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Abstract

We study the instability of standing waves for nonlinear Schrédinger
equations. Under a general assumption on nonlinearity, we prove that
linear instability implies orbital instability in any dimension. For that
purpose, we establish a Strichartz type estimate for the propagator

generated by the linearized operator around standing wave.

1 Introduction

In this paper we study the instability of standing waves for nonlinear Schrodinger
equations
i0wu+ Au+ g(juP)u =0, (t,2) € R x RY, (1)

where u is a complex-valued function of (¢, z), and g is a real-valued function.
A typical example of nonlinearity is g(|u|*)u = |u[P"tu with 1 < p < 2* —1,
where 2* = 2N/(N—2)if N > 3 and 2* = o0 if N = 1, 2. Precise assumptions
on the nonlinearity will be made later. By a standing wave we mean a solution
of () of the form u(t,x) = e“!p(x), where w € R and ¢ € HY(RM) \ {0} is
a solution of the stationary problem

—Ap+wp—g(lpl)p =0, zeR". (2)

For the special case g(|u?)u = |u[P"'u with 1 < p < 2* — 1, the following
results are well-known. For each w > 0, the stationary problem (2) has a
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unique positive radial solution in H*(RY) (see [32, 2] for existence, and [22]
for uniqueness). We call it ground state. When N > 2, other than the
ground state, there exist infinitely many solutions of () in H'(RY). We call
them excited states. For the ground state ¢ of (2)) with w > 0, the standing
wave e is orbitally stable if 1 < p < 1+4/N, while it is orbitally unstable
if 1+4/N <p < 2*—1 (see [1,4,[34]). For more general nonlinearity, Shatah
and Strauss [30] gave a general condition for orbital instability of ground
state-standing waves for (Il) constructing suitable Lyapunov functionals (see
also [17] and [14],24],28,129]). We remark that these results are mostly limited
to ground states and are not applicable to excited states. Here, we recall the
definition of orbital stability and instability of standing waves.

Definition 1. We say that the standing wave ey is orbitally stable if for
any £ > 0 there exists § > 0 such that if ug € H*(RY) and ||ug — ¢||m < 9,
then the solution u(t) of (Il) with u(0) = wug exists globally and satisfies

inf t) —ePp(- <
(eﬁy)g}}wNIIU() e“o(-+y)llm <e
for all t > 0. Otherwise, e“tp is called orbitally unstable or nonlinearly
unstable.

While, ety is said to be linearly unstable if the linearized operator A =
JH around the standing wave has an eigenvalue with positive real part (for
the definition of J and H, see ([B) and () below). The linear instability of
standing waves for ([I]) was studied by Jones [20] and Grillakis [15]16] (see also
[18, 25, 27]). In particular, for the case g(|u|*)u = |u|P~'u with 1+4/N < p <
2*—1, it is proved in [15] that for any radially symmetric, real-valued solution
¢ of @) with w > 0, ! is linearly unstable. The result in [I5] guarantees
that among radially symmetric solutions, one can find oscillating solutions
(i.e. solutions changing the sign) and these solutions shall generate excited
states €“’p. On the other hand, Mizumachi [25, 27] considered complex-
valued solutions of (@) in R? of the form ¢,,(x) = €™ ¢(r), where m is a
positive integer, and r, 6 are the polar coordinates in R? (see [19, 23] for
existence of ©,,,). It is proved that if p > 3 then for any m, ey, is linearly
unstable ([25]), and that if 1 < p < 3 then for sufficiently large m, €'y, is
linearly unstable ([27]).

However, it is a highly nontrivial problem whether linear instability im-
plies orbital instability for (I), especially in higher dimensional case (see



[10, 111, 26, [31]). Even in two dimensional case, some technical difficulties
arise from the estimates of nonlinear terms (see Lemma 13 of [6]). For the
case N < 3, a satisfactory answer for this problem was given by Colin,
Colin and Ohta [7]. The main idea in [7] is to employ time derivative in the
estimates of nonlinear terms without using space derivatives directly, and
to apply the H?-regularity of H'-solutions for ({l). However, the proof of
[7] is based on the L-estimate on the propagator e'4 generated by the lin-
earized operator A, and the restriction N < 3 comes from the embedding
H?(RY) — L®(RY).

The main goal of this work is to show that linear instability implies or-
bital instability for (I]) in any dimension N > 1 (see Theorem [ below). In
particular, for the case g(|u|*)u = |u|P™'u with 1 +4/N < p < 2* — 1, it
follows from the linear instability result of [I5] and our Theorem [ that for
@ is

any radially symmetric, real-valued solution ¢ of (@) with w > 0, e™!
orbitally unstable in any dimension.

