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Abstract

For regularized estimation, the upper tail behavior of the random Lipschitz coefficient asso-
ciated with empirical loss functions is known to play an important role in the error bound of
Lasso for high dimensional generalized linear models. The upper tail behavior is known for linear
models but much less so for nonlinear models. We establish exponential type inequalities for
the upper tail of the coefficient and illustrate an application of the results to Lasso likelihood
estimation for high dimensional generalized linear models.
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1 Introduction

Let (Y1,71), ..., (YN, Zyn) be independent random variables taking values in a product measurable
space YV x Z, with Y; being regarded as response variables and Z; as covariates. In order to cover
both random designs and fixed designs, (Y;, Z;) are not necessarily identically distributed. A large
class of Lasso type estimators for high dimensional generalized linear models can be formulated as

0 =argmin { > [y (h(Z:) 0, Y:) + b)) + Y Ajlos] 3 (1)

velo <N i<p

where Dy # () is a domain in RP, 7;(t, y) are a given set of real valued functions on R x Y, oftentimes

identical to each other, h = (h1,...,hy) : Z2 — RP and b : Dy — R are given functions, and
Als...,Ap > 0 are coefficients of the weighted ¢; penalty on ». In this article, we only consider
nonadaptive Lasso, in which Aq,..., Ay are fixed beforehand.

Under the setting of (), for each v € Dy, we have N loss functions, each defined as (y,z) —
7i(h(2)Tv,y) + b(v). The corresponding empirical losses are v;(h(Z;) "v,Y;) + b(v), and the corre-
sponding expected total loss is

L(v) = Z Eli(h(Zi) "0, Y;) + b(v)], v € Dy. (2)

As the title suggests, the main interest of the article is the so called “local stochastic Lipschitz”
(LSL) condition. By LSL we mean the following. For the time being, denote by

L(v) = Z[%‘(h(zi)TUa Yi) +b(v)] — L(v)

i<N
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the fluctuation of the empirical total loss from its expectation at parameter value v. Let 6 € RP be
fixed. Under smooth conditions for ~;, it is easy to see f/(v) is differentiable with probability (w.p.)
1, which in general leads to Lipschitz continuity of L(v) provided Dy is compact. The LSL condition,
on the other hand, refers to a bound on the upper tail probability of the random variable

|[L(v) = L(9)|
sup =
veDo, v#0 D j<p AilVi — 0]

(3)

Note that the LSL condition is with respect to a weighted ¢; norm of RP. The condition is called
“local” because 6 is fixed, even though its value is typically unknown.

Although it might not be apparent at this point, the LSL condition is closely related to the
issue of estimation error for Lasso. For linear regression with square loss function (y — h(z)v)?,
this relationship is well known and has been regularly employed to obtain estimation error bounds
[4 8L 2,1]. Indeed, in this case, due to linearity, the LSL condition is rather easy to establish. However,
for other loss functions, the LSL condition is much less clear and, to my best knowledge, has not been
fully explored. An alternative to the LSL condition is a convexity assumption, in which ~;(¢,y) is
convex in ¢ and b(v) is convex in v. The convexity assumption allows a linear interpolation technique
to be employed to yield upper bounds for estimation error [I2]. While the convexity assumption
allows for nondifferentiable ~;, it is not clear how the technique can be extended to nonconvex loss
functions.

We shall establish the LSL condition for general loss functions. For differentiability, we only require
that v;(t,y) be first order differentiable in ¢ with the partial derivative being Lipschitz. After getting
various results on the LSL condition, we will then illustrate an application of the LSL condition to
Lasso type nonlinear regression, by finding an upper bound for the /5 norm of estimation error.

Previously, in [6], the LSL condition was studied for loss functions of the form (y — g;(h(2) "v))2,
1 < N, where g; : R — R are nonlinear. The condition was established under the assumptions that g;
are twice continuously differentiable and

Y = g:(MZ:)70) + e, (4)

where ¢; are uniformly bounded zero mean noise. In this article, we extend the result on two aspects.
First, the LSL condition is established for general ~;(¢, y), while still under the assumption of uniform
boundedness. Second, it is established for (@) when ¢; are Gaussian. Whereas the bounds for general
~i(t,y) is of Bernstein type, the bounds for the Gaussian case is of Hoeffding type. In [6], a truncation
argument was suggested for the Gaussian case. However, the LSL condition obtained in this way is
not as tight as the one to be obtained here. The tools used to get the results on the LSL condition
are various measure concentration and comparison inequalities in Probability [9] [8], [7].

Section [2] presents several results on the LSL condition. The discussion in the section is actu-
ally more general. It provides upper bounds on the tail probability of the remainder of the Taylor
expansion of i(v) The LSL condition is a simple consequence of these bounds.

