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COUPLING SOLUTIONS OF BGG-EQUATIONS IN

CONFORMAL SPIN GEOMETRY

MATTHIAS HAMMERL

Abstract. BGG-equations are geometric overdetermined systems of
PDEs on parabolic geometries. Normal solutions of BGG-equations are
particularly interesting and we give a simple formula for the necessary
and sufficient additional integrability conditions on a solution. We then
discuss a procedure for coupling known solutions of BGG-equations to
produce new ones. Employing a suitable calculus for conformal spin
structures this yields explicit coupling formulas and conditions between
almost Einstein scales, conformal Killing forms and twistor spinors. Fi-
nally we discuss a class of generic twistor spinors that provides an in-
variant decomposition of conformal Killing fields.

1. Introduction

Let M be a smooth manifold and (G →M,ω) a parabolic geometry of type
(G,P ). Here G a is semi-simple Lie group, P ⊂ G a parabolic subgroup and
ω ∈ Ω1(G, g) the Cartan connection form of the geometry with values in the
Lie algebra g of G. Geometries of interest could for instance be projective
structures, conformal structures or CR-structures. The Cartan connection
form ω generalizes the properties of the Maurer-Cartan form ωMC ∈ Ω(G, g)
to the curved setting, [ČS09].
We are interested in overdetermined operators on such geometries which
appear as the first operators in the BGG-sequence

H0
Θ0→H1

Θ1→ · · · Θn−1→ Hn

of natural differential operators as constructed in [ČSS01] and then presented
in a simplified form in [CD01].
The study of the BGG-sequence and in particular of the first BGG-operators,
and the BGG-equations these describe, has seen much interest in recent
years. It has been shown that the infinitesimal symmetries of a parabolic
geometry can be described by a BGG-equation, [Čap08], and that the BGG-
equations are always of finite type, [BČEG06, HSSŠ10]. Moreover, solutions
of BGG-equations have been shown to appear naturally as characterizing
objects of Fefferman-type spaces, [ČG, HS09, HS10].
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Since the BGG-machinery that describes these equations starts from a uni-
form algebraic setting it is also reasonable to ask whether this construc-
tion can be used to obtain relations between solutions of different BGG-
equations. An abstract formulation of this question was introduced in
[CD01] via the notion of cup product. Explicit calculations and results
were achieved in [GŠ08] under the name of helicity raising and lowering for
conformal Killing forms. While not mentioning the BGG-machinery there,
it is clear that this kind of construction is possible for certain classes of
BGG-operators on parabolic geometries.

1.1. Outline. In section 2 we briefly review the construction of the BGG-
operators and the prolongation connection. We discuss normality of a so-
lution and give a simple formula which provides the necessary and suffi-
cient equations. We then introduce coupling maps for solutions of BGG-
equations. For |1|-graded parabolic geometries and coupling maps where
the target space is the domain of a BGG-operator of first order we give
necessary and sufficient coupling conditions.
In section 3 the coupling procedure of section 2 will be applied to conformal
spin structures. We briefly introduce these structures and then discuss sev-
eral interesting first BGG-operators: those governing almost Einstein scales,
conformal Killing forms and generic twistor spinors. We then derive explicit
coupling maps and conditions for these objects.
The formulas obtained for coupling with twistor spinors are particularly
interesting when this spinor is generic in a suitable way. We show in section
3.3 that every generic twistor spinor gives rise to a natural decomposition
of conformal Killing fields. For signatures (2, 3) and (3, 3), such twistor
spinors have been constructed in [HS10] and we discuss this result from the
viewpoint of coupling maps.

Acknowledgments. Discussions with Andreas Čap, A. Rod Gover, Felipe
Leitner, Katja Sagerschnig and Josef Šilhan have been very valuable. The
author also gladly acknowledges support from project P 19500-N13 of the
”Fonds zur Förderung der wissenschaftlichen Forschung” (FWF) and from
START prize project Y377 of the Austrian Federal Ministry of Science and
Research.

2. BGG-equations, normality and coupling

We begin with a very brief introduction of the necessary tractor calculus for
parabolic geometries. For more background we refer to [ČG02, ČS09].

