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ON THE GEOMETRY OF COMPLETE RICCI
SOLITONS

PAOLO MASTROLIA AND MARCO RIGOLI

ABSTRACT. In this paper we establish three basic equations for a
general soliton structure on the Riemannian manifold (M, ( ,)). We
then draw some geometric conclusions with the aid of the maximum

principle.

1. INTRODUCTION AND MAIN RESULTS

Let (M, (,)) be an m-dimensional, complete, connected Riemannian
manifold. A soliton structure (M, {,),X) on M is the choice (if any)

of a smooth vector field X on M and a real constant A\ such that
1
(1.1) Ricc+§ﬁx(,>:)\<,>,

where Ricc denotes the Ricci tensor of the metric (,) on M and Lx ()
is the Lie derivative of this latter in the direction of X. In what follows
we shall refer to A as to the soliton constant. The soliton is called
expanding, steady or shrinking if, respectively, A <0, A=0or A > 0. If
X is the gradient of a potential f € C°°(M), then (I]) takes the form

(1.2) Ricc+Hess(f) = A (,),

and the Ricci soliton is called a gradient Ricci soliton. Both equations
(L) and (L2) can be considered as perturbations of the Einstein equa-
tion
Ricc = A (,)

and reduce to this latter in case X or V f are Killing vector fields. When
X =0or f is constant we call the underlying Einstein manifold a trivial
Ricci soliton.

Since the appearance of the seminal works of R. Hamilton, [4], and

G. Perelman, [7], the study of gradient Ricci solitons has become the
1
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subject of a rapidly increasing investigation directed mainly towards
two goals, classification and triviality; among the enormous literature
on the subject we only quote, as a few examples, the papers [9], [I1],
(101, [16], [12], 2]

In this paper we focus our attention on the more general case of Ricci
solitons, that is, when X is not necessarily the gradient of a potential
f. A first important difference is that, in the present case, we cannot
make use of the weighted manifold structure (M L) e dvol) which
naturally arises when dealing with gradient solitons. The same applies
for related concepts such as the Bakry-Emery Ricci tensor, giving rise
to weighted volume estimates, or the weak maximum principle for the
diffusion operator Ay (the “f-Laplacian”), acting on u € C*(M) by

Apu = Au—(Vf,Vuy,

that we considered in a previous investigation (see [12] for details). Thus
our assumptions and techniques have to rest on the original Riemannian
structure of M. This restricts the applicability of the technical tools we
used in [12]; nevertheless, we are still able to obtain some stringent
geometric conclusions as those we are going to describe in a shortwhile.

From now on we fix an origin o € M and let r(x) = dist(z,0). We set
B, and 0B, to denote respectively the geodesic ball of radius r centered
at o and its boundary.

To state our first result, we recall that, given a Schrodinger type
operator L = A + g(z) for some g(z) € C°(M), the spectral radius of L
on M is defined via the Rayleigh characterization by

M < e JulVel - d@?
. .
pECE (M) Jure

p#0

Theorem 1.1. Let (M,(,)) be a complete manifold with Ricci tensor
satisfying

1
(1.3) Rice < sa() ()
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for some a(z) € C¥*(M) with 0 < a < 1. Assume that, for some
H>1,

(1.4) Ay >0
where Ly = A+ Ha(x). If there exists a soliton structures (M, (,),X)
on (M, (,)) with X # 0 satisfying

(1.5) {/aBT ‘X’4(B+1)}1 ¢ L1(+oo)

for some 0 < 8 < H — 1, then X is a parallel field and (M, ,)) is
FEinstein. Furthermore, the simply connected universal cover of M is
a warped product (R x. P,h) with ¢ = |X|, h = dt> + cg and (P, g) is
Einstein.

Remark. If | X| € L*B+) (M) then (IF) is satisfied. Furthermore, if
X =0 then (M, (,)) is trivially Einstein.