In Section[3] we consider an application of the LSL condition to Lasso. Besides the LSL condition,
Lasso involves another issue, that is, the amount of separation of v and 6 based on the difference
between 7;(h(Z;) "v,Y;) and v;(h(Z;) " 0,Y;). This issue is of different nature from the LSL condition,
and its resolution in general requires further conditions on the matrix [h;(Z;)]i<n j<p. The issue has
been studied in quite a few works [14] 2[5 [T, [13]. For transparency, we will use a restricted eigenvalue
condition in [I] for our purpose. We will consider an example of Lasso type MLE for high dimensional
generalized linear model and apply the LSL condition to bound the £5 norm of the estimation error.
Unfortunately, the method of the example gives no clue on model selection or more elaborate bounds
similar to those obtained for linear models under square loss [I3] 1 [4]. All the proofs are presented
in Section [



1.1 Notation

T

For ¢ € [1,00), denote by |la||, the ¢, norm of a € R%. For two vectors a = (a1,...,a,)" and

b= (by,...,b,) ", recall that their tensor product is
a®@b=(a1b ;... amb" )" = (a1b1,...,a1bn, ... anb1, ... amby)’ € R™™.

Denote by v®F the tensor product of k copies of v.
If f is a function on a domain Q C R?, then it is Lipschitz (under the Euclidean norm) if

Y@=
I llip = sup S=E—p ™ <o

Finally, for any random vector X, denote its deviation from mean by
[X] =X — EX.

By linearity of expectation, [X + Y] = [X] + [Y]. By this notation,

Lv) = Z [[%(h(Zi)TU,Yi)ﬂ .

i<N

The right hand side is independent of bN(’U) and at the same time better reveals the other quantities
involved. We will discard the notation L in favor of [-] for the rest of the article.

1.2 Notes

The methods in Section [2] can be used with little change to deal with the following additive mixture
of loss functions,

Z Z[%k(hk(Zi)Tva Y;) + bx(v)]

i<N k<q

where for each k¥ < g and i < N, hy = (hg1,. .., hip) is a function from Z to RP, and ~;; is a loss
function. For example

D ilh(Z) T, V) + Y Fi(h(Zi) Tu, Vi)

i<N i<N

is a special case of additive mixture, where Z; and Z; are covariates that may be identical or have
completely different sets of coordinates. Due to identifiability issue in the context of parameter
estimation, such mixtures will not further considered in the article.

2 Local stochastic Lipschitz condition

In this section, we present exponential bounds on the tail probability of the random local Lipschitz
coefficient ([B). As noted earlier, these bounds are consequences of more general results on the tail
probability of remainders of Taylor expansion of random functions. Therefore, most of the discussion
below will be on the latter and the results on the LSL condition will be given as corollaries.

2.1 General loss function

Suppose 71, ...,vn satisfy the following regularity condition.



Assumption 1 (Regularity). There are m € {0,1,2,...} and —oco < a; < b; <00, i < N, such that
w.p. 1, each v;(t,Y;) as a function of t is m times differentiable on (a;,b;) with the m-th derivative
being bounded and Lipschitz. Let F,,, F,,+1 be constants such that w.p. 1,

otm |~ / _
oMyt Ys)  9myu(t,Ys) et T
atm gim | < Fmnlt =t

Suppose h satisfies the following condition.

Assumption 2 (Boundedness). There are constants di,...,d, € (0,00), such that

Next, let Do # 0 be a domain in RP.
Assumption 3 (Parameter Domain). For (a;,b;) as in Assumptionl and h as in Assumption [3,
Pr{h(Z;)"v € (a;,b;), Vv € Dy, i <N} =1.

From Assumption[land dominated convergence, differentiation and expectation can be exchanged
for 71(t7 }/7/)7 ie

E [8 %(t’YZ)] ~ PO e (anb), i< N, k<.

otk otk ’

By Assumption [ |h;(Z;)/d;| < 1 w.p. 1. Therefore, d; can be thought of as the “scales” of the
functions h;.

Theorem 2.1. Under Assumptionsl -3, fiz an arbitrary 0 € Dy. Then for v € Dy,

> [vn(zZi) T, v3)]

i<N

k T
-3 b [P ] ) [l -0 ®

k<m T i<N J<p

OFyi(M(Z:)70,Y;
=¥ g2 [P e ﬂ ©-0 o) [ Xah-ol) . ©
k<m i<N J<p

where {£(v),v € Dy} is a process that has the following upper tail property

Pr {sup |€(v)| > Av/21In(2p) + B+/21In(p™/q) + C In(p™ /q}gq, Vqe(0,1)

vEDg

with A, B, and C being set as follows. First, let

= o S -l o= min (2 L) w={F’”“/m’ "l

u,v€ Dy J<p (m+1) Fm+1/2 m = 1.

Then

—8¢RE\/I§1aXZ /d;]?2, B= ¢\/Er§1axz d;)2m,  C =8¢,

i<N i<N

where in the definition of B the convention z° = 1 is used for m = 0.



Note that if Fj, 11 > 0, then the above result is meaningful only when R < oo, that is, Dy is
bounded. On the other hand, if w.p. 1, for ¢ < N, ;(¢,Y;) is a linear function of ¢, then one can set
F41 = 0. By Theorem 2] this yields A = B = C = 0, which implies £(v) = 0. Of course, the last
fact is easy to be seen by the linearity of ~;(¢,Y;).

