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NON-TRIVIAL ELEMENTS IN THE ABEL-JACOBI

KERNELS OF HIGHER DIMENSIONAL VARIETIES

S. GORCHINSKIY, V. GULETSKĬI

Abstract. The purpose of this paper is to construct new non-trivial el-
ements in the kernels of the Abel-Jacobi maps from the Chow groups of
codimension p algebraic cycles to the p-th intermediate Jacobians on higher-
dimensional varieties. Our method consists of the specialization of cor-
respondences with non-trivial Hodge-theoretical invariants at the generic
point on one variable. To provide explicit examples of rationally non-trivial
cycles in the Albanese kernels we use correspondences on threefolds whose
inverse Lefschetz operator is algebraic and p-fold self-intersections of the
Chern class of the Poincaré line bundle for higher dimensional varieties.

1. Introduction

A standard approach in the study of algebraic cycles presumes the mapping
of Chow groups in to the Weil cohomology groups via so-called cycle-class
maps. The kernels of such mappings can not be always easily understood,
so that we send then homologically trivial cycle classes into the intermediate
Jacobians via the Abel-Jacobi mappings. The kernels of the Abel-Jacobi maps
are even harder to understand and, actually, they are quite mysterious. For
example, if X is a K3 surface, its Albanese kernel is unknown, in spite of the
fact that such surfaces are intensively studied from many other points of view.
If X is a surface of general type with pg = 0 then Bloch’s conjecture, which
is a codimension 2 part of the general Bloch-Beilinson philosophy, predicts
that the kernel of the Abel-Jacobi map is zero, but we are too far from the
understanding of this conjecture. Working over the algebraic closure Q̄ of
rational numbers we have the Bloch-Beilinson’s conjecture saying that there
are no non-trivial cycle classes in the Albanese kernel of any smooth projective
variety over Q̄, so that first non-trivial examples of elements in the Abel-Jacobi
kernels are expected to be rational over an extension of Q whose transcendence
degree is at least one. The first example of such a cycle class was constructed in
[14] by Schoen. He also refers to unpublished Nori’s results along the same line.
Schoen’s algebraic cycle is an external product of two cycles on the product of
two curves. The general case in dimension 2 has been considered in [5] where
the authors proved an existence of a non-trivial class in the Albanese kernel
for an arbitrary surface over Q̄ which is defined over a field of transcendence
degree 1. In higher dimension the problem was considered in [13] and [9].
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1

http://arxiv.org/abs/1009.1431v2


2 S. GORCHINSKIY, V. GULETSKĬI

In general, we are not afraid to say that the lack of concrete examples
of non-trivial algebraic cycle classes in the Abel-Jacobi kernels is one of the
main obstacles to further progress in our understanding of algebraic cycles and
intersection theory, over C and specifically over Q̄.
Our method of constructing of non-trivial algebraic cycle classes in the Abel-

Jacobi kernels is not relevant to external product of cycles on two varieties,
but rather rely upon the interplay between algebraic cycles defined over a
field of non-zero transcendence degree, and correspondences, i.e. algebraic cy-
cles on products of varieties, see [2] and [3]. Correspondences act on Chow
groups and cohomology, and as such they have more powerful cohomological
and Hodge-theoretic invariants which allow detect non-triviality of the original
cycle classes. At the same time, correspondences control the motivic informa-
tion “at large”. Searching correspondences which act non-trivially on suitable
pieces in the Hodge-decomposition, and specializing them at the generic point
on one variable, we construct desirable non-trivial classes in the Abel-Jacobi
kernels.
Our first main result consists of the following general principle (Theorem 11

below):

Let S and X be two smooth projective varieties over an algebraically
closed subfield in C, and let α be a correspondence from S to X. Sup-
pose that αC acts non-trivially on the appropriate Hodge pieces of the
cohomology groups. Then the specialization of α at the generic point of
S is a non-trivial cycle class on the variety XC.

Notice that this principle appears already in the paper by Green and Grif-
fiths, [6], which is the departing point in our considerations. In op.cit. the
authors construct a nice version of the Bloch-Beilinson filtration assuming the
generalized Hodge conjecture and Bloch-Beilinson’s conjecture, while we con-
centrate mostly on the task of constructing of concrete non-trivial algebraic
cycle classes in the Abel-Jacobi kernels not assuming any conjecture.

To provide explicit examples of new rationally non-trivial cycles we use the
following result, which is arises from the above principle (Theorem 12):

Let S, X and α be as above, and assume that αC acts non-trivially on
suitable Hodge pieces of the cohomology groups. Then the difference
between specializations of α, modified by the Albanese projector, at the
generic and a closed points on S is always a non-trivial element in the
Abel-Jacobi kernel for the variety XC.

In particular, it allows to construct non-trivial elements in the Abel-Jacobi
kernels for K3-surfaces and threefolds whose inverse Lefschetz operator is al-
gebraic.

Our next construction is based on specialization at the generic point of self-
intersections of the Chern class of the Poincaré line bundle. Namely, if α is a
p-fold self-intersection of the Chern class of the Poincaré line bundle β on a
smooth projective variety over k then the following result (see Theorem 15 in
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the text) gives a wide range of concrete non-trivial algebraic cycle classes in
the Abel-Jacobi maps in arbitrary codimension p:

Let α = βp be as above. Then the specialization of α at the generic point
is in the Abel-Jacobi kernel. Moreover, if there exist p holomorphic one-
forms on XC, such that

ω1 ∧ . . . ∧ ωp 6= 0 ,

then the specialization of α at the generic point of S is a non-trivial
element in the Abel-Jacobi kernel for XC.

The paper is organized as follows. First we recall the language of Chow
motives and prove some easy motivic lemmas in Section 2. Section 3 is devoted
to the Abel-Jacobi kernels. Some important lemma (Lemma 6) is proved there.
In Section 4 we prove Theorem 11 and Theorem 12. In Section 5 we consider
the case of K3 surfaces and then threefolds with known Lefschetz conjecture.
In the last Section 6 we explain how to use Theorem 12 in order to produce
new concrete non-trivial cycle classes in the Abel-Jacobi kernels of arbitrary
codimension p ≥ 2 for a large class of higher dimensional varieties.

Acknowledgements. The authors are thankful to F.Bogomolov for a
helpful discussion about non-vanishing differential forms on algebraic varieties.
The first author was partially supported by the grants RFBR 08-01-00095,
NSh-4713.2010.1 and MK-297.2009.1.

2. Motivic factorization

Below we will intensively use the language of Chow motives. As this lan-
guage is not yet absolutely standard, for the convenience of the reader, we first
recall some basic definitions and fix notation on them. Then we will prove a few
motivic lemmas and deduce one proposition on motivic factorization, which
will be used in what follows.
Let k be an algebraically closed field. For any algebraic scheme over k let

CHn(X) be the Chow group of codimension n algebraic cycles on X with
coefficients in Q. Thus, CHn(X) is, actually, a Q-vector space, rather than a
group. The category of Chow motives CM over k will be given in contravariant
notation. That is, if X and Y are two smooth projective varieties over k, and
X = ∪jXj is the decomposition of X into its connected components, then the
group of correspondences of degree m from X to Y is defined by the formula

CHm(X, Y ) = ⊕jCH
ej+m(Xj × Y ) ,

where ej is the dimension of the component Xj. For example, given a regular
morphism f : X → Y over k, the class of the transpose Γt

f of its graph Γf is in

CH0(X, Y ). For any two correspondences f ∈ CHn(X, Y ) and g ∈ CHm(Y, Z)
their composition g ◦ f is defined by the standard formula

g ◦ f = p13∗(p
∗

12(f) · p
∗

23(g)) ,
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in which the central dot denotes the intersection of cycle classes in Fulton’s
sense, [4], and the projections are obvious. Notice that the composition g ◦
f belongs to the group CHm+n(Y, Z), so that the group CH0(Y, Z) is an
associative algebra with respect to the above composition, and the class of the
diagonal on a smooth projective variety X over k is the unit in this algebra.
Objects in CM are triples (X, p, n) where p is a projector on X , i.e. an
idempotent in the algebra CH0(X,X), and n is an integer. For two motives
M = (X, p,m) and N = (Y, q, n), the Hom-group of morphisms from M to N
is defined by the formula

Hom(M,N) = q ◦ CHn−m(X, Y ) ◦ p .

