1009.1370v1 [math.ST] 7 Sep 2010

arXiv

Bernstein von Mises Theorems for Gaussian

Dominique Bontemps

September 8, 2010

Abstract

This paper brings a contribution to the Bayesian theory of nonpara-
metric and semiparametric estimation. We are interested in the asymp-
totic normality of the posterior distribution in Gaussian linear regression
models when the number of regressors increases with the sample size. Two
kinds of Bernstein-von Mises Theorems are obtained in this framework:
nonparametric theorems for the parameter itself, and semiparametric the-
orems for functionals of the parameter. We apply them to the Gaussian
sequence model and to the regression of functions in Sobolev and C*
classes, in which we get the minimax convergence rates. Adaptivity is
reached for the Bayesian estimators of functionals in our applications.
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1 Introduction

To estimate a parameter of interest in a statistical model, a Bayesian puts a
prior distribution on it and looks at the posterior distribution, given the obser-
vations. A Bernstein-von Mises Theorem is a result stating that under adequate
conditions the posterior distribution is asymptotically normal, centered at the
maximum likelihood estimator (MLE) of the model used, with a variance equal
to the asymptotic frequentist variance of the MLE.

Such an asymptotic posterior normality is important because it allows to con-
struct approximate credible regions, based on the posterior distribution, which
keep good frequentist properties. In particular it is difficult to build frequentist
confidence regions in complex models, while the Monte-Carlo Markov chain al-
gorithms (MCMC) make more feasible the construction of Bayesian confidence
regions — however Bernstein-von Mises Theorems are difficult to derive in com-
plex models.

For parametric models, the Bernstein-von Mises Theorem is a well-known
result, for which we refer to [18]. In nonparametric models (where the pa-
rameter space is infinite-dimensional or growing), and semiparametric models
(when the parameter of interest is a finite-dimensional functional of the com-
plete infinite-dimensional parameter), there are still relatively few asymptotic
normality results. [6] gives negative results, and we recall some positive ones
below. However many recent papers deal with the convergence rate of posterior
distributions in various settings, which is linked with the model complexity: we
refer to [9,16] as early representatives of this school.

Nonparametric Bernstein-von Mises Theorems have been developed for models
based on a sieve approximation, where the dimension of the parameter grows
with the sample size. In particular two situations have been studied: regression
models in [7]; exponential models in [8], [4], and [2] (this last one deals with the
discrete case, when the observations follow some unknown infinite multinomial
distribution).

In semiparametric frameworks the asymptotic normality has been obtained in
several situations. [12] and [11] study the nonparametric right-censoring model
and the proportional hazard model. [3] obtains Bernstein-von Mises Theorems
for Gaussian process priors, in the semiparametric framework where the un-
known quantity is (6, f), with 6 the parameter of interest and f an infinite-
dimensional nuisance parameter. It clarifies a preceding paper [15], which
considers also the more general framework where the quantity of interest is
a finite-dimensional function g(f) of the infinite-dimensional parameter f of the
model. [14] obtains the Bernstein-von Mises Theorem for linear functionals of
the density of the observations, in the context of a sieve approximation; they



achieve also the frequentist minimax estimation rate for densities in specific
regularity classes with a deterministic (non-adaptive) value of the cutoff k.

In the current paper we obtain nonparametric and semiparametric Bernstein-

von Mises Theorems in a Gaussian regression framework with an increasing
number of regressors.
Our nonparametric results cover the case of a specific Gaussian prior, and the
case of more generic smooth priors. They are said nonparametric because we use
sieve priors and the dimension of the parameter grows. These results improve
on the preceding ones by [7] which did not suppose the normality of the errors
but imposed other conditions, in particular on the growth rate of the number
of regressors. We apply them to the periodic Sobolev classes and to regular-
ity classes C'*[0,1] in the context of the regression model (using respectively
trigonometric polynomials and splines as regressors), as well as to the Gaus-
sian sequence model. In all these situations we get the asymptotic normality of
the posterior in addition to the minimax convergence rates, with appropriate
(non-adaptive) choices of the prior. We also show that for some priors known
to reach this convergence rate, the Bernstein-von Mises Theorem does not hold.
We derive also semiparametric Bernstein-von Mises Theorems for linear and
nonlinear functionals of the parameter. The linear case is an immediate corol-
lary of the nonparametric theorems and do not need any additional condition.
We apply these results to the periodic Sobolev classes to estimate a linear func-
tional and the L? norm of the regression function f if enough smoothness is
present, and in both cases we are able to build an adaptive Bayesian estimator
which achieves the minimax convergence rate whatever the unknown parameter
of the class is, in addition to the asymptotic normality.

The paper is organized as follows. We present the framework in section 2.
Section 3 states the nonparametric Bernstein-von Mises Theorems, for Gaussian
or non-Gaussian priors. In section 4 we expound the semiparametric Bernstein-
von Mises Theorems for linear and non-linear functionals of the parameter.
Then we consider in section 5 applications to the Gaussian sequence model, and
to the regression of a function in a Sobolev and C*[0, 1] class. In section 6 the
nonparametric and semiparametric Bernstein-von Mises Theorems are proved.
Eventually the Appendix contains various technical tools used in the main anal-
ysis.

2 Framework

We consider a Gaussian linear regression framework. For any n > 1, our obser-

vation Y = (Y1,...,Y,) € R" is a Gaussian random vector
Y=F+¢ (1)
where the vector of errors ¢ = (e1,...,6,) ~ N(0,021,) is centered normal

and the mean vector F' belongs to R™. The observations Y; and the variance
o2 of the errors may depend on n, but o2 is known. Fix a (sequence of) mean
vector(s) Fy. We denote by Pr, the probability distribution of a random variable
following N (Fp,021,), and E the associated expectation.

Let ¢1,...,¢r, a collection of k, linearly independent regressors in R",
where k, < n grows with n. We gather these regressors in the n x k,-matrix ®
of rank k,,, and we denote (¢) their linear span. (¢) is the misspecified model in



which the Bernstein-von Mises Theorems will be stated. It can be parametrized
as (¢) = {@9 20 =(01,...,0p,) € RFn } We denote by P, the probability dis-
tribution of a random variable following A (®0,021,,), and Ey the associated
expectation.

As examples, we present three different frameworks, each one with its own
collection of regressors. In section 5 the Bernstein-von Mises Theorems are
applied to each one of these frameworks.

1. The Gaussian sequence model.
Our first application concerns the Gaussian sequence model, which is also
equivalent to the white noise model (see [13, ch. 4] for instance). We
consider the infinite dimensional setting

1 .
}/j:eg+%§jv j=1 (2)
where the random variables £;,j > 1 are independant and have distri-

bution N(0,1). Projecting on the first k&, coordinates with k, < n, we
retrieve our model (1) with 6y = (09)1<j<,., on = 1/y/n, and ®"® = I, .

2. Regression of a function in a Sobolev class.
Let f:[0,1] — R be a function in L2([0, 1]). We observe realizations of
random variables

Y = f(i/n) + e (3)

for 1 < i < n, where the errors ¢; are iid N'(0,02) and o, does not depend
on n.

