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ON THE TOPOLOGY OF FREE PARATOPOLOGICAL
GROUPS

ALI SAYED ELFARD AND PETER NICKOLAS

ABSTRACT. The result often known as Joiner’s lemma is funda-
mental in understanding the topology of the free topological group
F(X) on a Tychonoff space X. In this paper, an analogue of
Joiner’s lemma for the free paratopological group FP(X) on a
T, space X is proved. Using this, it is shown that the following
conditions are equivalent for a space X: (1) X is T1; (2) FP(X)
is T1; (3) the subspace X of FP(X) is closed; (4) the subspace
X! of FP(X) is discrete; (5) the subspace X ! is T3; (6) the
subspace X ~! is closed; and (7) the subspace FP, (X) is closed for
all n € N, where FP,(X) denotes the subspace of FP(X) consist-
ing of all words of length at most n.

1. INTRODUCTION

The notions of the free topological group on a Tychonoff space X
and a pointed Tychonoff space (X, e) were introduced in the 1940s by
Markov [11], 12} [13] and Graev [5, 6], respectively. In both cases, the
groups are Hausdorff. In 1976 Joiner [§] provided a complete descrip-
tion of a neighbourhood basis at any word of length exactly n in the
subspace F,(X) of the Graev free topological group on X, where F,,(X)
denotes the set of all words in the group of length at most n. Already in
1968 Arhangel’skii [2] had proved essentially the same result as Joiner,
though as noted in [3] his result did not at the time attract much at-
tention. Joiner’s argument, though much more complex than that of
Arhangel’skii (see [3]), gives information not only about the topology of
the free topological group but also about the topology induced on the
free group by certain pseudometrics defined by Graev, and the result
of Arhangel’skii and Joiner is commonly referred to as Joiner’s lemma.

In 2003 Romaguera, Sanchis and Tkachenko [I8] proved the existence
of the free paratopological group FP(X,U) on a quasi-uniform space
(X,U) and investigated its separation properties. In 2006 Pyrch and
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Ravsky [14] investigated some of the topological properties of the free
paratopological group FP(X) on a topological space X.

All of the authors above also discuss the corresponding free abelian
topological or paratopological groups, and indeed some of the results
of [T4] are proved in the abelian case only. For further background, the
reader is referred to the introduction of [18], to Ravsky [15, [16] and to
Marin and Romaguera [10].

The main result of this paper, Theorem[4.6], is an analogue of Joiner’s
lemma for free paratopological groups. The result takes the following
form. Let X be a T space and denote by FP,(X) the subspace of
FP(X) consisting of all words of length at most n. Suppose that w =
xftws .. afris areduced word in FP,,(X). Then a base at w in FP,,(X)
is given by the collection of all sets of the form U;'Us*...US", where

n

fori =1,2,...,n the set U; is a neighbourhood of z; in X when ¢; = 1
and U; = {x;} when ¢; = —1.

Using the above result and other ideas, we strengthen and generalise
some results from Pyrch and Ravsky [14] on the topological properties
of FP(X) (see Theorems [£.2], 110 and [.1T]).

2. DEFINITIONS AND PRELIMINARIES

We recall that a paratopological group is a pair (G,T) where G is a
group and 7 is a topology on G such that the mapping (z,y) — xy of
G x G into G is continuous. If in addition the mapping z — z7! of G
into G is continuous then (G, T) is a topological group.

We call d : X x X — [0, 00) a quasi-pseudometric on X if d(z,y) =0
whenever z = y and d(z,y) < d(x,z2) + d(z,y), for all z,y,z € X.
If d is a quasi-pseudometric on a group G and d(ax,ay) = d(z,y)
for all a,z,y € G, then we say that d is left invariant; similarly, if
d(za,ya) = d(x,y) for all a,z,y, then d is right invariant. If d is both
left and right invariant, then we say it is two-sided invariant. It is easy
to check that d is two-sided invariant if and only if

d(xy ... Tny Y1 Yn) S d(z, 1) + -+ d(Tn, Yn)

forall z1,..., 24, y1,...,yn € G.
Given a group G with identity element e, a function N : G — [0, 00)
is called a quasi-prenorm on G if the following conditions are satisfied:

(1) N(e) =0; and

(2) N(gh) < N(g)+ N(h) for all g,h € G.
If N in addition satisfies

(3) N(h=tgh) = N(g) for all g,h € G,
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then we say that N is invariant.

