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A family of sequences with large size and good
correlation property arising fromM -ary Sidelnikov

sequences of periodqd − 1

Dae San Kim,Member, IEEE

Abstract—Let q be any prime power and let d be a positive
integer greater than 1. In this paper, we construct a family of M -
ary sequences of periodq−1 from a given M -ary, with M |q−1,
Sidelikov sequence of periodqd−1. Under mild restrictions on d,
we show that the maximum correlation magnitude of the family
is upper bounded by(2d− 1)

√
q+1 and the asymptotic size, as

q → ∞, of that is (M−1)qd−1

d
. This extends the pioneering work

of Yu and Gong for d = 2 case.

Index Terms—Correlation, Family size, Sidelnikov sequence,
Array structure.

I. I NTRODUCTION

I N a code-division multiple-access (CDMA) communication
systems, sequences with low correlation are required for

synchronization and minimization of multiple-access inter-
ference. For adaptive modulation schemes, sequences with
variable lengths and alphabet sizes are desirable to maximize
data rate according to channel characteristics. Moreover,a
large number of distinct sequences are needed to support as
many users as possible.

In [6], for any prime powerq and a positive integerM ,
with M |q− 1, Sidelnikov introducedM -ary sequences(called
Sidelnikov sequences) of periodq − 1, which have the max-
imum out-of-phase autocorrelation magnitude of 4. Kim and
Song in [3] showed that the cross-correlation of anM -ary
Sidelnikov sequence of periodq− 1 and its constant multiple
has the maximum magnitude of

√
q + 3.

Sidelnikov sequences can be used in constructing a large
number of distinct sequences. In this direction of efforts,one
refers to the papers [2], [4], and [8]- [11].

In this paper, we considerM -ary Sidelnikov sequences, with
M |q−1, of periodqd−1(q = pn a prime power) and study the
(q − 1)× ( q

d−1
q−1 ) array structure of such sequences. Then we

construct a family ofM -ary sequences with periodq−1, with
large size and good correlation property. It is formed as the
constant multiples of those column sequences corresponding
to a set ofq-cyclotomic coset representatives mod( q

d−1
q−1 ).

Under the mild restrictions ond(cf. (9)), it is shown that
the maximum correlation magnitude of the family is upper
bounded by(2d−1)

√
q+1, and the asymptotic size, asq → ∞,

of that is (M−1)qd−1

d . Also, we derive an exact but less explicit
expression of the size of the family of sequences by using a
result of Yucas [12]. One refers to the tables either in [2] or[9]
to compare our result with the known ones. This generalizes

the pioneering work of Yu and Gong ford = 2 case in [9]
and [10].

II. PRELIMINARIES

We will use the following notations throughout this paper.

• p a prime number,
• n a positive integer,
• q = pn,
• Fq the finite field withq elements,
• Fqd the finite field withqd elements, withd ≥ 2,
• M a positive divisor ofq − 1, with M ≥ 2,
• wM = exp(2πiM ),
• α a fixed primitive element ofFqd ,

• β = α
qd−1

q−1 = N(α) a primitive element ofFq,
• N the norm map fromFqd → Fq, given byN(x) =

x
qd−1

q−1 ,
• Tr the trace map fromFqd → Fq, given byTr(x) =

∑d−1
j=0 x

qj ,
• ψ the multiplicative character ofFq of orderM , defined

by ψ(x) = exp(
2πi logβ x

M ) = w
logβ x

M .

Here we recall that, for any fixed primitive elementβ of
Fq, a logarithm overFq is defined by

logβ x =

{

t, if x = βt (0 ≤ t ≤ q − 2),

0, if x = 0.

so that, in particular,ψ(0) = 1. This convention is not
the usual one requiringψ(0) = 0. However, this agreement
turns out to be very convenient, as this has been fruitfully
demonstrated in the papers [8]- [11].

Again, for any fixed primitive elementβ of Fq, theM -ary
Sidelnikov sequences(t) of periodq − 1 is defined as

s(t) =

{

k, if βt ∈ Dk,

0, if βt = −1,
(1)

whereDk = {βMj+k − 1|0 ≤ j < q−1
M }, for 0 ≤ k ≤M − 1.