Given a smooth projective variety X over k its motive M(X) is defined by
the diagonal ∆X weighted by zero, M(X) = (X,∆X , 0). For any morphism
f : X → Y over k the transpose Γt

f represents a cycle class in CH0(X,X)
denoted by M(f). Then we have a contravariant functor M : SP −→ CM

from the category SP of smooth projective varieties over k to the category
of Chow motives CM , also over k.
The category CM is tensor,

(X, p,m)⊗ (Y, q, n) = (X × Y, p⊗ q,m+ n) ,

the motive 1 =M(Spec(k)) = (Spec(k),∆Spec(k), 0)

is the unit of this tensor product, the tripleL = (Spec(k),∆Spec(k),−1)

is called the Lefschetz motive, and its geometrical meaning is provided by the
isomorphism M(P1) = 1 ⊕ L. For any integer m we will write Lm for the
m-fold tensor power L⊗m. The duality in CM is defined by the formula

(X, p,m)∨ = (X, pt, d−m) ,

where X is a smooth projective variety of pure dimension d over S. The
category CM is rigid with respect to the above defined structures.
A degree m correspondence β from a smooth projective variety X to a

smooth projective variety Y over k acts on the corresponding Chow groups,

β∗ : CH
i(X) −→ CH i+m(Y ) ,

by the formula

β∗(α) = (p2)∗(p
∗

1(α) · β) ,

for any α ∈ CH i(X). Given a motive M = (X, p,m) in CM its Chow groups
are defined as

CH i(M) = im(p∗ : CH
i+m(X) → CH i+m(X)) .

Fixing a prime l 6= char(k) let

H i(X)(j) = H i
ét(X,Ql(j))
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be the l-adic étale cohomology group for a smooth projective variety X over k.
Correspondences act also on cohomology, and cohomology groups of a Chow
motive M = (X, p,m) are defined by the formula

H i(M)(j) = p∗H
i+2m(X)(j +m) .

Lemma 1. Let f : X → Y be a surjective proper morphism of varieties over
k. Then for any p ≥ 0, the push-forward homomorphism

f∗ : CHp(X) −→ CHp(Y )

is surjective.

Proof. Use the fact that any proper surjective morphism of algebraic varieties
admits a multisection.

Lemma 2. Let X, Y and Z be three smooth projective varieties over k, X
is equi-dimensional, and let f : Y → Z be a regular morphism over k. Let
α be an element in CHm(Y,X), i.e. a correspondence of degree m from Y to
X. Consider the element γ = (f × idX)∗(α) sitting in the group CHm(Z,X).
Then the following diagram commutes:

M(Z)
M(f)

//

γ

$$J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

M(Y )

α

��

M(X)⊗ L−m

Proof. Let g : Y → Z × Y be a morphism defined by the morphisms f and
idX , so that [Γt

f ] = g∗[Y ]. Let p12, p23 and p13 are projections of the product
Z × Y ×X onto the corresponding factors. Then we see that

p∗12[Γ
t
f ] = [Γt

f ]×X = g∗[Y ]×X = (g × idX)∗[Y ×X ] .

Therefore,
α ◦ [Γt

f ] = p13∗(p
∗

12[Γ
t
f ] ◦ p

∗

23(α))
= p13∗((g × idX)∗[Y ×X ] · p∗23(α))

By the projection formula:

α ◦ [Γt
f ] = p13∗((g × idX)∗[Y ×X ] · p∗23(α))

= p13∗((g × idX)∗((g × idX)
∗p∗23(α) · [Y ×X ]))

= p13∗((g × idX)∗(g × idX)
∗p∗23(α))

= p13∗((g × idX)∗(p23 ◦ (g × idX))
∗(α))

But

p23 ◦ (g × idX) = idY×X ,

so that
α ◦ [Γt

f ] = p13∗((g × idX)∗(p23 ◦ (g × idX))
∗(α))

= p13∗(g × idX)∗(α)
= (p13 ◦ (g × idX))∗(α)
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Since

p13 ◦ (g × idX) = g × idX ,

we obtain:
α ◦ [Γt

f ] = (p13 ◦ (g × idX))∗(α)
= (g × idX)∗(α) = γ .

Let X and Y be two equi-dimensional varieties over k. Following [1], we will
say that a correspondence α ∈ CHm(X, Y ) is balanced on the left (respectively,
on the right) if there exists an equi-dimensional Zariski closed subscheme Z ⊂
X with dim(Z) < dim(X) and an algebraic cycle Γ onX×Y , such that [Γ] = α
in CHm(X, Y ) and the support of Γ is contained in Z × X (respectively,
in X × Z). Such Z will be called the pans of balancing. We say that a
correspondence α ∈ CHm(X, Y ) is balanced if α = α1+α2, where α1 is balanced
on the left, and α2 is balanced on the right.

Lemma 3. Let X and S be equidimensional smooth projective varieties over
k, and let α ∈ CHm(S,X). Then α is balanced on the left if and only if there
exists an equidimensional smooth projective variety Z over k with dim(Z) <
dim(S), such that α factors through M(Z), that is α is a composition

M(S) −→M(Z) −→M(X)⊗ L−m .

Proof. Suppose α is balanced on the left by the pan Z. Let s : Z̃ → Z be the
resolution of singularities on Z. Since s × idX is a surjective morphism, the
induced homomorphism

(s× idX)∗ : CHd(Z̃ ×X) −→ CHd(Z ×X)

is surjective too, where d is the dimension of X . Let γ̃ be a cycle class in
CHd(Z̃ ×X), such that (s× idX)∗γ̃ = γ. It exists by Lemma 1. Let f = i ◦ s.
Then

(f × idX)∗γ̃ = (i× idX)∗(s× idX)∗γ̃ = (i× idX)∗γ = π.

By Lemma 2, the following diagram is commutative:

M(S)
M(f)

//

α

$$J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

J

M(Z̃)

γ̃

��

M(X)⊗ L−m

Let us prove the converse. Suppose α factors through the Chow motive
M(Z),

M(S)
β

−→M(Z)
γ

−→M(X)⊗ L−m ,
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with Z as in the statement of the lemma. Let

W =
∑

i

niWi

be a cycle on S × Z, such that [W ] = β. Then dim(Wi) = dim(Z) and,
therefore, dim(pS(Wi)) < dim(S), where pS : S × Z → S is the natural
projection. This shows that there exists a subvariety T ⊂ S with dim(T ) <
dim(S), such that the support of W is contained in T × Z ⊂ S × Z. Let

f : T̃ → S be the composition of a resolution of singularities T̃ → T and the
closed embedding T → S.
Notice that the element

β = [W ] ∈ CH0(S, Z) = CHdim(Z)(S × Z)

is the push-forward of an element in CHdim(Z)(T×Z) with respect to the closed

embedding T ×Z → S×Z. In addition, the natural morphism T̃ ×Z → T ×Z
is surjective and proper. Hence, by Lemma 1, there exists an element

β̃ ∈ CH0(T̃ , Z) = CHdim(Z)(T̃ × Z) ,

such that (f × idZ)∗(β̃) = β. By Lemma 2, we have that

β = β̃ ◦M(f) .

Consequently,

α = γ ◦ β = (γ ◦ β̃) ◦M(f) .

Again by Lemma 2, one has

(γ ◦ β̃) ◦M(f) = (f × idX)∗(γ ◦ β̃) ,

where γ ◦ β̃ ∈ CHm(T̃ , X). Since all elements in the image of the push-forward
map

(f × idX)∗ : CH
m(T̃ , X) −→ CHm(S,X)

have representatives with support in T×X , we obtain that α = (f×idX)∗(γ◦β̃)
is balanced on the left.