Let G be a group. If d is a left invariant quasi-pseudometric on G
then the function Ny : G — [0, 00) defined by Ny(x) = d(e, x) forall z €
G is a quasi-prenorm on G, and conversely if NV is a quasi-prenorm on G
then the function dy : G X G — [0, 00) defined by dy(z,y) = N(z'y)
for all z,y € G is a left invariant quasi-pseudometric on G. Clearly,
the mappings d — Ny and N +— d define a one-to-one correspondence
between the family of left invariant quasi-pseudometrics (resp., two-
sided invariant quasi-pseudometrics) on G and the family of quasi-
prenorms (resp., invariant quasi-prenorms) on G.

Definition 2.1. Let X be a subspace of a paratopological group G.
Suppose that

(1) the set X generates G algebraically, that is, (X) = G and
(2) every continuous mapping f : X — H of X to an arbitrary
paratopological group H extends to a continuous homomor-
phism f G — H.
Then G is called the Markov free paratopological group on X, and is
denoted by FP(X).
By substituting “abelian paratopological group” for each occurrence
of “paratopological group” above we obtain the definition of the Markov
free abelian paratopological group on X, which is denoted by AP(X).

Definition 2.2. Let X be a subspace of a paratopological group G
and let e € X be the identity of G. Suppose that

(1) X algebraically generates G, that is, (X) = G and

(2) every continuous mapping f : X — H of X to an arbitrary
paratopological group H satisfying f(e) = ey extends to a con-
tinuous homomorphism f: G — H.

Then G is called the Graev free paratopological group on (X, e), and is
denoted by FPqs(X,e).

By substituting “abelian paratopological group” for each occurrence
of “paratopological group” above we obtain the definition of the Graev
free abelian paratopological group on (X, e), which is denoted by AP (X, e).

3. EXTENSION OF QUASI-PSEUDOMETRICS

In [5, 6], Graev developed a method for extending a pseudometric d
from a set X containing an element e to a two-sided invariant pseudo-
metric on the abstract free group F,(X \ {e}) on X \ {e} (with e € X
identified with the identity element e of the group), and then employed
the method in various applications to Graev free topological groups.
A major part of [18] is devoted to the development and application of
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an analogous process for the extension of a quasi-pseudometric from X
to Fo(X \ {e}). We make substantial use here of ideas and results
from [18] relating to this extension process.

Since our applications are to Markov free paratopological groups
rather than to Graev free paratopological groups, some changes are
required. The changes, however, are fairly minor, and essentially centre
around the simple observation that for a topological space X the groups
FP(X) and FPg(X @{e}) (where ‘@’ denotes the topological sum) are
topologically isomorphic in a natural way.

We now outline some of the ideas of [18] in a form suitable for our
applications. For most of the remainder of this section, we consider a
fized set X and a fized quasi-pseudometric d on X which is bounded
by 1.

Let e be the identity of the abstract free group F,(X) on X. Extend d
from X to a quasi-pseudometric d, on X U {e} by setting

0 if v =y,
de(z,y) = ¢ d(v,y) ifx,ye X,
1 otherwise

for x,y € X U{e}. Asin [18], extend d. to a quasi-pseudometric d* on
X = X U{e} U X! defined by

0 if x =y,
& (z.y) = de(z,y) if 2,y € X U{e},
’ de(y™'z7h) ifz,y € X1 U {e},
2 otherwise

for z,y € X (this definition of d* is expressed differently from that
of [18], but is easily seen to be equivalent).

Definition 3.1. Let H be a subset of the set N of natural numbers
such that |H| = 2n for some n > 1. Then a scheme [I8] on H is a
bijection ¢ : H — H satisfying the following conditions:

(1) if i € H and j = (i), then j # i and ¢(j) = i; and

(2) there are no 4, j € H such that i < j < ¢(i) < ¢(j).
We say that ¢ is a nested scheme on a set H = {iy,19, - ,i2,} C N
where i1 < iy < -+ <, if @(ig) = top_pyq forall k =1,2,...,2n.

If X is a word in the alphabet X, then we denote the reduced form
of X by [X]. We denote the length of X as a string over X by ¢(X).