The following is a “second version” of Theorem [T1]

Theorem 1.2. Let (M,{,)) be a complete manifold and assume, for
some 0 < a < 1, the validity on M of the Sobolev-Poincaré inequality

(1.6 IO (T

for each ¢ € C§°(M) with a positive constant S(c). Suppose

(T3) Ricc < %a(w) ()

for some a(z) € CO(M) with 0 < a < 1; let o > 3 and assume that
20 -1 1
1.7 4———.
( ) Ha‘f'(x)”Lé(M) < 0_2 S(O{)

Then there are no Ricci solitons (M,(,),X) on (M,(,)) satisfying
X #£0 and

(1.8) / IX[?7 =o(r?) asr— +oc.

T

We then consider a general triviality result:
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Theorem 1.3. Let (M,(,)) be a complete manifold with Ricci tensor
satisfying
B
(14 ()"
for some constant B > 0 and let o, u € R satisfy

(1.9) Ricc < —

(1.10) o >0, o+pu<2.
Suppose that

log vol(B
(1.11) liminf 28 YOl(Br)
r(x)—+oo 7“(1')2 o—p

Then there are no Ricci solitons (M, {,),X) on M satisfying X # 0

and

=dy < +o0.

, X ]=0, 0<o<2
(1.12) lim sup ~
r(z)——+oo T‘(CC) < 400, o=0.

Our next result relates the soliton constant A with the infimum S,
of the scalar curvature of the manifold (M, (,)). We recall that this
latter is said to satisfy the Omori-Yau maximum principle if for each
u € C%(M) with u* = sup,; u < +oc there exists a sequence {x;,} C M
such that

1
(i) uleg) > " — 7,
for each k € IN. Conditions to insure the validity of the Omori-Yau

(i) |Vu(zg)| < %, (141) Au(xyg) < %

maximum principle are discussed in [13].

Theorem 1.4. Let (M,(,)) be a complete manifold of dimension m
with scalar curvature S(x) and satisfying the Omori- Yau mazimum prin-
ciple. Let (M,(,),X) be a Ricci soliton on (M, ,)) with soliton con-
stant A. Assume

(1.13) | X|" =sup|X| < +o0.
M

Let
S, =inf S.
M
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(1) If A < 0 then mA < S, < 0. Furthermore, if S(xg) = Sx = mA
for some xog € M, then (M, ,)) is Einstein and X is a Killing
field, while if S(zg) = S« = 0 for some xg € M, then (M, ,))
1s Ricci flat and X is a homothetic vector field.

(i1) If A =0 then S, = 0. Furthermore, if S(xo) = Si = 0 for some
xg € M, then (M, ,)) is Ricci flat and X is a Killing field.

(iii) If A > 0 then 0 < S, < mA\. Furthermore, if S(xo) = S« =0 for
some xog € M, then (M, (,)) is Ricci flat and X is a homothetic
vector field, while if S(xg) = S. = mA for some xo € M, then
(M, (,)) is compact, Finstein and X is a Killing field.

Remark. In case X = V f, that is, the soliton is a gradient Ricci soliton
and (M, (,)) is Einstein, a complete classification is given in Theorem
1.3 of [12.

From Theorem [[.4] we immediately obtain

Corollary 1.5. Let (M, (,)) be a complete manifold with scalar curva-
ture S such that

Sy = i]r\l/[fS(x) <0 (resp. > 0)
and Ricci tensor satisfying
(1.14) Ricc > —(m — 1)B*(1 + r?)

for some B > 0. Then (M,(,)) does not support any shrinking or
steady (resp., expanding or steady) soliton with

| X|* =sup|X| < +oc.
M

Note that (LI4) implies the validity of the Omori-Yau maximum
principle on any complete manifold (M, (,)). However, the validity of
this latter is guaranteed also in other circumstances such as, for instance,
those of the next

Corollary 1.6. Let (M, ,)) be a complete manifold admitting a shrink-
ing or steady soliton structure (M, {,),X) with |X|* = supy, |X| <
4+00. Then any proper minimal immersion of M into R™, with n >

m =dim M, is totally geodesic.
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In our last result we consider the conformally flat case.