2.1. Tractor bundles. For every irreducible G-representation V one asso-
ciates the tractor bundle V = G×P V . It is well known, cf. that V carries its
canonical tractor connection, denoted by ∇ = ∇V . By forming the exterior
covariant derivative d∇ of ∇ on V-valued differential forms this gives rise to
the sequence

C0 ∇→ C1 d∇→ C2 d∇→ · · ·
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on the chain spaces Ck = Ωk(M,V).
Moreover, one has the (algebraic) Kostant co-differential ∂∗ : Ck+1 → Ck,
∂∗ ◦ ∂∗ = 0, which yields the complex

C0 ∂∗

← C1 ∂∗

← C2 ∂∗

← · · · .
This complex gives rise to spaces Zk = ker ∂∗ of cycles, borders Bk = im ∂∗

and homologies Hk = Zk/Bk. The canonical surjections are denoted Πk :
Zk → Hk.

2.2. BGG-operators and the prolongation connection. The BGG-
machinery of [ČSS01] is based on canonical differential splitting operators
Lk : Γ(Hk) → Γ(Zk): A section s ∈ Γ(Zk) is of the form Lkσ, σ ∈ Γ(Hk) if
and only if d∇s ∈ ker ∂∗. This uniquely defines the operators Lk.
Now, given a section σ ∈ Γ(Hk), one can form d∇(Lkσ) ∈ Ωk+1(M,V), which
by assumption on Lk is a section of Zk+1, and can therefore be projected
to Γ(Hk+1). The composition Θk := Πk+1 ◦ d∇ ◦ Lk is the k + 1-st BGG-
operator.
For k = 0 one obtains the first BGG-operator Θ0 = Π1 ◦ ∇ ◦ L0, Θ0 :
Γ(H0) → Γ(H1), which is an overdetermined operator. One does in fact
have that the system σ ∈ Γ(H0), Θ0(σ) = 0 is of finite type: In [HSSŠ10] a

natural modification ∇̃ = ∇+Ψ with Ψ ∈ Ω1(M,End(V)) was constructed
which has the following property:

Proposition 2.1 ([HSSŠ10]). The solutions σ ∈ Γ(H0) of Θ0(σ) = 0 are

in 1 : 1-correspondence with the ∇̃-parallel sections of V. This isomorphism

is realized with the first BGG-splitting operator L0 : Γ(H0)→ Γ(V) and the

canonical projection Π0 : Γ(V)→ Γ(H0).

We call ∇̃ the prolongation connection of Θ0 since the equation s ∈ Γ(V), ∇̃s =
0 is the prolongation of the system σ ∈ Γ(H0),Θ0(σ) = 0.

2.3. Normal solutions. If a section s ∈ Γ(V) is ∇-parallel, we automati-
cally have that s ∈ im L0, since ∂∗(∇s) is vanishes trivially, and so s = L0σ
with σ = Π0s. Then Θ0σ = Π1(∇L0σ) = Π1(∇s) = 0. We say that those
σ ∈ kerΘ0 that satisfy ∇L0σ = 0 are the normal solutions of Θ0(σ) = 0. If
the geometry is flat, all solutions are normal.
Now, if σ ∈ Γ(H0) is an arbitrary solution of Θ0(σ) = 0, then equivalently,

with s = L0σ and ∇̃ the prolongation connection,

0 = ∇̃s = ∇s+Ψs.

Thus ΨL0σ is the obstruction against normality of σ. However, it turns
out that determining normality of a solution does not need computation of
Ψ, which is always possible but depends on a procedure that involves one
iteration for every filtration component of the tractor bundle, [HSSŠ10].
To state the simple criteria for normality we need to introduce the curvature
of the Cartan connection form ω. It is defined as K(ξ, ξ′) = dω(ξ, ξ′) +
[ω(ξ), ω(ξ′)] for ξ, ξ′ ∈ X(G). This determines a 2-form on G with values in
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g. By forming the adjoint tractor bundle A := G×P g and using horizontality
and P -equivariancy of K, we can equivalently regard it as K ∈ Ω2(M,AM).
Now since V is a G-representation, the Lie algebraic action of g on V yields
action of A = G ×P g on V = G ×P V , which we denote via • : A → End(V).

Proposition 2.2. A solution σ of Θ0(σ) = 0 is normal if and only if

∂∗(K•(L0σ)
)

= 0.

Proof. Since ∇ is the natural connection induced by ω on V the curvature
of ∇ is R = K• ∈ Ω2(M,End(V)).
Denote s = L0σ. Now if ∂∗(K•s) = 0, then since R = d∇ ◦ ∇ we have
d∇(∇s) ∈ ker ∂∗. Thus

∇s = L1(Π1(s)) = L1(Θ0σ) = 0.

