forO0<t<y

Rn: Miy/pe X Sy = Mi,, /peyr X Ser, R = (P4, id).

By the induction hypothesis (IV) applied to ’(//J\Z we know that for every edge in D one
of the maps ¢, or K} exists and K¢, is an epimorphism. Each map R\ = (¢4, id) we
associate with the edge in D with which the corresponding % is associated.

Consider the branch of D leading from the root to a diagram f from level ¢t + 1. The
subsequent edges of this branch correspond to some homomorphisms &2, &} [

* *7"’7H*7

where each x denotes © or . For A equal to © or {, we define a homomorphism

~t
K pt M — M, /prs1 X St

as the composition

~t
~t ~t—1 ~1
KA=Knoklo.. . okLoR!

~0 ~ . )
For t = 0 we have /', = £, while for 0 < t < j we have

~t ~t—1
o ~t ~t—1 _ ~t—2 ~1 _~0\ __ ~t 7
Kp=kpo(Ry ok, “o...K,0k,) =kyoKy ,
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Atl
K!

~1 wo wt
K/AZM _V) Mi; /thSt—A)Mit+1/pt><St+1,
~t
where each * denotes © or ) and V = Q or V = {. The map «/, is an epimorphism

if and only if all * are equal to © and V = Q. However, by the construction of D we

cannot simultaneously have z0 =

fort =0 and A = Q.
~ N ~t
In cases where the index A is not important we simply write 9* or &' or x’ , respec-
tively.

=R, and R = Ry. Hence r/ A is an epimorphism only

Assume inductively that (V): for ¢t + 1 < j we have p;1; = k:er(lg’t). For t = 0, since
=R = Y0, we have p; = ker(z), which agrees with the definition of p;.

Next, we define a congruence p;; and we verify that it satisfies the inductive claim,
so conditions (I)-(V) are satisfied. We may assume that the considered diagram d’ from
level j + 1 was constructed from a diagram d from level j by adding a dot a,_; (the
proof for a dot a,4 is similar) or an arc a,;1a,_1. In the former case, we define a map

Wbt MY py — My /p; x N

as the natural extension of the homomorphism defined on generators as follows:

w@( u 1) (1vgu—1)
w@( ) (a@,1) forl#u—1,

where (g,_1) ~ IN, and in the latter case as the homomorphism
Ui M [pj = My, ,/p; x BXZ

naturally extending:

|
[y
~—

= (1,p,9)
= (1, q,1)
= (a],p,1) forl<u-—1
@bé(a{) = (a],q,1) forl>uv+1.
Both maps are homomorphlsms because they are homomorphlsms on each of the com-
ponents. Moreover @Z)@ is an eplmorphlsm and ¢<> is not an epimorphism. This is

)

=
~—

)

e e
)
—_—. e L. g,

)

S
—f

verified in the same way as for wqp and 1/1<>.
Let

Sjt1 =295 X (gu—1) =~ S; x N
{ij+1 =1;—1
in case © and
Sip1=98; x BXZ
g1 =1 — 2
in case . Then ;41 so defined coincides with the number of used generators in the

diagram. Moreover, the pairs (S;11,17;) defined in this way satisfy conditions of Defini-
tion 2.2.2. This completes the proof of part (III) of the inductive claim.
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Define the homomorphism
Rpn: M [pyx S; = My, /py X Sja - by Rp = (U, id),

SO I/{\/JA are defined in the same way as K tA for t < j.

Similarly as for /' let A M — M,/ p]+1 x Sj41 be the homomorphism deﬁned
by K A =% Jo o kI~ The homomorphlsm K corresponds to a congruence ker( ) on
M. We define p;11 = ker(ﬂo ). We will show that p;i; satisfies the inductive claim.

By the inductive hypothesis we know that p, C pyy1 for 0 <t < j. Also, for0 <t <j

~ ~ ~t—1 ~t—1 -~ . . .
we have &/ = Rlor , so that ker(f@’t ) C ker(m’t). Thus, by the inductive hypothesis
(V) and by the definition of p;; we get

~j—1

pj = ker(” ) C ker(f) = pjan,

so that p; C p;+;. This completes the proof of part (I) of the inductive claim.

Now we will show that p;|, i 2 pj+1\M . Assume that for some z,y € M;,, we

have (z,y) € pj11 M, Slmllarly as above by the definition of pj+1 this means that

(x,y) € keT(l/i\,j), so that #” () = &’ ( ). By the definition of & : M — M;, +1/pj><S]+1,
the latter implies that the first components (belonging to M;,,,/p;) of elements K (z)

and r’’ (y) are equal, so that the images of z,y in M;, , /p; are equal. Hence (z,y) €
pj|Ml.j+1. So indeed we have Pj|Mij+1 ) Pj+1|M¢j+1> as desired.

Therefore, in view of the opposite inclusion proved before, we get p,| M, = Pit+1|m;
whence also

j+1’

Mij+1/pj = Mij+1/pj+1'
Thus M;,,,/pjs1 is the Chinese monoid on i;,, generators, with the same additional
relations as M;,,, /p;, so with commutativity of the sets of generators that are on the
same side of the generators used earlier. This completes the proof of part (II) of the
inductive claim.
Since M;,.,,/p; = My,,,/pj+1, it follows that

Wb MY oy = Myoa/p; x N = My, [p; x N = M, /pj1 x N,

Wit M [pj — M, a/p; X BXZ =M, [pj x BXxZ =M, /pjs1 X BXZ.

]+1

Moreover, for every generator a; of M;. . we therefore have @ al = a By the above,

+1
and in view of the definition, ¢’ satisfies all the conditions of the inductive hypothesis

for wt with t < j This completes the proof of part (IV) of the 1nduct1ve claim.
Hence, also 1" satisfies all conditions that hold by the assumption for & with ¢ < 7.

Moreover, by the definition, p;4+1 = ker(/-f’ ). This completes the proof of part (V)
of the inductive claim, and hence completes the entire construction. ]

2.2.4 Notation. From now on we adopt the notation used in Construction 2.2.3. We
know that p; C p;11 and 9; and ;1 are epimorphisms. Hence there exists a natural
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epimorphism ; such that the diagram

w.
M —>= M/p;

\ J/eoj
Vi1

M/pj

commutes, that is ¥, 11 = ;0 ;.

2.2.5 Lemma. For every j there exists a natural embedding

Niw1s M/pjsa = Mi; [ pisa X Sjga.

Moreover, the following diagram commutes

)\.
M/ p;——— M, /p; x S;

%l A |

1

M/pjp1—— Mi,,/pj+1 X Sj

Proof. First, consider the case 7 = 1. If p; is of type © then Lemma 1.2.3 yields an
isomorphism M/p; ~ M;, /p1 X S1, which we denote by \;. We know that the diagram

M

I~

M/p ;\\—; M;, /p1 x S

commutes.
If p; is of type ¢, then by the proof of Lemma 1.2.7 we have an embedding A\: M/p; —
M;, /p1 x S1, which we denote by A;. As in case © we know that the diagram

M Y
uzl Y
A
M/ p &= My, [py x S

commutes. . .
For j > 1, by the inductive construction of & in 2.2.3, we get Im(r"”) C M, /pjs1 %
Sjt1. Since pj1 = ker(/g’j), we thus get the desired natural embedding

Ajr1s M/pjin = Mi,,/pje1 X Sjan.
Therefore the diagram
M
E,J’
%Hl

b
M/Pj+1(]—+l> M, /pjt1 X Sj
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commutes.
Since congruences from higher levels of the tree D satisfy analogous conditions, for
every j > 0 we get a commuting diagram

M

ol
%‘l

>\J
M/ pj— My;/p; x S;.

Hence gj_l—k o ;. Thusg olp Yz) = ( )for every x € M/p;.

By the definition of &’ we have K’ =R o R’ . Moreover, by the definition of ¢,
we have ;11 = ¢; 0 1;. Hence, for every x € M/p; and its preimage @Dj_l(:z) C M, it
follows that ¢;1(¢; () = @;(x). All the above easily leads to

N1 0 93(x) = (i1 0 ) (W7 (2)) = &7 (4 (x)) =
— (o (WM (@) = 0 \(a),

which establishes the assertion. [ |

2.2.6 Notation. For a fixed diagram d in D, let A; be the submonoid of M generated
by all products aya,, corresponding to arcs built in this diagram up to the [-th step

(inclusive) of the construction of d. In case © for | = 1 (where there are no arcs), we
define A; = {1}.

2.2.7 Notation. For simplicity, we sometimes identify M/p, with A\;(M/p;) and we
identify (M/p) - (A7)~ with N(M/py) - (Mi(A})) 7!