Theorem 1.7. Let (M, ( ,)) be a complete manifold of dimension m > 3
with scalar curvature S(x), trace-free Ricci tensor T and satisfying the
Omori-Yau mazimum principle. Assume that (M, ,)) is conformally
flat and that
S* =sup S(x) < +o0.
M

Let (M,(,),X) be a Ricci soliton on (M,(,)) with soliton constant
A and | X|" = supy, | X| < +oo. Then either (M,(,)) is of constant

sectional curvature or |T|* = supy |T| satisfies

1 m — 2
. TI" > = m(im— DA — S ———— |.
1) I 22<V (m = 1) m)

2. PRELIMINARY RESULTS

The proof of our results rests on three interesting formulas. The first
(eq. (2.8) is due to Bochner (at least in case X is a Killing field), as
reported in [8], page 191. The remaining two, that is equations (2:21])
and (2.52]), have been found for gradient Ricci solitons in [12] but are
new and in fact unexpected, at least for us, in the present generality.
In what follows, to perform computations, we shall use the method of
the moving frame referring to a local orthonormal coframe {92} for the
metric and corresponding Levi-Civita connection and curvature forms,
indicated respectively with {0;} and {@;}, 1<4,7,... <m=dim M.
The Einstein summation convention will be in force throughout.

The following generalized version of the Bochner formula is probably

well known; we include a proof here for the sake of completeness.

Lemma 2.1. (Generalized Bochner formula) Let Y be a vector field on
M. Then

1
(2.1) div (Ly (,))(Y) = §A|Y|2 — |VY? + Rice (Y, Y) + Vy (divY),
where Ly () is the Lie derivative of the metric in the direction of Y.
Proof. Let {e;} be the o.n. frame dual to {#'}. Then

Y = Yiei = Yiei
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and setting Y;; for the coefficients of the covariant derivative VY of ¥’

we have
(2.2) Y;;07 = dY; — Y07
Differentiating (2.2]), using the definition of covariant derivative, the
structure equations
Ao’ = —0! A §7, 6} = —6;, A 0} + O

and the components R; i of the Riemann curvature tensor defined by

) 1 .
) = SRy 0" N 0"
we obtain .
Yig07 A OF = —inggjkaj A G

Thus, inverting the indexes k and j

. 1 )
Yiinb® A 67 = —ingfkjak N

Comparing these last two equations we deduce
(2.3) Yijk — Yir; = YRy

Since
Ly ()= (Yig + Yii)0' @ 0

we have

(2.4) div (Ly (. )(Y) = YiYigk + YiYiik-

From the commutation relation (2.3]) tracing with respect to i and k we
obtain

(2.5) Yiir = Yiri + YeRpgp = Yawi + Vi Rui,

where, as usual, with R;; we have indicated the components of the Ricci
tensor. Thus

(2.6) Y Y = Vy(divY) + Rice (Y, Y).
On the other hand, from |Y|* = Y;¥; we deduce

d[Y|? = 2Y;Y;,0%
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and
AlY [ = 2Y3y, Y + 2YiYig,
or, in other words,

1
(2.7) §A‘Y‘2 = VY [* + YV

Substituting (26) and (27) into ([24]) we immediately obtain (2II).
g.e.d.

Remark. If Y =V f, f e C®(M), then (2] can be rewritten as
S AV = [Hess(f) ~ Rice (V/, V1) ~ (VAL V)
+div (2Hess(f))(V )

= [Hess(f)[” + Ricc (Vf, Vf) + (VAFL, V),

that is, (2.I]) in this case is the classical Bochner’s formula.

Proposition 2.2. Let (M, (,),X) be a Ricci soliton on (M, ,)). Then
(2.8) %A|X|2 _ |VX[? - Rice (X, X).
Proof. We trace the soliton equation (1)) to obtain
S+ divX =mA,
and from here we deduce
(2.9) VS =-VdivX.

On the other hand, contracting twice the second Bianchi’s identities we

have the well-known formula

(2.10) VS = 2div Ricc.
Thus, comparing (2.9) and (2.10),
(2.11) Vdiv X = —2div Ricc.

Now taking the divergence of (L)) and using the fact that div (A (,)) =
0 we obtain

div (Lx (,)) = —2div Ricc
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and (ZI1)) yields
VdivX =div(Lx (,)).

In particular,
(2.12) VxdivX =div(Lx (,))(X).
Thus applying (2.1) of Lemma 2.1] we immediately get (2.8]). q.e.d.

