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Abstract

For each N > ¢4t we prove the existence of a spherical t-design on
the sphere S¢ consisting of N points, where ¢, is a constant depending
only on d. This result proves the well-known conjecture of Korevaar
and Meyers concerning an optimal order of minimal number of points

in a spherical t-design on S¢ for a fixed d.
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1 Introduction

Let S? be the unit sphere in R%! with normalized Lebesgue measure djig
( J ga dpta(z) = 1). The following concept of a spherical design was introduced
by Delsarte, Goethals, and Seidel [§].

A set of points z1,...,zy € S¢is called a spherical t-design if

1 N

[ P = 5 3P

1=1

for all algebraic polynomials in d 4+ 1 variables and of total degree at most ¢.
For each t € N denote by N(d,t) the minimal number of points in a spherical

t-design. The following lower bounds,

1) Ny = (TR L (TR o
d d
N(d,t)22<d;k), =2k 41,

are also proved in [g].

Spherical t-designs attaining these bounds are called tight. Exactly eight
tight spherical designs are known for d > 2 and ¢t > 4. All such configurations
of points are highly symmetrical and possess other extreme properties; see
Cohn and Kumar [5], and Conway and Sloane [7].

Let us begin by giving a short history of asymptotic upper bounds on
N(d,t) for fixed d and t — oo. First, Seymour and Zaslavsky [15] have
proved that spherical designs exist for all d, ¢ € N. Then, Wagner [16] and
Bajnok [2] independently proved that N(d,t) < gt and N(d,t) < cgt®",
respectively. Korevaar and Meyers [I0] have improved these inequalities by
showing that N(d, t) < cgt®+9/2. They have also conjectured that N(d,t) <
cqat?. Note that (@) implies N(d,t) > Cyt?. In what follows we denote by cg
and by sufficiently large constants depending only on d.

The conjecture of Korevaar and Meyers was attacked by many mathe-

maticians. For instance, Kuijlaars and Saff [14] emphasized the importance
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of this conjecture and revealed its relation to the energy problems. Then,
Mhaskar, Narcowich, and Ward [12] have constructed positive quadrature
formulas on S? with c4t? points having almost equal weights. Very recently,
An, Chen, Sloan, and Womersley, see, e.g. [1], [6], have proved the existence
of spherical t-designs on S? having (¢ + 1)? points, for ¢ < 100. In order to
prove their result they extensively used numerical methods.

For d = 2 there exists even stronger conjecture by Hardin and Sloane [9],
that N(2,t) = 3¢*+0(t?) ast — oo. They also provided a numerical evidence
for the conjecture.

Let us briefly explain our previous attempt to prove the conjecture of
Korevaar and Meyers. In [3], we have suggested nonconstructive approach
for obtaining asymptotic bounds for N(d,t) based on the application of the
Brouwer fixed point theorem. This approach led to the following result.

THEOREM BV. For each N > cdt% there exists a spherical t-design
on S consisting of N points.

However, during the proof we faced technical problems that didn’t allow
us to obtain an optimal result. In this paper instead of the Brouwer fixed
point theorem we will use the following topological theorem.

THEOREM OCC. Let f : R" — R"™ be a continuous mapping and €2 be
an open bounded subset with the boundary 02 such that 0 €  Cc R™. If
(x, f(x)) > 0 for all z € J9Q, then there exists x € Q satisfying f(z) = 0.

This fact is an easy result in the Brouwer degree theory [13|, Theorem 1.2.6

and Theorem 1.2.9]. Employing this idea we will prove much stronger result.

Theorem 1. For each N > c4t? there exists a spherical t-design on S

consisting of N points, where cq is a constant depending only on d.

This proves the conjecture of Korevaar and Meyers.



2 Preliminaries and the main idea

Let P, be the Hilbert space of polynomials P of degree <t on S¢ such that

/ P(x)dug(z) =0,
Sd

equipped with the usual inner product
(P.Q) = [ P@)Q@)u(a).

By Riesz representation theorem, for each point € S? there exists a unique

polynomial G, € P, such that

(G4, Q) = Q(z) for all Q € P;.

Then a set of points x1,...,zy € S forms a spherical t-design if and only if
(2) Goy + -+ Gapy = 0.

For a differentiable function f : R%! — R and a point zy € R! denote by

of, . (of of
%(xo) = (a—gl(%)a---v@(%))

the gradient of f at the point xg.
For a polynomial () € P; we define the spherical gradient

T

QW) = 5 Q)

|z]

where | - | denotes Euclidean norm in R4,
We will apply Theorem OCC to the following open subset of a vector
space P,

(3) Q- {PePt\/SdWP(x)\d,ud(x) < 1}.