2.2.8 Lemma. With notation as in 2.2.6, for every [ > 0 the elements al al, are

central and regular in M/p;. Moreover (M/p;) - (Al) YC M, /o x S (1dent1fy1ng M/p,
with )\I(M/pl>>

Proof. We know that gﬁ = (4;) € M/p;. From Lemma 2.2.5 we have an embedding
N M/pp— M, /p x S;. We will consider the images of elements of A; in M; /p; X S

under the map \; o = /Z’l_lz M — M;, /pi x S

Assume that in some step k& + 1 < [ of the construction, an arc aya, is built, where
k > 0. We study the images of the generators up to this step k& + 1.

Consider all the steps of the construction, from step one till step k. By the last part
of the proof of part (IV) of the inductive claim in Construction 2.2.3 we know that for
every t, in step ¢t + 1 we have (depending on the case, respectively)

@) =@ [d@) =@
U6 (ay) = (@, 1) b (@) = (@, q,1).
This follows from the definition of the maps 122 and from the fact that in step k an arc

aya, is built, whence in the previous steps generators with indices between x and y are
used.
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~k—1
This implies that in step k the images of the generators a,,a, € M under v/ have
the form

//ﬁ\/k_l(ay) = (algja [1aq])’

where 5’;,65 € Miﬂ’y_l/pk, and [1,p], [1,q] € S, = N¢ x (B x Z)? denote sequences of
length ¢+ 2d consisting of (¢ + d) elements 1 and d elements p or (respectively) (¢ + d)
elements 1 and d elements ¢, and p in [1,p| occurs in exactly the same places as ¢ in
[1,q].

In step (kK + 1) an arc aya, is built, so according to the definition of {D\é we get

{f?’“*(ax) — (@, [1,p))

so that
k

{E/%(%) =5 0 7" (a,) = R (@5, [1,8]) = (@), [1,8]) = (19,9, [1.8)
K o(ay) = (1,¢4,1,[1,q])  (analogously).

In the next steps of the construction, from step k + 2 till step j, elements 1 occurring
as the first components of the above images of a, and a, yield in the image (1,1)

in case © and (1,1,1) in case ¢, respectively. More precisely, since ¢, and wg, are
homomorphisms, for the element 1 € M;,/p; we get the equalities

@9(1) =(1,1) € M;,—1/prs1 x N
Vo(l) = (1, 1,1) € My, —2/pr1 x B X Z,

respectively. Hence, for every z € S; we get (respectively)

Ro(1,2) = (1,1, 2)
Ro(1,2) = (1,1,1, 2),

respectively. Therefore, in step [ of the construction, with [ > k + 1 we get

~1-1 N
{fe' (a:) = (@, [1.p]) = (1., 1,1,p.9,[1,])

~1-1 N

K (ay) = (a{w [Lq]) = (17"'71a1>qa17[1>q])'
Since p occurs in [1,p] in the same components as ¢ occurs in [1, ¢, it follows that
~l-1 ~i-1, ~I-1 N
kK (ayay) =K (ay)k (ag) = (a;af,c, [1,qp]) =

=(1,...,1,1,qp,9,[1,qp])) = (1,...,1,9,1,...,1) € M; /p, x 5.

Moreover, the above implies that g occurs in the components IN occurring in .5;.
Thus in step [ for [ > k + 1 the image of the element a,a, (corresponding to any

previously built arc) in M;,/p; x S; is of the form (a'a’,[1,1]) = (1,...,1,9,1,...,1).

Yy
This is a central element. It is also invertible in M;, /p; x S;. So it is also central and

regular in M/p, C M;,/p; x Sy (where M/ p, is identified with A\ (M/p;)).
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In particular, we may consider the localization (M/p;) - (21%)_1 with respect to the
submonoid generated by all such elements. Moreover, with identifications as in 2.2.7,
since we have inclusions M/p; € M, /p; x S, and (A\ﬁ)_l C M;,/pi x S;, we also get
(M/pr) - (Eﬁ)_l C M;,/pi x S;. This completes the proof. |

2.2.9 Theorem. With identifications as in 2.2.7, we have
(M//?l)(gg)_l = M;,/pi X S).

Proof. By Lemma 2.2.8 we know that (M/pl)(gf)_l C M, /p x S

For p; of type © we have A; = () by the definition, and i; = n — 1, S; = N, so that
the claim takes the form M/p; ~ M,_1/p1 x N, which holds by Lemma 1.2.3. For p;
of type ¢, the set A; consists of one element a,a,_;, and iy =n —2, Sy = B X Z, so
the claim takes the form (M/p1) - {(aza,-1)) "' = M,_o/p1 X B X Z, which follows from
Lemma 1.2.7.

Assume by induction that the claim holds for all congruences p corresponding to
diagrams in level j of the tree D. In particular, it holds for p; corresponding to the
diagram from which the considered diagram from level j + 1 was constructed (the one
for which the congruence p;,; was constructed). Then the embedding \;: M/p; —
M;;/p; x S; leads to an isomorphism, so we get

(M/p;) - (A}~ = My, /p; x 5
and the inductive claim takes the form (M/p;41) - (A\;i})_l = M;,,,/pjs1 X Sjt1.
Consider the commuting diagram (see Lemma 2.2.5)

(#) M/Pj¢> M;; /pj % S;

N |o

>\.
M/pj1 > My, /pja1 X i

By the inductive hypothesis, (]\4/&)(215)‘1 = M;,/p; x S; (under identification as in
2.2.7), while by Lemma 2.2.8 the map Aj+1 yields an embedding (M/,ojﬂ)(;l;ii)_l —
M;,,\/pje1 % Sjr1. All elements \;(A})~" are invertible in M;, /p; x S;, by the last part
of the proof of Lemma 2.2.8. Let for any ¢ = 1,2,..., the homomorphism A, be the

unique extension of \; to the localization (]\4/pj+1)(/AXjJr1

711)7", built as in the proof of
Lemma 1.2.7. Consider the diagram

>

() M)A 2 My/py xS

©] l =

o~ PV
(M/Pj+1)(z4§-i})_lﬂ> M, ., /pj+1 X Sjs1

where ', is the natural extension of ¢;. We know that ¢; is an epimorphism.
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We will show that for p; of type © the map ¢ also is an epimorphism. We have
Aj = Ajq1, because in case O there is no new arc added. Consider the image A;- C M/p,
under the map ¢;: M/p; — M/p;i1. We get gg}l C M/pj+1, and the elements of ﬁ;“
are central in M/p; ;1 (because so are the elements of A} in M/p;). Moreover, we know

that ﬁ;}l = A;:ﬁ, because A; = A;.;, so that the image ﬁ; C M/p; under the map
@; is equal to Agﬁ The image of M/p; is equal to M/p;.1, whence indeed ¢’ is an
epimorphism.

Next we show that the diagram (##) commutes. We know that the diagram (#)
commutes, so

()‘;+190;)‘M/0j = Ajr1p; = Ej)‘j = (/’%jA;)‘M/pj‘
Under this map, the images of elements of Ag are invertible in M, /p;+1x.Sj41, because

©; (Eg) = ﬁ;“ - A\;i} and we know from the last part of the proof of Lemma 2.2.8 that

the elements )\j+1((g§ﬁ)_1) are invertible in M; ., /pj11 x Sj41. Hence, there exists a

unique extension to the localization (M/ pj)(ﬁ;:)_l. It is equal to X’ ¢’ and also equal

to A7\, so that X, ¢} = #7N,. In other words, the diagram (##) commutes.

We know that in case O the maps &/, N, and ¢ are epimorphisms. Hence, A’ ¢ =
w A} is an epimorphism, so that the embedding A is an epimorphism. Thus, in case ©,
A’ is an isomorphism. Then we get (M/le)(/Al;:i})_l = M;,,,/pjs1 X Sj41, as desired.
This completes the inductive step in case Q.

In case ¢, A’ and ¢} are not epimorphisms and A; & A;11. We have Im(y)) =

(M/ij)(/Al;H)_l. It also follows that I'm(&7) € I'm(X,,,), because
Im(R7) = Njy (Tm(})) = Ny (M/p2) (AT ) €
C Xy ((M/pi) (AN = Im(N),
Since #/|s, = id, we also have
S5 = W (S;) € Im(®) € Im(N} 1) = Nyyo ((M/pye) (A1) )

Consider M;"/pj+1 = M;;/pj1. This is a Chinese monoid M;* with the additional
relations of type ¢, so with relations corresponding to the arc a,a,. Hence, we are in a
case as in Lemma 1.2.7, where relations of type <) are imposed on the Chinese monoid
M. Moreover, notice that Aj;|ar, /p,,, coincides with the map A from Lemma 1.2.7.