We denote by (¢;);-, the Fourier basis

Y1 = 1
Yo () = V2 cos(2mma) Ym >1 (4)
Yomi1(z) = V2 sin(2rma) Ym > 1
For the regression on Fourier’s basis we choose a regular design z; = i/n

for 1 <14 < n. This gives the collection of regressors ¢; = (¢;(i/n))
1<j<kn.

1<i<n’

In practice we suppose that f belongs to one of the Sobolev classes:

Definition 1. Let o > 0 and L > 0. Let (¢;);>1 denote the Fourier basis
(4). We define the Sobolev class W(a, L) as the collection of all functions
f= E 10505 in L2([0,1]) such that 0 = (0;);>1 is an element of the

ellipsoid of ¢*(N)

where

e if j is even;
4= { (G— 1) ifj is odd. (5)



3. Regression of a function in C*[0,1].
Fix a regularity « > 0, and consider a function f € C%[0,1]. This means
that f is ap times continuously differentiable with || f|lo < oo, ag being
the greatest integer less than a and the seminorm being defined by

[0 (@) — fe )|

= su
||f||0¢ 1#5/ | o 1',|04—Ot0
Consider a design (zz(-"))n>1 1<i<ns DOt necessarily uniform. Here Fj is
>1,1<i<

the vector (f (chn)))lgign. Once again we suppose that o, = o does not

depend on n.

Fix an integer ¢ > «, and let K = k, + 1 — ¢q. Partition the interval
(0, 1] into K subintervals ((j — 1)/K, j/K] for 1 < j < K. We want to
perform the regression of f in the space of splines of order ¢ defined on
that partition, and use the B-splines basis (B,)1< <k, (see [5] for instance).

(n) Jfor 1< j < k.

Our collection of regressors is ¢; = (Bj (zi ))1<i<n

For any value of n > 1, let W be a prior distribution on F', with support
included in (¢). Equivalently, W is induced by a probability distribution W on
0 by the application § — ®0. P denotes the marginal distribution of Y under
prior W, and W (dG(F)|Y) denotes the posterior distribution of a functional
G(F). Note that everything depends on n — W for instance is a distribution
on R™ — even if we do not use n as index to simplify our notations.

W is a sieve prior. Such priors are specially well adapted for increasing di-
mension frameworks; they also make clear the relations between the parametric
and nonparametric results. On the other hand the question of the choice of the
cutoff k,, arises.

The exact parametrization by 6 and the corresponding collection of regres-
sors ¢1,...,¢Pr, are somehow arbitrary: what matters is the posterior distri-
bution of F' and this depends on (¢), which is characterized by the matrix
Y = ®(®T®)~1dT of the orthogonal projection onto (¢). In practice it is dif-
ficult to dissociate (¢) and the collection ¢1,..., ¢k, , but we have chosen to
emphasize W and F over W and 6.

In the model (¢), the MLE of Fy is the orthogonal projection Y4 of Y;
s0 Y5 = BY. We set y = (#7®)"1®7Y its associated parameter. Let also
F(4 = ® be the projection of Fy on (¢), with 8y = (¢ @)~ @7 F,. Even if
(¢) contains the support of the prior distribution W, we do not suppose that
Fy belongs to (¢), and this improves on some previous results. 6y has not to be
seen as some “true” parameter.

Although the MLE is naturally defined in the sieve (¢), it heavily depends
on the choice of (¢). Therefore the Bernstein-von Mises Theorems we establish
depends on the choice of the sieve the prior distribution is built on. This is true
in particular in a maybe more veiled way for our semiparametric results, in which
the centering point is a plug-in estimator based on the MLE defined on (¢). In
nonparametric models constructed on an infinite dimensional parameter, there
is no definition of a MLE; what should be the natural centering for a Bernstein-
von Mises Theorem in such situations is not clear.

To conclude this section, the following immediate frequentist result gives the



distribution of Y4y under Pg,:

Yigy ~ N (Fig),005) .

3 Nonparametric Bernstein-von Mises Theorems

The proofs of our nonparametric results are delayed to section 6.

3.1 With Gaussian priors

We consider here a centered, normal prior distribution W which is isotropic on
(@), so that W = N (O,T,,%E) for some sequence 7,. Essentially the only as-
sumption needed in this case is that the prior becomes flat enough as n grows.
|Q — Q'||rv denotes the total variation norm between two probability distribu-
tions @ and Q’.

Theorem 1. Assume that o, = o(7,), |[Fo|| = o(72/0,) and k, = o(Ti/ot).
Then

E||W(dF|Y) =N (Yigy,00%) || oy = 0 as n — .

ey

Since the support of W is included in (p), we can equivalently state

E HW(d9|Y) fN(Hy,UZ(Q)T@)_l)HTV — 0 as n — 0.

Theorem 1 does not deal with the modeling bias introduced by taking a prior
restricted to (¢). This is an important question in nonparametric statistics, and
k,, has to be chosen in order to achieve the bias-variance tradeoff. In most cases
this bias has already been studied in frequentist papers on sieve approximation.

As an example, let us consider an usual regression framework with Fy =
(f(24))1<;j<pns Where f is some function and (z;)1<;<n some design. If o, does
not depend on n, both conditions ||Fy|| = o(72/0,) and k, = o(7i/ck) are
verified for instance if f is bounded and n'/* = o(7,). These conditions can be
read in the other way: 72 must be large enough with respect to || Fy|| and k,,.

3.2 With smooth priors

We consider now more general priors. We get an abstract result, but with
powerful applications.

Theorem 2. Suppose that W is induced by a distribution on 0 admitting a den-
sity w(0) with respect to Lebesque measure. If there exists a sequence (My,)n>1
such that
0o + h
1. sup M%lasn%oo.
hT®T Bh<o? M, g7 8T ®g<o2 M, W(00 + g)

2. knlnk, = o(M,)

det (T ®) .,
3. max (0,111 <m>> = o(M,)



Then

E||W(dF|Y) =N (Y, 005) || 0y = 0 as n — .

v
Since the support of W is included in {¢), we can equivalently state

E HW(CZGD’) —N(@y,di(@T@)_l)HTv — 0 as n — oc.

With Condition 1 we ask for a sufficiently flat prior in a given neighborhood
of 6y. By Conditions 2 and 3 we insure that this neighborhood has enough
prior weight. This kind of assumptions is quite common in the literature dealing
with the concentration of posterior distributions. These assumptions are needed
together in order to get the Gaussian shape of the posterior distribution. Several
of our applications illustrate that priors known to induce the posterior minimax
convergence rate may not be flat enough to get the Gaussian shape with the
asymptotic variance o2 .

Our main applications, to the Gaussian sequence model, and to the re-
gression model using trigonometric polynomials and splines, are developed in
section 5. We now present two remarks about the parametric case and the
comparison with the pioneer work of Ghosal [7].