Our approach is based on appropriate Strichartz type estimate for the
propagator e'4 and gives the possibilities for further generalization. We have
chosen the model of the nonlinear Schrédinger equation () for simplicity, but
even in this case one needs to apply spectral mapping result o(e?) = e
discussed in the work of Gesztesy, Jones, Latushkin and Stanislavova [12]. If

one considers complex-valued solutions of (2]), then the assertion
linear instability = orbital instability

depends on the possible generalization of the property o(e?) = e for the
linearized operator A around complex-valued excited states. Since our goal is
to give general argument working for complex-valued excited states as well,
we have to make suitable generalization of the result in [12] (see Section @).

Here, we give an outline of the paper more precisely. In what follows,
we often identify z € C with *(Rz,32) € R? and write z = {(Rz,Jz). We
define f(z) = —g(|z|?)z for z € R?. Then, () is rewritten as

Ou = J(—Au+ f(u)), J:{ 0 1], u:[%u} (3)

-1 0 Su
We assume that f € C'(R? R?), and denote the derivative of f at z € R? by
Df(z), which is a 2 x 2-real symmetric matrix and is given by

= | 202 ®R2)? + g(]27) 29'(|2]*)R=S2
Df(z) 2¢'(|2[2) RS2 2¢'(12]2)(32)2 + g(|2[?) } . (4)



For nonlinearity, we assume the following.

(H1) g is areal-valued continuous function on [0, 00), and f(z2) = —g(|2]?)z
is decomposed as f = fi + fo with f; € CY(R* R?), f;(0) =0, Df;(0) = O,
J = 1,2, and there exist constants C' and 1 < p; < 2* — 1 such that

‘21—22|pj_1 if 1<p]§2
(|21 [Pi2 4 |22Pi72) |2y — 2] if p; > 2

Dfy(21) — Dfy(z2)] < c{
(5)

for all z;, 2o € R2.

Remark that the typical example f(z) = —|z|P~!z satisfies (H1) for 1 <
p < 2*—1 (see Lemma 2.4 of [13]). Moreover, the Cauchy problem for (1) is
locally well-posed in H*(RY) (see [21] and [3, Chapter 4]).

For a solution of (2]), we assume the following.

(H2) w > 0is a constant and ¢ € H'(RY) is a complex-valued nontrivial
solution of ().

For the existence of solutions of (2), see, e.g., [2, 19, 23| B2]. By the
elliptic regularity theory, we see that ¢ € H*(RY)NC?(RY) and ¢(z) decays
to 0 exponentially as |x| — co. Remark that we consider not only real-valued
solutions of (2)) but also complex-valued solutions, and that by (@), Df(p)

is a diagonal matrix if ¢ is real-valued, but not in general.
By a change of variables u(t) = ¢! (p + v(t)) in () or (B)), we have

O = Av + h(v), (6)
where v = “(Rv, Sv), A= JH, h(v) = J[f(¢+v) — f(¢) — Df(e)v], and

-A+w 0
H=Ho+Df(p), Ho= 0 Adw | (7)

For the linearized operator A = JH, we assume the following.
(H3) The operator A has an eigenvalue )y such that Ag > 0.

As stated above, sufficient conditions for (H3) are studied by [I5] 16}, 18]
20), 25, 27]. See also [5], [8 9 [35] for spectral properties of A. We now state
the main result of this paper.

Theorem 2. Assume (H1)-(H3). Then, the standing wave ¢“*p of () is
orbitally unstable.



The rest of the paper is organized as follows. In Section 2 assuming
that the propagator e’ satisfies an exponential growth condition (), we
introduce a suitable norm (I2) and establish a Strichartz type estimate for
et4. In Section Bl we prove Theorem Pl In the proof, we apply the Strichartz
type estimate for e/ proved in Section @, and we employ time derivative
instead of space derivatives in the estimates of nonlinear terms as in [7].
Finally, in Section 4, we give some remarks on the spectral mapping theorem
for e4 due to Gesztesy, Jones, Latushkin and Stanislavova [12].

2 Strichartz estimates
Let Vi € L*(RY,R) for j,k = 1,2, and we consider linear operators

A=A +V, Ay=JH,, V:[VH Vm}

8
Vo1 Voo ®)

on L*(RY) x L*(RY) with domains D(A) = D(A) = H*(RY) x H*(RY),
where J and Hy are defined in ([B) and (7). Let e and e' be the strongly
continuous groups on L2(RY) x L2(R¥) generated by Ay and A respectively,
and we define

Tolf](t) = / -0 f(s) ds,  T[f)(t) = / A f(s) ds.