Hence we may apply Lemma 1.2.7 to M;, /p;j;1. We then get i1 = ;—2, and M;, ., /pji1
corresponds to M,, o, and more generally

L (M5, ) pja)((@lal) ")) = Mi,,, /pjr X B X Z.
Since M, /pjs1 € M/pj41 and ((@al) ") C (AZ1]) ™!, we thus get
Mo by X B x Z= Xy (M, /pin) (@) ) €
C A ((M/Pj+1)(A§ﬁ)_l> = Im(X},,).
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Moreover we know that S; C I'm(A;,;). This leads to
Mij+1/pj+1 X Sj+1 = Mij+1/pj+1 X B x 7 x Sj - Im(>\;+1)

The opposite inclusion holds by the assumption. Hence the embedding M}, is an
epimorphism, which implies that

o (M) (AN = M, g3 % Sy

Hence, as in case O, A’ is an isomorphism, so that (M/pjﬂ)(ggﬂ)_l = M;,,,/pjs1 X
Sjt+1. This completes the inductive step in case <, proving the assertion. [ |

Notice that Construction 2.2.3 assigns ideals of the form Z, < K[M] to the vertices
of the tree D.

2.2.10 Theorem. Under the correspondence described in Construction 2.2.3, ideals
of K[M] corresponding to the leaves of D are prime.

Proof. Construction 2.2.3 describes an inductive interpretation of all diagrams in D
as congruences on M. In particular, by Theorem 2.2.9, for every leaf from level r of D
and for the corresponding congruence p, on M, we have

(M/p)(A) ™ = M, [p, x S,

and S, is of the form IN¥ x (B x Z)™ for some exponents k,m.

If the extreme arc occurring in the given diagram does not join generators aq, a,, then
there are 7, > 0 unused generators. The congruence p, introduces the commutativity
of these remaining generators, so that M;, /p, ~ IN". Hence

M;, [py x S, ~ Nr x N* x (B x Z)™ ~ N* x (B x Z)™.
On the other hand, if the extreme arc joins a; and a, then i, = 0 and
M; /py x S, >~ My/p, x Sy ~ S, =~ N¥ x (B x Z)™.
Therefore, we have
K[M/p,] (A7) = K[(M/p:) (A7) = K[N* x (B x Z)"].
It is well known that, for every field L, the algebra L[B] is primitive, see [15]. From
[14] it then follows that R[B] is prime for every prime algebra K. This easily implies
that K[IN* x (B x Z)™] is prime. Thus K[M/p,](A")~! is prime. Since it is a central

localization of K[M/p,], also K[M/p,] ~ K[M]/Z, is prime. Hence Z, is a prime
ideal of K[M]. |

2.2.11 Definition. By the middle of a diagram d € D we mean
— the first generator used as a dot, if the construction of d starts with a dot,
— the middle of the first arc, if the construction of d starts with an arc.

An argument similar to that in the proof of Lemma 2.2.8 can be used to prove the
following result.

2.2.12 Lemma. Let p be the congruence on M corresponding to a diagram d. Con-
sider the images of the generators of M in M/p, interpreted as a submonoid in the
appropriate M; /p x S;, where S; is the product of some copies of B x Z and some



STRUCTURE OF CHINESE ALGEBRAS 35

copies of IN (as in the proof of Lemma 2.2.8). Then in the images of the used genera-
tors on the left from the middle of d, elements 1 and p occur and at most one element
g (where (g, g™1) ~ 7Z, if the given generator was used in an arc) or one g, (if a, was
used as a dot; then (gs) ~ IN as in Construction 2.2.3).

On the other hand, the images of the used generators on the right of the middle of d
contain components 1 and ¢ and at most one g, (if the generator as was used as a dot).
If a dot a, is the middle of d then (1,...,1, g,) is the image of this generator.

The images in M/p of all generators used in d have elements p and ¢ in components
corresponding to the arcs built during the construction of d. Moreover, from the con-
struction it follows that for every component B in S; there exist generators a;, a;, whose
images in M/p have in this component elements p and ¢, respectively. Hence, if the
image in M/p of some w € M has p* or ¢* in this component, then it is not central in
M/p (here 4+ denotes an arbitrary positive integer).

2.2.13 Lemma. If p and p’ are congruences corresponding to diagrams d and d’, and
d,d’ are in different branches of D, then Z, ¢ Z,,.

Proof. First, consider the case where the root of D is the only vertex of D that is
contained in both branches leading from the root to d and from the root to d’. This
means that these diagrams start with

(1a) two different dots: d with as, and d’ with a;, where t # s, or

(1b) two different arcs: d with asas_q, and d’ with a,a,_1, where ¢t # s, or

(1c) one of them, say d, starts with an arc asas_1, and d’ starts with a dot a,.

Clearly, the middle of d is different than the middle of d'.

In case (1a) the image of as in M/p is central. If d’ consists of a single dot a;, then
the image of as in M/p’ is not central because it does not commute with the images of
generators lying on the other side of a;. Otherwise, in d’, directly after the initial dot
ag, according to the rules, the arc a;1a;_1 was built. Hence, Lemma 2.2.12 implies that
in M/p' in the images of all generators on the left of a; there is a component p, while
on the right there is ¢q. Since ay # a4, some component of the image of a, is equal to p
or ¢, hence also in this case this image is not central in M/p’. Therefore p Z p'.

In the same way we see that the image of a; is central in M/p’, but it is not central
in M/p, whence p’ € p. This proves the assertion in case (1a).

Similarly, in case (1b), the image of asas_; is central in M/p. Assume, with no loss
of generality, that s > ¢t. Then, by Lemma 2.2.12, in the images of a; and as_1 in M/p’
there are components equal to ¢ and there are no components equal to p, so the image
of asas_q is not central in M/p'. In the same way we see that the image of a;a;_; is
central in M /p', but is not central in M /p. This yields the assertion in case (1b).

In case (1c), similarly, assume that s > t. The image of asas_; is central in M/p. If
d' consists of the single dot a;, then in M/p" we have the same relations as in M and
additionally the images of aq,...,a; commute and the images of a,...,a, commute.
Therefore, the image of asas_1 is not central in M/p', because it does not commute
with the image of a;_; (since a; is a dot, we must have ¢ > 1).

On the other hand, if d’ is not a single dot, then as in case (la), in the diagram
d' directly after the initial dot a; the arc a;y1a;—1 must have been built. Hence, by
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Lemma 2.2.12, in the image of as in M/p’ one of the components is equal to ¢, while
in the image of a,_; there are no components equal to p. Hence, the image of asas_1 is
not central in M/p'.

Similarly, the image of a; is central in M /p', but it is not central in M/p, because
one of its components is equal to p. Hence, again Z, ¢ Z,, and Z SZ Z,.

This completes the proof in the case where the root of D is the only common vertex
of the branches containing d and d'.

Now, consider the opposite case. So, up to a certain step in the construction of
D the diagrams d and d' are equal. Assume that generators a,.1,...,a,_;, where
l<z+1<y—1<mn, were used in this common part of the construction of d and
d'" (so the diagram obtained in this step is not a leaf of D). We may assume that
x+1 < y—1, so the number of generators used in the common part of the construction
of d and d' exceeds 1, because if two diagrams start with the same dot then in both of
them the same arc must follow.

Hence, one of the following cases must occur.

(2a) In one of the diagrams, say in d, an arc aya, was built, while in d’ a dot was
built (say, to the right of the previously used generators, so a,, and then y < n).

(2b) In one of the diagrams, say in d, a dot a, was built on one side, while in d' a
dot a, was built on the other side (then > 1 and y < n).

First, consider case (2a). Recall that < i > denotes 7 consecutive used generators, so
an initial step in the construction of d in this case looks like

o --- 0 m o ... 0
@ y
while an initial step in the construction of d’ is of the form

o ---0 O <y—x—1> ® O -.-.-0
T )

In d', before the dot a,, some dots might have been added on the same side of the
previously used generators, and before this an arc a,a,,; must had been added, for some
x4+ 1 < z < y. Therefore, the following diagram is an initial step in the construction

of d’
o...oom....o...o
z Yy

z x+1

In the next steps of the construction of d’, after the dot a, some dots might have been
added on the same side as previously used generators, which was followed by one of the
following two steps.