Remark. In case X = Vf, that is, the soliton is a gradient soliton,

([2:8)) becomes
%A]Vf]z = [Hess(f)|* — Ricc (Vf, Vf).
Then, using the identity
5 (V1 VIVIP) = Hess (£)(V £,V )
and the gradient Ricci soliton equation (L2), we deduce
SANVIE = S (VE VIV + [Hess() ~ AV

This latter, with the aid of the diffusion operator A ¢ of the Introduction,

can be written as
1
(2.13) S8V = [Hess(f)2 ~ AV

Formula (ZI3)) has often appeared in the recent literature on gradient
Ricci solitons: see for instance [2], [I2] and the references therein.

Before proceeding to the next proposition we need to determine some

further “commutation relations”.
Lemma 2.3. Let Y be a vector field on M. Then
1 1
(2.14) Yk = Yiwee = 5 (VS Y) + St (Ly () o Ricc).

Proof. We start from the commutation relations (2.3]). By taking co-

variant derivative we deduce
(2.15) Yijnt — Yikjt = YstReiji + Yo Rsiji t-
Next we recall that, by definition of covariant derivative,

(2.16) Y;u0* = dYi; — Y00 — Y05
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Thus differentiating both members of (2.16]), using the structure equa-
tions and (2.16)) itself, we arrive at

1
Vi A OF = —§(Ythmk + Yie Ryjur) 0" A 0,
from which, inverting k with [ and summing up, we deduce
(2.17) Yijki — Yijie = Yej Reir + YieRejna.-

Now, (2.14)) follows immediately from (2.I5]), (ZI7), (ZI0) and tracing.
q.e.d.

For later use we also recall:

Lemma 2.4. For the Ricci tensor we have

(2.18) Rij k. = Rji k;
(2.19) Rij k — Rik,j = —Ruijk, i
(2.20) Rij ki — Rijik = RisRsjii + Rjs Rsikl-

Proof. (2I8)) is obvious. (2.19)) follows from the second Bianchi’s iden-
tities, while (2.20]) can be obtained with the same methods used in the
proofs of Lemmas 2.1] and 23] q.e.d.

We are now ready to prove

Proposition 2.5. Let (M,(,),X) be a Ricci soliton with soliton con-
stant X on (M, (,)) and let S(z) be the scalar curvature. Then

1 1
(2.21) SAS =2 (VS X) + 8 - Ricel|?

2

1 52 .S
:§<VS,X>+)\S—E— ‘Rlcc—R(J

Proof. We start from the soliton equation (III), which in components

reads
1
Differentiating (2.22]) we get

1
(2.23) Rijk = =5 (Xijk + Xjit)-
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From (2.3) applied to X and (2.23]) we obtain
(2.24) 2(Rir,j — Rjr,i) = Xjui — Xinj + Xe Rgji-

Taking covariant derivatives we deduce the further commutation rela-

tion

(2.25)  2(Rik,jt — Rjk,it) = Xjrir — Xinje + Xt Rsnji + XsRoji, -
Contracting (2:20)) with respect to i and [ we get

(2.26) Rij i — Rij ok = RisRoji + RjsRa;

note that, from (2.19]), we deduce

(2.27) XsRijis,j = XsRokji,j = XsRik, s — XsRis k-
Now, from (2.25)),
(2.28)
1
AR = Rig, jj = Rjk,ij + §(Xjkij — Xikjj + XsjRskji + Xs Rskji, j)-
Inserting ([2:27)) into (2.28) we get
(2.29)
1 1 1 1
ARip = Rjg,ij + §(Xjkij — Xikjj) + 5 XsiBskji + 5 XsBik, s — 5 Xs s, k-

Next, we rewrite (2.20)) in the form
(2.30) Rk ij = Rjk, ji + RjsRskij + RisRsi
and we insert (2.30) into (2.29) to get
(2.31) AR, = %ijRskji + %XsRik,s - %Xst’s,k
+ Rjk, ji + RjsRskij + RisRsi + %(Xjkij — Xikjj)-

From the second Bianchi’s identities we recall that

(2.32) 2Rik,i = Sk,
so that

1
(2.33) R, ji = = Ski-

2
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Using (2.33)) into (2.31)) yields
1 1 1 1
(2.34) ARy, = 551“‘ + §ijRskji + §X3Rik,s - §X3Ris,k