Corollary 4. Let X and S be equidimensional smooth projective varieties
over k, and let α ∈ CHm(S,X). Then α is balanced on the right if and
only if there exists an equidimensional smooth projective variety Z over k with
n := dim(X)−dim(Z) > 0 such that α factors through M(Z)⊗Ln−m, that is,
α is a composition

M(S) −→M(Z)⊗ Ln−m −→M(X)⊗ L−m .

Proof. The corollary follows from Lemma 3 by taking transpositions of the
involed correspondences.

Remark 5. Certainly, one can now easily deduce a general result saying that
α is balanced if and only if there exists equidimensional smooth projective
varieties Z and T over k, such that α factors,

M(S) −→ M(T )⊕ (M(Z)⊗ Ln−m) −→ M(X)⊗ L−m ,
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and the difference n = dim(X) − dim(Z) is greater than 0. But we will not
use it in the paper.

3. Abel - Jacobi kernels

Here we recall some basic facts about the Abel-Jacobi maps and then prove
some Lemma about specialization of correspondences lying in the Abel-Jacobi
kernels.
Let X be an irreducible smooth projective variety over C. The Betti coho-

mology groups H i(X,Q) carry a pure Hodge structure. It means that there is
a decreasing Hodge filtration F p on the C-vector space

H i(X,C) ∼= H i(X,Q)⊗Q C ,

compatible in a sense with the complex conjugate filtration F̄ p. Let Hp,q(X)
be the adjoint quotient (F p/F p+1)Hp+q(X,C).
Consider two irreducible smooth projective complex algebraic varieties X

and S and a correspondence α ∈ CHm(S,X). The correspondence α defines
a map

α∗ : H
i(S,Q) −→ H i+2m(X,Q) .

and shifts the Hodge filtration by the formula

α∗(F
pH i(S,C)) ⊂ F p+mH i+2m(X,C) .

Let us describe this in some more detail. Let

pX : S ×X → X and pS : S ×X → S

denote the natural projections. For any element h ∈ F pH i(S,C), we have that

p∗S(h) ∈ F pH i(S ×X,C) ,

because pull-backs of elements in cohomology groups preserve the Hodge fil-
tration, see [15, Section 7.3.2]. Let d be the dimension of the variety S. Since
α is a correspondence of degree m from S to X , we obtain that

cl(α) ∈ F d+mH2d+2m(S ×X) ,

see Proposition 11.20 in loc. cit. Therefore,

cl(α) · p∗S(h) ∈ F d+m+pH2d+2m+i(S ×X,C) .

It follows that

(pX)∗(cl(α) · p
∗

S(h)) ∈ Fm+pH2m+i(X,C) ,

as push-forwards of elements in cohomology groups shifts the Hodge filtration
by the dimension of fibers, see Section 7.3.2 in Voisin’s book [15].
Thus, the action α∗ induces maps also on adjoint quotients:

α∗ : H
p,q(S) −→ Hp+m,q+m(X) .

For any p ≥ 0 let CHp
Z(X)0 be the kernel of the cycle class homomorphism

cl : CHp
Z(X) −→ H2p(X,Z) .
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Extending coefficients from Z to Q we obtain a rational cycle class map

cl : CHp(X) −→ H2p(X,Q) ,

whose kernel will be denoted by CHp(X)0.
A p-th intermediate Jacobian is a compact complex torus defined by the

formula

J2p−1(X) = H2p−1(X,C)/(Im(H2p−1(X,Z)) + F pH2p−1(X,C)) ,

where Im(H2p−1(X,Z)) is the image of the natural map

H2p−1(X,Z) −→ H2p−1(X,C) ,

see [15, Section 12.1.1]. There is a special group homomorphism

AJ : CHp
Z(X)0 −→ J2p−1(X) ,

called the Abel–Jacobi map, whose precise description can be found in Section
12.1.2 of [15]. We will also work with the group

J2p−1(X)Q = J2p−1(X)⊗Z Q

which can be also described as a quotient

J2p−1(X)Q = H2p−1(X,C)/((H2p−1(X,Q) + F pH2p−1(X,C)) .

Extending coefficients of the integral Abel-Jacobi map from Z to Q, we obtain
the rational Abel-Jacobi map

AJ : CHp(X)0 −→ J2p−1(X)Q ,

whose kernel we denote by T p(X). Thus, an element α ∈ CHp
Z(X) is in T p(X)

if and only if cl(Nα) = 0 for an integer N and AJ(Nα) is in the torsion of the
group J2p−1(X).
Notice that the action of correspondences on Chow groups is compatible with

their actions on Hodge structures via the cycle class map and the Abel-Jacobi
map.

Denote by J2p−1(X)alg the largest complex subtorus of J2p−1(X) whose
tangent space is contained in Hp−1,p(X), see [15, Section 12.2.2]. It fol-
lows J2p−1(X)alg is an abelian variety over C, loc.cit. Denote by CHp(X)alg
(respectively, CHp

Z(X)alg) the group of algebraically trivial cycles with ra-
tional (respectively, integral) coefficients modulo rational equivalence. Then
CHp(X)alg ⊂ CHp(X)0, i.e.

cl(CHp(X)alg) = 0 .

It is not hard to show that

AJ(CHp
Z(X)alg) ⊂ J2p−1(X)alg

and
AJ(CHp(X)alg) ⊂ (J2p−1(X)alg)Q ,

loc.cit.

Let k be a field of characteristic zero, and let X be an irreducible smooth
projective variety over k. An embedding k →֒ C defines the cohomology
groupsH i(XC,Z), and different embeddings give isomorphic complex algebraic
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varieties XC. This shows that for any element α ∈ CHp(X) the conditions
cl(α C) = 0 and AJ(α C) = 0 do not depend on the choice of the embedding.
Thus, it is correct to write that cl(α) = 0 or AJ(α) = 0, and so the groups
CHp(X)0 and T p(X) are well-defined.

From now on we assume that k is an algebraically closed field of character-
istic zero.

Let X be an irreducible smooth projective variety over k, and let S be an
irreducible variety over k. Given an element α ∈ CHp(S×X) and a schematic
point x ∈ S, denote by αx ∈ CHp(Xk(x)) the pull-back of the cycle class α
with respect to the natural morphism

Spec(k(x))×X −→ S ×X ,

where k(x) is the residue field at x. Let η be the generic point of the scheme
S, and let also

Φ : CHp(S ×X) −→ CHp(Xk(S)), α 7→ α η

be the pulling-back homomorphism induced by the morphism η×X → S×X .

Let α be a cycle class in the group CHp(S ×X). By α C ∈ CHp((S ×X)C)
we denote the extension of scalars for the class α from k to C. That is, α C is
the pull-back of α with respect to the natural flat morphism of schemes

(S ×X)C → S ×X .

Notice that

(S ×X)C = SC ×XC ,

so that α C is a correspondence from SC to XC.

Lemma 6. For any element α ∈ CHp(S ×X), we have that:

(i) cl(Φ(α)) = 0 if and only if cl((αC)x) = 0 for any closed point
x ∈ SC.
(ii) Assuming one of the equivalent conditions in (i), AJ(Φ(α)) = 0 if
and only if AJ((αC)x) = 0 for any closed point x ∈ SC.

Proof. First let us prove (i). Any embedding k(S) →֒ C over k gives a closed
point η C ∈ SC. Suppose that cl((αC)x) = 0 for any closed point x ∈ SC. In
particular, we have

cl((αC)η C
) = 0 .

The extension of scalars satisfies

(α C)η C
= (α η)C .

By definition, we have

(α η)C = Φ(α)C .

This shows that cl(Φ(α)C) = 0, because cl((αC)η C
) = 0.

Now suppose that cl(Φ(α)C) = 0. Since

Φ(α)C = (α η)C = (α C)η C
,
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we have
cl((α C)η C

) = 0 .

Further, for any closed point x ∈ SC the elements

(α C)x ∈ CHp(XC)

and
(α C)η C

∈ CHp(XC)

are algebraically equivalent to each other. Therefore,

cl((αC)x) = cl((α C)η C
) = 0 ,

which finishes the proof of (i).