The parametric case. Consider the regression of a function f defined on

[0,1], with a fixed number k of regressors. Set a design (xgn))nzl,lgign, with

xgn) € [(i—1)/n,i/n] for any n > 1, and Fy = (f(:cgn))) . Choose a finite
1<i<n

number of piecewise continuous and linearly independent regressors (p;)1<;<k

on [0, 1], and set ¢; = (tpj (x('n)))1<z‘<n for1<j<k. f,ky,=k, opn=0,and

3
W do not depend on n.
We would like to compare Theorem 2 with the usual Bernstein-von Mises The-
orem for parametric models, applied to such a regression framework. In that
setting, let us suppose that w is continuous and positive, and that f is bounded.
Then Condition 1 becomes M,, = o(n), while Condition 3 reduces to Inn =
o(M,,). Clearly, there exist such sequences (My,),>1, and Theorem 2 applies.
The rescaling by /n of the Bernstein-von Mises Theorem for parametric models
is here hidden in the asymptotic posterior variance o2(®7®)~! of the parameter
6. Indeed, (1/n) ®T® is a Riemann sum, and converges towards the Gramian
matrix of the collection (¢;)1<j<x in L2([0, 1]).

Proof. We have [|6o|| < [|Fo|| < v/nlfllee, and [|6o]* < [[(@7 @)~ || [|@6o]* <
[n(@T @)~ [ fl12- (1/n) ®T® converges towards the Gramian matrix of the
collection (¢;)1<j<k in L2([0,1]), and its smallest eigenvalue is lower bounded
for n large enough. Therefore 6y is bounded, and we can consider it lies in
some compact set on which w is uniformly continuous and lower bounded by a
positive constant. The rest follows. O

Comparison with Ghosal’s conditions. The Bernstein-von Mises Theorem
in a regression setting when the number of parameters goes to infinity has been
first studied by Ghosal [7] as an early step in the development of frequentist
nonparametric Bayesian theory. In his paper the errors ¢; are not supposed to
be Gaussian. Under the Gaussianity assumption, we get improved results. In



particular our condition for the prior smoothness is simpler, and the growth
rate of the dimension k,, is much less constrained.

e [7] does not admit a modeling bias between Fj and ®6y. In the present
work the normality of the errors permits to take F # ®y without any
cost, as it appears in the core of the proof (Lemma 7).

e In [7] 0, is constant, which does not allow the application to the Gaussian
sequence model.

e At last, [7] restricts the growth of the dimension k,, to kX In k,, = o(n) (see
below). It is then not possible to obtain the applications to the Gaussian
sequence model or to the regression model for Sobolev or C* classes.

Let 62 = [|[(®T®)~1|| be the operator norm of (®7®)~1 for the ¢? metric,
and let 2 be the maximal value on the diagonal of ¥. With our notations, the
remaining assumptions of [7] become

(A3) There exists 79 > 0 such that w(fy) > ni". Moreover
[ nw(®) —mw(fo)| < Ln(C)[|0 — o], (6)

whenever [|0 — 0y|| < Cd,kn/Ink,, where the Lipschitz constant L, (C)
is subject to some growth restriction (see assumption A4).

(Ad)
VC > 0, L, (C)0nkny/Ink, =0 and n,k3/2\/Ink, - 0.  (7)

Further the design satisfies a condition on the trace of ®7 ®:

tr(®7®) = O(nk,,). (8)

Since ¥ is an orthogonal projection matrix on a k,,-dimensional space, tr(X) =
ky, and n2 > k,/n. Consequently the last part of (7) entails k2 Ink,, = o(n).

If we add the normality of the errors and a slight technical condition Inn =
o(ky In k), these assumptions entail ours. Indeed, set M,, = C?k2 In k,, for some
arbitrary value of C. Our condition 2 is immediate. Condition 1 is got from (6)
and the first part of (7). The beginning of (A3) entails —Inw(fy) = O(k,,) =
o(M,). Using the concavity of the In function and (8), we get Indet(®T®) <
kpIntr(®T®) —k, Ink,, = O(k, Inn) = o(M,). Therefore our condition 3 holds.

4 Semiparametric Bernstein-von Mises Theorems
We consider two kinds of functionals of F: linear and non-linear ones. These

results can be easily adapted to functionals of 6, using the maps 6 — ®6 and
Frs (970)"10TF.

4.1 The linear case

For linear functionals of F', we have the following corollary:



Corollary 1. Let p > 1 fized, and G be a RP x R™-matrixz. Suppose that the
conditions of either Theorem 1 or Theorem 2 are verified. Then

E|[W(d(GF)|Y) = N (GY(4), 07 GEGT) | 1,
Further, the distribution of GY 4) is N(GF<¢>,U%GEGT).

Corollary 1 is just a linear transform of the preceding Theorems, and of the
distribution of Y4y.

An example of application is given in subsection 5.2, in the context of the
regression on Fourier’s basis.

— 0 as n — oo.

4.2 The nonlinear case

Let p > 1fixed, and G : R" — R? be a twice continuously differentiable function.
For F € R", let G denote the Jacobian matrix of G at F, and D%G(+,-) the
second derivative of G, as a bilinear function on R™. For any F' € (¢) and a > 0,
let

Bp(a) = sup sup ||D%, G(h, h)| - 9)
he(g):[|h]|?<ofa 0<i<1
where || - || denotes the Euclidean norm of R?.
We also consider the following nonnegative symmetric matrix
Ir=02GrXGE. (10)

In the following, ||[T'5'|| denotes the Euclidean operator norm of T'n!, which is
also the inverse of the smallest eigenvalue of I'p.

Let Z be the collection of all intervals in R, and for any I € Z, let ¢(I) =
P(Z € I), where Z is a N'(0,1) random variable.

Theorem 3. Let G : R" — RP be a twice continuously differentiable function,
and let I'p be as just defined. Suppose that I'r,, is nonsingular, and that there
exists a sequence (Mp)n>1 such that k, = o(M,) and

—1
B}, (M) =0 (HFF<1¢> ) . (11)

Suppose further that the conditions of either Theorem 1 or Theorem 2 are veri-
fied. Then, for any b € RP,

2 Lsup b [ LG~ G0V))

et \ bTT kb

Under the same conditions,

cellY | —¢(D)|| — 0 asn— .

sup| P b (G(Yig)) — G(Fiy))

et \ bTT kb

sup;er |Q(I) — Q' ()] is the Levy-Prokhorov distance between two distribu-
tions @ and @’ on R. The Levy-Prokhorov distance metricizes the convergence
in distribution. So, when p = 1 (12) says that the Levy-Prokhorov distance

T b (G(Ygy)—G(F .
between the distribution of ( (\/;?Iz (b () and NV(0,1) goes to 0 in mean.
o)

An application of Theorem 3 is given in subsection 5.2, in the context of the
regression on Fourier’s basis. The proof is delayed to subsection 6.3.

el| —v)|—0asn— oo. (12)




5 Applications

We present now the three applications announced in section 2. The models
studied and the collections of regressors used have been defined there.

5.1 The Gaussian sequence model

We consider the model (2). Here the MLE is only the projection 0y = (Y;)1< <k, -

The nonparametric case corresponds to the estimation of §°. Under the
assumption that 6 is in some regularity class, we obtain a Bernstein-von Mises
Theorem with the posterior convergence rate already obtained in previous works.
On the contrary, for some priors known to achieve this rate, the centering point
and the asymptotic variance of the posterior distribution do not fit with the ones
expected in a Bernstein-von Mises Theorem. We also look at the semiparametric
estimation of the squared £2 norm of ¢°.