It is clear thats(t) can be defined equivalently as

s(t) ≡ logβ(β
t + 1) mod M, (2)

or as
w

s(t)
M = ψ(βt + 1).

The Weil’s estimate for multiplicative character sums is
well known(cf. [5], Theorem 5.41). In [7, Corollary 2.3], Wan
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generalized his estimate to the case of multiple multiplicative
character sums. On the other hand, Yu and Gong(cf. [8]-
[11])introduced a refined version of Wan’s bound that works
under the assumption that the value of the multiplicative
characters at 0 are equal to 1 rather than the traditional 0.
Here we state only a special case that is just suitable for our
purpose.

Theorem 1 ( [7], [9]): Let f1(x), . . . , fm(x) be monic dis-
tinct irreducible polynomials overFq with degreesd1, . . . , dm,
with ej the number of distinct roots inFq of fj(x)(j =
1, . . . ,m). Let ψ1, . . . , ψm be nontrivial multiplicative char-
acters ofFq, with ψj(0) = 1 (j = 1, . . . ,m). Then, for
a1, . . . , am ∈ F

×
q , we have the estimate

∣

∣

∣

∣

∣

∣

∑

x∈Fq

ψ1(a1f1(x)) · · ·ψm(amfm(x))

∣

∣

∣

∣

∣

∣

≤





m
∑

j=1

dj − 1





√
q +

m
∑

j=1

ej .

(3)

III. A RRAY STRUCTURE OF THEM -ARY SIDELNIKOV

SEQUENCES OF PERIODqd − 1

Here we investigate the(q− 1)× ( q
d−1
q−1 ) array structure of

M -ary Sidelnikov sequences of periodqd − 1, with M |q− 1.
This is a generalization of thed = 2 case in [9] and [10] that
has its origin in the paper [1].

Theorem 2:Let {s(t)} be anM -ary Sidelnikov sequences
of periodqd − 1, with M |q − 1. Then

s(t) ≡ logβ(N(αt + 1)) mod M, (4)

where0 ≤ t ≤ qd − 2.
In other words,

s(t) =

{

0, if N(αt + 1) = 0,

k, if N(αt + 1) ∈ Sk,

whereSk = {βMj+k|0 ≤ j < q−1
M }, for 0 ≤ k ≤M − 1.

Remark 1:Note here that the setsSk are different from
thoseDk in (1).

Proof: By definition of Sidelnikov sequence,

s(t) ≡ y(t) mod M, with y(t) = logα(α
t + 1).

To prove the statement, we may assume thatN(αt + 1) 6= 0.
Then, withN(αt + 1) = βx(t),

qd − 1

q − 1
y(t) ≡ logα(α

t + 1)
qd−1

q−1

≡ logαN(αt + 1)

≡ logα α
qd−1

q−1
x(t)

≡ qd − 1

q − 1
x(t) mod qd − 1.

This implies that

x(t) ≡ y(t) mod q − 1,

and hence that, asM |q − 1,

x(t) ≡ y(t) mod M,

Thus

s(t) ≡ y(t) ≡ x(t) ≡ logβ N(αt + 1) mod M.

We list the sequence{s(t)}(0 ≤ t ≤ qd − 2) as an(q −
1)× ( q

d−1
q−1 ) array so that thel-th columnvl(t)(0 ≤ t ≤ q−2)

of the array is given by:

vl(t) = s

((

qd − 1

q − 1

)

t+ l

)

, (0 ≤ l ≤ qd − 1

q − 1
− 1).

Then
vl(t) ≡ logβ(N(αlβt + 1)) mod M. (5)

Let fl(x) be the polynomial of degreed overFq given by:
for any nonnegative integerl,

fl(x) = N(αlx+ 1)

= (αlx+ 1)(αlqx+ 1) · · · (αlqd−1

x+ 1)

= βlxd + · · ·+ Tr(αl)x + 1.

Then
vl(t) ≡ logβ fl(β

t) mod M. (6)

For eachl(0 ≤ l ≤ qd−1
q−1 − 1),

fl(x) = βlN(x+ α−l)

= βl(x + α−l)(x + α−lq) · · · (x+ α−lqd−1

)

= βlpl(x)
d
dl ,

(7)

wherepl(x) is the irreducible polynomial overFq of −α−l of
degreedl. Note here thatdl|d.