Now let us prove (ii). Suppose that cl((αC)x) = 0 and AJ((αC)x) = 0 for
any closed point x ∈ SC. In particular, one has

AJ((α C)η C
) = 0 .

As above,

Φ(α)C = (α η)C = (α C)η C
.

Therefore, AJ(Φ(α)C) = 0.

Thus, it remains only to show the implication “from the left to the right”
in (ii). Namely, suppose that

AJ(Φ(α)) = AJ(α η) = 0 .

There exists an element β ∈ CHp
Z(S ×X) such that β = Nα for some integer

N , and AJ(β η) = 0. A similar argument as in the proof of (i) shows that for
any point x ∈ SC we have that

AJ((β C)x) ∈ J2p−1(XC)alg .

This gives a set-theoretic map

f : SC −→ J2p−1(XC)alg

sending any point x ∈ SC to the Anel-Jacobi class AJ((β C)x). This map f is
holomorphic, see [15, Section 7.2.1].
Since f is a holomorphic map between projective complex algebraic varieties,

f is an algebraic morphism between them, see [11, 4.14]. It follows that there
exists a finitely generated field subextension

k ⊂ K ⊂ C ,

an abelian variety A over K, and a morphism of varieties over K

g : SK −→ A ,

such that AC = J2p−1(X)alg and gC = f .
Choose an embedding K(SK) →֒ C over K. Automatically, it fixes embed-

dings
k(S) →֒ K(SK) →֒ C .

Let
ξ : Spec(K(SK)) −→ SK
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be the generic point of SK . Consider the point

g ◦ ξ : Spec(K(SK)) −→ A .

The extension of scalars satisfies

(g ◦ ξ)C = gC(ξC) .

As gC = f , we have that

gC(ξC) = f(ξC) .

Further, since ξ = ηK(SK), we obtain that ξC = ηC and

f(ξC) = f(ηC) .

By the definition of f ,

f(ηC) = AJ((β C)ηC) .

Finally, the extension of scalars gives

AJ((β C)ηC) = AJ((β η)C) .

We conclude that

(g ◦ ξ)C = AJ((β η)C) .

Since AJ(β η) = 0, we have

g ◦ ξ = 0 .

Thus the morphism of varieties over K

g : SK → A

sends the generic point ξ of SK to the closed K-rational point of A which is
the zero of the abelian variety A. Therefore, g sends SK to the zero point of
A, that is, g(SK) = 0.
It gives, of course, that

f(SC) = 0 ,

because f = gC. By the definition of f , this means that

AJ((β C)x) = 0

for any point x ∈ SC. Since β = Nα, we see that

AJ((Nα C)x) = 0

for any point x ∈ SC. Therefore,

N · AJ((α C)x) = 0

for any point x ∈ SC.
Since the rational Abel-Jacobi map

AJ : CHp(XC) −→ J2p−1(XC)Q

takes its values in the Q-vector space J2p−1(XC)Q, we obtain that

AJ((α C)x) = 0

for any point x ∈ SC. This finishes the proof of the lemma.
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Remark 7. A similar argument as in the proof of Lemma 6 shows that this
lemma is also true for Chow groups with coefficients in Z. Moreover, for an
element α ∈ CHp

Z(S × X) there is the following equivalence: AJ((α C)x) = 0
for any closed point x ∈ SC if and only if AJ(αx) = 0 for any (k-rational)
closed point x ∈ S.

Remark 8. One can also try to prove an analogue of Lemma 6 for any, i.e.
not necessarily trivial, family of smooth projective varieties X → S, and for
an element α in CHp(X ). The implications “from the right to the left” in
both (i) and (ii) remain to be true. The implication “from the left to the right”
in (i) is true as well. The reason for that is that the map x 7→ cl(αx), x ∈ SC,
is a section over SC of the local system with fibers H2p((XC)x,Q). Besides, if

AJ((α C)x) ∈ (J2p−1((XC)x)alg)Q

for any point x ∈ SC, then the implication “from the left to the right” in (ii)
is true by a similar argument as in the proof of (ii).

4. Main result

The following two propositions can be deduced with the aid of Lemma 6.
Implicitly they appear in [6] without a proof (see the first statement in Case
2 on p. 488 in loc.cit.).

Proposition 9. Let X and S be two irreducible smooth projective varieties
over k, let d = dim(S), and let α be an element in the group

CHp(S ×X) = CHp−d(S,X) .

Then the following conditions are equivalent:

(i) cl(Φ(α)) = 0;
(ii) the image of the homomorphism (α C)∗ : CH

d(SC) → CHp(XC) is
contained in the group CHp(XC)0;
(iii) the map α∗ : H

2d(SC,Q) → H2p(XC,Q) is trivial.

Proof.

(i) ⇔ (ii)

Suppose (i). Then, by Lemma 6 (i), for any closed point x ∈ SC we have
that cl((α C)x) = 0. Since, moreover,

(α C)∗[x] = (α C)x ,

we get

cl((α C)∗[x]) = 0 .

By the definition of the group CHp(XC)0, we obtain that the element (α C)∗[x]
is in the group CHp(XC)0. As the latter group is generated by the classes [x],
we get (ii).
Now suppose (ii). Then

cl((α C)∗[x]) = 0
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for any closed point x ∈ SC. As above, (α C)∗[x] = (α C)x. Then we see that
cl((α C)x) = 0 for any closed point x ∈ SC. Applying Lemma 6 (i), we obtain
(i).

(ii) ⇔ (iii)

Suppose (ii). Take any closed point x ∈ SC. As the action of the correspon-
dence α on Chow groups commutes with the action of α on the cohomology
groups via the cycle class map, we see that

α∗(cl([x])) = cl(α∗[x]) .

The image α∗(CH
d(SC)) is contained in the group CHp(XC)0, whence

α∗(cl([x])) = 0 .

Since the element cl([x]) generates the one-dimensionalQ-vector spaceH2d(SC,Q),
we get (iii).
Suppose (iii) and take any element β in CHd(SC). As

cl(α∗(β)) = α∗(cl(β))

and the map
α∗ : H

2d(SC,Q) −→ H2p(XC,Q)

is zero, one has
cl(α∗(β)) = 0

for any element β ∈ CHd(SC). This gives (ii).

Proposition 10. Let again X and S be two irreducible smooth projective vari-
eties over k, d = dim(S), and let α be an element in the group CHp(S×X) =
CHp−d(S,X). Assume one of the three equivalent conditions in Proposition 9.
Then the following two conditions are equivalent:

(i) AJ(Φ(α)) = 0;
(ii) the image of the homomorphism (α C)∗ : CH

d(SC) → CHp(XC) is
in T p(XC);
(iii) the map α∗ : H2d−1(SC,Q) → H2p−1(XC,Q) is zero, and there is
a closed point x ∈ SC, such that AJ((α C)x) = 0.

Proof.

(i) ⇔ (ii)
Suppose (i). Then, by Lemma 6(ii), for any closed point x ∈ SC we have

that AJ((α C)x) = 0. Since

(α C)∗[x] = (α C)x

and AJ((α C)x) = 0, we obtain

AJ((α C)∗[x]) = 0 .

By the definition of the group T p(XC), the element (α C)∗[x] sits in T p(XC).
Since the group CHd(SC) is generated by the classes [x], we arrive to (ii).
Now suppose (ii). Then

AJ((α C)∗[x]) = 0
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for any closed point x ∈ SC. Since (α C)∗[x] = (α C)x, we see that AJ((α C)x) =
0 for any closed point x ∈ SC. Applying Lemma 6 (ii), we get (i).

(ii) ⇔ (iii)

Assuming (ii), for any closed point x ∈ SC, we have

AJ((α C)x) = AJ((α C)∗[x]) = 0 .