5.1.1 The nonparametric estimation of §°

Proposition 1. Suppose that Z§;1(99)2 is bounded. This is verified in par-
ticular when 0° is an element of (*(N) non depending on n. With a prior
W=N (O,Tﬁ]kn) such that n=Y* = o(t), we have whatever k,, <n,

— 0 as n — oo.

E H’W(dm) - N <9y, %h)
TV

and the convergence rate of 0 towards 0y is \/%”: for every A\, — 00,

W (||e—eo| > Ay o Y>
n

Proof. The beginning is an immediate corollary of Theorem 1. For the conver-
gence rate, let A, — co. Since 8y — 6y ~ N (0, 21, ),

A kn
P <|oy — O] > 22 —) S0,
2 n
In the same way

w _ > n,/n

E — 0.

E

< EHW oY) — N (ey, )

TV

et mE)
W <I9—90|| > An\/gﬂ — 0.

10

Therefore

E




However in such a general setting we have no information about the bias
between 00 and its projection 6. Several authors add the assumption that the
true parameter belongs to a Sobolev class of regularity o > 0, defined by the
relation Z;’il |90| j%* < oo. In this setting we show that for some priors the
induced posterior may achieve the nonparametric convergence rate but with a
centering point and a variance different from what is expected in the Bernstein-
von Mises Theorem. Then we exhibit priors for which both the Bernstein-von
Mises Theorem and the nonparametric convergence rate hold.

From now on, we suppose that 3~7° L 1691777 < co. In this setting [10, §7.6]

considers a prior W such that 01, 0a,...are independent, and 6#; is normally
distributed with variance a?-y k- Further, the variances are supposed to verify

c/ky < min{oiknjm 1< i<k} <CJ/k, (13)

for some positive constants ¢ and C. Suppose that o« > 1/2 and there exists
constants C; and Cy such that Cin'/(1+2¢) < k. < Cyn'/(1+2¢) " Then [10,
Theorem 11] proved that the posterior converges at the rate p—o/(1420)

In order to get n =11}, as asymptotic variance, we need more stringent condi-
tions on k,,, or a flatter prior. As a counterexample consider, for k, ~ n'/(1+22)
the following choices of o 1, :

9 k-t if1<j<k,/2,
o5 = " .
Jokn 22 /nif § > ky /2.

Then min{o?, 5%*:1<j <k,}~k,", and [10, Theorem 11] applies.

In this case we can perform an explicit calculus of the posterior distribution,
similar to the one made in the proof of Theorem 1. The coordinates are inde-
pendent, and

For j > k,/2, m%ﬂ_ = 1+4a, and therefore HW (d0;]Y) — N (Y;,02)

bounded away from 0

On the contrary with an isotropic prior, flat in all directions, we obtain
the centering point and the asymptotic variance we expected, and the same
convergence rate as previously.

’ is
TV

Proposition 2. Suppose that 0° belongs to the Sobolev class of reqularity o > 0.
Choose a prior W = N(O 721 ) such that n=Y/* = o(r,,), which insures the
asymptotic normality of the posterior distribution as in Proposition 1.
If further k,, ~ n'/(+2%) then the convergence rate of 0 towards 0y and towards
0° is n=/ (29 - for every A\, — 00,

v)|—o.

Proof. We consider § and 6, as elements of £(N) by setting §; = 6, ; = 0 for j >
kn 4+ 1. The convergence rate towards 6y has already been established in Propo-

sition 1. Since fg,; = 09 for 1 < j < ky, [|6° — 0o]| < k;a\/z] b1 (092520 =

O (k;®). Therefore the convergence rate of § towards #° is also n=*/(1+22)

B[7 (1 00) 2 Ao/

11



5.1.2 Semiparametric theorem for the /> norm of 6°

We still consider the same prior distribution as before, but now we look at the
posterior distribution of ||@||?. To get the asymptotic normality with variance
n~1/2, we just need k, = o(y/n). To control the bias term we need o > 1/2,
and in this case we get an adaptive Bayesian estimator.

Proposition 3. Let a > 1/2 and suppose that 8° belongs to the Sobolev class of
reqularity . Choose a prior W = N (0, Tﬁ]kn) such that n=Y* = o(r,). Then,
for any choice of k,, such that k,, = o(y/n) and \/n = o(k2%),

. 9 2 _ 9 2
E |sup |W v (19 OH YH)EIY —yI)|| -0 asn — oo
rez 2(16°|
Oy ||? — [|00]?
and \/ﬁ(H ;|||90|| 1ol ) — N(0,1) in distribution, as n — oo. Further, the

bias is negligible with respect to the square root of the variance:

Vi (0ol —10°1) _
o oW

In particular the choice k, = \/n/Inn is adaptive in .

Proof. The conditions of Theorem 1 are fulfilled, as in Proposition 1.

Here G(0) = 076, Gy = 20T and Gy = 21}, . Therefore By, (M,) = 2M,/n,
while Ty, = 4|60|*/n.

Let us choose (M,,)n>1 such that k, = o(M,) and M, = o(y/n). Such
sequences exist and fulfill the conditions of Theorem 3.

Since [|00|*> — ||6°]|?, we can substitute the variance T'p, by 4//6°[|?/n and
get the two asymptotic normality results.

Eventually [|6°]]2 — [|6o]|* = [|6° — 60> = O (k,;>*), as in the proof of Propo-
sition 2. If /i = o(k2*), we get v/n (||60]|* — [|6°]|?) = o(1). O

5.2 Regression on Fourier’s basis

Now we consider the regression model (3) with a function f in a Sobolev
class W(a, L), and use Fourier’s basis (4). For any 6 € R** we define fy =
2?21 0;p;. We also denote by 6° € ¢2(N) the sequence of Fourier’s coefficients
of f+ f =372, 000;

The following useful Lemma about our collection of regressors can be found
for instance in [17] (we slightly modified it to take into account the case n even):

Lemma 1. Suppose either that n is odd and k, < n, orn is even and k, < n—1.
Consider the collection (¢;)1<;<k, defined before, and ® the associated matriz.
Then

1D =nly, .

This makes the regression on Fourier’s basis very close to the Gaussian se-
quence model, and the result we obtain are similar.

We consider first the nonparametric estimation of f in a Sobolev class,
for which we get a Bernstein-von Mises Theorem and the frequentist minimax
n~/(1+29) pogterior convergence rate for the L? norm.

12



Then we consider two semiparametric settings: the estimation of a linear
functional of f, and the estimation of the L? norm of f. We get the adaptive
v/n convergence rate for any a > 1/2.