Remark 2:Note that theq-cyclotomic coset containing
l(0 ≤ l ≤ qd − 2) mod qd − 1 is

Cl = {l, ql, · · · , qdl−1l},

where eachqj l is reduced moduloqd − 1, dl is the smallest
positive integer satisfyingqdl l ≡ l mod qd − 1, and

pl(x) =
∏

j∈Cl

(x+ α−j). (8)

Here l is taken as the smallest positive integer inCl modulo
qd − 1, as usual.

Proposition 1: 1) vl(t) = vlq(t).
2) pl(x) has no roots inFq, for l, with 1 ≤ l ≤ qd−1

q−1 − 1.

3) For nonnegative integersl1, l2, with l1 ≡ l2 mod qd−1
q−1 ,

vl1(t) andvl2(t) are cyclically equivalent.
4) v qd−1

q−1
− qd−1

−1

q−1
l
(t) ≡ vl(t − l + 1) mod M , so that

v qd−1

q−1
− qd−1

−1

q−1
l
(t) andvl(t) are cyclically equivalent for

eachl(1 ≤ l ≤ q).

Proof:

1) fl(x) = flq(x), so thatvl(t) = vlq(t), by (6).
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2) This follows from the observation thatdl = 1 iff αl ∈ Fq

iff qd−1
q−1 |l.

3) is easy to see.
4) This is a generalization of the result ford = 2 discovered

by Yu and Gong in [9] and [10]: for eachl(1 ≤ l ≤ q),

v qd−1

q−1
− qd−1

−1

q−1
l
(t) ≡ logβ(N(α− qd−1

−1

q−1
lβt+1 + 1))

≡ logβ(N(α− qd−1
−1

q−1
qlβt+1 + 1))

≡ logβ(N(α− qd−1
−1

q−1
ql−l+lβt+1 + 1))

≡ logβ(N(αlβt−l+1 + 1))

≡ vl(t− l + 1) mod M.

Also, this follows from 1) and 3), since

q

(

qd − 1

q − 1
− qd−1 − 1

q − 1
l

)

≡ l mod
qd − 1

q − 1
.

Remark 3:Because of 1) and 3) of Proposition 1, we are
led to consider theq-cyclotomic cosets mod qd−1

q−1 . Recall

that theq-cyclotomic coset containingl(0 ≤ l ≤ qd−1
q−1 − 1)

mod qd−1
q−1 is

Ĉl = {l, ql, . . . , qml−1l},

where eachqj l is reduced moduloq
d−1
q−1 , ml is the smallest

positive integer satisfyingqml l ≡ l mod qd−1
q−1 . Again, herel

is taken as the smallest positive integer in̂Cl modulo qd−1
q−1 ,

as usual. Hereml|dl. So if ql(x) =
∏

j∈Ĉl
(x+ α−j), then

pl(x) = ql(x)ql(x)
σml

ql(x)
σ2ml · · · ql(x)σ

dl−ml
.

Hereσ is the Frobenius automorphism ofFqd overFq, given
by σ(a) = aq, so that

ql(x)
σiml

=
∏

j∈Ĉl

(x+ α−jqiml
) (0 ≤ i ≤ dl

ml
− 1).

IV. CONSTRUCTION OF A FAMILY OF SEQUENCES

Here we construct a familyΣ of M -ary sequences with
period q − 1, consisting of the constant multiples of those
column sequencesvl(t) corresponding to a set ofq-cyclotomic
coset representativesmod qd−1

q−1 , for the set consisting of

l(1 ≤ l ≤ qd−1
q−1 ). Then it is shown that, under mild restrictions

on d (cf. (9), it has a large family size and good correlation
property. Actually, we show that the maximum correlation
magnitude of the family is upper bounded by(2d− 1)

√
q+1,

and the asymptotic size, asq → ∞, of that is (M−1)qd−1

d .
Also, we derive an exact but less explicit expression of the
size of the family of sequences by using a result of Yucas(cf.
Theorem 5). This generalizes the pioneering work of Yu and
Gong ford = 2 case in [9] and [10].

Definition 1: Let Λ be the set of all integersl(0 ≤ l ≤
qd−1
q−1 − 1) consisting of the smallestq-cyclotomic coset rep-

resentative from eachq-cyclotomic coset mod qd−1
q−1 .