Moreover, we denote L" := L"(RY) x L"(RY) and LLY := L((0,T),Y) for
a Banach space Y. Note that u(t) = et + T'[f](t) satisfies

Ou=Au+ f(t) = Agu+Vu+ f(t), u(0)=1, 9)
and ug(t) = et + To[f](t) satisfies
Oyug = Agug + f(t) = Aug + f(t) — Vug, uo(0) = 1. (10)
We assume that there exist positive constants C' and v such that
e lp2) < Ce (11)

for all t > 0. For A\ > 0, we define functions e and ey by ei(t) = e** for
t € R. Moreover, we define

11l oy = € llex flloay- (12)
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Note that |[f]lzy < ||f||L%AY < [[fllzgmy for 0 < A < pand T > 0. The

Holder conjugate of ¢ is denoted by ¢'. For the definition of admissible pairs

and the standard Strichartz estimates for 2, see, e.g., [3, Section 2.3].

Lemma 3. Assume V € L®(RY) and (). Let 0 < v < u and let (q,7)
be any admissible pair. Then, there exists a constant C' independent of ¥, f
and T such that u(t) = e + T[f](t) satisfies

lu(llzz < € (e etllzz + e lles fll 00 )
for all t € [0, 7).
Proof. Let ug(t) = 4ot + Ty[f](t). Then, by (@) and (I0), we have
O(u —ug) = A(u — ug) + Vug, (u—1up)(0) =0,
so u — ug = ['[Vug). By the assumption (1), we have
t
[ (t) = uo(t)] 2 S/ eV ug(s)|| 2 ds
0
t
<Vl [ e Nun(s) e ds
0
for all t € [0, T]. Here, by the standard Strichartz estimate for e2, we have
luo(®)llz2 < CUIlz2 + 11l o ) < CUPN L2 + e lleg fl 1)

for all t € [0, 7). Thus,

[u()lz2 < fuo(B)l] 22 + [lu(t) — uo(t)]| 2

t t
< |wo(t)]|z2 + C/ e”(t_8)||@/)||Lz ds + C’e”t/ e(“_”)8||e;f||Lq/Lr, ds
0 0 T

< Ce |l + eutHe;fHLquLr')

for all t € [0, T]. This completes the proof. O

Proposition 4. Assume V € L®(RY) and ([[). Let 0 < A\ < v < p, and
let (q1,71) and (q2,72) be any admissible pairs. Then, there ezists a constant
C independent of v, f and T such that u(t) = e + T[f](t) satisfies

T
ol < (700l + 170 )



Proof. We put v(t) = e *u(t). Then, by (@), we have
o =Aw+ (V =XNv+eMf(t), v(0) =1
By the standard Strichartz estimate for 2, we have
llexullpgon = Mol < CUPHEe + 1V = Mvllzyze + lexFll g 00)-

Here, by Lemma [3, we have
T
[V = Nvllrze < ([VI[ze +Mlvllzyr2 < C/ e Mlu(t)|2 dt
0

T
<C [l + N e fl )
0 T

< CL T2+ Al fll 0}
T

Moreover, since |ley f HLqéLTé < e AT e f HLQQL’"Q’ we obtain the desired
T T

estimate. O

3 Proof of Theorem

In this section we assume (H1)—(H3), and prove Theorem 2l For j = 1,2, we
put

hi(v) = J[file +v) = fi(0) = Dfi(p)v], 1 =pj+1,
and let (¢;,r;) be the corresponding admissible pair. Note that h(v) =
hi(v) + ho(v) in ([6).

Lemma 5. There exist \* € C and x € H*(RY,C)? such that R\* > 0,
Ax = Xx and ||x||r2 = 1. Moreover, e satisfies ([0I) for some v with
RN <v < (1+ a)RX*, where

a :=min{l,r — 2,7 — 2}. (13)

Proof. Since D f(p) decays exponentially at infinity, Weyl’s essential spec-
trum theorem implies that oes(A) C {z € C : Rz = 0}. Moreover, the
number of eigenvalues of A = JH in {z € C: Rz > 0} is finite (see, e.g.,
Theorem 5.8 of [18]). Therefore, by (H3), there exists an eigenvalue A* of
A such that RA\* = max{Rz : z € o(A)} > 0. Further, by the spectral



mapping theorem due to Gesztesy, Jones, Latushkin and Stanislavova [12],

we have o(e?) = ¢’ . Here we need some modification of [12] when ¢ is

not real-valued. We shall discuss it in Section 4. Then, the spectral radius
of e is €™, Finally, by Lemma 3 of [31], we see that e satisfies ([T for
some v with RA\* < v < (1 + a)RA*. O