5.2.1 Nonparametric Bernstein-von Mises Theorem in Sobolev classes

Proposition 4. Suppose that f belongs to some Sobolev class W(«, L) for L > 0
and o > 1/2. Let k,, =~ n'/(F2%) and W = N (0,7,1x,) be the prior on 6, for
a sequence (Vn)n>1 such that 1/v/n = o(yy,). Then

— 0 asn— oo
TV

E HW(d9|Y) - N (ey, ;Ikn)

and the convergence rate relative to the euclidean norm for fy is n~®/(1422);
for every A\, — oo,

E [’VV (er — £l > Apn—o/(F2) Y)} 0.
Proof. The conditions of Theorem 1 are fulfilled: with 72 = n7,, we have
n = o(r2). The first assertion follows.
Because of the orthogonal nature of Fourier’s basis, || fo — f|| = ||0 — 0°|| in

??(N). We use the decomposition [|§ — 6°]|? < ||0 — 6p]|? + [|6o — 6°]|%. In the
same way as in the proof of Proposition 1, for any A,, — oo,

W <|9 — o]l = Any/ k—”)} — 0.
n

Going back to Definition 1, we have

E

||90 _ 90||2 — Z (95))2 < k;?a Z a?a(92)2 — O(k;Qa).
G=kn+1 j=kn+1

This permits to get

B[ (1 0] 2 Ao/

Y)} 0.

5.2.2 Linear functionals of f

Let g : [0,1] — R be a function in L2([0, 1]). We want to estimate F(f) = fol fa,
and we approximate it by

=S gli/m)Gifw) = GFy

where G = (g(i/n)/n)i -, . The plug-in MLE estimator of GFj in the misspec-
ified model (¢) is GY{4y. More generally, we consider the functional F' — GF.

The following result is adaptive, in the sense that the same choice k,, =
|n/Inn] entails the convergence rate n~1/2 for all values of v > 1/2.

13



Proposition 5. Suppose f is bounded, and let W be the prior induced by the
N0,y I,) distribution on 6, for a sequence (n)n>1 such that 1/y/n = o(vy,).
Then

1.

E[|[W(d(GF)[Y) = N (GY(4, 0’ GEGT -0

and the distribution of GY 4 is N (GF<¢>,02GEGT).

o

2. Suppose further that f and g belong to some Sobolev class W(a, L) for

L>0and a >1/2. Then GEGT N% 01g2,

E|W | d

VI(GE — GYig)| ~N(@O, ]| —o,

J\/fong TV

GY s — GF
V(G (v) — N(0,1) in distribution, as n — oo.

O’\/fol g2

3. Suppose that f and g belong to some Sobolev class W(«, L) for L > 0 and
a > 1/2, and suppose further that k, is large enough so that n = o(k2%).
Then the bias is negligible with respect to the square root of the variance:

Vi (GEy) — F(f))
O'\/fol g2

Before the proof we give two lemmas, proved in Appendix B, about the error
terms of the approximation of a Sobolev class by a sieve build on Fourier’s basis,
and of the approximation of an integral by a Riemann sum.

and

=o(1).

Lemma 2. Let a > 1/2 and L > 0. We suppose n odd or k, < n. If f €
W(a, L),
V2L Vi

« a '’
T kg

Further, | Fo|| ~ 1/n [y f2 and ||[Fo — Fig|| = Ok || Fol])-

Lemma 3. Let two functions f € W(a, L) and g € W(d/, L") for some o, o’ >
1/2 and two positive numbers L and L'. Then

[Fo — Figyll < (1 +0(1))

= pGifmgtifn) = [ fa

i=1

_ 0 (o).

Proof of Proposition 5. 1. The first assertion is just Corollary 1. The condi-
tions of Theorem 1 are fulfilled, as in the proof of Proposition 4.

2. If g € W(a, L) for L > 0 and a > 1/2, GEGT = |ZGT|? ~ ||GT|]?
by Lemma 2. In the meantime ||GT|? = 53" g?(z;) ~ %fol g* by
Lemma 3. So GXGT ~ %fol g2, and the variance in the formulas of
Corollary 1 can be substituted with £ fol g>.

14



3. We decompose the bias into two terms, |GFy — F(f)| and |GFgy — GFp,

and show that both are o(n~1/2). The first term is controlled by Lemma 3.
For the last one, |GF 4 — GFo| < [|GT||||Fyy — Fol. |GT| = O(n=1/?),
| Epy—Foll = Ok, | Fo||) by Lemma 2, and || Fy|| = O(y/n). We conclude
thanks to the assumption n = o(k2®).

O

5.2.3 L2-norm of f

Suppose that we want to estimate F(f) = fol 2. We can consider the plug-in
MLE estimator

2
n

kn
@) = = [Vigl = = 3 [ S bvsestisn)

i=1 \j=1
More generally we define, for any F' € R",
1
G(F) = —||F|. (14)
n
With a Gaussian prior, we obtain the following result, which is also adaptive:
the same k, = |\/n/Inn] is suitable whatever a > 1/2.

Proposition 6. Let G(F) = ||F||*/n. Suppose that f € W(a, L) for some
L >0 anda>1/2. Let W be the prior induced by the N'(0,v,, I, ) distribution
on 0, for a sequence (Yn)n>1 such that 1/\/n = o(y,). The sequence (kp)n>1
can be chosen such that k, = o(y/n) and v/n = o(k2®), and with such a choice,

. ( Vi (G(F) — G(Yiy))

-

FE |sup el —0asn— o0
IeT 20/ F(f)

J Vi (G(Yig)) — G(Fig)))

20/ F(f)

the bias is megligible with respect to the square root of the variance:

Vi (G(Fg) = F(f))
20/ F(f)

A similar corollary can be stated for a non-Gaussian prior.

— N(0,1) in distribution, as n — oo. Further,

=o(1).

Proof. First, let us note that the conditions of Theorem 1 are fulfilled, as in the
proof of Proposition 4. Lemma 10 in Appendix B insures that f is bounded.

In this setting Gp = (2/n) FT and D%G(h,h) = (2/n) ||h||* for any F € R"
and any h € R™. Therefore Br(a) = 20%a/n, and I'r = 4(c?/n?)||F||?>. By
Lemma 2, ||F<¢,>||2 ~ | Fo||* ~ nF(f). Thus Tp, = 4(1+o(1))F(f)/n.

Let us choose (M,),>1 such that k, = o(M,) and M, = o(y/n). Such
sequences exist and fulfill the conditions of Theorem 3. We can substitute the
variance I'p ,, by 4F(f)/n and get the two asymptotic normality results.

Let us now consider the bias term.

F(§) - 6y < LTl (/ - _Zf2<z'/n>>

15



We use Lemma 2 to control || Fy||* — || Fig||?, and Lemma 3 for the other term:
| F(f) = G(Fig))| = O (k**) + O (n™7).
This is a o(1/4/n) under the assumptions of Corollary 6. O

5.3 Regression on splines

Here we consider the regression model for functions in C*[0, 1] with a > 0, using
splines. The problem has been set in section 2. We first develop further the
framework and the assumptions used here, and recall the previous result of [10,
§7.7.1] which obtains the posterior concentration at the frequentist minimax
rate. Then we present two Bernstein-von Mises Theorems: the first one with
the same prior as [10] but a stronger condition on k,, (or equivalently on «); the
second one with a flatter prior, for which we retrieve the minimax convergence
rate in addition to the asymptotic Gaussianity of the posterior distribution.

