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RIEMANN HYPOTHESIS AND SOME NEW ASYMPTOTICALLY
MULTIPLICATIVE INTEGRALS WHICH CONTAIN THE
REMAINDER OF THE PRIME-COUNTING FUNCTION r(x)

JAN MOSER

ABSTRACT. A new parametric integral is obtained as a consequence of the
Riemann hypothesis. An asymptotic multiplicability is the main property of
this integral.

1. THE RESULT
1.1. Let us remind that
Todt

(1.1) w(2) = | 1=+ Plo) = li@) + P(a).
0

The following theorem holds true.

Theorem. On the Riemann hypothesis

(1.2) /200 %P(x)dx - —% +O(1), 6 € (0,A)

where A is a sufficiently small fixed value and the O(1)-function is bounded on
[0, A

1.2. Let

(1.3) Q) = /;O (e ) pa)ida.

23/2+0
Then we obtain from (L.2)

Corollary 1.

(1.4) Q<H5k> ~TIQ6k), 6 =0, k=1,....n,
k=1

k=1
especially,
Q(6) ~ /Q(6"),
i.e., the function 2(d) possesses the property of the asymptotic multiplicability.
Let
n=ppy? ... %, Pi,. .., P —> OO
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be the factorization of a natural number n. Then we have (see (4]
k

IG) = o)~

for example.

2. THE MAIN FORMULA

2.1. Let us remind that

/ — + P(x) = Li(x) + P(x),

Int
(2.1) )

P(z) = P(x) + V.p. =P(z)+ K; K ~1.04,

0 Int

(see (L), @I) and [1], p. 3). The following lemma holds true.

Lemma 1.
<9 e B *In(1 — z)
(2.2) /2 %{ln(l —z7%)}P(x)dxr = In{(s) +/2 de,
foro>1, s=o0+it.
Proof. We apply the formula ([2], p. 2)
(2.3) In((s / d:z: o> 1.
2 x
Since
s 0 s
(2.4) 510(5657—1) = %{ln(l -z %)},
then we obtain from (23]
(2.5) In¢(s) = / E{1n(1 —z %) }m(x)dz, o > 1.
9 Ox
Next
dli(w) 1
& e H@=0
(see (Z1)) and
° 6 — . . — =00
/ —{In(1 — 27 %)}Li(z)dz = Li(z)In(1 —27°)| _, —
(2.6) 2 0o -

Inx Inx

_/ In(1—2~ )dx:—/ ln(l—af)dg37
2 2

then from (23] by (1)), 28) the formula (22]) follows. O
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3. THE DIFFERENTIATION OF THE FORMULA (2.2)

Let []; denote the open rectangle generated by the points 140 %1, % +i(0<$6
is the sufficiently small fixed value). The following lemma holds true.

Lemma 2.
> Ple ) Ployds = &)
(3.1) —/2 F(z;s)P(z)dx = 2e) 1 G(s), sell,
where
F(x;s) = i{s(n +1)nx — 1};5_("-1-1)8—1,
(3.2) Oonzo 1 1
G(s) = HZ:% (n T 15— 12T

Proof. We use the formula (see [2.2)), (2.4))

(3.3) /;0 xss_lpf)dxzz/”"“ O]

n=1YPn

Since P(z) = O(z), and P(z), = € (pn,pnt1) is continuous (p,, is a prime number,
p1 = 2) then wy,(s), s € I1; is an analytic function. Next, the uniform convergence
of the series in the set II; follows from the uniform convergence of the integral (see
() in the set II;. Thus, by the theorem of Weierstrass, the integral in (3] is an
analytic function in II;. Since

—S

d s 1 szlnx @ sz flnx
dsas—1 a5—1 (z5-1)2 11—z (1—z%)2
(3.4) o0
- Z{s(n +1)Inz —1}z~ s,

n=0

then we have (see (3.3), (3.4)

d [~ s Px)
ds Jy z5-1 x

dz = —/2 F(z;s)P(z)dz, = €11y,
(3.5) .
F(xz;s) = Z{s(n +1)Inz — 1}z D=1

n=0

Similarly, we obtain

d [®Ih(l-—z"° © g > [&
d [Fh@-am) / 27 e / S a0 § gy =
ds Jy Inx 9 1—a=s 9 oy

T2t D)s 1200

(3.6)

s e Ily.