(2a.1) An arc a,a, was added for some w > y (and perhaps the construction of d’
was not complete yet). So an initial step of the construction of d’ is of the form

o...omo...o

r x+1 z Y w

(2a.2) The construction of d’ was completed, so d' is of the form

O -.--0 O m........o...o

r x+1 z Yy
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Since the generators a,41,...,a,—1 are in both diagrams d and d’' used in the same
way, an initial step of the construction of d must be of the form

o---oo{_o/—;—\ob\moo---o

r x+1 z Y

In d the generator a,; is not the middle, because if it were the initial dot then an
arc a,sa, would follow. However, we know that y # = + 2, because we assume that
y—x—1>1.

In view of Lemma 2.2.8, the image of a,a, is not central in M/p.

First, consider case (2a.1). Since the construction of p involves a dot a,, and at a later
stage an arc a,,a,, where z < y < w, it follows that the image of a, in M /¢’ is of the form
(...,1,1,...), while the image of a, is of the form (..., p, g,...), where the distinguished
two components B X Z result from adding the arc a,a, in the construction of M/,
and ... denote the values of the remaining components. The forms of these sequences
are derived as in the proof of Lemma 2.2.8, by representing M /p" as a submonoid of an
appropriate monoid M;,/p’ x S}, where S; is a direct product of some copies of B x Z
and some copies of N. Therefore, the image of a,a, is of the form (..., p,g,...), whence
— because of the component p — it is not central in M/p'. Hence, in case (2a.1), p € p'.

Next, consider case (2a.2). Using an argument and notation as in the proof of
Lemma 2.2.8, and applying Lemma 2.2.12 and the fact that a, appears in d’' to the
right of the middle of d’, one can get a more detailed description of the image of a,
in M/p' as (1,...,1,9y,[1,q]), where g, appears in a component corresponding to IN
in M/p'. Similarly, the image of a, has the form (@', 1,...,1,[1, p]), where elements p
in [1,p] occur in the same components as elements ¢ occur in [1,¢| in the image of a,.
Hence, the image of a,a, has the form (@', 1,...,1,g,,[1,1]). Moreover, a. € M, /o’
does not commute with @, € M; /p/, so the image of aya, is not central in M/p'.
Therefore, in case (2a.2) we also have p € p'.

Hence, in both subcases of case (2a) we get p € p' and in the rest of the proof we
treat both these cases together.

We claim that the image of aya,+1 in M/p' is central, but its image in M/p is not
central, which will yield p' € p. As above, we know that the image of a, in M/p’ looks
like (1,...,1,9y,[1,q]), where g, occurs in a component corresponding to N w M/p'.
On the other hand, a,,, appears in d’ to the left of the middle of d’, so in the image of
a,41 the components are 1, p and a single ¢ (in the component corresponding to an arc
with the left end in a,,q). Moreover, the elements p occur in the same components in
which the elements ¢ occur in the image of a,. Therefore all components of the image
of aya,41 are equal to 1 except for a single component g and a single component g,,.
Hence, this element is central in M/p'.

Similarly, the element a, in the diagram d is to the right of the middle of d, so the
image of a, in M/p has the form (1,...,1,¢,1,[1,¢]). As noticed before, the element
ay+1 is in d to the left of the middle of d, whence in the image of a,y; in M/p there
are components 1, p and either a single component g, if the generator a,,; was used
in an arc, or a single g,.1, if it was used as a dot. Moreover, all components different
than 1 occur in the components corresponding to the part of d, which was built before
the construction of the arc aya,, so in some of the components covered by [1, ¢ in the
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image of a,. The remaining components of the image of a,;; are all equal to 1. This
implies that the image of a,a,11 is not central in M/p, because ¢ is not central. Hence,
we indeed get p’ € p, as desired.
It follows that Z, ¢ 7, and Z,, ¢ Z,, which completes the proof in case (2a).
Finally, we deal with case (2b). This case can occur only if the common initial part
of d and d’ is ,covered” with an arc (only in this case a dot can be added both on the
left and on the right of the arc). Hence, an initial part of the construction of d’ has the

form
O ... 0 O .//Q;E;tj?;i:ii?;\\. ® O ..-0

r x+1 y—1 y
which is a special case of the diagram d’ described in case (2a). So we know that the

image of a,a,41 is central in M/p'. In this case
O ..+ 0 @ m O o .-+ 0
z z+1 y—1 y
is an initial step in the construction of the diagram d, whence a,.; is on the left of
the middle of d. Hence, as in case (2a), one can show that the image of aya,41 is not
central in M/p. By symmetry, the image of a,_ja, is central in M/p, but is not central
in M/p'. Then, again Z, ¢ Z,, and Z, ¢ Z,, which completes the proof in case (2b)
and therefore the proof of the lemma. |

2.3. Minimal prime ideals as the leaves of D.

In this part we prove that every prime ideal of K[M] contains an ideal corresponding
to a leaf of the tree D, and more generally that there is a bijection between the set of
leaves of D and the set of minimal prime ideals of K[M].

2.3.1 Theorem. Every prime ideal of K[M] contains a prime ideal Z, , where p, is
the congruence corresponding to a leaf of D.

Proof. Let P be a fixed minimal prime ideal of K[M]. By Theorem 1.1.4, P contains
an ideal of the form Z,, where p is a congruence coming from a diagram in the first
level of the tree D, so it is of one of the following types:

@) p corresponds to a diagram o---o e o-..o where the indicated dot is neither a;
nor a,,

) p corresponds to a diagram o---0 €7@ o...0.

Moreover, in cases O and < respectively, the homomorphisms from Lemmas 1.2.3
and 1.2.7 can be extended to maps of the respective semigroup algebras. This leads to
homomorphisms

K[M] —— K[M,] ~ K[M;_; x (a)] ~ K[M;_/p][N]

K[M] —— K[M)|~—— K[M, ([@a,1)™")] = K[M; 5" x B x Z] ~ K[M,~,"/p][B x Z]
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in cases © and <), respectively, where the embedding is accomplished via the central
localization with respect to (Gza;_1).

Consider all chains of congruences py & p1 & p2 & ... & p; on M, corresponding to a
fragment of a branch of the tree D, such that Z,, C P. By Lemma 2.2.5 we then have
natural homomorphisms

K[M] — K[M/p;|~— K[M;,/p;][S;]

|

K[M]/P

where S; and ¢; are defined as in 2.2.2.

In the set of all such chains we choose a chain for which ¢; is minimal. We will show
that the corresponding p; is the congruence assigned to a leaf of D. Suppose otherwise.
Then i; > 0 and M;,/p; is not a free abelian monoid of rank i;, because none of the
generators aq, a,, have been used. More precisely,

(13) M, /p; = Mg’v/(pﬂng,v) = (A1, .., Qye1, Ayt - - -5 A

A1y ..y Qy_1,Qyi1,- -, Gy, and the relations of a Chinese monoid hold).
A >

Vv Vv
commute commute

Consider an equality oy K[M;,;]31 = 0 of type H (see Notation 1.1.2), where ay, 51 €
K[M;;]. Then, in K[M;,/p;][S;] we get a{K[Mij/pj][Sj]ﬁf = 0, where 77 denotes the

imageJ of x in K[Mj,/p;][S;]. Notice that K[M/p;| embeds into K[M;,/p;][S;], because
M/p;j = M, /p; x S;. Thus we can identify M/p; with its image under this embedding.

Let

To, = (K[M;,/pj) & K[M;,/p;)) [S;] 0 K[M/pj),
Ty, = (KM, /)] B KIM;, /py]) 18] 0 KM/ ]
Then
Tos - To, © (KIM, /3] @ KMy, /0] B K (M, /p))) 18] 0 KM/ ps] = 0.

Moreover Z,,,Zs, < K[M/p;], because Z,,Zg, < K[M;; /p;][S;].

Let P’ be the image of P in K[M/p;]. Since Z, C P, there exists a natural map
K[M/p;] — K[M]/P whose kernel is Pi. Moreover, K[M/pj]/ﬁj ~ K[M]/P. In
particular, Piis a prime ideal in K[M/p;]. So, for every pair of ideals Z,,,Zs,, since
Lo, -1Lg, =0, we get Z,, C PJ or Is, C Pi. Let 7 =a it Z, C PJ and let v = b1
otherwise (then we must have Zs, C P7). Since Z,, C P’ there exists a natural
homomorphism K[M/Pj]/zﬁﬂ — K[M]/P.