So, to deduce (iii) we need only to show that the map

α∗ : H
2d−1(SC,Q) −→ H2p−1(XC,Q)

is zero. Let
γ ∈ CHd(SC)0

be a zero-cycle class of degree zero. We have that

AJ((α C)∗(γ)) = (α C)∗(AJ(γ)) .

As the element (α C)∗(γ) sits in T
p(XC), the element AJ((α C)∗(γ)) vanishes,

so that
(α C)∗(AJ(γ)) = 0 .

Since the Albanese map

AJ : CHd(SC)0 → J2d−1(SC)Q = Alb(SC)Q

is surjective and (α C)∗(AJ(γ)) = 0, we have that the map

(α C)∗ : J
2d−1(SC)Q → J2p−1(XC)Q

is zero.
Let β ∈ CHp

Z(S × X) be such that β = Nα for some non-zero integer N .
The map

(β C)∗ : J
2e−1(SC) → J2p−1(XC)

satisfies
(β C)∗ ⊗Z Q = N(α C)∗ .

Therefore, we obtain that (β C)∗⊗ZQ = 0. This means that the image of (β C)∗
is contained in the torsion of the group J2p−1(XC). Since (β C)∗ is a continuous
map between complex compact tori, the image of (β C)∗ is compact. So, the
subgroup (β C)∗(J

2d−1(SC)) in J2p−1(XC) is both compact and contained in
the torsion. This implies that the group (β C)∗(J

2d−1(SC)) is finite, because
J2p−1(XC) is a compact complex tori. Let M be the order of the finite group
(β C)∗(J

2d−1(SC)). The map

M · (β C) : J
2d−1(SC) → J2p−1(XC)

vanishes. Therefore the induced map on first homology groups with rational
coefficients

H1(J
2d−1(SC),Q) → H1(J

2p−1(XC),Q)

also vanishes. Notice that by the construction of the intermediate Jacobians,
we have identifications

H1(J
2d−1(SC),Q) = H2d−1(SC,Q),

H1(J
2p−1(XC),Q) = H2p−1(XC,Q).
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Moreover, the action on first homology groups induced by M · (β C)∗ agrees
with the map

M · (β C)∗ : H
2d−1(SC,Q) → H2p−1(XC,Q) .

This implies the vanishing of the map

M · (β C)∗ : H
2d−1(SC,Q) → H2p−1(XC,Q) .

Since M · (β C)∗ =
M
N
(αC)∗, the map

(α C)∗ : H
2d−1(SC,Q) → H2p−1(XC,Q)

also vanishes. This gives (iii).
Now suppose (iii). By the construction of the groups J2d−1(SC)Q and

J2p−1(XC)Q, the vanishing of the map (α C)∗ : H2d−1(SC,Q) → H2p−1(XC,Q)
implies the vanishing of the map

(α C)∗ : J
2d−1(SC)Q → J2p−1(XC)Q .

Therefore, for any zero-cycle of degree zero β ∈ CHd(SC)0, we have

(α C)∗(AJ(β)) = 0 .

Since AJ((α C)∗β) = (α C)∗(AJ(β)), we obtain the vanishing of AJ((α C)∗β).
Therefore, the image of the map

(α C)∗ : CH
d(SC)0 → CHp(XC)

is contained in T p(XC). Further, take the closed point x ∈ SC as in (iii). Since
AJ((α C)x) = 0 and (α C)∗[x] = (α C)x, we have

(α C)∗[x] ∈ T p(XC) .

Since the element [x] and the subgroup CHd(SC)0 in CHd(SC) generate to-
gether the group CHd(SC), we obtain (ii).

Now let us give a sufficient condition for Φ(α) to be non-zero. It is equivalent
to non-vanishing of some Hodge-theoretic invariants constructed in [6]. More
precisely, the condition in Theorem 11 below is equivalent to the vanishing of
invariants denoted by [Z ]m and defined on p.483 in loc.cit.

Theorem 11. Let X and S be smooth projective irreducible varieties over k,
let d be the dimension of S, and let α be an element in the group

CHp(S ×X) = CHp−d(S,X) .

Suppose that there exists i, such that the map

α∗ : H
i,d(SC) −→ H i+p−d,p(XC)

is non-zero. Then the cycle class Φ(α) is non-zero in CHp(Xk(S)).

Proof. Suppose Φ(α) = 0. It is equivalent to say that α is balanced on the
left, see [8]. By Lemma 3, there exists an equidimensional smooth projective
variety Z over k with dim(Z) < d, such that the morphism of motives

α∗ :M(S) −→M(X)⊗ L⊗(d−p)
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is equal to a composition

M(S) →M(Z) →M(X)⊗ L⊗(d−p) .

Therefore, the non-zero map

α∗ : H
i,e(SC) −→ H i+p−e,p(XC)

factors through the group H i,e(ZC). As dim(Z) < d, the latter group is trivial,
which is in contradiction with the non-triviality of the map α∗.

Let S be a smooth projective irreducible variety S over k of dimension
d. Recall that, by [12], there exist the Picard and the Albanese projectors
of S generating, respectively, the Picard motive M1(S) and its dual motive
M2d−1(S) of the variety S. Denote by π2d−1 ∈ CH0(S, S) the projector that
corresponds to the Chow motive M2d−1(S). Also, denote by π2d ∈ CH0(S, S)
the projector that corresponds to a direct summand L⊗d in M(S). We put

τS := [∆S]− π2d−1 − π2d ,

where [∆S] is the class of the diagonal in the group CH0(S, S). The corre-
spondence τS acts as zero on the groups H2d(SC,Q) and H2d−1(SC,Q), and it
acts identically on the groups H i(SC,Q) with i < 2d− 1.

Our main result in in this paper is as follows:

Theorem 12. Let X and S be two irreducible smooth projective varieties over
k, d = dim(S), and let α be an element in

CHp(S ×X) = CHp−d(S,X) .

Suppose that there exists i ≤ d− 2, such that the induced map

α∗ : H
i,d(SC) −→ H i+p−d,p(XC)

is non-zero. Then, for any closed point x ∈ S, the cycle class

Ψx(α) = Φ(α ◦ τS)− (α ◦ τS)x

is a non-zero element in the Abel–Jacobi kernel T p(Xk(S)).

Proof. By the construction of τS, the correspondence α ◦ τS acts as zero on
the group H2d(SC,Q). Thus, it satisfies the condition in Proposition 9 (iii).
Therefore, by that corollary, we obtain that

(α ◦ τS)∗(CH
d(SC)) ⊂ CHp(XC)0 .

In particular,

cl((α ◦ τS)∗[x]) = 0 ,

and therefore

cl((α ◦ τS)x) = 0 .

The correspondence ((α ◦ τS)x × [S]) acts as zero on the all groups H i(SC,Q)
with i 6= 2d. Moreover, for any element

β ∈ H2d(SC,Q)
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we have that

((α ◦ τS)x × [S])∗(β) = cl((α ◦ τS)x) · deg(β) = 0 ,

where
deg : H2d(SC,Q) −→ Q

is the natural isomorphism. Thus, the correspondence (α ◦ τS)x × [S] acts as
zero on all the cohomology groups H i(SC,Q).
Next, the correspondence α◦τS also acts as zero on the group H2d−1(SC,Q).

Consequently, the correspondence

γ := α ◦ τS − (α ◦ τS)x × [S]

acts as zero on the groups H2d(SC,Q) and H2d−1(SC,Q).
We have that

γ∗[x] = 0 .

Therefore, the correspondence γ satisfies the conditions of Proposition 9 (iii)
and Proposition 10 (iii).
Also, by definition, we have that

Φ(γ) = Ψx(α) .

Therefore, by Proposition 9 and Proposition 10 we obtain that

cl(Ψx(α)) = 0, and AJ(Ψx(α)) = 0 ,

that is, Ψx(α) is in T
p(Xk(S)).

Moreover, the action of the correspondence γ on H i(SC,Q) with i ≤ 2d− 2
coincides with the action of the correspondence α. Since α acts non-trivially
onH i(SC,Q) for some i ≤ 2d−2, we see that γ acts non-trivially on H i(SC,Q).
By Theorem 11, Ψx(α) is non-trivial. This completes the proof of the theorem.