Let g € F,(X) be a reduced word and let X be a word in the alpha-
bet X of length £(X) = 2n such that [X] = g. Let S, be the family of
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all schemes ¢ on {1,2,...,2n}. Following [I8] we define
1 2n
Fd(‘)(> QO) = 5 Z d*($;17 l@(ﬂ)
i=1

and then we define Ny : F,(X) — [0, 00) by setting Ny(g) =0if g =e
and

Na(g) = nf{T'q(X, ) : [X] = g, {(X) = 2n, p € Sy, n € N}
for g € F,(X) with ¢ # e. By [18], Claim 3, N, is an invariant

quasi-prenorm on F,(X). Now let d be the two-sided invariant quasi-
pseudometric on F,(X) corresponding to the invariant quasi-prenorm
Ny (see section 2); thus d(g,h) = Na(g~th) for all g,h € F,(X). We

refer to d as the Graev extension of d to F,(X).

Definition 3.2. If X is a word in the alphabet X, then we say that X
is almost irreducible [}8] if X does not contain two adjacent symbols x
and x~! for any v € X.

Remark 3.3. We note that if X is an almost irreducible word of
length 2n, then X may contain at most n letters equal to e. Also,
an almost irreducible word that contains no occurrence of e is reduced.

The following result is essentially Claim 2 of [1§].

Theorem 3.4. If g is a reduced word in F,(X) distinct from e, then
there exists an almost irreducible word Xy = x1x5 . .. 29, of length 2n >
2 in the alphabet X and a scheme pg € S, that satisfy the following
conditions:

(1) fori=1,2,...,2n, either z; is e or x; is a letter in g;
(2) [Xy) =g and n < {(g); and
(3) Na(g) = Ta(Xy, py)-

The next result is probably known, at least in the context of free
topological groups, but since we have not found a proof in the literature,
we sketch one here. We use the following notation. If X = z1...x,,
where z1,...,x, € X, then we write S(X) = {zy,...2,, 275, ... 2, }.

Theorem 3.5. Let g € F,(X), let X be a representation of g in the
alphabet X of length 2n for some n > 1 and let @ be a scheme on
the set {1,2,...,2n}. Then there exist a representation X' of g of
length 2m for some m such that S(X') = S(X) and a nested scheme ¢’
on {1,2,...,2m} such that Ty(X,p) = Ty(X', ¢).
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Proof outline. Fix n > 1 and assume inductively that the desired state-
ment holds for every word in F,,(X), every representation of the word of
even length less than 2n and every scheme on the corresponding index
set. Consider g, X and ¢ as above, and suppose that X = x1...x9,.
If (1) = 2n, write X = 21X 22, and apply the inductive assump-
tion to X7 and the restriction ¢; of the scheme ¢ to {2,...,2n — 1}
(strictly, we should first re-index X; by {1,...,2n — 2} and adjust ¢,
accordingly). This gives us a word X and a nested scheme ¢} on a
suitable set {1,...,2n'} as in the theorem, and it is clear that we may
then construct the desired representation X’ and nested scheme ¢’
Otherwise, there exists p with 1 < p < n—1 such that the restriction
of ¢ to each of the sets {1,...,2p} and {2p + 1,...,2n} is a scheme.
Write X = YZ, where YV = x;...29, and Z = w9p11...72,, and
apply the inductive assumption to each of ) and Z. This gives us
respective representations )’ and Z’ of lengths 2¢ and 2r, say, and
corresponding nested schemes with the properties in the theorem. Then
V'Z'=a2...25 ... Y5 and a scheme 1 can obviously be constructed
from those for ) and Z’ in such a way that the restriction of ¢ to each
of {1,...,2q} and {2¢+1,...,2q + 2r} is nested. Finally, if we define

1 !

X =a .yt (b)) (@) Tl

and let ¢’ be the (unique) nested scheme on {1,...,4q + 2r}, then it
is clear that X’ and ¢’ have the desired properties. The result follows
by induction. O

Theorem 3.6. The Graev extension d is the mazimal two-sided in-
variant extension of d* from X U{e} U X! to F,(X).

Proof. Fix g,h € F,(X). Then there exists an almost irreducible rep-
resentation X of g7'h, where £(X) = 2n for some n, and a scheme ¢
on the set {1,2,...,2n} such that d(g, h) = d(e, g'h) = T'4(X, ). By
Theorem there exists a representation X' = x125 . .. ¥a,, of ¢g~*h of
length 2m for some m and a nested scheme ¢’ on the set {1,2,...,2m}
such that T'y(X, p) = Ty(X’, ¢').