For any 0 € R* we define fy = Z?;l 0;B;. The B-splines basis has the
following approximation property: for any « > 0, there exist C, > 0 such that,
if f € C°[0,1], there exists 6> € RF verifying

1 = foxlloe < Cak [ flla- (15)

We need the design (xz(n))nzl,lgign
in [10], the spacial separation property of B-splines permits to express the precise
condition in terms of the covariance matrix ®7®. We suppose that there exist
positive constants C; and Cy such that, as n increases, whatever § € RF» |

to be sufficiently regular but, as stressed

Cr- 10 < 67870 < Co— 6] (16)

A norm | flln = /23" | |f(x:)]? is associated to the design. Note that

V| folln = || @8] if & € R¥». Under condition (16) we have a relation between
|| - ||» and the euclidean norm on the parameter space: for every 6; and 6

Cill0r — Oaf| < Vkn || fo, — foull,, < Cal|01 — 02

With these conditions [10, Theorem 12] gets the posterior concentration at
the minimax rate. Take o > 1/2, let W = N (0,I;,) be the prior on the
spline coefficients, and suppose there exists constants C3 and Cj such that
Cynt/(+20) < | < Oynt/(1+20)  Then the posterior concentrates at the mini-

max rate n~ %/ (1+2) relative to || - ||,: for every A, — oo,

B W (Ilfo = flln = Aan=2/052)

Y)} - 0.

1—2«
This is equivalent to a convergence rate n20+22) relative to the euclidean norm
for 6: . o
Epvowf%nzxmﬁﬁa

v)| o
Indeed (15) and the projection property entail

[f60 = flln < [[foee = flln < [ fooe = flloo < Callfllaky -

With modified assumptions we get also the Bernstein-von Mises Theorem in
two different settings. First, with the same prior as [10]:

16



Proposition 7. Assume that f is bounded, k,, = o ((L)l/s), and (16) holds.

Inn

Let W = N (0,1,) be the prior on the spline coefficients. Then
E HW(d9|Y) fN(Hy,UQ(@TQ))*l)HTV — 0 asn — oo

and the convergence rate relative to the euclidean norm for 0 is \k/—%

We need o > 1 to get the Gaussian shape with the same convergence rate as
in [10]. The conditions of Proposition 7 are verified in particular if there exists
constants C5 and C such that Cynt/(+20) < < O nt/(+20) 1y this case

1—2«
the convergence rate for 6 is n20+2a7 .

Proof. We apply Theorem 2. We can choose M,, such that k, Inn = o(M,,) and
M, =o0 (%) Assumption 2 is then trivially verified.

From (16) we get [|®7®| < Cy- and |[(®7®)7!| < C7'E2. We have
also Indet(®T®) < k, InCy + ky In (ki) = O(knInn) = o(M,). Since fy =
O (0Td) 1Ry,

[RAIES
Gy
Therefore —Inw(fy) = O(1) + 3[6]|> = O(kyn) = o(M,), and assumption 3
holds.

Let h € R* such that h¥ ®T®h < 62 M,,. We have |12 < |[(@7®)7!|| [ @Ah]? <

ko My _ —1
=0 (kn ) Therefore

K,
160]l* < == [1Fo|1” < .-
Cln

h||? + 2||n||||6
< wp  lP+20nlle0)

KT ST Dh<o2M,, 2

sup In

hT®Tdh<o2M,,

o(1) (17)

w(fo)

and assumption 1 follows.
Let us now prove the convergence rate. Let \,, — co. Then

Ank Ci1 )2k
P — 0| > 5= ) < P20y — 0)]? > ——2
(1ov - 0l = 3252 <  (Jooy - )P > S22 o

since || ®(0y — 00)]|* ~ 02x?(k,,). In the same way

E [W (||9 — by > A"k")} < B[ Waoy) - n (ov,0%@"e) )|

2v/n
)

+ N (0,0%(@" @) 1) <{h ) <

— 0.

E {W (|e— 0ol > A\"/’%")] 0.

Therefore

O

The situation is similar to the one we encountered with the Gaussian se-
quence model. To get the Bernstein-von Mises Theorem with the same conver-
gence rate as [10] for v < 1, we need a flatter prior:

17



Proposition 8. Assume that f is bounded and (16) holds. Let W = N (0,721,
be the prior on the spline coefficients, with the sequence T, verifying

k31
= o(72) and Sn 2P _ o(th).

2
kilnn
n " n

Then

E HW(CZGD’) —N(Gy,UQ(@Tq))_l)HTV —0asn— oo

and the convergence rate relative to the euclidean norm for 0 is \k/—%

. 1 1 2 o, ﬂ
When o > 0 and k,, is of order n!/(1+22) the conditions reduce to n 72« Inn =

o(T}). So we retrieve the convergence rate of [10] in addition to the Gaussian

shape with the same k,, even for a < 1, but with a different prior.

Proof. The proof is essentially the same as for Proposition 7. M,, can be chosen

such as k, Inn = o(M,), M, = o (T;C—TTZ‘), and M, = o (72—75) These last two

conditions are the ones needed to obtain the same upper bounds as in (17). O

6 Proofs

6.1 Proof of Theorem 1

In the present setting all distributions are explicit and admit densities with
respect to the corresponding Lebesgue measure. We decompose any y € R in
two orthogonal components y = ®0, + y/, with ®7y’ = 0. Then

1
Ru(s) = crexp { o (10017 + 20,1+ ? — 20787 20,) |

. 1
dW (0) = caexp {27_2 |(I)9||2}
U%JrT,% ?

2.2
20577

dPy(y) dW(@) = C1C2 €Xp {

‘q) (9 a2 +729y>
1

1
- (I)H 2 - 7112

where ¢; = (2) /20" and ¢2 = (27) /27 k0 det (T P) 1.

Using the Bayes rule, we get the density of W(déﬂY)7 in which we recognize
the normal distribution
02 4 72

W(do|Y) = N < Oy, OuTn . (cpT@)l) : (18)

2
oL+ T

At that point, we have got an exact expression of W(d9|Y), but nor the cen-
tering nor the variance correspond to the limit distribution given in Theorem 1.
Therefore we make use of the triangle inequality, with intermediate distribution

Q=N (—Tﬂz—ﬁy, o2 (<I)T<I))*1). We first deal with the change in the variance.

2 2
o +75

18



Let oy, = ;—: In (1 + i) and f and g be respectively the density functions

of N (0, I, ) and N( ) oTieE +72 Iy, ) Let U be a random variable following the
chi-square distribution with k,, degrees of freedom x?(ky,). Then

HW(de)QHTVHN(O,Ikn)N<0, " fkn>

2 2
Un + Tn TV

= - = z)— f(z)d"z
[ /”Iugmngu @)

:P(ng:naQ)—P(U< % +T"k: )

n

As n goes to infinity, - — converges towards AV (0, 1) in distribution. Since o, =

o(7), both GT# and a, go to 1. As a consequence, (d9|Y - QH goes
z ™V

to zero as n goes to infinity.
Let us now deal with the centering term.