Proposition 2: 1) |Λ| = the number ofq-cyclotomic cosets
mod qd−1

q−1 = the number of monic irreducible factors of

x
qd−1

q−1 − 1.
2) Let p(x) = xe + · · · + (−1)eb be a monic irreducible

factor of x
qd−1

q−1 − 1. Thene|d, andb
d
e = 1.

Proof: 1) The first equality is just Definition 1. Letγ =

αq−1 be a primitive( q
d−1
q−1 )-th root of unity inFqd . Then, with

M (l)(x) =
∏

j∈Ĉl
(x−γj) denoting the irreducible polynomial

of γl overFq, we have

x
qd−1

q−1 − 1 =
∏

l∈Λ

M (l)(x).

Thus we have the desired equality.
2) Clearly, e|d. For a rootα of p(x) in Fqd , N(α) = 1,

and ((−1)eb)
d
e = (−1)db

d
e is the constant term ofp(x)

d
e =

xd + · · ·+ (−1)dN(α).

Assume from now on that

(d, q − 1) = 1, d <

√
q − 2√

q + 1

2
. (9)

Proposition 3: Let l1, l2 be elements inΛ \ {0}, and
let τ(0 ≤ τ ≤ q − 2) be an integer. Thenpl1(x) and
β−τdl2pl2(β

τx) are distinct irreducible polynomials overFq,
unlessl1 = l2 andτ = 0. Here

β−τdl2pl2(β
τx)

= (x+ α−l2β−τ )(x+ α−l2qβ−τ ) · · · (x+ α−l2q
dl2

−1

β−τ ).
(10)

Proof: We know that pl1(x) and β−τdl2pl2(β
τx) are

irreducible polynomials overFq. Assume that they are the
same. Thenα−l1 = α−l2q

s

β−τ , for some nonnegative integer
s(0 ≤ s ≤ dl2 − 1), and hencel1 ≡ l2q

s + τ( q
d−1
q−1 )

mod qd − 1. So l1 ≡ l2q
s mod qd−1

q−1 and thus l1 and

l2 are in the sameq-cyclotomic coset mod qd−1
q−1 . This

implies l1 = l2. Now, l1 ≡ l1q
s mod qd−1

q−1 , and hence

l1(q
s − 1) = τ ′( q

d−1
q−1 ).

Observe that we haveq
d−1
q−1 = f(q)(q − 1) + d, for f(q) =

∑d−1
j=1 jq

d−j−1, and hence that(q−1, q
d−1
q−1 ) = (q−1, d) = 1.

Hencel1(qs − 1) ≡ 0 mod qd − 1, and sodl1 |s. As 0 ≤ s ≤
dl1 − 1 = dl2 − 1, we haves = 0. In all, l1 ≡ l1 + τ( q

d−1
q−1 )

mod qd − 1 which impliesq − 1|τ , and thereforeτ = 0.

Definition 2: Let Σ be the family consisting ofM -ary
sequences of periodq − 1, given by

Σ = {cvl(t)|1 ≤ c ≤M − 1, l ∈ Λ \ {0}}.

Remark 4:When d = 2,Λ \ {0} = {1, . . . , [ q+1
2 ]}. This

follows from the simple observation that theq-cyclotomic
coset containingl mod q+1 is Ĉl = {l, ql}, andql ≡ q−l+1
mod q + 1. So the familySv considered in [9] and [10] is
identical to ourΣ, for q = pn even and containsM − 1 less
sequences, namelycv q+1

2

(t)(1 ≤ c ≤M − 1), for q odd.
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Recall that the maximum correlation ofΣ, δmax = δmax(Σ),
is defined as the maximum absolute value of all nontrivial
auto- and cross-correlations of the sequences inΣ.

Theorem 3:For the familyΣ = {cvl(t)|1 ≤ c ≤M−1, l ∈
Λ \ {0}} of M -ary sequences of periodq − 1, we have

δmax(Σ) ≤ (2d− 1)
√
q + 1.