Now we observe that the existence of a continuous mapping F' : P, —
(S9N such that for all P € 9Q

N

> P(x;i(P)) > 0, where F(P) = (x1(P), .., xn(P)),

i=1
readily implies the existence of a spherical t-design on S? consisting of N
points. To this end let us consider a mapping L : (S?)" — P, defined by

(1, ..., 25) = Gay + -+ + Gay,s

and the following composition mapping f = Lo F': P, — P;. Clearly

(P.(P) = > Plai(P)).

for each P € P;. Thus Theorem OCC for the mapping f, vector space
Py, and the subset (2 defined in ([B) immediately gives us the existence of a
polynomial P € P, such that f(P) = 0. Hence, by (2)), the components of
F(P) = (x1(P),...,zx(P)) form a spherical ¢t-design on S consisting of N
points.

The most naive approach to construct such F(P) = (z1(P),...,xn(P))is
to start with a certain well-distributed collection of points x;, : = 1,..., N,
put F(0) := (z1,...,2n), and then move each point along the spherical
gradient vector field of P (that is the most greedy way to increase each
P(z;(P)) and make Y>>~ | P(x;(P)) positive for each P € 99). We will give an
explicit construction of F' in the next section, which will imply immediately

the proof of Theorem 1. To this end we need some auxiliary results.

3 Auxiliary results

We will extensively use the notion of an area-regular partition; see e.g., [4],
for the construction of the corresponding mapping F for each N > c4t?. Here

is a definition.



Let R = {Ry,..., Ry} be a finite collection of closed sets R; C S? such
that UY | R; = S% and pg(R; N R;) =0 for all 1 < i # j < N. The partition
R is called area-regular if volR; := fRz— dpg(x) = 1/N, i =1,...,N. The
partition norm for R is defined by

|R| := maxdiam R,
RER

where diam R stands for the maximum geodesic distance between two points
in R. We need the following fact stated in [11].

THEOREM SK. For each N € N there exists an area-regular partition
R ={R,,..., Ry} with ||R| < bgN~/? for some constant by.

We will also use a result which is an easy corollary of Theorem 3.1 in [12].

THEOREM MNW. There exists a constant r; such that for each area-
regular partition R = {Ry,..., Ry} with ||R|| < 74, each collection of points
r; € R;,i=1,...,N, and each algebraic polynomial P of total degree m the
following inequality,

@ g [ IP@le < 5 S 1P@ < [ 1P

holds.

Remark 1. Although Theorem 3.1 in [12] was stated for slightly different
definition of an area-reqular partition the presented proof works for our more

general definition as well.
First we prove the following estimate.

Lemma 1. For each area-reqular partition R = {Ry,..., Ry} with |R| <

sy, each collection of points x; € R;, i = 1,...,N, and each algebraic

polynomial P of total degree m the following inequality holds

1 1 &
) = / VP@ldite) < 3 30 VP < 34 / (VP dpa).



Proof. Since |VP| = \/Pl2 + ...+ P}, where P, € P41, we obtain the
Lemma 1 as a immediate consequence of (dl) applied to the polynomials F;,
1=1,...,d+ 1. O

Fix d,t € N. Take ¢; large enough (the exact condition we will write
later) and also fix N > ¢4t¢. Now we are ready to give an exact construction
of the mapping F: P; — (S%)¥ introduced in section 2. Take an area-regular
partition R = {Ry, ..., Ry} with |R|| < byN~V/¢ provided by Theorem SK,

and chose an arbitrary x; € R; for each ¢+ = 1,...,N. Put ¢ = 6—\1/3, and

has) ::{s, s> e,

consider the function

e, s <e.

For a polynomial P € P; and each i = 1,..., N let y; : [0,00) — S be the

function satisfying a differential equation

dy; B Vp(yz)
(6) ds  h(VP(y)))

with the initial condition

y;(0) = x;.
For each i = 1,..., N, consider a mapping Y; : P; x [0,00) — S with the
following action

(P,s) =% yil(s),

and finally put
(7)  F(P) = (21(P),...,xn(P)) := (Yi(P,ra/31), ..., YN (P, 74/31)),

where r; is defined by Theorem MNW. Since the function %}’Z@)D is Lip-
schitz continuous in both P and y, then each mapping Y;, i = 1,..., N, is
well defined and continuous in both P and s. Thus, F' is continuous in P as
well. So, as we explained in section 2, to finish the proof of Theorem 1 it

suffices to prove the following lemma



Lemma 2. Let F' : P, — (SYHN be the mapping defined by ([@). Then, for

each P € 09,
N

1
0 P(P) >0,

i=1

where § is given by (3).