Remark 13. Under the notation of Theorem 12, consider the class

cl(α) =
∑

r+s=2p

cl(α)r,s ∈ H2p((S ×X)C,C) ∼=
⊕

r+s=2p

Hs(SC,C)⊗C H
r(XC,C) .

The Hodge theory implies that the element α satisfies the condition of Theo-
rem 12 if and only if the image of the class cl(α)2p+i−d,d−i under the projection

Hd−i(SC,C)⊗C H
2p+i−d(XC,C) → Hd−i,0(SC)⊗C H

i+p−d,p(XC)

does not vanish.

5. Some examples

In this section we construct algebraic cycle classes in the Abel-Jacobi kernels
for K3 surfaces and then for threefolds and higher dimensional varieties with
known Lefschetz conjecture.
Let first X be a smooth projective surface over k, let S = X and let m = 0.

Then a correspondence α ∈ CH2(X×X) = CH0(X,X) satisfies the condition
of Theorem 12 if and only if the map

α∗ : H
0,2(X) −→ H0,2(X)



NON-TRIVIAL ELEMENTS IN THE ABEL-JACOBI KERNELS 19

is non-zero. Suppose, for example, X is a K3 surface with an algebraic sym-
plectomorphism s : X → X on it. Without loss of generality one can assume
that k is big enough that s is defined over k. Take as α the graph of s.
Now let X be a smooth projective irreducible variety over k of dimension d,

such that for some p ≥ 2 the group Hp,0(XC) is non-trivial and the inverse of
the Lefschetz operator

L : Hp(XC,Q) −→ H2d−p(XC,Q)

is represented by an algebraic correspondence

α ∈ CHp(X ×X) = CHp−d(X,X) .

Let Y be an intersection of general d− p hyperplane sections of X , and let

i : Y →֒ X

be the corresponding closed embedding. Then one has a morphism of Chow
motives over the field k,

β = α ◦M(i)t :M(Y ) −→M(X) ,

where M(i)t is the transposition of the graph of the embedding i. Notice that
β is an element in the group CHp(Y ×X) = CH0(Y,X).
Under the above notation, the elements α and β satisfy the condition of

Theorem 12 because, by the Lefschetz theorem, the maps

(αC)∗ : H
d−p,d(XC) −→ H0,p(XC) ,

(βC)∗ : H
0,p(SC) −→ H0,p(XC)

are isomorphisms.
Thus, taking two points x ∈ X and y ∈ Y , we obtain two non-zero elements

Ψx(α) ∈ T p(Xk(X))

and

Ψy(β) ∈ T p(Xk(Y )) .

Let us consider in some more detail the case when p = 2 and d = 3. The
existence of α as above is equivalent to say that the Lefschetz conjecture holds
for X , which implies the existence of a Künneth decomposition for the homo-
logical motive of X . Assuming finite-dimensionality of Chow motive M(X)
or, equivalently, that the homological realization functor is conservative, we
obtain a Chow-Künneth decomposition for the motive of X , see [7]:

M(X) ∼= ⊕6
i=0M

i(X) .

As Y is a surface, it also has a Chow-Künneth decomposition for its motive
M(Y ). The morphism

β :M(Y ) −→ M(X)

induces the morphisms

β :M i(Y ) → M i(X), i ≥ 0 ,
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andM2(X) is a direct summand of the middle motiveM2(Y ). According to the
conjectural formulas for the Bloch-Beilinson filtration, for any field extension
k ⊂ K, we have that

T 2(XK) = CH2(M2(X)K)

(possibly, this also follows from finite-dimensionality).
Thus, the big conjectures applied to X imply the following statement: the

map
(βK)∗ : T

2(YK) −→ T 2(XK)

is surjective.
One may wish to ask the following question: is it possible to prove the above

statement unconditionally?
Notice that, by construction, the element Ψy(β) belongs to the image of the

map
(βk(Y ))∗ : T

2(Yk(Y )) −→ T 2(Xk(Y )) .

A more particular question: is it possible to prove unconditionally that the
element Ψx(α) belongs to the image of the map

(βk(X))∗ : T
2(Yk(X)) −→ T 2(Xk(X)) ?

The above questions can be tested on a wide range of examples of threefolds
that satisfy the Lefschetz conjecture.

6. Main example

Let X be an irreducible smooth projective variety over k and let A be the
Picard variety Pic0(X) of the variety X . Fix a closed point x0 ∈ X and
consider the associated Poincaré line bundle P over A×X . Recall that P is
the unique line bundle on A×X , such that for any point a ∈ A the isomorphism
class of the line bundle on X

P|a×X

is equal to a, and
P|A×x0

∼= OA .

Let
β ∈ CH1(A×X)

be the first Chern class of P, and let

α = βp

be the p-fold self-intersection of the class β in CHp(A×X) with p ≥ 2.

The following fact is classical:

Lemma 14. Let g be the dimension of the Picard variety A. The correspon-
dence

β ∈ CH1(A×X) = CH1−g(A,X)

induces an map

(β C)∗ : H
2g−1(AC,Q) −→ H1(XC,Q) ,

and this map is an isomorphism.
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Proof. Since H∗((−)C,Q) is a Weil cohomology theory, the lemma can be
deduced by the same method as in [10].

Theorem 15. Under the above notation, the element Φ(α) belongs to T p(Xk(A)).
Moreover, if there exist p differential forms

ω1, . . . , ωp ∈ H0(XC,Ω
1
XC

) = H1,0(XC) ,

such that

ω1 ∧ . . . ∧ ωp 6= 0 ,

then

Φ(α) 6= 0

in T p(Xk(A)).

Proof. By the construction of the cycle class β, for any closed point a ∈
AC the element (β C)a is equal, in the group CH1(XC), to the first Chern
class of the line bundle P|X×a. Hence, the class cl((β C)a) is equal to the
first Chern class of P|X×a with value in the second Betti cohomology group
H2(XC,Q). By the definition of the Poincaré line bundle, for any a ∈ Pic0(XC)
the isomorphism class of P|X×a is exactly a. Remind also that elements in
Pic0(XC) are isomorphism classes of line bundles with a trivial first Chern class
with value in the second Betti cohomology group H2(XC,Q). Therefore, we
have that

cl((β C)a) = 0

for any closed point a ∈ AC.
Then, by Lemma 6(i), we have that

cl(Φ(β)) = 0 ,

i.e.

Φ(β) ∈ CH1(Xk(A))0 .

Since

cl(Φ(α)C) = cl(Φ(β)C)
p ,

we have that

cl(Φ(α)) = 0 ,

so that one can apply the Abel-Jacobi map AJ to the cycle class Φ(α)C.
Applying AJ we obtain:

AJ(Φ(α)C) = AJ(Φ(β)p−1
C · Φ(β)C) .

Then

AJ(Φ(α)C) = cl(Φ(β)p−1
C ) · AJ(Φ(β)C)

by Proposition 9.23 in [15].
Since p ≥ 2, and cl(Φ(β)) = 0, cycle class map vanishes at Φ(β)p−1

C , i.e.

cl(Φ(β)p−1
C ) = 0 .

Therefore,

AJ(Φ(α)C) = 0 .
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Thus,

Φ(α) ∈ T p(X) .

The rest of the proof of Theorem 15 is devoted to showing that α satisfies the
condition of Theorem 11, which will allow us to prove that Φ(α) is non-zero.
With this aim we first describe the action of β on the cohomology groups

of AC. Then we use the interplay between elements in tensor products of
vector spaces and linear operators via duality (in our case this will be the
Poincaré duality on cohomology). As a consequence we will find the shape of
the Künneth components of the class cl(βC) in the cohomology groups of the
product A × X . Taking products in cohomology gives Künneth components
for the cycle class α = βp. This will allow to describes explicitly the action of
α on H2g−p(AC,Q). Then, using the fact that A is an abelian variety, we will
construct an explicit element in Hg,g−p(AC) with a non-trivial image under
the map (α C)∗. Finally, we will use Theorem 11 in order to show that Φ(α) is
non-zero.
So, let us implement this program.
For each index i the correspondence β, being an element in CH1(A×X) =

CH1−g(A,X), gives maps on cohomology groups

(β C)∗,i : H
i(AC,Q) −→ H i+2−2g(XC,Q) .