The converse is clear, since if ∇s = 0, also 0 = d∇ ◦ ∇s = Rs = K•s, and
then 0 = ∂∗(K•s) = ∂∗(K•L0σ). �

We now discuss a procedure for obtaining new solutions from known ones.
This will be particularly simple for normal solutions, but milder conditions
on the solutions will be sufficient for interesting classes of equations.

2.4. Coupling maps. Let V, V ′ and W be G representations and C : V ×
V ′ → W be a G-equivariant bilinear map. The corresponding tractor map
is denoted C : V × V ′ →W.
It induces the (differential) coupling map c : Γ(HV

0 )× Γ(HV ′

0 )→ Γ(HW
1 ),

(σ, σ′) 7→ ΠW
0

(

C(LV
0 (σ), L

V ′

0 (σ′))
)

.

Since C : V × V ′ → W is algebraic and natural, we have that for all s ∈
Γ(V), s′ ∈ Γ(V ′),

∇WC(s, s′) = C(∇V s, s′) +C(s,∇V ′

s′).(1)

In particular, if σ ∈ HV
0 and σ′ ∈ HV ′

0 are normal solutions of ΘV
0 resp. ΘV ′

0 ,
then η := c(σ, σ′) is a normal solution of ΘW

0 .

2.4.1. Coupling for |1|-graded parabolic geometries with ΘW
0 of first order.

The operators ΘV
0 and ΘV ′

0 have prolongation connections ∇̃V = ∇V +ΨV ,

∇̃V ′

= ∇V ′

+ΨV ′

. We write s = LV
0 σ, s

′ = LV ′

0 σ′.
By definition, t := C(s, s′) is a lift of η = c(σ, σ′) = ΠW

0 (t), but one doesn’t
necessarily have t = LW

0 η: ∇W t ∈ CW1 = Ω1(M,W) need not lie in ZW
1 =

ker ∂∗. We will circumvent this problem by building a canonical extension
of ΠW

1 : ZW
1 →HW

1 to a map ΠW
1,⊙ : CW1 →HW

1 .
For this one uses the natural filtration of W that is induced by the P -
representation on W . The largest filtration component is just W := im ∂∗ ⊂
W . The parabolic group P has a Levi factor G0 ⊂ P and W0 := W/W is
a well defined G0-representation. On the level of associated bundles one
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obtains a semidirect composition series W = W0 +
�
�W and this induces the

semidirect composition series

CW1 = T ∗M ⊗W = T ∗M ⊗W0 +
�
� T ∗M ⊗W .

In particular, we have a canonical surjection ΠW0

1 : CW1 → T ∗M ⊗W0.
The fact that ΘW

0 = ΠW
1 ◦ ∇ ◦ LW

0 is an operator of first order is equivalent
to H0 not depending on Ω1(M,W), i.e., ΠW

1 (ker ∂∗ ∩ T ∗M ⊗ W) = {0},
[BČEG06]. Then H0 ⊂ T ∗M ⊗W0 is the highest weight part with respect
to the G0-structure. So composing the projection to the highest weight
part with ΠW0

1 yields a map ΠW
1,⊙ : CW1 → H1 with the property that its

restriction to ZW
1 is just ΠW

1 . The operator Θ0 can now be written

ΘW
0 (η) = ΠW

1,⊙(∇W t).(2)

Proposition 2.3. For σ ∈ kerΘV
0 , σ

′ ∈ kerΘV ′

0 and η = c(σ, σ′) one has

ΘW
0 (η) = −ΠW

1,⊙
(

C(ΨV s, s′) +C(s,ΨV ′

s′)
)

.

Proof. For σ ∈ kerΘV
0 we have equivalently that s = LV

0 satisfies

0 = ∇̃V s = ∇V s+ΨV s,

so ∇V s = −ΨV s, and analogously for σ′ ∈ kerΘV ′

0 . Therefore ∇W t =

∇WC(s, s′) = C(∇V s, s′)+C(s,∇V ′

s′) = −C(ΨV s, s′)−C(s,ΨV ′

s′). Thus,
using (2), this proves the claim. �

In particular, this yields necessary and sufficient coupling conditions.