Proof. We start with the following easy equation

1 & 1 & 1 &
N;P(@- :Ng (yi(ra/3t)) N;P(m)

(s) o [ LS piye] as
0 ds | N 4

To prove Lemma 2 first we will estimate the value

1 N
N;P(%)

from above, and then we will estimate the value

d[1 &
s _N;P(yi(s))]

from below, for each s € [0,r,/3t]. We have

1
=1 i=1 i
1N
<= Pl _ |
N Zylesd aex <R VP (yi)| max dist(z, z;),

-1
where dist(z, ;) denotes a geodesic distance between x and z;. Hence, for
some z; € S% such that dist(z;, ;) < ||R|,i=1,..., N, we obtain

1 N
N;P(%)

N
1
< CIRID VPG
=1




Consider another area-regular partition R’ = {R], ..., R}, defined by R, =
R; U {%}. Clearly ||R'|| < 2||R||, so by the choice of R we get |R'|| <
decgl/dt_l. Suppose that

(9) Cq > (4bd/7”d)d .
Now we can apply (B) for the partition R’, and obtain immediately
1
1 _
(10) ‘N > Pl

for any P € 9€). On the other hand, the differential equation () implies

that N v
1 |V P(y;) \2
N ; ] Z he(IV P (yi)|

< 3Vdbge, ! / IV P(2)|dpa(z) = 3Vdbgc, 7,
Sd

d

ds

L

i |VP(y;)|>e

(11) Z IVP(y)| — .

Since

VP(y)
he(IVP(y)])

it follows again from (@) that ‘Cily;

-

< 1. Hence we arrive at

dist(z;, yi(s)) < s.

Now for each s € [0, r,/3t] consider the area-regular partition R” = {RY,..., R\ }
given by R = R; U {yi(s)}. Clearly |R”|| < bac; "™t~ + rq/3t, so if we as-
sume that

(12) cq > (6ba/ra)".
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then we can apply (B for the partition R”. By the inequality (II]) we obtain

a1 1Y 1
s [N;P(yi(s))] > N;WP(%(S)) Nz

1 1
6vd  6Vd
for each P € 02 and s € [0,r,/3t]. Finally, the inequalities (8), (I0) and
(13) imply

1
(13) > [ 1VP@)dula) -

N
1 1 rq —1/d,—1
14 — P(z;(P)) > —— — 3Vdb t— > 0.
(14) N 2 PP 2 i =3
Thus, Lemma 2 holds for all ¢4 satisfying simultaneously the conditions (),
(@) and (), say for cq > (54dby/rq)". O

References

[1] C. AN, X. CHEN, I. H. SLOAN, AND R. S. WOMERSLEY, Well con-
ditioned spherical designs for integration and interpolation on the two-

sphere, preprint.

[2] B. BaiNOk, Construction of spherical t-designs, Geom. Dedicata, 43
(1992), pp. 167-179.

(3] A. BONDARENKO AND M. VIAZOVSKA, Spherical designs via Brouwer
fized point theorem, SIAM J. Discrete Math., 24 (2010), pp. 207-217.

[4] J. BOURGAIN AND J. LINDENSTRAUSS, Distribution of points on
spheres and approzimation by zonotopes, Israel J. Math., 64 (1988), pp.
25-31.

[5] H. CouN AND A. KUMAR, Universally optimal distribution of points
on spheres, J. Amer. Math. Soc., 20 (2007), pp. 99-148.

11



[6]

[11]

[12]

[14]

[15]

[16]

X. CHEN AND R. S. WOMERSLEY, Fxistence of solutions to systems

of underdetermined equations and spherical designs, SIAM Journal on
Numerical Analysis 44, 6 (2006), pp. 2326 - 2341.

J. H. CoNnwAYy AND N. J. A. SLOANE, Sphere packings, lattices and
groups., 3rd ed., Springer, New York, 1999.

P. DELSARTE, J. M. GOETHALS, AND J. J. SEIDEL, Spherical codes
and designs, Geom. Dedicata, 6 (1977), pp. 363-388.

R. H. HARDIN AND N. J. A. SLOANE, McLaren’s Improved Snub Cube

and Other New Spherical Designs in Three Dimensions, Discrete Com-
put. Geom., 15 (1996), pp. 429-441.

J. KOREVAAR AND J. L. H. MEYERS, Spherical Faraday cage for the

case of equal point charges and Chebyshev-type quadrature on the sphere,
Integral Transforms Spec. Funct. 1 (1993), pp. 105-117.

A. B. J KunJLAARS AND E. B. SAFF, Asymptotics for minimal discrete
energy on the sphere, Trans. Amer. Math. Soc., 350 (1998), pp. 523-538.

H. N. MHASKAR, F. J. NARCOWICH, AND J. D. WARD, Spheri-
cal Marcinkiewicz-Zygmund inequalities and positive quadrature, Math.
Comp., 70 (2001), pp. 1113-1130.

DoNaL O’REGAN, YEOL JE CHO AND YU QING CHEN, Topological
degree theory and applications, Chapman & Hall/CRC, 2006.

E. B. SAFF AND A. B. J KUIJLAARS, Distributing many points on a
sphere, Math. Intelligencer, 19 (1997), pp. 5-11.

P. D. SEYMOUR AND T. ZASLAVSKY, Averaging sets, Adv. Math., 52
(1984), pp. 213-240.

G. WAGNER, On averaging sets, Monatsh. Math., 111 (1991), pp. 69-78.

12



	1 Introduction
	2 Preliminaries and the main idea
	3 Auxiliary results