1
+ RjsRspij + Ris Rsi + §(Xjkz‘j — Xikjj)-

Note that from the soliton equation (L.T])

(2.35) Xoj = —Xjs + 2\ — 2Ryj,
and therefore
(2.36) %ijRskji = —%stRska‘ + ARpi — RsjRopji-
Substituting (2.36]) into (2.34]) gives
(2.37) AR, = %Ski - %stRskji + ARy — 2R Ropjit+
S XuRi s — 5 XuRin o+ R
+ %(Xjkij = Xikjj)-

We trace ([2.37]) with respect to i and k and use the relation

1 1 1 1

§XtRkk,t - §XtRkt,k = ZXtRkk,t = ZXtSt
so that

1 1
1 1 1
+ 5 Xe Rkt = 5 Xe Rtk + §(Xjkkj — Xkkjj)
. 1 1 1
=)\S — |RICC|2 — §XJ‘SRSJ‘ + §(thkt - katt) + ZXtSt.

Now we apply Lemma 23] to X and from (2Z38) we immediately obtain
the desired result. q.e.d.

Remark. Incase X = Vf, f € C°°(M), that is, the soliton is a gradient

soliton, we can rewrite (2.21]) in the form
1
SA78 =28 - IRice|?,

which is formula (2.15) (with X\ constant) of Lemma 2.3 in [12].
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Our aim is now to compute A\T!2, where T' is the traceless Ricci

tensor, that is,

S
(2.39) Tz‘j = Rij — E(SU
Thus
52
(2.40) IT|* = [Ricc|* — =,
m

and it follows that

1
(2.41)  A|T)? = AJRice|* — —AS? =
m
2 2
= 2|V Rice|? 4 2 (Rice, A Rice) — —SAS — =|VS|2.
m m

We have

Proposition 2.6. Let (M,(,),X) be a Ricci soliton with soliton con-
stant X on (M, (,)) and let S(z) be the scalar curvature. Then,

1 1
(2.42) SAITP =5 <V|T|2,X> VTP + 20T+

2 (52 9
+ — | — + ’T‘ S+ 2RikstRskij-
m\ m
Proof. Using (237 we have

(2.43)

2 (Rice, A Ricc) = 2R AR, =
1
= 2)\|Ricc|2 + 2Tr(Ricc3) + 3 <V|Ricc|2,X> + Ri1Sir—
— XjsRspjiRir, — XsRip Ris ), — 4R Rsj Ropjit+
+ XjkijRik — Xikjj Rik-

First we analyze the term Xj;;R;;. Towards this aim we consider the

soliton equation
1
Tracing with respect to 7 and 7 we obtain

S+Xtt = m)\,
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so that, taking covariant derivatives,
(2.44) Si = —Xu
and similarly from (2:44])
Sik = —Xtik-
It follows that
(2.45) RiySik = —Xuik Rig-
From the commutation relations (2.17)) and (215 we get
Xikij = Xjkji + Xew Rei + Xjt Reig =
= Xjjki + XsiRop + XsRgp i + Xop Ris + Xy Rypij
and therefore, using (2.45]) and soliton equation (2.22]),
R Xjrij = —SiRir + Rip(Xpy + Xup) Rei + XsRip R i+
+ Xt Rik Rikij =
— — S Ri, + 2X\|Rice|® — 2 Tr(Rice®) + X, Ry Rop i+
+ Xt Rik Rikij -
Substituting this latter into (2.43)) and simplifying we obtain
(2.46) 2Ry ARy, = 4\|Rice|? + % <vyRiccy2, X> — 92X, Rix Rapji—
— 4R Ryj Rpji — Xikpt Rk

Now we analyze the term X,z R;;. Towards this end we take covariant
derivative of the soliton equation (2.22)):

1
Rijre = —5 (Xijr + Xjin)-
Tracing with respect to j and k we get
1
Rij 1 = _i(Xikk + Xkik)

so that, using (232), (23] and (2.44]),
Sk = =Xt — Xt = — Xt — Xogee — Xs Rt = S — Xy — X5 R,
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that is,
Xitt = _XsRsi-