3. Coupling in conformal spin geometry

A conformal spin structure of signature (p, q) on an n = p + q-manifold M
is a reduction of structure group of TM from GL(n) to CSpin(p, q) = R+×
Spin(p, q). This induces a conformal class C of pseudo-Riemannian signature
(p, q)-metrics on M . The associated bundle to the spin representation ∆p,q

of CSpin(p, q) with R+ acting trivially is the (unweighted) conformal spin
bundle S.
We will often employ the conformal density bundles E [w], w ∈ R, which are
associated to the 1-dimensional R+ representations c 7→ cw. We also employ
abstract index notation Ea = Γ(T ∗M) = Ω1(M), Ea = Γ(TM) = X(M) with
multiple indices denoting tensor products, e.g. Eab = Γ(T ∗M ⊗ T ∗M).
The curvature quantities of the conformal structure C are computed with
respect to a g ∈ C. The symmetric 2-tensor

Pg :=
1

n− 2
(Ricg −

Scg
2(n− 1)

g)

is the Schouten tensor ; this is a trace modification of the Ricci curvature
Ricg by a multiple of the scalar curvature Scg. The trace of the Schouten
tensor is denoted Jg = gpq Ppq. We will omit the subscripts g hereafter when
giving a formula with respect to some g ∈ C.
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The complete obstruction against conformal flatness of (M, C) with, C having
signature p+ q ≥ 3, is the Weyl curvature

C c
ab d := R c

ab d − 2δc[a Pb]d+2gd[a P
c
b],

whereR is the Riemannian curvature tensor ofD and indices between square
brackets are skewed over, (cf. e.g. [Eas96].)
A conformal spin structure of signature (p, q) is equivalently described by a
parabolic geometry of type (Spin(p + 1, q + 1), P ), with P ⊂ G = Spin(p +
1, q + 1) the stabilizer of an isotropic ray in the standard representation on
R
p+1,q+1, cf. [Ham09].

We are now going to consider the first BGG-operators and coupling formulas
for three Spin(p+ 1, q + 1)-representations: for the standard representation
on R

p+1,q+1, its exterior powers Λk+1
R
p+1,q+1, k ≥ 0 and the spin represen-

tation ∆p+1,q+1.

3.1. BGG-operators in conformal spin geometry.

3.1.1. The almost Einstein scale operator ΘR
p+1,q+1

0 . With T = R
p+1,q+1 the

standard representation of Spin(p+1, q+1), one obtains the standard tractor
bundle T = G ×P R

p+1,q+1 together with its tractor metric h.
It has a semidirect composition series T = E [1] +�� Ea[1] +

�
� E [−1] and with

respect to any g ∈ C one obtains a decomposition T
g∼=





E [−1]
Ea[1]
E [1]



.

With respect to the Levi-Civita connection D of g ∈ C the first BGG-
operator of T is

ΘT
0 : E [1]→ E(ab)[2], σ 7→ tf(DDσ + Pσ),

with tf denoting the trace-free part and round brackets symmetrization.
If σ ∈ kerΘT

0 is non-trivial, then the complement of its zero set in M is open
dense, and on that set σ describes a rescaling of g to an Einstein metric σ−2g.
One therefore says that the solutions of ΘT

0 (σ) = 0 are the almost Einstein

scales of C, cf. [Gov10]. We denote aEs(C) = kerΘT
0 ⊂ E [1].

We will need an explicit formula for the first BGG-splitting operator of T ,
cf. e.g. [BEG94]:

LT
0 : E [1]→ Γ(T ), σ 7→





− 1
n
gpq(Dpqσ + Ppq σ)

Dσ
σ



 .(3)

This case is particularly simple since the standard tractor connection ∇T

is already the prolongation connection. So all solutions of Θ0(σ) = 0 are
normal and correspond to parallel standard tractors.
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3.1.2. The conformal Killing form operator ΘΛk+1
R
p+1,q+1

0 . Now let V =
Λk+1

R
p+1,q+1 for k ≥ 1 be an exterior power of the standard representation

and V = G×P V the associated tractor bundle. V has a semidirect composi-
tion series E[a1···ak][k+1] +

�
� (E[a1···ak+1][k+1]⊕E[a1···ak−1][k−1]) +

�
� E[a1···ak][k−

1].
The first BGG-operator of V is

ΘV
0 : E[a1···ak][k + 1]→ Ec[a1...ak][k + 1],

σa1···ak 7→ Dcσa1···ak −D[a0σa1···ak ] −
k

n− k + 1
gc[a1g

pqD|pσq|a2···ak ]

and its solutions are the conformal Killing forms.
Our coupling formulas below will employ the first BGG-splitting operator
L0 : H0 → V, given with respect to a g ∈ C and the corresponding splitting of
the semidirect composition series. For the computation we refer to [Ham08,
Ham09].