Let o be any two-sided invariant quasi-pseudometric on F,(X) such
that o|¢ = d* and write a = z129... 2, and b = Ty 1 T2 - . - Tom.
Then

o(g.h) =o(e,g™"h)
= o(e, ab)
=o(a™',b)
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m
< ZU(Ii_l,Izm—iﬂ)

and the result follows. O

For z € X and € > 0 we denote the ball {y : d(x,y) < €} of radius €
with centre x by By(z,€).
The next result is Claim 6 of [18].

Theorem 3.7. The family {Bj(e,€) : € > 0} is a base at the identity e
for a paratopological group topology Ty on the free group F,(X) and the
restriction of Tq to X coincides with the topology on X generated by d.

We recall that a real-valued function f on a topological space X is
said to be upper semi-continuous if the set {x € X : f(z) < a} is an
open set in X for every a € R. The upper topology T, for the set R has
a base of sets of the form {z € R : x < a} for all @ € R. Clearly, f is
upper semi-continuous if and only if f : X — (R, 7,) is continuous.

If d is a quasi-pseudometric on a space X, then for each x € X we
define d,(y) = d(z,y) for all y € X. It is easy to see that d, is upper
semi-continuous for all z € X if and only if the set By(x,€) is open
in X for all € > 0.

Let Q be a family of quasi-pseudometrics on a set X and let

B ={B,(v,e):x€ X, peQ and €>0}.

Then we call the topology on X which has £ as a subbase the topology
generated by the family Q.

Every topological space X is generated by a family of quasi-pseudometrics p
such that p, is upper semi-continuous for all z € X (see [17] and [4]
page 28]). Specifically, for every open set U in X and for all z,y € X
define py by

1 ifzel,y¢U,
0 otherwise.

pu(z,y) = {

Then it is obvious that py is a quasi-pseudometric on X, that (py), is
upper semi-continuous for each x € X and that the family Q = {py : U
open in X} generates the topology of X.

Let X be a topological space and let D; be the family of all quasi-
pseudometrics d on X which are bounded by 1 and are such that d,
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is upper semi-continuous for all x € X. Clearly, the family D; gener-
ates the original topology on X. For every d € D; let d be the Graev
extension of d to F,(X). For each d, Theorem B shows that 7Ty is
a paratopological group topology on F,(X) which induces on X the
topology induced by d. It follows that the supremum of all the topolo-
gies Ty for d € Dy is a paratopological group topology on F,(X) which
induces the original topology on X. We refer to this topology as the
Graev topology and denote it by Tg.

Since each topology 7y is locally invariant, it follows that the Graev
topology is also locally invariant. Now using Proposition 3.1 of [I5], it
is easy to see that if U is an open neighbourhood of e in any locally
invariant paratopological group G, then there exists a two-sided invari-
ant quasi-pseudometric d bounded by 1 on G such that d, is upper
semi-continuous for all z € G and By(e,1) C U. A straightforward
argument using Theorem then yields the following result.

Theorem 3.8. The Graev topology is the finest locally invariant paratopo-
logical group topology on F,(X) which induces the original topology
on X. The corresponding topology on the free abelian group A.(X) is
the free topology.

4. RESULTS

If Y is a subspace of a space X and y € Y, we write cly (y) to denote
the closure of the singleton {y} in the subspace Y.

Lemma 4.1. If G is a paratopological group, A is a subset of G and
a,b e A, then a € cla(b) if and only if b=* € cly—1(a™t).

A theorem of Reznichenko (see Theorem 2.4 of Pyrch and Ravsky [14])
states that if X is an arbitrary topological space and A is a closed sub-
set of X, then A™! is an open subset of the subspace X! of FP(X).

Consider the topology 74 on X ~! which has as a base the collection
{A7!: A closed in X}; equivalently, T has the collection {(cly(z))™! :
x € X} as a base. Clearly, T4 is closed under arbitrary intersections
and each point 27! € X! has a smallest open neighbourhood, namely
(clx(x))~!, and hence (X!, T4 ) is an Alexandroff space (see [1]). More-
over, the topology T4 is the group-theoretical inverse of the so-called
Alexandroff dual of the original topology of X (see Kopperman [9]).

Let B be the collection of sets of the form {n,n+1,...} C Z for all
n € Z. Then B is a base for a paratopological group topology on the
group 7Z of integers under addition, and we denote the corresponding
paratopological group by Z*.
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We answer some obvious questions raised by Reznichenko’s result as
follows.