Now, consider another pair ay, 82 € K[M;;] of type H. The equalities ap K[M;,]3> = 0

hold in (K[Mz'j /PJ]/Q{ = 0) [S;]. It follows that

&' (KM /el /51— 0) 18] 38" =0,
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where 77! denotes the image of z in ( [M, /PJ]/ — 0) [S;]. Let P?! be the image
of P in the algebra K[M;, /PJ]/% — 0. We define Z,,, and Zg, by
T, = ((K[Mij/Pj]/Aj _ 0) alt ( (M /Pa]/ _ 0)) [S5] ﬂK[M/Pj]/IM,
Ty, = (( Mi, /3] /54 ) Byt (K[Mij/pj /i = 0)) (5] N K [M/pi] /7.
As above, we see that Z,,,Zs, are ideals in & [M/pj] / 7, the ideal P7! is prime in
MZJ/PJ]/% _ ¢ and either Z,, C P or Ty, C P Let 7o = aw, if Z,, € P and
let 5 = fB otherwise (then we must have Zz, C P71). Since Z,, C P#!, there exists a
homomorphism K[M/pi] / Im/zﬁ{2 — K[M]/P.
Similarly one shows that the image P32 of P in & [M]/ i) / Z, / Z, is a prime ideal

and
K[M/pj]/l—m/lm'_)( M;; / pj] /AJ_O/AM )

By the hypothesis, the above construction yields

P < K[M]
pi < K[M/pj]© K[M;, /p;][S;]
il < K[M/pj]/zm<—>( [ /pg]/%:o) S,]

pi2 < K[M/pj]/zm/Zm;)< M, [ pj] /A]—()/AJI_ )

where the ideals in the first column are prime and the kernels of the three homomor-
phisms from K [M] to the subsequent three algebras in the second column are contained

in P, because Z,, C P, and also Z,, C PJ and Z,C pil,

Let 792 denote the image of z in (K[Mij /pil / A = O/%'v1 — 0) [S;]. Similarly, we
define also 2™ for m > 3, using other pairs of elements o, 3 € K [M;,] of type H. Let
770 denote 7.

Notice that each of the elements «, 3 € K[M;,] of type B is a difference of two
elements of M;,, see Theorem 1.1.1. Hence, all considered elements « are also of this
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type. Put v = Iy — px, where [}, pr € M;;. Then it is clear that

(KIMy /01l /5 — 0) 18] = K [Mifos 5 — 5] 15
We also get
(FWle ] 5 =0 /331 — o) = KMu /o3l g 2y = KMa /o3l 510

which, as above, leads to

(KD l03) [ 53— 0 fags )J]:K{ oles | fien }[sj].

=ps
Proceeding in this way, until all ¢ pairs o, 8 € K[M;,] of type H are used, we extend

the above diagram by adding more rows. As above, we get the following form of the
last two rows of this diagram:

' M, /p; =P
Pit < K[M/py] /I% /Iw / /I K 3/103/ B=p} [Sj]
Yt .

| i}=p]

K[M]/P

Let n be the congruence on M;, generated by the set {(I1,p1), (l2,p2), ..., (lt, pe)}-
Then we get

U =p)
Mlj/p %:A} ; j j -
x |Molri [ )5 7o lis)= (MM 1, faa L a) 18] =

i=p,

= (K[My,]/ (Zp; U (11,92, -m))) [S5] = K[Mi; / (p; vV 0)][S)]
where \; V Ay denotes the congruence generated by Ay and \s.

The congruence 7 is defined by a set containing one element from each pair (o, ()
of type B for K[M; ], so by Theorem 1.1.4 it contains a congruence 7y of type ©;; or
i, on M;,. Therefore, ny € p; and so p; M, & Pj (see the description of

We know that M;, /p;xS; = M;>"/p;xS;, so the generators ay, . . ., a, have been used,
for some 1 < u < v < n. Let w be the kernel of the map M — (M;,/(p; V 1m0)) X S;.
The above construction implies that w satisfies Z, C P.

Let p;_1 be the congruence corresponding to the diagram d;_; of level j — 1 in the
tree D, which is connected to the diagram d; corresponding to p;. We will show that
one of the following cases holds.

(A) There exists a congruence p,i1 on M such that p; & p;jy1 € w, and pjyq cor-
responds to a diagram d;4; in D, which is connected to the diagram d;. In this case,

since Z, C P, we get Z,. , CZ, C P and ;4 < i;.
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For this, we will find a congruence x on M;, of type Oy, or $;,, such that p;| M, ¢ xC
pjl M, V0 and the congruence y on M which is the kernel of the natural homomorphism
M — M;,[/pjxS; — M;, /xxS; corresponds to a diagram in D, lying below the diagram
corresponding to p;; then we will put p;j;1 = X.

(B) There exists a congruence p} such that p; 1 & p}, where @} < i;, and 4} is the
number of unused generators in p}. Moreover, the congruence p) corresponds to a
diagram in D, which is connected to the diagram d;_; and p; C w. In this case, since
Z,C P, we get Ip;, c7,CP.

Both cases contradict the choice of 7;, which will complete the proof of the fact that
p; corresponds to a leaf of D.

We know that 7 is a congruence of type O or { on M;, = MZ; Y. If ng corresponds
to a diagram (on Mij) which is an arc a,1a,_1, then w corresponds to a diagram in D
(on M) and we put y = Pj|Mij V 1. Then w = ¥ and we define p;; = X¥. We thus get
case (A).

We consider the remaining possibilities.

If 1y corresponds to a diagram (on MZ-],) which is an arc aga,_; for some s > v+ 1,
then a,4 becomes central in the monoid M;, /(p;Vno) (it commutes with a; for j < v+1
because s > v + 1 and commutes with all a; for j > v + 1 because of the congruence
pj). A symmetric argument shows that, if s < u, then a,_; becomes central.

Similarly, if 7y corresponds to a diagram (on M;;) which is a dot a, for some s > v,
then the elementu a,4; becomes central in M;, /(p; V1o). A symmetric argument shows
that, if s < u, then a,_; becomes central.

Therefore, in both considered cases, the congruence p;| a;, V1o induces centrality of
ay—1 or of a,y1 in the image of M;,, so w is a congruence corresponding to the diagram
containing a dot neighboring the previously used generators. If these used generators
are covered with an arc, then the new diagram obtained by adding the dot neighboring
this arc is allowed by Definition 2.1.2, so it is an element of the tree defined for M;,. Let
X denote the congruence on M;; corresponding to this new diagram; so x C pj| a;, V7o
The second case is when the new dot is on the same side as some recently added dot.
Then it is also easy to see that we get a congruence y C p,| a;, Vo that corresponds
to a diagram on M;,.

In both cases we may thus define p;j;; = ¥ 2 p; and conditions in case (A) are
satisfied, in particular ;1 < i;.

It remains to consider the case where the diagram d; corresponding to p; contains
dots on one side and the considered ,new dot” (coming from 7)) is on the other side.
In this case, we construct a congruence p’; that satisfies conditions in (B).

Assume that the last step in the construction of d; was the dot a,, while the new
dot is the dot a,;;. Then, by Lemma 1.2.3, we get M;,_,/p;—1 ~ M, /p; X (au). This
corresponds to replacing My, ,/pj_1 X S;_1 by M;;/p; x {(an) x Sj_1 (in the process of
constructing p; from p,_;; see Construction 2.2.3).

Let e be the diagram in D obtained from d;_; by adding the arc a,y1a,. We will
show that the congruence p’;, corresponding to e, is contained in w.
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Let M’ be the image of M;; /p; x (a,) obtained by making the generator a,; central
in the first component, in other words

M = (Mij/pj/(avH central)) X ().

We have to check that the following relations hold in M’:

— the image of a,.1a, is central,

— the images of a,a,1a, and a,a, 10, are equal for w, z < u,

— the images of a,a,a, and a,a,a, are equal for w,z > v + 1.
These are the relations that are imposed on M;, /p;_1 in the process of constructing
p; from p;_; by adding the arc a,yia, (see the definition of an ideal of type < in
Definition 1.1.3 and Construction 2.2.3).

The image of a,i1a, in M;, /p; X (a.) is equal to (@l.q,a,). In M', the element a,4q
becomes central in the first component. Hence the image of a,1a, is central in M’.

The image of a,ayy1a. in M;; /p; x(a,) is equal to (al,al, ,al, 1), while (alal, ,al,, 1) is
the image of a,a,,1a,. Since a, is central in the first component and the images of a,
and a,, commute for w, z < u, we get al,a’_,al = a’_,(alal) = al,,(alal) = alal,,al,.
So in M’ the images of a,a,.1a. and a.a,,1a, are equal.

Similarly, the image of a,aya, in M;, /p; % (a,) is equal to (@l,al,al), and the image

wz) u
of a.aya, is equal to (alal, al). In M; /p; x (a,) we get (al,al,al,) = (alal,,al) for

w, z > v+ 1, because @, = alal, in M;, /p; for w,z > v+ 1. Thus, also the images of
(waya, and a,a,a, are equal in M.