Finally, we obtain the formula (BI]) by the differentiation of ([2Z2)), (see (B.H), (B6])).
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4. CANCELATION OF THE SINGULAR PARTS CORRESPONDING TO THE POLE AT

s =1. THE POLE AT s = 1

Let II; denote the open rectangle generated by the points % + i,% + 4. The
following lemma holds true.

Lemma 3.

(4.1) /;O F(z;s)P(z)dz = _251— 1 +g(s), sellh

where g(s), s € Iy is the analytic and bounded function.

Proof. Let (see (B1)))

¢'(s)

4.2 H(s) = + G(s), s ell;.
First of all (see (3:2))
1 1 1
Gls) = o731 T 95 1951 T 91(),
(4.3) 0o 1 1
g1(s) = ZZ 51 S T)s—1" s € 1l;.
Since

1 1 1 1
= _(S_l)ln2: _— — — — 2 =
T 5 1¢ 5—1{1 (s—=1)In2+0(s—1*)}

1 1
=— —In2 —1)) = —
—— —In2+0(s — 1) = — + gals),

and similarly

1 1 1
55— 121 — 25 1 —In2+0(|2s — 1)
then (see ([@2)), (4.3)
_ )1 1
(4.4) His) = C(s) " s—1 T o1 +9a(s), s €1l
94(s) = g1(s) + g2(s) + g3(s),

where g4(s),s € Ilz is the analytic and bounded function. Next, by the known
formula

=1 T8

¢'(s) 1 117 /s ”( 1 1)
45 :b———(— Q ~ ) =
S O IET S Sl CR) R Dl eymistd Rkl
where ((p,) =0, and g5(s), s € I3 is the analytic and bounded function. Finally,
from (BI) by (@2)-(3) the asertion of the Lemma 3 follows. O

5. THE ANALYTIC CONTINUATION OF THE FORMULA (B.1])
5.1. The following lemma holds true.

Lemma 4. On the Riemann hypothesis
(5.1) / F(z;0)P(z)dr = —
2

where g(o), o € [5,3] is the bounded function.

+4(0) 6(13)
20 —1 9T 5
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Proof. Let T12(6) denote the open rectangle generated by the pomts s+0+ti; § +1.
We obtain from (B.2])

Inz
(52) |F‘($7 S)| =0 (W) .
Next, on the Riemann hypothesis, the following estimate of von Koch
(5.3) P(z), P(z) = O(v/zInz)

holds true (comp. ([21I)). Then we have (see (52), (&3)

/200 |F(z;5)P(z)|de = O (/200 aflfgd:z:) =0 (%) ,

i.e. the integral

/ F(x;8)P(x)dx, s € a(9)

is the analytic function. Finally, from the formula [@1I), s € II;, (g(s), s € Iy is the
analytic function) by the method of analytic continuation we obtain the formula
o . 1
/ F(xz;s)P(z)dz = — +g(s), s € IIx(d),
2 2s—1

from which the formula (51I) follows. O
5.2. Since (see (52))
1 3}

/ F(I,U)dI:O</ $7%+6d117) :O(l)a oc€ |5,5
we obtain, putting P(z) = P(z) + K (see (Z1))) in (5.1, the following lemma

Lemma 5. On the Riemann hypothesis
e 1 1
(5.4) /2 F(z;0)P(x)dx = B +g(o), o€ (2 g)

where (o), o € [$,3] is the bounded function.

6. PROOF OF THE THEOREM
Since (see B2)), comp. [&2), E3))
Inz—1 1
Fa;0) = T2 +0( ne )

Ichr I2U+1

/OO fifﬁ <>|dw=o(/2°°w-%+5dx)=o<1> ve B 7,

®olnzr—1 1 3
then (see (]52[))

Colhz -1 1 13
/2 prrn Pde = -5 +0(), o€ (3.3

Putting here o = % +0, 6 € (0,A), A <1, we obtain the formula

(6.1) /:o Gz —1, =Ly on)

5+ 5
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However, (see (&.3))
®(3+0)nz—1 iz -1
/ Gz =1, e / o=l =
2

1546

*® Inz * n?z

0 (5/ arl*%dx) —0 <5%) —0(1), 5 € (0,A).
2
The formula ([2)) follows from (G1)) by (62).

I would like to thank Michal Demetrian for helping me with the electronic version
of this work.
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