Theorem 4.2. Let X be a topological space. Then Ty, the induced
Graev topology Ta|x-1 and the induced free topology Tr|x-1 are equal
on X1

Proof. We show first that T4 C Tg|x-1. Let A be a closed subset of X
and, following [14], define f : X — Z* by mapping all elements of A to 0
and all other elements of X to 1. Clearly, f is continuous. Extend f
to a homomorphism f : F,(X) — Z*. Since Z* is an abelian and hence
locally invariant paratopological group, Theorem implies that f is
continuous with respect to 7¢. Therefore, A= = f~1({0,1,... )N X!
is open in X! with the topology 7g|x-1, and it follows that T, C
Talx-1.

Clearly, we have Tg|x-1 C Tr|x-1.

To show that Tr|x-1 C Ta, consider any fixed x € X. For any y~' €
(clx(z))™! we have y € clx(z), and Lemma 1] implies that ! €
cly-1(y™1). If U is a neighbourhood of 7! in Tr|x-1, we therefore
have y~! € U, and it follows that (clx(z))™* C U. Thus Tr|x-1 C Ta,
and the proof is complete. O

The following result was noted, in the case of the free topology,
in [14].

Corollary 4.3. If X is a T space then the Graev topology and the free
topology on X1 are discrete.

Clearly if X is a T} space and x1, T, . . ., x, are distinct points in X,
then there exist open sets Uy, Us, ..., U, in X containing x|, zo, ..., x,,
respectively, such that x; ¢ U; whenever i # j, for i,j =1,2,...,n.

Lemma 4.4. Let X be a T} space, let x1, 2, ...,x, be distinct points
of X and suppose that open sets Uy,Us, ..., U, are chosen as above.
Then fori,7 =1,2,...,n with i # j the function d, ; defined by setting

1 if (v #x; andy = x;)
d;j(z,y) = or (x € U; and y ¢ U;),
0 otherwise

for all z,y € X is a quasi-pseudometric, and (d; ;). is upper semi-
continuous for all z € X.
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Proof. 1t is straightforward to check that d; ; may be represented equiv-
alently by the formula

0 ifxr,yel;
OI'ZL’:LU]'

or (z ¢ Uj,x # j and y # ),
1 otherwise

di,j (l’, y) =

for all z,y € X; we also observe that the three disjuncts in the first
part of this alternative expression are mutually exclusive. Fix ¢ and j
with ¢ # j. We show first that d,; is a quasi-pseudometric on X.
Clearly, d;;(xz,y) > 0 for all z,y € X. To show that d;;(z,y) <
d;j(x,2)+d; j(z,y) for z,y, 2 € X, it obviously suffices to consider the
case when d; j(x,y) = 1. There are two sub-cases. First, suppose that
x # z; and y = z;. If d; ;(z, 2z) = 0 then either x, z € U;, which gives
d;j(z,y) =1, or x ¢ U; and z # x;, again giving d, j(z,y) = 1. Second,
suppose that x € U; and y ¢ U;. If d; j(x, z) = 0 it follows that z € Uj,
which gives d; ;(z,y) = 1. Therefore the triangle inequality holds.

To show that (d; ;). is upper semi-continuous, consider x € X and
€>0. If v € Uj, then By, ,(z,¢) = {y : dij(7,y) < e} = U; when e < 1
and By, ,(z,€) = X when € > 1. If v ¢ U; and = # x;, then By, ,(z,€) =
X\ {z;} when ¢ <1 and By, ,(z,¢) = X when ¢ > 1. If x = z;, then
By, ;(w,€) = X. Therefore, d;; is upper semi-continuous. O

Lemma 4.5. With hypotheses and notation as above, we have the fol-
lowing for i # 7.

(1) d; j(x;,x) = 0 if and only if v € U;.

(2) d; j(x,x;) =0 if and only if v = z;.

(3) dij(zs, ;) = 1.

Now we state and prove our main theorem.

Theorem 4.6. Let X be a T space and let w = x'x*...x5" be a
reduced word in FP,(X), where z; € X ande; = £1 fori=1,2,....n
and if v; = x;1q for some 1 = 1,2,...,n — 1 then ¢, = €;41. Let A
denote the collection of all sets of the form Uj'Us*...US", where for
1 =1,2,...,n the set U; is a neighbourhood of x; in X when ¢ = 1
and U; = {z;} when ¢, = —1. Then A is a base for the neighbourhood
system at w in the subspace FP,(X) of FP(X).