We want to describe the maps (β C)∗,i.
Suppose that (β C)∗,i 6= 0. Since the source and the target of (β C)∗,i need to

be non-zero and dim(A) = g, we have that i ≤ 2g and i+ 2− 2g ≥ 0, that is,
2g − 2 ≤ i ≤ 2g.
We have shown already that cl((β C)a) = 0 for any point a in AC. Hence,

by Proposition 9, the map

(β C)∗,2g : H
2g(AC,Q) −→ H2(XC,Q)

vanishes.
By Lemma 14, the map

(β C)∗,2g−1 : H
2g−1(AC,Q) −→ H1(XC,Q)

is an isomorphism.
Consider the map

(β C)∗,2g−2 : H
2g−2(AC,Q) −→ H0(XC,Q) .

We claim that this map is zero. Let us give a detailed proof of this fact.
The group in the target is canonically isomorphic to Q. Let

ix : x −→ XC

be a closed point on XC. Then the pull-back

i∗x : H0(XC,Q) −→ H0(x,Q)

is an isomorphism. Thus, as soon as i∗x(β C)∗(γ) = 0 for any element γ ∈
H2g−2(AC,Q) we get that (β C)∗(γ) = 0 for any element γ ∈ H2g−2(AC,Q),
that is, (β C)∗,2g−2 = 0.
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We are going to prove that i∗x(β C)∗(γ) = 0 for any element γ ∈ H2g−2(AC,Q).
By the definition of the action of correspondences, we have that

i∗x(β C)∗(γ) = i∗x(pX)∗(p
∗

Aγ · cl(β C)) .

Consider the Cartesian square

A× x

px

��

idA×ix
// A×X

pX

��

x
ix

// X

where px : A×x → x is the natural projection onto the point. Since pull-backs
and push-forwards for Chow groups commute in Cartesian squares, we see that

i∗x(pX)∗(p
∗

Aγ · cl(β C)) = (px)∗(idA × ix)
∗(p∗Aγ · cl(β C)) .

As pull-backs commute with products in cohomology, we deduce:

(px)∗(idA × ix)
∗(p∗Aγ · cl(β C)) = (px)∗((idA × ix)

∗(p∗Aγ) · (idA × ix)
∗(cl(β C))) .

Notice that

(idA × ix)
∗(p∗Aγ) = γ

after the identification of A× x with A. Therefore,

(px)∗((idA × ix)
∗(p∗Aγ) · (idA × ix)

∗(cl(β C))) = (px)∗(γ · (idA × ix)
∗(cl(β C))) .

Since the cycle class map commutes with pull-backs, we also have

(px)∗(γ · (idA × ix)
∗(cl(β C))) = (px)∗(γ · cl((idA × ix)

∗β C)) .

Next, the element (idA × ix)
∗(β ,C ) is equal to (β t

C)x, where β
t is the trans-

pose of the correspondence β. In particular, βt is an element in in the Chow
group CH1−dim(X)(X,A).
Thus, we have shown that

i∗x(β C)∗(γ) = (px)∗(γ · cl((β
t
C)x)) .

As above, (β t
C)x0

is the first Chern class of the line bundle P|A×x0
, where

x0 ∈ X is the closed point that has been fixed above for the choice of the
Poincaré line bundle. By definition of P, the line bundle P|A×x0

is trivial.
Hence,

(β t
C)x0

= 0

and, in particular,

cl((β t
C)x0

) = 0 .

Notice that the cycles (β t
C)x and (β t

C)x0
are algebraically equivalent. There-

fore,

cl((β t
C)x) = 0 .

Since

i∗x(β C)∗(γ) = (px)∗(γ · cl((β
t
C)x)) ,
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we get the vanishing

i∗x(β C)∗(γ) = 0 ,

which implies the vanishing

(β C)∗,2g−2 = 0 ,

as explained above.
Thus, we obtained a description of the action of β on all the cohomology

groups of AC. We see that the only non-zero action is

(β C)∗ : H
2g−1(AC,Q) −→ H1(XC,Q) ,

and this map is an isomorphism.

Now consider the Künneth components of cl(β C) in the cohomology group
H∗(AC,Q)⊗Q H

∗(XC,Q):

cl(β C) =
∑

i+j=2

cl(β C)i,j ∈ ⊕i+j=2H
i(AC,Q)⊗Q H

j(XC,Q) .

The Poincaré duality establishes isomorphisms for all i:

H i(AC,Q) ∼= H2g−i(AC,Q)∨ ,

where by V ∨ we denote the dual vector space to a finite-dimensional vector
space V .
Therefore, the tensor product

H i(AC,Q)⊗Q H
j(XC,Q)

is canonically isomorphic to the space of Q-linear operators

HomQ(H
2g−i(AC,Q), Hj(XC,Q)) ,

so that one can consider elements cl(β C)i,j in tensor products as operators.
With this identification, for any element

γ ∈ H2g−i(AC,Q)

we have that

(β C)∗γ = cl(β C)i,j(γ) .

In notation introduced above, we have that

(β C)∗,i = cl(β C)2g−i,2−2g+i .

Using the known vanishing of (β C)∗,i, we deduce that

cl(β C) = cl(β C)1,1 ∈ H1(AC,Q)⊗Q H
1(XC,Q) .

Now let us look at the Künneth decomposition for the element cl(α C). By
the construction of α,

cl(α C) = cl(β C)
p .

And, as we have seen above,

cl(β C) ∈ H1(AC,Q)⊗Q H
1(XC,Q) .

Therefore, it makes sense to compute the Künneth components of p-th powers
of a given element in H1(AC,Q)⊗Q H

1(XC,Q).
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Consider the following p-th power map in cohomology of A×X :

H1(AC,Q)⊗Q H
1(XC,Q) → H2p(AC ×XC,Q) ,

∑

i

ai ⊗ xi 7→

(
∑

i

ai ⊗ xi

)p

,

where ai ∈ H1(AC,Q) and xi ∈ H1(XC,Q).
Notice that the product in cohomology groups of A × X factors into the

product in the cohomology groups of A and the product in the cohomology
groups of X . In other words, the algebra H∗(AC×XC,Q) is isomorphic to the
tensor product of the algebras H∗(AC,Q) and H∗(XC,Q). Another thing is
that the product in the first cohomology group is skew-symmetric.
Denote by ⋄ the multiplication in the tensor product

∧∗H1(AC,Q)⊗Q ∧∗H1(XC,Q)

of the Grassman algebras.
The above p-th power map is equal to the composition of the product map

λ : H1(AC,Q)⊗Q H
1(XC,Q) → ∧pH1(AC,Q)⊗Q ∧pH1(XC,Q) ,

∑

i

ai ⊗ xi 7→

(
∑

i

ai ⊗ xi

)⋄p

,

the map

µ : ∧pH1(AC,Q)⊗Q ∧pH1(XC,Q) → Hp(AC,Q)⊗Q H
p(XC,Q)

given by the multiplication in cohomology groups of A and X , and the natural
embedding

Hp(AC,Q)⊗Q H
p(XC,Q) → H2p(AC ×XC,Q) .

We need to describe the maps λ and µ in terms of operators between coho-
mology groups. Since the wedge powers of dual vector spaces are still dual,
there is a canonical isomorphism

∧pH1(AC,Q) ∼= ∧pH2g−1(AC,Q)∨ .

Therefore, the target of λ and the source of µ is the space of operators

HomQ(∧
pH2g−1(AC,Q),∧pHp(XC,Q)) .

By Poincaré duality, the target of µ is the space of operators

HomQ(H
2g−p(AC,Q), Hp(XC,Q)) .