Lemma 4. Let U be a standard normal random variable, let k > 1, and let
Z € R*. Then

N0, 1) = N (Z, I) lrv = P(U[ < |12]]/2) < || Z]|/v2m.
Proof. Let g be the density of A/ (0, ;). Then

IN 0.1 =N (Z D)y = [ (o) =gl = 2).. ¥

oy 0 e =2
=PU <|Z]]/2) - PU + 12|l < |1Z]|/2)
< |1Z1,/V3x.
The last line comes from the density of A (0, 1) being bounded by 1/v27r. O

Let V®T® be a square root of the matrix ®7'®. Then

VT B0y, Ikn)

HN(HY’ n((I)T(I) ) QHTV

‘NOIk) N(2

n

TV
On

\/—_ (7
< - __'n
~ Ver (7

eS¢ is a random variable following o2 (k: ) distribution. Therefore

= 7z (IRl + on k).

This goes to zero under the assumptions of Theorem 1.
To conclude the proof, let us just note that we deduce the results on W(dF|Y")

from the ones on W(d9|Y), by the linear relation F' = 6.

IN

|26y |

(HFOH n \/ETEE)

EHN Oy, n((I)T(I) QHTV—
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6.2 Proof of Theorem 2.

We make the proof for W(d9|Y). Then the result for W(dF|Y) is immediate.
Our method is adapted from [2].
For M > 0, consider the ellipsoid

Ego, 0 (M) = {0 € RF" : (0 — 00)T®T®(0 — 0p) < 02 M} . (19)
To any probability measure P on R*», we associate the probability

P (N & a(M))

pM = 20
P ans (M) 2

with support in &y, (M ). It can be easily checked that
HP - PMHTV = P (&,,0(M)). (21)

Then the calculus is divided in three parts, M,, being used as a threshold to
truncate the queues of the probability distributions. Gathered, these lemmas
give Theorem 2.

Lemma 5. If k, < 4M,,, then

(\/W*Z kn)z
BN (O 2870 ) — A (02 670 | < 20 Y

If k,, = o(M,,), for n large enough, this bound can be replaced by exp(—M,,/9).
Proof. Two cases occur, depending on whether fy is near or far from 6g:
[N By, 02 (@T®)"") = N (By, o (@7 @) ) || 1
=N (Oy,00(®7®) ") (&5, (M)
< L9y —00)T0T® (0y —00)>02 M,, /4

+ N (00,02 (27 @) ") (E5, o (Mn/4))

Let U a random variable following the x2(k,) distribution. Taking the expec-
tation in the last line we get

E||N (0y,02(®7®)~1) = N (0y,02(2T @)1 || 1y < 2P(U > M, /4).

v

To conclude we use Cirelson’s inequality [13]:
P(VU > \/kn +V21) < exp(—z) (22)
O

0o+ h
Lemma 6. If sup M — 1 asn — oo, then

KT ST Sh<o? M, g7 ST dg<o? M, W(0o + g)

E HWM"(dﬂY) — NMn (Hy,oi(Q)T@)*l)HTV — 0 as n — oo.
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Proof. Let us first note that, for every 8 and 7 in R*", for every Y € R”,

dPy(Y) —[|®6)% + || 7|2 - 2YT®(r — 0) | dN (0y,02(® T(I))*l) (9)
dP(Y) eXP{ 202 } N (By,02(@T ) z<r>'

23)
In the following we mainly use the convexity of z — (1 — x). We abbreviate
NMo 0y, 02(@T®)~1) into N, Then

03

|77 (o)) — A

TV

/<1M> AWM (9]Y)
AWM (9]Y)

/ lidNM ) | T AP (V) dN M (1)
w(0) dPy(Y)

AWM (9]Y)

+

< [ [ (- S Sim)  a aio)
&

w(0) AN (7) dPy (Y)

/ f (= 5), e

inf w(0o + h)
hTOTOh<o2 M,,,gT 8T dg<c2 M, w(0y + g)

O

Proposition 9 (Posterior concentration). Suppose that Condition 1, Condi-
tion 2, and Condition 3 of Theorem 2 hold. Then
E|Widoly) - W doyy) | =B [W (€5 a(Ma)]Y)]
— 0 as n — oo.

Proposition 9 is proved in Appendix A, using the important following Lemma.

Lemma 7. Let a € R™ such that ®Ta = 0. Then, for any y € R", W(-|Y =
y) =Wy =y+a)
Lemma 7 states that the distribution W (:|Y) is invariant by any translation

of Y orthogonal to (¢). As a consequence, proving Proposition 9 in the case
Fy = @by is enough.

Proof. We decompose any y € R™ in two orthogonal components y = 6, + v/,
with ®7y' = 0. The density of Py is equal to

o9, +y' — 20|
0P (y) — 16, +y |}

1
(Jn\/ﬂ)n P {_ 202

2 2
BN SR 77 O O T
(O'n\/2ﬂ')n 20’% 20’% ’
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On the same way,

1 @6, — 0|
dPe(y-i—a):i(U 27r)n exp{ ly 5 2” }e p{—ill y202 ” }

/+a2_ /
:exp{_w P = 1'1* ] 4, 0.

202
Therefore
dPV (y +a) = / dPy(y + a)w(0) do
_ Iy’ +all® = Iy/II* w
= exp { 207 dP" (y)
and
— dPy(y + a)w(0) db
Y = =
W (d0)| y+a) APyt a)
= W(d6|Y = y).

6.3 Proof of Theorem 3.

Let us consider the following Taylor expansion:

G(F)—G(Yi) = GF<¢> (F — Y<¢>>)
1t )
+ 5/0 (1- )DF<¢>+t(F7F<¢>)G(F — gy, I = Fig)) dt
1t )
=3 J, A= Ok g+t vy -Gy = Flap Vi) = Fiop) it

Suppose that F' € (¢), |[F—Fy||* < 02 M,, and [|Y(4) — F||* < 07 M,,. Then,
for any b € R?,

b7 (G(F) = G(Yig)) = Gy (F = Vi) | < 1011 By, (M),

1
On the other hand, ,/b"T'F, b > H ; H |6]]. Moreover

b” GF<¢> (F - Y(¢)
b FF(<¢>)

w|d —N(0,1)| < [WUEF|Y) =N (Yi,0.%)

e

Let 0, = HI‘

Fio Bp, (Mn), which tends to 0 by hypothesis. Let also

I, ={zeR:32" €I, |z —2'| <n,}
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Note that ¢ (I,,,) < ¥(I)+ \/gnn.

Gathering all this information, we can get the upper bound

b (G(F) — G(Yi)) eIy | <u()+ \/Zm

+IW@FIY) =N (Yig), 00 E) 1y

w

+ ]l||Y<¢>—F<¢> 12>02 M,
+ W (|F = Figyl? > 03 Ma|Y).

A lower bound is obtained in the same way. Taking the expectation,

b" (G(F) - G(Yiy))

\/OI TR, b

E\W

eIy | =)

< o(1) + P(|Yig) = FigplI* > 07, M)
SE W (IF - > o2Ma|Y)].
But ||Yi4) — Fig || follows the o7 x?(ky) distribution, and since ky, = o(M,),
P(|[Yigy — FigylI* > 07 My) = o(1).

To conclude the proof of the Bayesian part of Theorem 3, we use the follow-
ing:

Lemma 8. Suppose that the conditions of either Theorem 1 or Theorem 2 are
verified. Then

E[W (IIF = Fgyll? > 02 M| Y)] = 0 as n — .