Proof. (1) We show that every neighbourhood of w in FP,(X) con-
tains an element of the collection Z. Let W be a such neighbour-
hood, so that W = V N FP,(X) for some neighbourhood V' of w
in FP(X). Since FP(X) is a paratopological group, there exist in
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FP(X) neighbourhoods Vi, Va, ..., V,, of a7, 2%, ... x5, respectively,
such that w € ViV5...V,, C V. Whene¢ = 11let U; = V; N X and
when ¢; = —1 let U; = {x;}. Then Uj'Us*... U C ViV,...V,, and
so, setting B = Uj'Us* ... US", we have B € # and w € B C W, as

n
required.

(2) We show that every element of % is a neighbourhood of w in
FP,(X). Thus, fori =1,2,...,n we suppose that U; is a fixed neigh-
bourhood of z; if ¢, = 1 and that U; = {x;} when ¢, = —1, and we
consider B = Uj'Usy* ... US» € A.

Choose indices i1, %9, . . . , ip, for some ny < nsuch that z; , z;,, . .. s T,
are the distinct letters among 1, xs, . .., x,, and write A = {1,2,...,n}.
For each 5 € A, define

[]:{zlgzgn, Ii:.ilfij al’ldEl‘Il}.

Now pick open neighbourhoods V1, Vs, ..., Vy,, of @i, @iy, ..y, in X,
respectively, such that
(i) for all j € A, we have V; C U; for all i € I;, and
(ii) for all j,k € A with j # k, we have z;, ¢ V}.
For each j, k € A with j # k, define
1 if(x#x;, andy =1,
diy(z,y) = or (x € Vjandy ¢V)),
0 otherwise.

By Lemmal[£.4] each d; ; is a quasi-pseudometric on X such that (d; ).
is upper semi-continuous for each x € X. Hence, if we define

d(z,y) = max{d;x(z,y) : j,k € A and j # k},

then d is also a quasi-pseudometric on X such that d, is upper semi-
continuous for each € X. Let d be the Graev extension of d to F,(X).
We will show that B is a neighbourhood of w in FP, (X) by showing
that Bj(e, 1)w N FP,(X) C B.
Let
h=yl'yy ...yl € Byle,1)w N FP,(X)
be a reduced word of length ¢(h) = p < n. Then

-1 _ 51,,09 Op . —€n . —En—1 —€1
hw™ = yy'yy® ..y, e, € Byle, 1),

n n—
Although h and w are reduced, cancellation may occur in the product
hw=!. Assume that the number of cancelling pairs in hw™! is o, where
0 < o < p, so that y,_p41 = Tp_py1 and dp_p11 = €,-p541 for B =
1,2,...,a. Write ¢ = hw™!, so that in reduced form we have

_ 01,02 01, —€m . —€Em—1 —€1
g=Y1Y2 - Yy Tpy Ty 1 ---T1
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where | = p— a and m = n — a. Since d(e, g) < 1, we have d(e, g) =
Na(g) = 0.

If g = e then h = w € B and there is nothing to prove, so let
us assume that g # e. Then by Theorem [B.4], there exist an almost
irreducible word Z, = 212 ... zom, for some m; > 1 and a scheme ¢,
on the set H; = {1,2,...,2m;} such that

(i) each z; is either e or a letter in g,
(i) [Z,] = g and £(Z,) = 2m; < 2((g) = 2(] +m), and
(iii) Na(g) = Ta(Zy, py) = 0.
From (iii), we have

2m1
Ta( Zd* L zpu) =0,
and so
(1) d* (27", 24,)) = 0 for all i € H;.

Now if z; = e for any ¢ € H; then also z,,) = e, because if 2, ;) # e
then d*(z; ', 2,,(;)) = 1 by definition of d*, which is impossible by ().

If all occurrences of e are removed from Z,, then by Remark the
resulting word Z/ is reduced, so that Z) = g and Z| in particular has
length [ 4+ m. Let us write

A /
Z, =212 2y

Moreover, since d*(e,e) = 0, we may use the scheme ¢, on H; =
{1,2,...,2my} to define a scheme ¢} on Hy = {1,2,...,1 + m} with
the property that Ny(g) = Ta(Z, ;) = 0. Formally, suppose that
when the indices among the elements of H; corresponding to occur-
rences of e in Z, are removed, the indices remaining form the set
J = {j1, Jos -+, Jigm}, where ji < jo < -+ < jiym. Now let Hy =
{1,2,...,l+m} and let f : J — Hs be the bijection given by f(jx) = k
for k=1,2,...,1+m. Then it is easy to check that the map ¢ : Hy —
H, defined by ¢! (k) = f(pg(f~"(k))) for k € H, is a scheme on H,
and has the properties claimed.