Proof: Assume thatl1 6= l2(l1, l2 ∈ Λ \ {0}) or τ is in
the range1 ≤ τ ≤ q − 2. Thenpl1(x) and β−τdl2pl2(β

τx)
are distinct irreducible polynomials overFq, by Proposition 3.
The cross-correlation functionR(τ) = Rc1,l1,c2,l2(τ) between
the sequencec1vl1(t) andc2vl2(t) in Σ is given by

R(τ) =

q−2
∑

t=0

wM
c1vl1(t)−c2vl2 (t+τ)

=

q−2
∑

t=0

ψc1(fl1(β
t))ψM−c2(fl2(β

t+τ ))

=
∑

x∈Fq

ψ1(pl1(x))ψ2(β
−τdl2 × βτdl2pl2(β

τx))− 1,

(11)

whereψ1 = ψ
c1

d
dl1 andψ2 = ψ

c2
d

dl2 . Observe that bothc1 d
dl1

and c2 d
dl2

are not divisible byM and henceψ1 andψ2 are
both nontrivial, since(d, q − 1) = 1. In view of (3), the sum
in (11) in absolute value is

|
∑

x∈Fq

ψ1(pl1(x))ψ2(β
−τdl2 × βτdl2pl2(β

τx))|

≤ (dl1 + dl2 − 1)
√
q

≤ (2d− 1)
√
q.

So we get the desired result in this case. Note here thatpl1(x)
andβ−τdl2pl2(β

τx) have no roots inFq, by Proposition 1 2),
and (10). Then we consider the case thatc1 6= c2, but l1 = l2
andτ = 0. In this case,

R(τ) =

q−2
∑

t=0

w
(c1−c2)vl1(t)

M

=
∑

x∈Fq

ψ∗(pl1(x)) − 1,

whereψ∗ = ψ
(c1−c2)

d
dl1 is nontrivial, as(c1 − c2)

d
dl1

is not
divisible byM . So, by the classical Weil’s theorem(them = 1
case of Theorem 1),

|R(τ)| ≤ (dl1 − 1)
√
q + 1

≤ (d− 1)
√
q + 1.

Note that these take care of the cases that(c1, l1) 6= (c2, l2)
and (c1, l1) = (c2, l2), but with τ 6= 0.

Theorem 4:The sequences in the familyΣ = {cvl(t)|1 ≤
c ≤M − 1, l ∈ Λ \ {0}} are cyclically inequivalent.

Proof: If c1vl1(t) and c2vl2(t) are cyclically equivalent,
then, for someτ(0 ≤ τ ≤ q− 2), c1vl1(t) = c2vl2(t+ τ) and

hence

q − 1 =

q−2
∑

t=0

w
c1vl1 (t)−c2vl2(t+τ)

M

= |
q−2
∑

t=0

w
c1vl1 (t)−c2vl2(t+τ)

M |

≤ |
∑

x∈Fq

ψ1(pl1(x))ψ2(β
−τdl2 × βτdl2pl2(β

τx))|+ 1

≤ (2d− 1)
√
q + 1,

if (c1, l1) 6= (c2, l2). Hereψ1 = ψ
c1

d
dl1 andψ2 = ψ

c2
d

dl2 . This
is impossible in view of our assumption in (9). Thusc1vl1(t)
andc2vl2(t) are the same.

Remark 5:Under the mild restrictions in (9), we proved
Proposition 3, and Theorems 3 and 4. Assume thatd = 2.
The second condition in (9) needed in proving Theorem 4
misses only a few values ofq. Namely,q = 2, 4, 8, 3, 9, 5, 7,
and 11. Note that(2, q− 1) = 1 for q even and(2, q− 1) = 2
for q odd. Suppose we are in the latter case. Then the first
condition in (9) is not necessary in showing Theorems 3 and
4, since d

dl1

= d
dl2

= 1, and so theψ1 andψ2 are nontrivial. In

addition, if we replaceΛ\{0} byΛ\{0, q+1
2 } = {1, . . . , q−1

2 },
then one easily checks that the statement of Proposition 3 holds
true.

Theorem 5 (12, Theorem 3.5):Let Af = {r| r|qf −
1 but r does not divideqg − 1 for 1 ≤ g < f}, for each
positive integerf , and, forr ∈ Af , write r = drfmrf , with
drf = (r, q

f−1
q−1 ).