Taking covariant derivative of this latter
(2.47) Xtk = =X Roi — XsRgj -
Next, from (2I7)) and (2.I5]) we obtain
Xittk = Xitkt + Xst Rsitke + XisRsur, =
= Xiker + 2X st Rgjor — Xis Rt + X5 Rgitho -
Hence, using (2.47) and (2.19) we deduce
(2.48)
Ry Xiky = —XsRip Ri ) — XsRip Ritiet — 2X 5t Rsin R =
= —XsRip R ), — 2X ot Rojn Rir, + XsRip(Ris s — Riiys) =
1
= <V\Ricc\2,X> 92X Rain R
We substitute (Z48)) into (Z46) to get
(2.49) 2Ry ARy = 4\|Rice|? + <V|Ricc|2,X> + ARy Ry Rop-
Thus, from (241]), [2.49) and (2:2]]) we obtain
2
(2.50) A|T]? = 2|V Rice|? — = |VS[? + 4A[Rice|? + <V|Ricc|2,X> +
m
Aoy 2 4
+ 4R RsjRspij — 4—5° — —S(VS, X) + —5°+
m m m
4
+ —S|T%.
m
An immediate computation shows that
1
VT[> = |V Rice|? — Eyvsy?

Using this fact and (2:40]), after some algebraic manipulation from (Z.50)
we obtain (2.42]). q.e.d.
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We recall the decomposition of the curvature tensor (m > 3) into its

irreducible components:
1
(2.51) Rijrs = Wijks + P
S
(m—1)(m —2)
where Wi, are the component of the Weyl curvature tensor W. Note

that (M, (,)), m = dim M > 3, is conformally flat if and only if W = 0.

We are now ready to prove

(Rikdjs — Ris0ji + RjsOir, — Rjrdis)—

(0ir6js — 0isOjk),

Corollary 2.7. Let (M, (,),X) be a Ricci soliton with soliton constant
Xon (M,(,)) and let S(x) be the scalar curvature. Assume m > 3 and
that (M, ,)) is conformally flat. Then

1 2 1 2 2 m— 2 2
2.52) ~A|T :—< T,X> TR+2(a- 272 g\
252) GAITP = 3 (VTP X) + (977 4 2(3 - =28 )i
4
—— Tr(T?).
+ —— T(T7)
Proof. A computation shows that
3 2
2.53 Tr(T?) = Tr(Ricc®) — = S|Rice|> + — 5.
( ) v(T°) r(Ricc?) - |Rice] +m2

Thus a simple algebraic manipulation using W = 0, (Z5I)) and (2Z.53))

gives

(2.54) 2R RsjRopiy = —— To(T™) = 27m(m — 1)S|T| - =%,
Inserting (Z54) into (Z:42) immediately yields the desired equation
(2.52). q.e.d.

Remark. Incase X = Vf, f € C°°(M), that is, the soliton is a gradient

soliton, we can rewrite (Z52]) in the form

m — 2 2 4 3
—5||T — Tr(T
ST 4 ),

which is formula (2.21) (with A\ constant) of Corollary 2.7 in [12].

1
§AATF:|VTF+2<A—
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3. PROOF OF THE MAIN RESULTS

3.1. Proof of Theorem [I.J]and a further result. First of all, using
Cauchy-Schwarz inequality we have that for any vector field Y on M

1 2
(3.1) Z‘WY'Q‘ < [YRIVY 2.

We set u = | X|?, we multiply (Z8) by u and use 1)) to obtain

1 1
(3.2) §uAu + uRice (X, X) > Z|Vu|2.
Next we use assumption (L3]) to deduce
1
(3.3) ulAu + a(zx)u? > i\Vu\z.

From the work of Fisher-Colbrie and Schoen, [3], we know that assump-
tion (L) implies the existence of ¢ € C%(M), ¢ > 0, solution of

(3.4) Ap+ Ha(z)p =0 on M.