Let us now for convenience suppress the prime superscripts used
above, so that we have

. 1 62 (51 —€ —€m—1 —51
Zy=2120 - 2m = Y1 Y Y Ty T =g

and ¢, is a scheme on H, such that I'4(Z,,p,) = 0. From the last
equation, we have

(2) d* (27", 2p,)) = 0 for all i € Hs.
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We claim now that [ = m and hence that p = n. Assume that [ < m.
Then there exist ¢ > 1 and distinct kq, ..., kg, li,...,l; € Hy such that
l, = p4(k,) and [ +1 < k,,l, <1+ m forr =1,2,...,¢q. For any
r=12...,¢,set s=s(r)=l+m+1—k,and t =t(r) = l+m+1—1,,
so that

—€t

2k, =x; and 2z, =,

T S

This gives
(3) d*(zk_rl, Zpy(kr)) = d*(zk_rl, z,) = d*(x, ;).
If €, = €, then either ¢, = ¢, = 1, and we have
d* (x5, 2, ) = d* (s, 27 1) > 0,
or €, = ¢ = —1, and we have
(g, ) = d*(x 2) > 0,

and in both cases we conclude from (B) that d*(2;", zy,(,)) > 0, which
contradicts (2]). Therefore, for r = 1,2,..., ¢, we have ¢, = —¢,.
For any r such that €, = €,y = 1 and ¢, = €,y = —1, we find from
@) and (3] that
d*(x o) = d* (s, 24) =0
and hence that d;(zs,2,) = 0 for all j,k € A with j # k, while if
€, = —1 and ¢ = 1, we find that

d(a,a7) = &' (@ a7) = d (@) = 0

and hence that d; (2, zs) = 0 for all j,k € A with j # k. Therefore,
in either case, Lemma [L.5 part (3) shows that xs = z;.

Pick r so that |s —t| = |s(r) — t(r)| = |k, — [,| is minimal. Now
|s — t| cannot equal 1, since the fact that z;, = x; and ¢, = —¢; would
then contradict the hypothesis that the word w is reduced. Therefore,
by the definition of a scheme, there exists r’ such that k, < k.., [, <1,
or l, < ksl < k,, and this contradicts the minimality of |s — ¢|.

This contradiction implies that | = m, from which it follows im-
mediately that p = n. Furthermore, the argument above shows that
if m+1<4i<2mthen 1 < ¢y(i) < m and if 1 < i < m then
m+1 < p,(i) < 2m, for all i € H,. It follows that p,(1) = 2m, because
if p,(1) < 2m then the fact that ¢, is a scheme on Hy = {1,2,...,2m}
would imply that there exist i,j € Hy with ¢,(1) < 7,5 < 2m such
that ¢, (i) = j and ¢,4(j) = 4, contradicting what we have just shown.
Continuing similarly, we find that ¢,(i) = 2m — i + 1 for all i € Hs,
that is, that ¢, is a nested scheme on Hs.
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Therefore,

g>§0g Zd* ; _EZ ) =0,

and so d*(y;5i, x; ) =0fori = 1, 2, ...,m. It follows that §; = ¢; for all
i=1,2,...,m. If ¢ = 1 for any i, then d*(y; ", z;) = d*(z;,y;) = 0
and hence d;i(x;,y;) = 0 for all j,k € A with j # k. But there exists
jo € A such that z;, = z;, so it follows by Lemma [L.3] part (1) that
y; € Vj, CU;. If ¢, = —1 for any 4, then d*(yi_éi,xi_”) = d*(y;,x;) =0
and hence d; (s, z;) = 0 for all j,k € A with j # k. But there exists
ko € A such that z; = w;, so it follows by Lemma part (2) that
Y, = xiko =T;.
Finally,
h=ylys ...y
=y
€1,,€E2 m+1

=YYy - y:nmym-i-l . ~ygn
e U U ... Uy m“...yi”

m m+1
€1 €m .Em+1 €n
TUe U

CUUS.. .U,

Therefore, Bj(e,1)w N FP,(X) C U'Us*...Us» = B, and so B is a
neighbourhood of w in FP,(X), as required. O

Remark 4.7. Part (1) of the proof of Theorem remains valid for
any paratopological group topology on F,(X) that induces the original
topology on X, so it follows that £ is a base for the neighbourhood sys-
tem at w in the subspace FP,(X) of F,(X) when the latter is equipped
with the Graev topology 7.