σ 7→











(

− 1
n(k+1)D

pDpσa1···ak +
k

n(k+1)D
pD[a1σ|p|a2···ak ] +

k
n(n−k+1)D[a1D

pσ|p|a2···ak]
+2k

n
Pp

[a1
σ|p|a2···ak] − 1

n
Jσa1···ak

)

D[a0σa1···ak ] | − 1
n−k+1g

pqDpσqa2···ak
σa1···ak











.

(4)

Here indices between vertical bars are not skewed over.
The prolongation connection of ΘV

0 is ∇̃V = ∇V+ΨV for ΨV ∈ Ω1(M,End(V)
as computed in [Ham08]. For our purposes it is enough to know its part of
lowest homogeneity, which is,

Ψ̄V ∈ Hom(E[a1···ak ][k + 1], Ec ⊗
(

E[a1···ak+1][k + 1]⊕ E[a1···ak−1][k − 1]
)

),(5)

σ 7→ L(σ)⊕R(σ)

with

L(σ) =
k + 1

2
C p
[a0a1 |cσp|a2···ak] +

(k − 1)(k + 1)

2n
gc[a0C

pq
a1a2

σ|pq|a3···ak ]

(6)

R(σ) =
(k − 1)(n − 2)

2(n− k)n
C pq
c[a2

σ|pq|a3···ak] −
(k − 1)(k − 2)

2(n − k)n
C pq
[a2a3

σ|cpq|a4...ak].

3.1.3. The twistor spinor operator Θ∆p+1,q+1

0 . With ∆p+1,q+1 the spin repre-
sentation of Spin(p+1, q+1) we form the associated spin tractor bundle Σ :=
G ×P ∆p+1,q+1. Recall the the (unweighted) spin bundle S of the conformal
structure. Then Σ has a semidirect composition series Σ = S[12 ] +

�
� S[−1

2 ].
With respect to the Levi-Civita connection D of a metric g ∈ C the first

BGG-operator of ∆p+1,q+1 is Θ∆p+1,q+1

0 : Γ(S[12 ])→ Γ(Ec ⊗ S[12 ]),

χ 7→ Dcχ+
1

n
γcD/ χ,
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where γ ∈ Ec ⊗ End(S) the Christoffel symbol of S and D/ χ = gpqγpDqχ.

The solutions of Θ∆p+1,q+1

0 (χ) = 0 are twistor spinors.

Using Σ
g∼=
(

S[−1
2 ]

S[12 ]

)

the first BGG-splitting splitting operator is

L∆p+1,q+1

0 : Γ(S[
1

2
])→ Γ(Σ), χ 7→

(
√
2
n
D/ χ
χ

)

.(7)

Also in this case, the tractor connection ∇∆p+1,q+1

coincides with the pro-
longation connection, which was employed in [Fri90, BFGK90, Bra05, Lei08,
Ham09]).
We now relate Clifford multiplications and the canonical invariant pairings
of the spin tractor bundle and and conformal spin bundle.

3.1.4. Clifford multiplication and invariant pairing. For every g ∈ C we ob-

tain identifications T
g∼=





E [−1]
Ea[1]
E [1]



 ,Σ
g∼=
(

S[−1
2 ]

S[12 ]

)

. With respect to this

decomposition the tractor metric is simply h =





0 0 1
0 g 0
1 0 0



 and tractor

Clifford multiplication Γ is given by

Γ : T ⊗ S → S,





ρ
σa
σ



 ·
(

τ
χ

)

=

(

−σa · τ +
√
2ρχ

σa · χ−
√
2στ

)

.(8)

One easily checks that with this definition indeed

t1 · (t2 · s) + t2 · (t1 · s) = −2h(t1, t2) ∀ t1, t2 ∈ Γ(T ), s ∈ Γ(Σ).

The spin bundle S carries a canonical pairing b : S ⊗ S → R which is
Clifford invariant in the sense that b(ξ · χ, χ′) + (−1)p+1b(χ, xi · χ′) = 0 for
all ξ ∈ X(M), χ, χ′ ∈ Γ(S), cf. [Bau81, Kat99]. The corresponding tractor
spinor pairing is, [Ham09],

B : Σ⊗ Σ→ R, B
(

(

τ
χ

)

,

(

τ ′

χ′

)

)

= b(χ, τ ′) + (−1)p+1b(χ′, τ),(9)

which then satisfies (use (8)), B(t · X,X ′) + (−1)pB(X, t · X ′) = 0 for all
t ∈ Γ(T ),X,X ′ ∈ Γ(Σ).
Having this background on some basic BGG-operators in conformal geome-
try we can now derive a number of coupling formulas and conditions via the
method of section 2.4.