Next, we apply the proof of Theorem 3.1 of [I5] with b(z) =0, K =0,
A = —1 under assumption (LF) which replaces assumption (3.6) of
Theorem 3.1 with p = 2 and 0 < 8 < H — 1, to arrive up to the
conclusion

(3.5) ufl = Cyp

for some C' > 0. Since by assumption X # 0 we conclude that C' > 0
and v > 0 on M. We insert the expression of ¢ in terms of u in (3.4)
and divide by Hu 2 to obtain

ulu + a(z)u? = —(H —1)|Vul?.

Thus, from [B3) we deduce that u and hence |X|? are constant. We
then go back to (8:2) to obtain, using ([3]) and 23],

(3.6) %a(x)m? > Rice (X, X) = |VX[2.

However, from (B.3]) ¢ is a positive constant and (3.4]) implies, since
H >1, a(x) = 0. Thus from (36 |[VX| =0 on M and X is a parallel
vector field. Thus X is a Killing field and going back to (L))

Ricc = A (,),
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that is, (M, (,)) is Einstein. Now, since X is parallel, X is a closed
conformal field and the final part of the Theorem follows from (c) of
Proposition 2 in [5] and from Corollary 9.107 of [1J. q.e.d.

The next result is a consequence of the previous proof.

Proposition 3.1. In the assumptions of Theorem[L1] suppose vol(M) =
+o00. Thus, there are no soliton structures (M, ,),X) on (M, ,)) with
X #0 and X € LP(M) for some p > 0.

Proof. We proceed as above up to showing that |X \2 is a positive con-

stant. Thus the result immediately follows since vol(M) = +oo. q.e.d.

3.2. Proof of Theorem Let |X|? = u. Then u satisfies (33).
Now apply Theorem 9.12 of [14] to contradict (LT]). q.e.d.

3.3. Proof of Theorem [1.3l From equation (2.8) we deduce

2B
. AlX|? =2|VX]? - 2Rice(X, X)) > — = _1x|?
(3.7) | X VX Rice(X, )—(1+r(x))“‘ !

Assume now | X |* # 0 and choose v > 0 such that ., = {x eM:|XP> 'y} #
(. On Q. we have then, using ([B.1),

on M.

(14 r(2))"AIX|* > 2B|X|*> > 2By > 0,

which implies
inf (1 + r(z))"AlX]? > 0.
-

Applying now Theorem 4.1 in [I3] (with ¢(t) =¢, A = J = 1) we obtain

a contradiction. q.e.d.

3.4. Proof of Theorem 1.4l From (Z2T]) of Proposition we have

1 1 52
. - < = _=
(3.8) QAS <3 (VS, X)+\S —

Thus, u = — 5 satisfies the differential inequality

1 1 2
§Au > 5 (Vu, X) + Au+ %
Therefore, from ([LI3]) and the above we have

1 1 2
(3.9) §Au2 —§|X|*|Vu|+)\u+

u
m
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Now the validity of the Omori-Yau maximum principle on M implies
that of Theorem 1.31 on [13] that we apply with the choices F(t) = t?

and
2

1 U

Vul) = —=|X|*|V A —.

(o, IVl) = =3 X[Vl + -
Then u* = sup,; u < +00 and

(w)?

(3.10) Au* + <0.

But v* = —S,, so that the claimed bounds on S, in the statement of
Theorem [[4] follow immediately from (3.10]).
Case (i). Suppose now A < 0 and that for some zo € M

S(xzp) = Se = mA.

In particular S(xz) > mA on M and the function w = S — mA is non-

negative on M. From (B.8]) we immediately see that
S

(3.11) Aw — (X, Vw) + 22w < Aw — (X, Vw) + 2—w < 0.
m

We let
Qo ={x € M :w(x)=0}.
Qg is closed and not empty since xg € Qp; let now y € Qy. By the
maximum principle applied to (.11 w = 0 in a neighborhood of y so
that Qg is open. Thus Qy = M and S(z) = Am on M. From equation
[221)) we then deduce {Ricc—% (,)| =0, that is, (M, (,)) is Einstein
and from (LI) X is a Killing field. Analogously, if S(xzg) = S, = 0
for some xyp € M, we deduce that (M, (,)) is Ricci flat and X is a
homothetic vector field.
Case (ii). Suppose A = 0 and that, for some zy € M,

S(m'o) = S* =0.
From (3.8)

52
AS — (X, VS) < -=-<o.
m

Since S(z) > S, = 0, by the maximum principle we conclude S(z) = 0,
by 221)) (M, (,)) is Ricci-flat and from () X is a Killing field.
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Case (iii). Finally, suppose A > 0. Then S(z) > S, > 0. From (3.8])
AS —(X,VS) —2\S <0.