Hence, all the relations corresponding to adding the arc a,;a, are satisfied. It follows
that the congruence pf;, corresponding to e is contained in w. Since the diagram e has
it = i; — 1 unused generators, case (B) holds.

This completes the proof of the fact that p; corresponds to a leaf of D. The ideal Z,,
is prime in K[M] by Theorem 2.2.10. This proves the assertion. |

2.3.2 Theorem. There exists a bijection between the set of leaves of the tree D
and the set of minimal prime ideals of K[M]. Namely, if d is a leaf of D and p is the
congruence corresponding to d, then Z, is the minimal prime ideal assigned to d.

Proof. Let P be a minimal prime ideal of K[M]. By Theorem 2.3.1, P contains a
prime ideal of the form Z,, where p corresponds to a leaf of D. Therefore Z, = P. Let
f(P)=p.

Let d be an arbitrary leaf of D and let n be the corresponding congruence on M.
Then, by Theorem 2.2.10, Z, is a prime ideal of K[M]. Hence, there exists a minimal
prime ideal @ of K[M] contained in Z,. Then, again by Theorem 2.3.1, @) contains
an ideal of the form Z,, for a congruence 7' corresponding to a leaf d’ of D. Then
Zy € Q C Z,, while by Lemma 2.2.13 we have Z,, C Z, if and only if the vertices of
D corresponding to congruences n and 7’ are in the same branch of D. Since d,d are
leaves, we get n = n'. Then Z,, = Q =7, so Z, is a minimal prime ideal of K[M]. We
define g(n) = Z,.. Therefore
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Clearly, pp = pz,. It is easy to see that x —y € Z, if and only if (x,y) € p. Therefore
f(P) = pp, and hence

fa(p) = 1(Z,) = pz, = p-
It follows that f and g establish the desired bijection. |

2.3.3 Notation. If P is a minimal prime ideal of K[M] then the congruence corre-
sponding to P is denoted by pp. Notice that this is a homogeneous congruence, because
minimal prime ideals of a Z-graded ring are homogeneous, see for example [9] (this also
is a consequence of our construction of pp).

A careful analysis of the proof of Theorem 2.2.10 leads to the following description
of the monoids M/pp for minimal prime ideals P of K[M]. Recall that Mp = M, ,
where p, = pp, in other words this is the last of the congruences used in the chain

p1 % p2 & ... & pp, constructed in 2.2.3.

2.3.4 Corollary. For every minimal prime ideal P of K[M] there exists an embed-
ding
M/pp < N x (B x 7.)%,
where cp + 2dp = n. Moreover,
(Q) if p; is of type O, then

Mp>~T x (a,) ~T x N,

where K[T| ~ K[M,_4]/Q for some minimal prime ideal @ of K[M, _4];
(&) if py is of type ¢, then

Mp C Mp(A) ™ =T x N' x B x Z,

where 1 < j < r and K[T] ~ K[M,_5]/Q for some 0 < ¢t < n — 2 and a minimal
prime ideal @ in K[M,_o_¢|. For t =n — 2 we put K[M,] = K, Q =0 and T = {1}.

Proof. Using the notation of the proof of Theorem 2.2.10, we know that p, = pp and
(M/p,)(AT)~! ~ IN* x (B x Z)*. Hence there is an embedding

M/pp < N x (B x 7,)%

for some positive integers cp,dp. From the algorithm used in the process of building
the latter direct product we know that a factor IN appears each time a single generator
is used (as a dot), while a factor B x Z appears each time a pair of generators is used
(as an arc). After the extreme arc is added to a diagram, the submonoid generated by
the unused generators is free abelian. Hence cp + 2dp = n.

We keep the notation used in Construction 2.2.3 and in 2.2.4. For p; of type © we
have a commuting diagram

MﬂiM/pl N VE x (a’) ~ Ms | x N

X i%‘o---ow l%*lo...oﬁl l“
s

M/py ~ Mp—— M;, [p, x Sy~ (N" x (B x Z)") x N
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where A, is as in Lemma 2.2.5 and the last embedding is identity on S,, while u is a
homomorphism that makes the diagram commute.

From the construction we know that "' o ... o ! is identity on (a") ~ IN. Hence,
p has the form 6 x id, where 6 acts on M?_,, and 1d acts on IN. Let

T 9(M:_,) CIN* x (B x Z)*.
Then T is a homomorphic image of M,,_; and Mp ~ T x IN, where IN is an isomorphic
image of (a’).

Denote by d the diagram corresponding to the ideal P. In the second step of the
construction of d, the dot a4, corresponding to p; of type ©, must have been followed
by the arc agyjas_1, corresponding to p;. We know that M/p; ~ MS _1; X N and the

congruence p, = pp corresponds to the homomorphism M? | x IN LT x N, so that
M/pp = Mp ~T x N.

We remove the dot a, from the diagram d. Then we get a diagram d’ in the tree built
for the Chinese monoid on n — 1 generators. Such d' corresponds to a leaf of this new
tree, whence to a minimal prime ideal of K[M,,_ ] On the other hand, d’ corresponds
to the kernel of the homomorphism M, _; — M? , — T, which is a consequence of
the construction of py,pa,...,p-. So T is a homomorphlc image of M; ;. Let ) be
the kernel of the epimorphism K[M? ;] - K[T]|. Then K[T| ~ K[M:_,]/Q. Since d’
corresponds to a minimal prime ideal of K[M, 4], @ is a minimal prime ideal. This
completes the proof in case p; is of type ©.

Assume now that p; is of type <». We consider two cases.

(a) r =1, so that p; = pp corresponds to a diagram

¢ 0...0 or 0.--0 & @
Then M,,_, ~ N""2, so Lemma 1.2.7 yields
Mp=M/pp > M, s x BXxZ~N"2?xBxZ

and the assertion follows with t =n — 2, K[M,] = K, Q =0 and T = {1}.

(b) r > 1, so in the construction of the diagram d corresponding to the ideal P,
after an initial arc corresponding to the congruence p;, there were more steps leading
to the leaf d of D. Recall that such a construction must finish with an extreme arc (see
Definition 2.1.5). Hence, in d, after the initial arc asas_1, a number ¢t > 0 of dots have
been built, followed by another arc. Hence, for some 1 < j +1 < r the congruence p;41
corresponds (for some t > 0) to the diagram

o ..+ 0 m O -+ 0
s—1 s s+1 s+t
or to an analogous diagram with ¢ dots on the left of the arc a;as_;. Then p; corresponds
to the diagram

O .0 6 e © -.- @ O ---0
s—1 s s+1 s+t

or to the analogous diagram with ¢ dots on the left of the arc asas_;. Then the number
of unused generators is equal to i; = n—2—t and S; = IN' x B x Z, while Lemma 2.2.5
yields a natural embedding

M/pj = M, /p;j x Sj = My, /p; x N' x B x Z.



46 JOANNA JASZUNSKA AND JAN OKNINSKI

Moreover, S, =Y x S; =Y x N' x (B x Z), where Y = IN* x (B x Z)* and the
construction of M/pp yields natural homomorphisms

M/pj——— M;;[p; x S; = M/p;x N'X BXZ

@7.10...Ogoji lgrlo___ogj l

M/prgMP(—>Mir./pr XYXSj = Mir/pr xY xIN' x Bx 7

where &"~' o ... o &’ is identity on Sj, so it is of the form 6 x id, with 0: M; /p; —

M, /pr xY and id: S; — S;. Let

T 0(M;,/py).
so T x S is the image of M; /p; x S; under "' o... o0&/ =6 x id.
By Theorem 2.2.9, M;, /p; xS; = (M/p])(zzl\;)_l (under an appropriate identification).
Consider the following diagram, similar to (##) used in Theorem 2.2.9:

(###) (M/p) (A=t = My/p; xS,
<p;10...0<pg¢ R Lo...orI=0xid

~ ~ bV
Mp(B)™ = (M/p ) (A7 My Jp, X Y X S = My [p, % S,

where A\’ is the restriction of X to Mp(;{\;)_l, and every ¢}, for k = j,...,r — 1, is
the natural extension of ¢y to the appropriate localization. Then ¢;_; o... 0 ¢’ maps
M/p; onto M/p,, while A\; is mapped onto E’; Therefore, this is an epimorphism onto
(M/p)(A7)~"

We know that 7" x S; C M, /p, x S, is the image of (M/,oj)(/Alz)‘1 = M;,/p; x Sj
under K" 1o ... o0& = 6 x id. Since diagram (###) commutes, this image must be
equal to

Ao @)oo @i ((M/p) (A1) = N(Mp(A7)7") = Mp(A}) ™ C M;, /p, % S,.

Therefore
Mp C Mp(A)) ' =T x S; =T x N' x B xZ,

which proves the first part of the assertion in case p; is of type <.