3.2. Coupling formulas.
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3.2.1. Wedge coupling of conformal Killing forms. Given s ∈ Γ(Λk+1T ) and
s′ ∈ Γ(Λk′+1T ) we form C∧(s, s′) := s ∧ s′. Employing (4) we obtain the
coupling map

c∧ : E[a1···ak ][k + 1]× E[a1···ak′ [k
′ + 1]→ E[a1···ak+k′+1]

[k + k′ + 2]

(10)

(σa1···ak , σ
′
a1···ak′ ) 7→ (k + 1)σ[a1···akDak+1

σ′
ak+2···ak+k+1]

+ (−1)(k+1)(k′+1)(k′ + 1)σ′
[a1···ak′Dak′+1

σak′+2···ak+k′+1]
.

Employing Proposition 2.2, the prolongation connection (5) and some simple
computatons involving the symmetries of the Weyl curvature tensor C one
shows:

Proposition 3.1. Assume that σ ∈ kerΘΛk+1
R
p+1,q

0 and σ′ kerΘΛk′+1
R
p+1,q

0 .

Then the coupled (k+k′+1)-form η = c∧(σ, σ′) is a conformal Killing form

if and only if

(−1)k+1C p

[a1a2 |cσp|a3···ak+1
σ′
ak+3···ak+k′+1]

+ σ[a1···akC
p

ak+1ak+2 |cσ
′
p|ak+3···ak+k′+1]

(11)

⊙
= 0.

Here ⊙ denotes projection to the Spin(p, q)-highest weight part, which in this

case are those elements in Γ(T ∗M ⊗ ΛkT ∗M) with trivial alternation and

trivial trace.

Remark 3.2. Assume that k < k′. In the case where k = 0 σ ∈ kerΘR
p+1,q+1

0

is an almost Einstein scale and (11) simplifies to

C p

[a1a2 |cσ
′
p|a3···ak+1]

⊙
= 0,

since σ is non-vanishing on an open dense subset. This agrees with Theorem
5.1 of [GŠ08]. Also for the special case k = 1 (11) and (13) below agree with
Theorem 5.4 of [GŠ08].

3.2.2. Contraction coupling of conformal Killing forms. Let now k′ > k.
We employ the tractor metric h to form a contraction map Cy : Λk+1T ×
Λk′+1T → Λk′−kT . The coupling map is then

cy : E[a1···ak][k + 1]× E[a1···ak′ ][k
′ + 1]→ E[a1···ak′−k−1]

[k′ − k](12)

(σa1···ak , σ
′
a1···ak′ ) 7→ (k + 1)σp1···pkDqσ′

qp1···pka1···ak′−k−1

+ (n − k′ + 1)σ′
p0···pka1···ak′−k−1

Dp0σp1···pk .

Proposition 3.3. If σ and σ′ are conformal Killing forms the coupled (k′−
k − 1)-form η = c(σ, σ′) is also a conformal Killing form if and only if

(n− k′)Cp0p1
qcσ

qp2···pkσ′
p0···pka1···ak′−k−1

(13)

− (k′ − 1)σp1···pkC q1q2
cp1

σ′
q1q2p2···pka1···ak′−k−1

⊙
= 0.
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Remark 3.4. In the case where k = 0 and σ is an almost Einstein scale
Proposition 3.3 reduces to a case treated in [GŠ08], Theorem 5.1: (13) is
trivially satisfied for k′ = 1 and simplifies to

C q1q2
c[a1

σ′
q1q2a2···ak′−1]

⊙
= 0(14)

for k′ ≥ 2. Since the Weyl curvature tensor is skew-symmetric in the first
two slots (14) also holds automatically for k′ = 2.

For our coupling formulas with twistor spinors below we assume that the
signature (p, q) is such that the spin representation ∆p,q is real, in which case
also the modeling spin representation ∆p+1,q+1 for the spin tractor bundle
is real. This avoids having to complexify the bundles ΛkT ∗M .

3.2.3. Twistor spinor coupling. Let X,X ′ ∈ Γ(Σ) and fix a k ≥ 0. We define
an element in Λk+1T ∼= Λk+1T ∗ by

Ck(X,X ′)(Φ) = B(Φ ·X,X ′) ∀ Φ ∈ Λk+1T .
This yields the invariant pairing from spinors to forms,

ck : Γ(S[
1

2
])× Γ(S[

1

2
])→ E[a1···ak ][k + 1],(15)

(χ, χ′) 7→ b(χ, γ[a1 · · · γak ]χ′).