Assumeb ∈ F
×
q has orderm, and letN(f, b, q) denote the

number of monic irreducible polynomials overFq of degree
f with constant term(−1)fb. Then

N(f, b, q) =
1

fφ(m)

∑

r∈Af
mrf=m

φ(r). (12)

Theorem 6:The size of the familyΣ = {cvl(t)|1 ≤ c ≤
M − 1, l ∈ Λ \ {0}}, with the notations in the above, can be
expressed as:

|Σ| = (M − 1)(|Λ| − 1), (13)

where the number of monic irreducible factors|Λ| of x
qd−1

q−1 −1
is given by

∑

e|d

1

e

∑

m| d
e

∑

r∈Ae
mre=m

φ(r). (14)

Proof: Clearly, we have (13). By Proposition 2 1), the
size ofΣ is also given by

|Σ| = (M − 1)× ((the number of monic irreducible

factors ofx
qd−1

q−1 − 1)−1).

Thus we only need to verify that the number of irreducible

factors|Λ| of x
qd−1

q−1 − 1 is given by the expression in (14). In
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view of Proposition 2 2), that number is equal to
∑

e|d

∑

b
d
e =1

(# of monic irreducible factors overFq of x
qd−1

q−1 − 1,

with degreee and the constant term equal to(−1)eb)

=
∑

e|d

∑

m| d
e

∑

b
o(b)=m

(# of monic irreducible polynomials overFq

with degreee and the constant term equal to(−1)eb)

=
∑

e|d

∑

m| d
e

∑

b
o(b)=m

N(e, b, q).

(15)

The desired result now follows from (12).

Remark 6:Let’s consider the case ofd = 2. In that case,

|Λ| =
∑

r∈A1

mr1=1

φ(r) +
∑

r∈A1

mr1=2

φ(r) +
1

2

∑

r∈A2

mr2=1

φ(r)

= 1 +
∑

2|q−1

1 +
1

2

∑

r|q+1
r 6=1,2

φ(r)

and hence

|Λ| − 1 =

[

q + 1

2

]

=

{

q+1
2 , if q odd,

q
2 , if q even.

(16)

This is what is expected(cf. Remark 4).

The next theorem follows from [7, Theorem 5.1] by taking
f(T ) = T . It gives an estimate forN(f, b, q) in (12).

Theorem 7 ( [7]): Let N(f, b, q) denote the number of
monic irreducible polynomials overFq of degreef with
constant term(−1)fb, for some elementb ∈ F

×
q . Then

∣

∣

∣

∣

N(f, b, q)− qf

f(q − 1)

∣

∣

∣

∣

≤ 2

f
q

f
2 . (17)

Theorem 8:The asymptotic size ofΣ = {cvl(t)|1 ≤ c ≤
M − 1, l ∈ Λ \ {0}}, asq → ∞, is given by:

|Σ| ∼ (M − 1)qd−1

d
, asq → ∞.

Proof: Assume first thatd > 2. From (15) and (17),
∣

∣

∣

∣

∣

∣

|Λ| − d
∑

e|d

qe

e2(q − 1)

∣

∣

∣

∣

∣

∣

≤ 2d
∑

e|d

qe/2

e2
.

This implies that

|Λ| ∼ qd−1

d
, as q → ∞,

and hence

|Σ| ∼ (M − 1)qd−1

d
, asq → ∞. (18)

Even for d = 2, we get the same result as in (18). Indeed,
from (16), we have

|Σ| = (M − 1)[
q + 1

2
] ∼ (M − 1)q

2
, asq → ∞.

V. CONCLUSION

In this paper, starting withM -ary Sidelnikov sequences,
with M |q − 1, of period qd − 1(q = pn a prime power)
and considering the(q − 1)× ( q

d−1
q−1 ) array structure of such

sequences, we constructed a family ofM -ary sequences with
periodq− 1, with large size and good correlation property. It
is formed as the constant multiples of those column sequences
corresponding to a set ofq-cyclotomic coset representatives
mod qd−1

q−1 . Then, under the mild restrictions ond (cf. (9)), it is
shown that the maximum correlation magnitude of the family
is upper bounded by(2d− 1)

√
q+1, and the asymptotic size,

asq → ∞, of that is (M−1)qd−1

d . Also, we derived an exact but
less explicit expression of the size of the family of sequences
by using a result of Yucas [12]. This generalizes the pioneering
work of Yu and Gong ford = 2 case in [9] and [10].
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