Lemma 6. There exists a constant C such that

125 (0) |2 + ([ (V)]

rj—2

v <€ (Nl + 1017 ol

for all v € H*(RY).
Proof. Since

(o) = J / (D (0 + 60) — Df;(0) v do,

it follows from () that

rj—1

V]| 72 if 2<r; <3,
el sl = C{ (el + Wil ol it vy >3
which implies the desired estimate. O

In what follows, let A and p be numbers satisfying
O<A<RN <v<pu<(l+a), (14)
and we define

Jollr = Bollgoms + 100 g0 + 1800l 5
Lemma 7. Let v(t) be an H?*-solution of (@) in [0,00). Then, there exists
a constant C independent of v and T such that
lollr < € (Nollpzonge + 1000l oo g+ 1960l gor oy + 10000 2, )
+C (ol + vl + ol ) -
Proof. By Lemma [6], we have
[o(@) |z < C(llo@)]lz2 + [[Av(t)]|22)

< @)l + 100l + [hE)]52)
< Clo@llzz + 10Ol + [o(0) % + 0@l + o) 37)



for all t € [0, T]. Thus,

HUHL;"»AIP < C(HUHLO‘ML? + HatUHL;?v*m)

+ ([0 s0n g + 01750 + 01175 ,0)

00, 172 A A
L-""H L H? LM H?
which implies the desired estimate. O

Lemma 8. There exists a constant independent of v and T such that
15,y < € (loler + 013
Proof. By Lemma [0, we have
O],y < Ce® 5 0]2 e + Cel DX g1,
for all t € [0, T]. Moreover, by (I3]) and (I4]), we have
T lephy(w)]

J T‘
LAL"

, < CMlexvllFp gz + Cel ™M lexu] i s
-1
< C(lloll%, + ol ),

which implies the desired estimate. O
Lemma 9. There exists a constant C independent of v and T such that
r;j—1
10 (0) 1z < € (Wl + 0"
Proof. Since 0ihj(v(t)) = J{Df;(¢ +v(t)) — Df;(¢)}0w(t), it follows from
@) that
r;i—2
10ch; (D -y < Cllo@)][ a2 + [[o@ g2 IO (@) s
Thus we have
e 0y (D) < CeP M e vl gemn - €M |00 (1) s
+ Ol o [T, - e [0 (1) |1
for all t € [0, T]. Moreover, by (I3]), (I4) and the Holder inequality,
T —
e ouh (o)
<Ce®M lexvll g rallex Ol

ri—1
<C(lollz, + vl% ).

Gpri T Ce(rjil))\THe)_\U”LooH2 lex atU”LqJL v

This completes the proof. O



Proof of Theorem[2. We use the argument in [I8], Section 6] (see also [7, [31]).
Suppose that the standing wave ey of () is orbitally stable. For small § >
0, let us(t) be the solution of () with us(0) = @+dRy, where y € H*(RY,C)?
is the eigenfunction of A corresponding to the eigenvalue A* given in Lemma
Note that AY = A*Y. Since either Ry & ker A or Iy & ker A, we may
assume that Ry & ker A. Since we assume that ey is orbitally stable in
HY(RY), the H!-solution us(t) of () exists globally for sufficiently small
§ > 0. Moreover, since ¢, x € H*(RY), by the H?regularity for (II), we see
that us € C([0,00), H2(RN))NC' ([0, 00), L*(RY)) and dyus € LE L NLEL"™
for all T' > 0 (see [21,133] and also [3] Section 5.2]). By the change of variables

us(t) = €' (0 + vs(t)), (15)

we see that vy has the same regularity as that of us, and satisfies
Owvs(t) = Avs(t) + h(vs(t)), vs(0) = oRYy,
vs(t) = oR(e**x) + T(vs)](2), (16)
Ops(t) = RN N ty) + e h(6Rx) + T[0,h(vs)] (1) (17)
for all ¢t > 0. Let €9 > 0 be a small positive number to be determined later,
let £ =1if SN =0, and k = exp(2rRN*/|SA*]) if SA* # 0, and define T

by
log ;—g < RANTs < log 2—0 INT} € 2nZ. (18)

for small 6 > 0. First, we prove that there exist constants C and &, inde-
pendent of § such that
[vs|[x,, < Cieo (19)

for small §. For T' € (0, T}], by (I6]), Proposition @l and Lemma [§]

)

Josll e e < 10Xl + COURO gy + 2] s

< 0™ |2 + Cllluslx, + llvslle, " + llvsll%, ).