Since the prolongation connection of Σ coincides with the tractor connection
this well known map always produces a conformal Killing k-form from two
given twistor spinors.

3.2.4. Conformal Killing forms - twistor spinor coupling. Let k ≥ 0. The
tractor Clifford multiplication provides a map Cγ : Λk+1T ⊗Σ→ Σ and the
corresponding coupling map is

cγ : E[a1···ak][k + 1]× Γ(S[
1

2
])→ Γ(S[

1

2
]),(16)

σ × χ 7→ (−1)k+1 2(k + 1)

n
σ ·D/ χ+ (dσ) · χ+

k(k + 1)

(n− k + 1)
(δσ) · χ.

Here dσ = D[a0σa1···ak ] is the exterior derivative of σ and δσ = −gpqDpσqa2···ak
is the divergence of σ. The divergence term is trivial for k = 0, in which
case σ ∈ E [1].
Proposition 3.5. Let χ ∈ Γ(S[12 ]) be a twistor spinor. If σ ∈ E [1] is an

almost Einstein scale or a conformal Killing field σ ∈ Ea[2] ∼= X(M) then

η = cγ(σ, χ) is again a twistor spinor.

For both cases, which correspond to k = 0, k = 1, one has

∇∆p+1,q+1(

(LΛk+1
R
p+1,q+1

0 σ) · (L∆p+1,q+1

0 χ)
)

= 0,

which is equivalent to

L∆p+1,q+1

0 η = Cγ(LΛk+1
R
p+1,q+1

0 σ,L∆p+1,q+1

0 χ).
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Proof. For k = 0, which is the case where σ ∈ E [1] is an almost Einstein scale,

both statements follow immediately since the tractor connection ∇R
p+1,q+1

is already the prolongation connection of ΘR
p+1,q+1

0 and all solutions are
normal.
For k = 1 one has that in formula (6) the term R(σ) vanishes, and L(σ) =

C p
a0a1 cσp. Denote s = LΛ2

R
p+1,q+1

0 σ,X = L∆p+1,q+1χ
0 . Since Ψ∆p+1,q+1

= 0,
one has, according to Proposition 2.3,

Θ∆p+1,q+1

0 η = −Π∆p+1,q+1

1,⊙
(

Cγ(ΨΛ2
R
p+1,q+1

s,X)
) ⊙
= C p

a0a1 cσpγ
a0a1χ.

But since χ is a twistor spinor, C p
a0a1 cσpγ

a0a1χ = 0. This shows that in fact

∇∆p+1,q+1

(s ·X) ∈ Ω1(M,S[−1

2
]),

and thus ∂∗(∇δp+1,q+1

(s · X)) = 0. By definition of L∆p+1,q+1

0 this says

that L∆p+1,q+1

0 η = s · X, and since η ∈ kerΘ∆p+1,q+1

0 this implies already

∇∆p+1,q+1

(s · X) = 0 since ∇∆p+1,q+1

coincides with the prolongation con-
nection. �

Proposition 3.6. Let χ ∈ Γ(S[12 ]) be a twistor spinor. For k ≥ 2 and

σa1···ak ∈ E[a1···ak][k + 1] a conformal Killing form one has that η = cγ(σ, χ)

is a twistor spinor if and only if C pq
ca1 σpqa2···akγ

a1···akχ
⊙
= 0.

3.3. Generic twistor spinors. We start with an algebraic observation.
Take a k ≥ 0 and the map

C : ∆p+1,q+1 ×∆p+1,q+1 → Λk+1
R
p+1,q+1,

realized with respect to the Spin(p+1, q+1)-invariant pairingB ∈ ∆p+1,q+1∗⊗
∆p+1,q+1∗.
For a fixed X ∈ ∆p+1,q+1 we can form

iXC : ∆p+1,q+1 → Λk+1
R
p+1,q+1,

which is G := Spin(p + 1, q + 1)X -invariant. The following lemma is then
easily checked.

Lemma 3.7. Assume that B(X,X) 6= 0. Then, after some suitable rescal-

ing, one has that the map

P : Λk+1
R
p+1,q+1 → Λk+1

R
p+1,q+1, Φ 7→ iXC(Φ ·X)

satisfies P ◦ P = ±P .

Then kerP = ker ΓX and we obtain a G-invariant decomposition

Λk+1
R
p+1,q+1 = ker ΓX ⊕ im P.