Consider the following map induced by the product in cohomology of X ,

ρ : ∧pH1(XC,Q) −→ Hp(XC,Q) ,

and the map
δ : H2g−p(AC,Q) −→ ∧pH2g−1(AC,Q)

which is dual to the map

∧pH1(AC,Q) −→ Hp(AC,Q)
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induced by the product in the cohomology groups of A.
It follows from linear algebra that the p-th power map µ◦λ sends an operator

ψ : H2g−1(AC,Q) −→ H1(XC,Q)

to an operator
φ : H2g−p(AC,Q) −→ Hp(XC,Q)

defined as the composition

φ = ρ ◦ ∧p(ψ) ◦ δ .

Let ψ is the isomorphism given by the action (β C)∗,2g−1. Then α acts on
the cohomology groups of A by the formula

(αC)∗,2g−p = ρ ◦ ∧p((β C)∗,2g−1) ◦ δ : H
2g−p(AC,Q) → Hp(XC,Q) .

Now we are ready to construct an element γ in Hg,g−p(AC) such that β∗(γ) 6=
0.
Recall that, by assumption, we have p forms ω1, . . . , ωp on XC, such that

ω1 ∧ . . . ∧ ωp 6= 0 .

For each index i consider the element

ξi = ((β C)∗,2g−1)
−1(ωi)

in the group H2g−1(AC,Q).
Since A is an abelian variety, the multiplication map

∧pH1(AC,Q) −→ Hp(AC,Q)

is an isomorphism. Hence, the dual map δ is also an isomorphism.
Take the element

γ = δ−1(ξ1 ∧ . . . ∧ ξp)

in the cohomology group H2g−p(AC,Q). By the above formula for (α C)∗,2g−p,
we have that

(α C)∗(γ) = (ρ ◦ ∧p((β C)∗,2g−1) ◦ δ)(γ)
= (ρ ◦ ∧p((β C)∗,2g−1))(ξ1 ∧ . . . ∧ ξp)
= ρ(ω1 ∧ . . . ∧ ωp)
= ω1 ∧ . . . ∧ ωp

6= 0

Moreover,
ω1 ∧ . . . ∧ ωp ∈ Hp,0(XC) .

Since the correspondence α is of degree p− g, the map (α C)∗ shifts the indices
in the Hodge filtration by p− g, so that

γ ∈ Hg,g−p(AC) .

Then, by Theorem 11, the cycle class Φ(α) is non-trivial.

Now we would like to take a closer look at the condition in Theorem 15.
Let ω be a holomorphic 1-form on X , i.e. a section of the cotangent bundle

T ∗

X on the complex manifold XC. For a closed point x ∈ XC denote by ω|x the



NON-TRIVIAL ELEMENTS IN THE ABEL-JACOBI KERNELS 27

value of the differential form ω at x. Thus, ω|x is an element in the cotangent
space T ∗

X,x to XC at x. The condition ω1 ∧ . . . ∧ ωp 6= 0 in Theorem 15 is
equivalent to say that there exists a closed point x ∈ XC, such that

ω1|x ∧ . . . ∧ ωp|x 6= 0 .

It follows from linear algebra that ω1|x∧ . . .∧ωp|x 6= 0 if and only if the vectors

ω1|x, . . . , ωp|x

are linearly independent in the cotangent space T ∗

X,x. The next lemma shows
that latter thing is equivalent to the condition that the image of the Albanese
mapping X → Alb(X) is at least p-dimensional.

Lemma 16. Let X be an irreducible smooth projective variety X over k. Then
it has p holomorphic one-forms ω1, . . . , ωp in H0(XC,Ω

1
XC

) = H1,0(XC), such
that

ω1 ∧ . . . ∧ ωp 6= 0 ,

if and only if the dimension of the image of the Albanese map X → Alb(X) is
greater or equal than p.

Proof. For short, let B = Alb(X), and let

f : X −→ B

be the Albanese mapping.
First assume that there are p forms ω1, . . . , ωp as above. Denote by Y the

image of the Albanese map f : X → B. Since X is irreducible, Y is irreducible
too. Let U be a non-empty open subset in Y , such that U is a smooth variety
over k, and put

V = f−1(U) .

Notice that V is a non-empty open subset in X because the natural map
X → Y is surjective. Let

i : V −→ X

be the corresponding open embedding. Denote by

g : V −→ U

the restriction of the natural map X → Y to V , and let

j : U −→ B

be the composition U → Y → B.
Let W be the set of closed points x ∈ X such that ω1|x ∧ . . . ∧ ωp|x 6= 0.

Then W is an open subset in X and, moreover, W is non-empty because
ω1 ∧ . . . ∧ ωp 6= 0.
Since X is irreducible, the intersection of two non-empty open subsetsW∩V

is non-empty. Thus, there exists a closed point x ∈ V , such that ω1|x ∧ . . . ∧
ωp|x 6= 0. Therefore, the p-form i∗C(ω1 ∧ . . . ∧ ωp) on V is non-zero too.
As all holomorphic 1-forms on XC are obtained by pulling-back via f ∗

C of
holomorphic 1-forms on BC, there are p holomorphic 1-forms ξ1, . . . , ξp on BC

such that
f ∗

C ξi = ωi



28 S. GORCHINSKIY, V. GULETSKĬI

for all i.
Since f ◦ i = j ◦ g, we have that

g∗Cj
∗

C(ξ1 ∧ . . . ∧ ξp) = i∗Cf
∗

C(ξ1 ∧ . . . ∧ ξp) .

Then
f ∗

C(ξ1 ∧ . . . ∧ ξp) = ω1 ∧ . . . ∧ ωp

and, as we have seen above, the form

i∗C(ω1 ∧ . . . ∧ ωp)

does not vanish. Therefore,

i∗Cf
∗

C(ξ1 ∧ . . . ∧ ξp) 6= 0 ,

whence
g∗Cj

∗

C(ξ1 ∧ . . . ∧ ξp) 6= 0 .

This implies that
j∗C(ξ1 ∧ . . . ∧ ξp) 6= 0 .

Thus, there exists a non-zero p-form, namely j∗C(ξ1∧ . . .∧ξp), on the smooth
variety U . Hence dim(U) ≥ p. Since U is dense in Y , we have that dim(Y ) =
dim(U). Thus, dim(Y ) ≥ p.

Suppose now that dim(f(X)) = dim(Y ) ≥ p. Take a smooth closed point
x ∈ Y . Choose any codimension p linear subspace

E ⊂ TxB

that intersects with TxY only by zero. Then there are p linearly independent
vectors

l1, . . . , lp
in the cotangent space T ∗

xB, such that

li|E = 0 ,

where elements in the cotangent space T ∗

xB are considered as linear functionals
on the tangent space TxB.
Since B is an abelian variety, the tangent bundle on B is trivial. Therefore,

there are p forms
ξ1, . . . , ξp

in H0(B,Ω1
B), such that

(ξ1)|x = l1, . . . , (ξp)|x = lp .

We now have that
(ξ1)|x ∧ . . . ∧ (ξp)|x 6= 0 .

It follows from linear algebra that the skew covector

l1 ∧ . . . ∧ lp

remains non-zero when being restricted to the subspace TxY in TxB. Therefore,
the restriction of the form ξ1 ∧ . . .∧ ξp from B to Y is non-zero at the point x.
Thus, the restriction of the whole form ξ1 ∧ . . . ∧ ξp from B to Y is non-zero.
Let now

ωi = f ∗ξi
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for each index i. Since the morphism X → Y is surjective, the form

ω1 ∧ . . . ∧ ωp

is non-zero too.

Now we can make our construction to be absolutely concrete. Namely, take
any abelian variety B over k. Then take any subvariety Y in B, such that
dim(Y ) ≥ p. Consider a smooth projective variety X that admits a surjective
morphism onto Y . Then the dimension of the image of the Albanese map
f : X → Alb(X) is greater or equal than p. Thus, by Theorem 12, we get a
concrete non-zero element in the Abel-Jacobi kernel T p(X) of the variety X .
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