Removing from d the dots s — 1,s,s + 1,...,s + t leads to a diagram d' in the
tree constructed for the Chinese monoid M,,_,_;. This diagram d’ starts with an arc
asi¢41105—o. Hence, as in the last part of the above proof in case ¢, the diagram d’
corresponds to the kernel of the homomorphism M, o, — M, _o_/p; — T and we
get K[T| ~ K[M,,_5_4]/Q for a minimal prime ideal @) in M, _o_;. This completes the
proof in case <, and hence the proof of the proposition. [ |
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3. APPLICATIONS

Our final goal is to derive certain important consequences of the main result of
Section 2. First, in Part 3.1, we show that the prime radical of the Chinese algebra
K[M] coincides with its Jacobson radical. Next, in Part 3.2, we obtain a formula for
the number of minimal primes of K[M]. A surprising new representation of the monoid
M as a submonoid of the direct product B¢ x Z¢ for some d, e > 1 is found in Part 3.3.
In particular, the latter implies that M satisfies a nontrivial identity.

3.1. B(K[M]) = J(K[M]).
We start with the following result.

3.1.1 Theorem. For every minimal prime ideal P of K[M] the algebra K[M]/P is
semiprimitive.

Proof. Let n denote the rank of M. If n = 1 then K[M;| = K|[z]. If n = 2 then from
[3] we know that K[Ms] is also prime and semiprimitive. Hence, we may assume that
n > 3. By induction, we may also assume that the assertion is satisfied for all Chinese
algebras of rank less than n. We shall consider the two cases, denoted by ¢ and <, as
in Corollary 2.3.4.

First, consider case ©. From Corollary 2.3.4 we know that K[M]/P ~ K[Mp| ~
K[T][z], where K[T] is an algebra of the form K[M,_;]/Q) for some minimal prime
ideal @ < K[M,,—;]. By the inductive hypothesis, we get J(K[M,_;]/Q) = 0. Since
K[M,_1]/Q ~ K[T], this implies that J(K[M]/P) ~ J(K[T][z]) = 0, as desired.

Next, consider case . Suppose that J(K[Mp]) # 0 and choose some nonzero a €
J(K[Mp]). From Corollary 2.3.4 we know that Mp — T'xIN* x B X Z for an appropriate
T. Hence K[Mp] can be viewed as a Z-graded algebra (according to the last component
of the above direct product) or as an IN-graded algebra (for each of the ¢ components
IN). Therefore, from Theorem 30.28 in [12] we know that J(K[Mp]) is homogeneous.
Thus we may assume that a is homogeneous with respect to each of the gradations
coming from components Z or IN. Let a = Zle Ais; for some kK > 1,0 # \; € K,
s; € Mp. Then all s; coincide when restricted to each of these components. This means
that there exist elements m € IN*, z € Z (independent of i) such that s; = (t;,m, b;, 2) €
T x N x B x Z. Since a # 0, also S5 Xi(t;, b) # 0.

Consider the natural projection

MI: TxNxBxZ —-TxB

and the induced map of semigroup algebras. Clearly Il(a) = Zle Ai(ti, b;) # 0.

We know that II(Mp) C II(T' x N* x BxZ) = T x B. We will show that the opposite
inclusion II(Mp) O T x B also holds.

The monoid TI(Mp) contains (1,p) and (1,q), because under the homomorphism
Y M — Mp C T xIN! x BxZ we have a,_1 — (1,1,p,9), as — (1,1,q,1). Therefore,
for every b € B we have (1,b) € II(Mp).
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From the proof of Corollary 2.3.4 and from the commuting diagrams used in this
proof (in case ) it follows that the following diagram commutes:

M/p;© M;, /pj % S;

<pr10...o<pji i@xid

Mp—> Mp(A7)™' ~ T X8 = TxN xBxZ—>TxB

The embedding in the first row, composed with the projection M;;/p; x S; — M,/ p;,
maps M /p; onto M;, /p;. By the definition T" = 6(M;, /p;) and Il is a projection, whence
the homomorphism
Oxid II
M/pjf_)Mij/ijSj — TXS]'—»TXB,
composed with the projection onto 7', is a map onto 7. Commutativity of the above
diagram implies now that also the homomorphism in the second row

Mp s T xS; »Tx B,

composed with T' x B — T, is a map onto 7.

It follows that the image of II(Mp) under T'x B — T coincides with 7". Hence,
for every t € T there exists b = p'¢? € B such that (¢,b) € I[I(Mp). Multiplying by
(1,4") € TI(Mp) on the left and by (1,p’) € II(Mp) on the right, we get (¢,1) € II(Mp).
This and the fact that (1,b) € II(Mp) for every b € B imply that [I(Mp) 2 T x B, as
desired.

Therefore, II(Mp) = T x B, so that II|s, is surjective and so its natural extension
to K[Mp] is also surjective. Therefore we get II(J(K[Mp])) C J(K[T x B]). Since
0# a € J(K[Mp]) and II(a) # 0, this implies that

(14) 0 # Il(a) € I(J(K[Mp])) C J(K[T x B]).

Moreover, K[T x B] ~ K[T[B] and from [3] we know that K[T'][B] contains an ideal
T ~ M (K|T)) such that K[T|[B]/Z ~ K[T][x,z™"]. Here M (K|T]) stands for the
algebra of IN x IN matrices over K[1T'] with finitely many nonzero entries.

As in case Q, from the inductive hypothesis it follows in view of Corollary 2.3.4 that
J(K[T]) = 0. Hence, the above implies that J(K|[T|[B|/Z) ~ J(K[T|[z,z7']) = 0.
Moreover, J(K[T]) = 0 yields

J(Z) ~ J(Moo(K[T])) = Moo (J(K[TT])) = 0.
Since J(Z) = 0 and J(K[T][B]/Z) = 0, it follows that J(K[T x B]) ~ J(K[T][B]) = 0.
This contradicts (14), completing the proof in case <. [ |
As a direct consequence we get

3.1.2 Corollary. B(K[M]) = J(K[M)).

Notice that the properties of the algebra K[Mj] are different than those of the plactic
algebra of rank 3, which is not prime but is semiprimitive, see [3]. Namely, if n > 3
then the Chinese algebra K[M] of rank n is not semiprime, [8].
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3.2. Number of minimal prime ideals of K[M].

In order to get a formula for the number of minimal primes of K[M]| we use the
construction of the tree D and the bijection between the leaves of D and the minimal
primes in K[M], established in Theorem 2.3.2.

The following analogue of the Fibonacci sequence will be crucial.

3.2.1 Definition. The Tribonacci sequence is the sequence defined by the linear re-
currence

T(] - T1 :T2 :1
Tn+1 = Tn + Tn—l + Tn_g for n Z 2.

The properties of this sequence are described in [19, A000213]. The initial elements

oanareTolezngl, T3:3, T4:5, T5:9, T6:17, T7:31, T8:57,
Ty = 105, Ty = 193.

3.2.2 Theorem. Let M be the Chinese monoid of rank n. Then T, is the number
of minimal prime ideals in K[M].

Proof. Recall that, if the rank n of the Chinese monoid M is 1 or 2, then the algebra
K[M] is prime. Hence, we may assume that n > 3.

By Theorem 2.3.2, it is enough to enumerate the leaves of the tree D. From the
construction of D in Definition 2.1.2 we also know that a diagram f is a leaf of D
if and only if the last step in the construction of f is an arc containing one of the
generators a, a,, in other words an extreme arc. Hence, we will count the number of
such diagrams.

Let k£ be the number of generators used in the construction of f before constructing
the respective extreme arc (that is, the number of generators under this arc). Let
Uy denote the number of all possible configurations of k£ generators under an arc in a
diagram. For k =0 we put Uy = 1. If k = 1, then U; = 1, because the only possibility
is a single dot under the arc. If k£ = 2, clearly there is also a single possibility, so that
Uy = 1. For k = 3 there are 3 possibilities. For example, if aja; is the given arc, then
under this arc we can have: either the dot a3 and the arc asay, or the arc azay and the
dot as, or the arc asas and the dot ay. Hence Us = 3. Similarly, one can easily see that
Uy =5.