Proof. For smooth priors, this is an immediate corollary of Proposition 9. Let

us suppose we are under the conditions of Theorem 1.
2_2
Let Z be a N (0, :Q"J::Q (<I)T<I>)_1) random vector in R” independent on Y,

and U a random variable following x?(k,,). Using (18), we get

2
> O'ZMH>

W ([|F = Fig)lI> > o2 M,|Y)

2
-
=Pl|z " Y — F
(H Tty T

<|Z| > op/ M, —

Ta
o2 2 ) T F<¢>H)

P
1 if || ozl Vi) — Floy| > 22
S 02 +T2 v n i n
P (U > %T") otherwise.

Since k,, = o(M,,), P(U > M,/9) = o(1). On the other hand,

2 2
E< 2Tn 36+ 2Jn QFO)

On

— | Fo|
Vo2 + 12

Ta
ol F<¢>H =

< || Zel| +
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Since || Fy|| = o(72/an), % = o(1) < 2= for n large enough. [Ze||? is a

x%(kn) variable. Therefore, for n large enough,
E[W (|F = Fgl*>o0pM,|Y)] <2P(U > M,/9) = o(1).
O

The frequentist assertion (12) is proved in a similar way from Taylor’s ex-
pansion

G(Yg)) — G(Fl)) = Gry,y (Yig) — Figy)

ot 5
+3 /O (L= 8) D 1 (vigy— o) G Vio) = Flo)s Yig) = Figy) dt.
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A Posterior Consistency

Here we prove Proposition 9. Lemma 7 allows us to suppose Fy = ®0y. Let U a
random variable following the x?(k,,) distribution. Proceeding as in [2,18], we
introduce a test

Tn = 1oy —0,)TdT® (6y —00)>02 M, /4- (24)
Note that ET,, = P(U > M, /4) = o(1). Then

E [W (68 5(M,)| Y)} <ET,+E [(1 — T,)W (£ o(M,)] Y)} .
Next, let (r,)n>1 be a sequence of positive numbers such that r, goes to 0

and —1In(r,) = o(M,/k,) as n goes to infinity. We replace the distribution Py,
by the mixture distribution Pevg/ »,, With density

aPYy, (y) = /g AR @) (25)
00,0 (Tn

where W7 is the rescaled restriction of W to Epy, (), as in (20). The following
Lemma illustrates the link between Py, and P(XK .

Lemma 9. Using the preceding notations,

In — o).

1PE s, Pl < /22
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Proof. We use convexity, and Lemma 4 since Py = N (@9, O'%In):

%
s

PV _p < P - P, < .
|| 00,7 90||TV - hT@TiI};.LpSa%rn H Oo+h GOHTV = \/2_

At that point, the Bayes rule and the Fubini Theorem give

B, |- TOW (&6 5(02)| V)]

m/ﬂw (/Rn a —Tn)/g APy (Y)w(r) dr

(M) kan d P (Y)w(n) dn

_ Ni/ B [(1 = T)W(EG)Y)] w(r) dr
SC(MTI,)

dPg(Y)) w(9) do

IN

= sup Epo+n(1=T,)
W (Epp.0(rn)) WTOTDR>02 M,

1
e — su
w (5907<I>(Tn)) hT®Tdh>02 M,
_PW > M)
W (5907‘I>(Tn))

Poyin (I (0 = 00 = 1)||* > 020, /4)

Let By(0,1) be the unit ball in R*. We make use of the following relation
(see for instance [1, Lemma 2])

Ltk/2) ko

—Invol (By(0,1)) = In k2 koo 2

together with a control on the volume of the ellipsoid g, o (74)

w(fo + h)) aFrw(0o)
det (T D)

W (Egp,0(rn)) > ( inf k2 vol (By, (0,1)) .

hTOTOh<o2r,  w(0p)

Next we can use Cirelson’s inequality (22) as in Lemma 5 and get, for n
large enough,

(B, (1= T)W (£5,,0(00,)]Y))])
k

<In (%) - % — —1In(r,) — Invol (By, (0,1)) + o(1)

~N ——

9

which goes to minus infinity as n goes to infinity.

B Sobolev classes

We begin with a simple lemma, then we prove Lemma 2 and Lemma 3
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Lemma 10. Let o > 1/2, L >0, and 6 € O(«, L). Then

o0
> 16;] < o
j=1

A A .y . oo A
As a consequence, [ is the uniform limit of the series ijl Oip; and f is
continuous.

Proof of Lemma 10. We have a simple control on the sum of the coefficients

Z|9|< Za Zaf@?_ — /Zj‘2a<oo.
j=2 j=2 j>1

Since all functions ¢; are continuous and bounded by V2, the other points
follow. O

Proof of Lemma 2. F4) is the orthogonal projection of Fy on the convex span
of the first k,, vectors of the orthogonal basis (¢;)1<;j<n of R™. So

1B Folf= 3 (Fef=n Y (%Zm/nm(i/n)) .

j=kn+1 Jj=kn+1 i=1

Following [17], we set ¢; = = .1 f(i/n)g;(i/n) — 67 for 1 < j < n. Then

n 2 n n
IFo—FlP=n > (G+6) <am (D G+ >
j=kn+1 Jj=1 Jj=kn+1

Using Lemma 1, for any 1 < j <

Z ( m‘Pm )) @;(i/n) —
(3 uentiim) et

=n+1

I
3I>—‘

G

I
S|

So, using Lemma 1 again,
2 - 0 ;
St (3 denim
j=1 =1 \m=n+1

We recognize a Riemann sum of the function (3 >_ ., 99n<pm)2, which is con-
tinuous according to Lemma 10. Therefore

Zg < (1+0(1 / (Z Gmwm> = i (00)°

m=n+1
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and

oo

|Fo = Fgyll> < 2n+o(n)) > (65,
m=k,+1
< 2n + o(n) a2 (60 Y2

2
a
kn+1 m=ky,+1

- 2L% n + o(n)
- ﬁ kr%a

On the other hand, f is continuous, and (1/n) ||Fp|? is a Riemann sum of f2.
Therefore (1/n) || Fol|? goes to fol f? as n goes to infinity. O

Proof of Lemma 3. Let (0});>1 the Fourier coefficients of g. As in the previous

proof, we set ; = = 31 | f(i/n)p;(i/n) — 9]0 and ¢} = LS L g(i/n)e;(i/n) —
0’ for 1 < j < n. We have I = Z?zl(Cj + 90)¢j, SO

1 n
=3 =3 (G + (S + ).
n “ ‘
J=1
In the meantime

1 0
/ fg=">_0%;.
0 =1

S GG+ G, +290< - Z 6%’
j=1 j=1

j=n+1

n

SN DISADEE N DN
j=1 j=1 j=1 j=1
IMGAPICENDIC NI
j=1 j=1 j=n+1 j=n+1

As in the proof of Lemma 2, we have

2 - L?
ZC > )< e
j=n+1
and on the other hand,
1
< [ =
0
Thus
5N ' L LA, Llgll
— ' /n) — <(1 1
>~ st/motitm) — [ 0| < (4o (orimrer + e+ rams

— 0 (nitte).
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