Definition 3.8. We say that a twistor spinor χ ∈ Γ(S[12 ]) is generic if
b(χ,D/ χ) 6= 0.
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It is visible from (9) that a twistor spinor χ ∈ Γ(S[12 ]) is generic if and

only if the corresponding ∇∆p+1,q+1

-parallel tractor X = L∆p+1,q+1

0 χ satisfies
B(X,X) 6= 0.
Now for a twistor spinor χ the coupling map X(M) × S[12 ] → S[12 ] can be
rewritten into

ξ × χ 7→ Dξχ−
1

4
(D[aξb]) · χ+

1

2n
(Dpξ

p)χ.

For a conformal Killing field ξ ∈ X(M) this is just the Lie derivative of
the (weighted) spinor χ with respect to ξ, [Kos72, FFFG96]. Our algebraic
observation from above together with Proposition 3.5 yields:

Proposition 3.9. Every generic twistor spinor χ provides a decomposition

cKf(C) = cKfχ(C)⊕ cKf⊥χ (C)(17)

of conformal Killing fields into a part which also preserves χ and a canonical

complement. The projection

cKf(C)→ cKf⊥χ (C)
is given by

ξa 7→ b(γaχ,Dξχ−
1

4
(D[aξb]) · χ+

1

2n
(Dpξ

p)χ).(18)

One should regard a generic χ on (M, C) as a refinement of the the geo-
metric structure C, and (17) then says that there is a corresponding cKf-
decomposition. This is motivated by the following example.

3.3.1. Generic twistor spinors on conformal spin structures of signature

(2, 3) and (3, 3). Let (M, C, χ) be a conformal spin structure of signature
(2, 3) with a generic twistor spinor χ. Now genericity of χ implies that
Dχ = ker γχ is a generic rank 2 distribution on M , [HS10]: The subbundle
[Dχ,Dχ] of TM spanned by Lie brackets of sections of Dχ is 3-dimensional
and TM = [Dχ, [Dχ,Dχ]]. Similarly, if χ is a generic twistor spinor an
a (3, 3)-signature conformal spin structure, then Dχ = ker γχ ⊂ TM is a
generic 3-distribution on M : [Dχ,Dχ] = TM .
The conformal spin structure C together with the generic twistor spinor
χ are uniquely determined by D ⊂ TM . This is shown in [HS10] via
a Fefferman-type construction which starts from any generic 2- resp. 3-
distribution D ⊂ TM and associates (CD, χD). Since there are non-flat
generic distributions, this yields examples of non-flat conformal spin struc-
tures with generic twistor spinors.
It follows that the infinitesimal symmetries sym(Dχ) of the distribution Dχ

are exactly those conformal Killing fields which preserve the twistor spinor
χ, and according to Proposition 3.9

cKf(C) = sym(Dχ)⊕ cKf⊥χ (C).
For signature (2, 3) one obtains a particularly simple decomposition since

in that case cKf⊥χ (C) = aEs(C). Using compositions of the coupling maps
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(15),(16) one obtains explicit formulas: An almost Einstein scale σ ∈ E [1]
is mapped to the conformal Killing field ξa = b(γaχ,−2

5σD/ χ + (Dσ) · χ)
and the almost Einstein scale part of a conformal Killing field ξ ∈ X(M) is
σ = b(χ,Dξχ − 1

4(D[aξb]) · χ) ∈ E [1]. The term 1
10 (δξ)χ does not appear

here since for signature (2, 3) the invariant pairing b is skew.
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[BČEG06] T. Branson, A. Čap, M. Eastwood, and A. R. Gover. Prolongations of geomet-
ric overdetermined systems. Int. J. Math., 17(6):641–664, 2006.

[BEG94] T. N. Bailey, M. G. Eastwood, and A. R. Gover. Thomas’s structure bundle
for conformal, projective and related structures. Rocky Mountain J. Math.,
24(4):1191–1217, 1994.

[BFGK90] H. Baum, T. Friedrich, R. Grunewald, and I. Kath. Twistor and Killing spinors
on Riemannian manifolds, volume 108 of Seminarberichte [Seminar Reports].
Humboldt Universität Sektion Mathematik, Berlin, 1990.

[Bra05] T. Branson. Conformal structure and spin geometry. In Dirac operators: yes-
terday and today, pages 163–191. Int. Press, Somerville, MA, 2005.
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number 22, pages 59–75, 1990.

[Gov10] A. R. Gover. Almost Einstein and Poincaré-Einstein manifolds in Riemannian
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