In general, for every k > 3 there are two different types of configurations of exactly k
generators under an arc A. The first type occurs when there is another arc A" directly
under A. Then there are k—2 generators under A’ so the number of such configurations
is the same as for k£ — 2, that is U,_5. The second type occurs when directly under
A there is a number ¢ > 0 of consecutive dots (on one of the sides, right or left) and
another arc covering all other generators. In this case, the interior arc covers k — 2 — 1
generators, and the number of such configurations is twice the number of configurations
for k — 2 — 1, so 2Uj_o_;.
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The above implies that Uy = U; = Uy = 1 and Uy, = Uk_2+2~2f:_12 Ui_o_; for k > 3.
Notice that Zf:_f Up_o_i = Zf:_g’ U;, so that

k—3
Up = U2 +2-) Ui
i=0
Therefore
k—2 k—3
U1 = Uk—1+2'ZUz‘ = Uk—1+2'ZUz‘+2Uk—2
i=0 i=0

and subtracting one of these equalities from the other one we get Uy 1 — Uy = Up_1 +
Ug_2. So, for k > 3,
Uky1 = U + Up—y + Up—s.

Let T denote the number of all minimal prime ideals of K[M]. Then we may assume
T, =T1] = T5 = 1 and from Example 2.1.6 we know that 75 = 3 and 7; = 5. Recall
that n > 3. If the last step in the construction of a leaf of D is the arc a,a, then there
are n — 2 generators under this arc, hence there are U,_5 leaves of this type. On the
other hand, if the extreme arc used in the construction of a leaf contains only one of
the generators aq, a,, then there are £ < n — 3 generators under it, so the number of
such leaves is 2Uy. Therefore, for n > 3 we get 7)) = U,,_o + 2 - Zz;g U,. Notice that
T) = U,. The number of minimal prime ideals of K[M] is therefore given be the linear
recurrence

=T =T, =

Lo =T+ T, + 1, .

The assertion follows. [ |

3.3. An embedding M — IN¢ x (B x Z)%.

The construction of the monoids M/pp, for all minimal prime ideals P <t K[M] and
the associated congruences pp, allows us to find an entirely new faithful representation
of M as a submonoid of the direct product N x (B x Z)¢, with ¢ + 2d = nT,,, where
T,, is the n-th element of the Tribonacci sequence.

Let Py be the set of all minimal prime ideals of K[My], for any 1 <k <n. If k =n,
we will simply write P = P. By Theorem 3.2.2, we know that |P| =T,.

3.3.1 Lemma. ()p.ppp = po, where pg stands for the trivial congruence on M.

Proof. If n =1 then K[M;] = K|[z|, while for n = 2 the algebra K[M>] is also prime
by [3]. Hence, we may assume that n > 3.

If n = 3 then there are 3 minimal primes in K[M], say P, P, and Ps, see Ex-
ample 2.1.6 and Theorem 2.3.2, or [3]. We prove that if two elements w,v € M are
such that (w,v) € pp, for i = 1,2,3, then w = v. Let a = a1,b = az,c = a3. Let
w = (a)(ba)®(b)* (ca)®=(cb)?t(c)* and v = (a)?(ba)?(b)? (ca)?e(cb)?(c)’ be
the canonical forms of w, v, respectively.

For simplicity, we write (), (zy) for any non-negative powers of z and zxy, if x,y €
{a,b,c}. Let u denote the image of u € M in M/pp,, for a fixed i.
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We know that pp, corresponds to imposing on M the additional relations ab = ba and
ach = bca. By the proof of Lemma 1.2.6, the canonical form of the element w € M/pp,

is (a)(b)(ca)(cb)(c), where the exponent of (b) or of (¢a) is equal to 0. Clearly, all the
exponents are determined by those in the element w, in particular the exponent of (¢)
is equal to the exponent of (¢) in w. Since w = v, all exponents in the canonical forms
of these two elements of M /pp, are equal, so in particular we get a,. = ..

Similarly, the congruence pp, corresponds to imposing relations bc = cb and bac =
cab on M. So (a)(b)(ba)(¢)(ca) is the canonical form of elements of M/pp,, with the

exponent of (ba) or of (¢) equal 0 and the exponent of (a) equal to the exponent of (a)
in the original element of M. This and the equality w = v imply that o, = S,.
The congruence pp, corresponds to the relations ab = ba and bc = cb and it leads

to the canonical form (a)(b)(c)(ca) in M/pp,. For w = v this yields equalities of the
corresponding exponents of (a), (b), (¢) and (ca):

Qg + Qpg = 5& + Bba
ap + Qg + acy = By + Bpa + B
Qe+ ey = 50 + 506
Qg = 50(1-

These equalities, together with the earlier ones: o, = . and a, = f, easily imply that
every exponent in the canonical form of w is equal to the corresponding exponent in
the form of v. Hence w = v, which finishes the proof in case n = 3.

Let n > 4. Proceeding by induction we assume that the assertion is true for the
monoid M,,_;. Let w,v € M and let w, v be their images under some fixed epimorphism
M —» Mn—l-

If (w,v) € Npep pp, then w—v € Npep P = B(K[M]). Hence W =0 € (\pep P =
B(K[M,_1]). This means that for every P € P,_; one has w —v € P, so that (w,v) €
pp. By the induction hypothesis the latter implies that w = v.

Using the canonical forms of elements of M, _;, as in the case n = 3, from such
equalities we get equalities of the corresponding exponents. For simplicity, the k-th
generator of M and its image will be denoted by k, for k =1,2,...,n.

Consider the maps fi, for k =1,...,n — 1, defined on the generators of M by:

k,k+1—k and i+ ifori#k,k+1.

It is easy to see that every such map transforms the defining relations of M into the
relations defining the Chinese monoid of rank n—1 with generators 1, ..., k, k+2,...,n.
Hence, every f; defines a surjective homomorphism M — M,,_;. Notice that for every
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w € M and every fixed k, the image fi(w) is of the form
w=(1)(21)(2)...(k—1)
(k+21)...(k+2k)(k+2k)

(n1)(n2)...(n k—1)(nk)(nk)(n k+2)...(n).
Since (ki) and (kj) commute for i, j < k, the latter leads to
w=(1)(21)(2)...(k—1)
(k1)(k2)...(k k—1)(k)
(k+21)...(k+2k)

(n1)(n2)...(n k —1)(nk)(n k+2)...(n),

with the (non-indicated) exponents depending on the exponents in the canonical form
of w. Moreover, the above is the canonical form of w in the corresponding Chinese
monoid of rank n — 1 (see (2)). Hence, from w = v we derive the following system of
equalities

a;; = Bij for i < k and every j
Qpj + g1 j = Brj + Brs1 j for j <k
ap + 20k & + k1 = B + 2Bk41 & + Bt
O‘ijzﬁij fori>l{:andj7£k,k+1
Qi = Bik for every 1,

where a’s, 3’s are the exponents in the canonical form of w, v, respectively, and with
the convention that oy = g, and 8 = Brx. The homomorphism of the above type for
k=n —1, with n > 4, leads in particular to the following equalities

;= PBij for i <n — 1 and every j
Q11+ Q1 = Bno11+ B
Qp1 2+ Q2 = Bpo1 2+ Bna-
On the other hand, for £ = 1 we get in particular
Qp—-1j = Bn—l 7 fOI'j % 172
Qpj = ﬁnj fOl"j 7A 17 27

while for k = 3, with n > 4, we get
Qp1 = ﬁnl
Qpo = Bn2-

It is easy to see that the above three systems of equalities lead to the conclusion that
all exponents in the canonical form of w are equal to the corresponding exponents in
v. Hence w = v, which completes the proof. |
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3.3.2 Theorem. There exists an embedding M — [],.p M/pp.

Proof. Let m € M. Let mp denote the image of m in M/pp, for P € P. Then
m +— (mp)pep determines a homomorphism, which is injective by Lemma 3.3.1. [ |

3.3.3 Corollary. There exists an embedding M — IN® x (B x Z)%, where ¢ + 2d =
nl,.

Proof. From Corollary 2.3.4 we know that for every P € P there is an embedding
M/pp < NP x (B x Z)% such that cp+2dp = n. In view of Theorem 3.3.2 this yields
an embedding

M < IN° x (B x 7),
with ¢+ 2d = n - |P| = nT,. |

It is well known that the bicyclic monoid B satisfies the identity zy?zryry’s =
xy?xyzxy’z, [1]. The following surprising result is an immediate consequence.

3.3.4 Corollary. The Chinese monoid M satisfies the identity

vy*reyry’s = vyiryrryie.

3.3.5 Corollary. B(K[M]) is not of the form 7, for any congruence p on M.

Proof. Suppose that B(K[M]) = I, for a congruence p on M. Then p = pxm)) € pr
for every prime ideal P of K[M]. Thus, p € (\pep pp- From Lemma 3.3.1 we know
that (\pep pp = po, Where py is the trivial congruence. Hence p = py and B(K[M]) =
Z,, = 0. As recalled after Corollary 3.1.2, this contradicts [8]. The assertion follows. H
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