Moreover, by (I7), Proposition @ and Lemma [0,

|9vesll 2 + 105l g + 100051 g

< C (6™ M lIxllz + e IAERX) 2 + vslli, + llvsllze ™ + llvsll ) -
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Here, by Lemma [6 and by (I3) and (I4)),

TR |12 < Ce (0% |[xll3 + 0" lxlla ' + 6™ Hixllg=)
S C(éeﬂ?A*T)l-i-a'

Therefore, by Lemma [ and (IS),
lvsll e < € (g0 + ™ + lluslli, + lluslle, " + llvsll, ") (20)

for all T" € (0, 75]. Since limsup;_, 4 ||vs| x, < C6 and ||vs||x, is continuous
in T, by (20) we see that there exist constants C7 and ¢y independent of
0 such that (I9) holds for small 6. Next, by (I6]), (I9), Proposition 4 and
Lemma [8
lvs(T5) = oR(e™ " x) 2 < CUIR ()] iy + [B2(0)]] o L )
Ts

< Clllvslx,, + lusle,," + lvsll%,") < Ceg™. (21)

L'r

Let (Rx)% be the projection of Ry onto the orthogonal complement of
span{ip, Vo} in L2(RY,R)%. Note that we identify ip = (0,¢) and ¢ =
(©,0). Since span{ip, Vo} C ker A and Rx & ker A, we see that (Rx)L # 0.
By (IR) and (21I), we have

|(vs(T5), (RX) ")z — 0™ [ (Rx) “ 122
= [(vs(T5) — oR(* ), (Rx) )] < Ceg™(Rx) | e,

and we can take a small ¢y such that

(vs(T5), (RX) ) 2 > _||( O (P (22
Finally, we put
O = b us(T) = €%+ y)lls

Then, by (I5), ©5 = infg ) crxrn [|vs(Ts)+p—€e?@(-+y)|| 12, and there exists
(05,y5) € R x RY such that ©5 = ||vs(Ts) + ¢ — % (- + ys)||r2. Moreover,
since ©5 < ||vs(Ts)||L2 < Cieo, we have || — e (- + ys)|| L2 < 2C1g0. Thus,
(65, )] = O(co) and

e o(- +ys) — ¢ = i0s0 + ys - Vip + 0(c0),

11



which together with (22]) implies that

(vs(Ts) + ¢ — €% o(- + ys), (RX) )12
= (vs(Ts), (Rx) )2 — (1050 + ys5 - Vo, (RX) ") 2 — o(eo)

o v )2
> — 2

for some small €y3. Therefore,

inf lus(Ts) = o+ y)llm = 05 = - [I(Rx) | 12

2
(6,y) ERXRN 4k

for all § small. This contradiction proves that e is orbitally unstable. [

4 Remark on spectral mapping theorem

In this section, we assume that Vj; € C(RY R) and there exist positive
constants € and C such that

|Vie()] < Ce>W (23)

for all z € RY and j,k = 1,2. We consider the linear operator A = Ay +V
defined by (8). Then we have the following.

Proposition 10. For each N > 1 one has o(e?) = e,

In [12], Proposition [0 is proved for the case Vi; = Vo = 0. We modify
the proof of Theorem 1 of [I2] to prove Proposition [I0 for general case. As
we have stated in Section [Il this generalization is needed to treat the case
where a solution ¢ of (2)) is not real-valued.

Proof of Proposition[I0. For £ = a + it with a, 7 € R\ {0}, we denote

L(§) = {g _gD}, D=—-A+uw.

Then, we have —¢2 ¢ o(D?) and

L(f)_l _ |: €[§2+D2]71 D[§2+D2]71
= _D[§2+D2]71 €[§2+D2]71
We also have ¢ — A = L(¢) =V = L(&)[I — L(£)"'V]. Here we decompose
V =WB by
W =¢elely, B =cclr.

12



By (23), all entries of W and B are exponentially decaying continuous func-
tions. Moreover, each entry of BL(£)™'W has a form

Py(2)E[&* + D) 7'Q1(z) + Pa(z) D[E* + D' Qo (x),

where Py, P, ()1 and (), are real-valued continuous functions decaying ex-
ponentially. Therefore, by Lemma 6 of [12], we see that ||[BL(&)"'W/| — 0
as |7| — oo. Then the rest of the proof of Proposition [I0] is the same as in
the proof of Theorem 1 of [12]. O
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