Remark 4.8. It is clear from the proof of Theorem that for each
B € % there exists B’ € % such that B’ C B and every element of B’
is of reduced length exactly n.

The analogue of Theorem for the free abelian paratopological
group takes the following form; the proof is similar to the proof above,
and is omitted.

Theorem 4.9. Let X be a 17 space and let w = €121+ €329+ - -+ €2,
be a reduced word in AP,(X), where x; € X and ¢, = £1 for all i =
1,2,...,n and if x; = x; for somei,j =1,2,...,n then ¢, =¢€;. Then
the collection B of all sets of the form e Uy + €Uy + - - - 4+ €,U,,, where
for alli = 1,2,...,n the set U; is a neighbourhood of x; in X when
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e, = 1 and U; = {x;} when ¢, = —1, is a base for the neighbourhood
system at w in AP, (X).

The following result was proved in Proposition 3.9 in [14] under the
stronger hypothesis that X is Tychonoff. Given Theorem (.0, the proof
is essentially identical to the proof of the corresponding result for free
topological groups given in [7].

Theorem 4.10. Let X be a T space. Then the free paratopological
group FP(X) contains as a closed subspace a homeomorphic copy of
the product space X™ for each n > 1.

A result similar to the following was given in [I4] for the case of the
free abelian paratopological group AP(X).

Theorem 4.11. The following conditions are equivalent for a topolog-
ical space X.

The space X is Tj.

—_
~—

The subspace FP,(X) of FP(X) is closed for all n € N.
The subspace FP,(X) of FP(X) is closed for some n € N.

(

(2) The space FP(X) is Tj.

(3) The subspace X of FP(X) is closed.

(4) The subspace X' of FP(X) is discrete.
(5) The subspace X' of FP(X) is Ty.

(6) The subspace X~ of FP(X) is closed.
(7)

(8)

Proof. A convenient scheme of proof is to show that (1) = (3) =
(2) = (1), (1) = (4) = (5) = (1), (1) = (6) = (2) and (1) = (7) =
(8) = (2). However, the only implications here that are not either
trivial or given by rewriting arguments from the corresponding proof
in [I4] in non-abelian notation are those for (1) = (3), (1) = (6) and
(1) = (7), so we prove only these (the argument from [I4] can also be
adapted to show that (1) = (6), but we give a simpler proof).

First, for each n € N, let Z,, be the subset of FP(X) consisting of
the words of exponent sum n. Then Z, is open, since Z, = f~1({n})
where f : FP(X) — Z is the continuous homomorphism extending the
continuous function f: X — Z defined by f(z) =1 for all z € X.

Now assume that X is T7.

(1) = (3): To show that X is closed in FP(X), let w be a reduced
word in FP(X) such that w ¢ X. If w € FP{(X), then either w €
X 'CZ jorw=c¢e€ Zy, and Z_, and Z, are open and disjoint from
X C 7. Ifw ¢ FP1(X), let n > 1 be the smallest natural number
such that w ¢ FP,(X). Then w € FP,1(X)\ FP,(X) and w has
length exactly n + 1. By Theorem and Remark [4.§ there exists
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a neighbourhood U of w in FP,1(X) such that U C FP,1(X) \
FP,(X). Hence there exists a neighbourhood V' of w in FP(X) such
that U = VNFP,11(X) and VNFP,(X) = (). In particular, VNX = .
Therefore, X is closed in FP(X).

(1) = (7): Fixn € N. Let w ¢ FP,(X) and suppose that w has
reduced length k£ > n. By Theorem and Remark there exists a
neighbourhood U of w in F'Py(X) such that U C FPy(X)\FPr_1(X) C
FPi(X) \ FP,(X). Hence there exists a neighbourhood V' of w in
FP(X) such that U = V N FP(X) and V N FP,(X) = 0. Therefore,
FP,(X) is closed in FP(X).

(1) = (6): Since (7) holds, FP{(X) is closed in FP(X). But X1 =
Z 1N FP{(X), so Xt is closed in FP{(X). Therefore, X ! is closed
in FP(X). O
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