If S(xg) = Sx = 0 for some zp € M, then again by the maximum
principle S(z) = 0. From 221), (M, (,)) is Ricci-flat and from (L)
Lx {,)=2X(,) so that X is a homothetic vector field. Suppose now
S(zp) = S« = mA for some xg € M. From (B.)

AS —(X,VS) < 2%()\771 - 9)
and since S(x) > S, = m\ > 0,
AS —(X,VS)<0  on M.

By the maximum principle S(x) = mA, from (2Z21)) (M, (,)) is Einstein
and (LJ)) implies that X is a Killing field. Furthermore, since A\ > 0,
(M, (,)) is compact by Myers’s Theorem. q.e.d.

3.5. Proof of Corollary Under the curvature assumption of Corol-
lary [[L5], we have the validity of the Omori-Yau maximum principle (see
[13]) and the result now follows from Theorem [I.4 q.e.d.

3.6. Proof of Corollary Let ¢ : M — R" be a proper min-
imal immersion. Then by [13], Example 1.14, the Omori-Yau max-
imum principle holds on (M, (,)). If ¢ is not totally geodesic then
S, =infyr S(x) < 0 and we contradict Theorem [I.41 q-e.d.

3.7. Proof of Theorem [I.7. By Okumura’s lemma, [6],

-2
Te(T?) > —————|T’
m(m — 1)
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Thus, from (252]) of Corollary 2.7 we deduce

1 2 1 2 2 m— 2 * 2
2 | | _2< | |’ > | | 2<)\ m(m—1)5>| |

4
- =T/’

vm(m—1)
m 4

1 2 * —2 * 2 3
> ——|\VIT I X+ 2l — ———5" ) |T|" — ——|T".

Setting |T'|* = u we rewrite the above as
(3.12)

1 1 -2 4
5Au > —§|Vu||X|*+2<>\— i W32,

T ey - —_—
Now if |T|* = 400 then (ILIH) is obviously satisfied. Otherwise u* =

sup; u < +00 and we can apply the Omori-Yau maximum principle to

(B12) to obtain
4 L1 m — 2 " "
mu [§<)\\/m(m—1)—m5 ) —\/u_] <0,

from which we deduce that either u* = 0, that is T = 0 on M, or
|T|"* satisfies (LI5). In the first case (M, (,)) is Einstein, and being

conformally flat it is necessarily of constant sectional curvature. q.e.d.

4. A FINAL REMARK

Let Y be a smooth vector field on M. Define the associated vector
field
Wy =T(Y, ),
where T is the traceless Ricci tensor and * is the musical isomorphism
8.T*M — TM.

Lemma 4.1. Let S(x) be the scalar curvature of (M, ,)). Then
. 1 m — 2

Proof. We give the short proof for completeness. With the notations of
Section 2,
Wy =YiTije;, Y =Yiey,
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where {¢;} is the o.n. frame dual to {6°}. Thus
div Wy = Yy T + YiTig k-
Using the fact that 7" is symmetric and (2.32]) we have
: 1 Si
div Wy = 5 (Yi + Yii) Ti + Yi Riwe — — | =

1 m— 2
:§Tr(£y<,>OT)+WSZ‘Y;',

that is, (@.1I). q.e.d.

Thus,

Proposition 4.2. Let (M,(,),X) be a soliton structure on (M, ,))
and let S(z) be the scalar curvature. Then

m—2

4.2 divWyx = ——X(S) — |T*.
(12 vy = 2 x(s) - 1]
In particular, if M is compact
m — 2 2
4.3 —_ X(9) = T~
(43) o [ x(5)= [ 171
Proof. We use soliton equation (L), (239) and (2.40) into (£I) to
immediately obtain (4.2]). q.e.d.

Remark. Equation ([£3]) can be interpreted as a kind of “Kazdan-

Warner condition” for compact solitons.
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