Of particular interest is the case where m = 1. From Theorem 2.]] the following result obtains.

Corollary 2.2. Under Assumptions[dl —[3 with m =1, fiz an arbitrary 8 € Dy. Then for v € Dy,

Y iz, Y] = 3 [nih(Z)T6,Y)] + €0+ €)Y djlv; — 65 (8)

i<N i<N i<p
where £(v) is as in Theorem [Z1] and & is a random variable with the following upper tail property
Pr{l&:l > Fiv2NIn(@/a) | <q, Vqe (0,1).

Since

[&1] + sup [£(v)] > sup Z [ (( ) —%(h(Z:)70,Y3)] |,

vEDg v€Dg, v#£0 Z]<p )\ |'01 i<N

from the result, we then get a desired form of the LSL condition. For any ¢, ¢’ € (0, 1) not necessarily
equal, one can find M(q,q’), such that w.p. at least 1 — ¢ — ¢/, the random local Lipschitz coefficient
on the right hand side is no greater than M (q,q'). Moreover, one can set

M(q,q') = A\/21n(2p) + B\/21n(p/q) + Cln(p/q) + Fi\/2NIn(2p/q’),
with A, B and C given as in Theorem [ZT] with m = 1.

2.2 Gaussian case

Suppose Z1,...,Zn are fixed and

Yi=pi —wi
where p; are some unknown constants, and wq,...,wn are independent square-integrable random
variables with mean 0. Let f1,...,fxy : R — R be a set of transforms specified beforehand, and

h = (h1,...,hy) : Z — RP a measurable function. Suppose the goal is to use f;(h(Z;) v) to
approximate p; under the square loss functions

Yit,Y;) = (Yi = filt)?/2. (9)
For any v, provided that h(Z;) v is in the domain of f; for all i < N,

[ (h(Z) 0, Y] = g — i~ Fulh(Z)T0))? — SEl(ns — i — S:(b(Z0) )]

1
= wilfi(M(Z:) T v) — ] + 5[%2 — Var(w;)].

Thus, for any 6, provided that h(Z;)T @ is in the domain of f; for all i < N as well

Y [iaz) oY) = Y [nih(Z)76.Y3)] = > wi [fi(h(Z:) o) = fih(Z:)76)] -

i<N i<N i<N
As a result, we will focus on the expansion of the random function

v Y wifi(h(Zi) o)
i<N

around any fixed 6 € Dy.



Assumption 4 (Regularity). There are m € {0,1,2,...} and —oco < a; < b; <00, i < N, such that
each f; is m times differentiable on (a;,b;) with the m-th derivative being bounded and Lipschitz. Let

F,, =max sup |fi(m)(t)|7 Fri1= max Hf )‘
<N te(ai,bi)

Llp
Since Z; are fixed, Assumption [2]is no longer needed. Instead, simply define

dj = max |h;(Z)].

Also, modify Assumption 3] as follows.

Assumption 5 (Parameter Domain). The domain Dy # 0 of candidate parameter values satisfies
h(Z;) v € (ai,b;), Vv € Do, i < N.

In [6], the case where w; are uniformly bounded is considered. Here we shall deal with the following
situation.

Assumption 6 (Gaussian). wy,...,wy are independent Gaussian variables with Var(w;) < 03, i <
N, where ¢ € (0,00) is a constant.

Theorem 2.3. Let the loss functions y1,...,vn be as in @). Under Assumptions[q] — [0, fix an
arbitrary 6 € Dy. Then for v € Dy,

> wifilth(Z:) )

i<N
=3 2 SOz T mE) w0 | ) [ X dsles — 6y (10)
k<m ~~ \i<N J<p

T m
=Y S e m@Tonz)® | -0 rew) [ Sdly 61| . a1
k<m = \4i<N J<p

where {(v),v € Dy} is a process that has the following upper tail property

Pr {sup |€(v)] > o9(Av/In(2p) + By/21In(p™/q) }Sq, Vqe (0,1)
v€ Do
with A and B being set as follows. First, set R, ¢ and ¢ as in [@). Then

_81/)R\/1§1axz /d;j]?, B=¢ maxz

i<N i<N

where in the definition of B the convention z° = 1 is used for m = 0.

Comparing to Theorem 2., the above upper tail bound does not have a term of the form
C'lIn(p™/q). This is because in the Gaussian case, we can get a Hoeffding type inequality for the
upper tail instead of a Bernstein type inequality.

From Theorem 23] the following result for the case m = 1 obtains. Note that the result is not
entirely the same as Corollary 2.2

Corollary 2.4. Under Assumptions [f] — [0l with m = 1, fix an arbitrary 6 € Dy. Define positive
constants wy, ..., wp as

=0, Y Var(wi)h;(Zi). (12)

i<N



Then for v € Dy,
D wifi(h(Zi) w) =Y wifi(M(Z)T0) + 00 Fi& Y wjlv; — 0]+ £(v) Y dylv; — 0] (13)

i<N <N J<p J<p

where {{(v) : v € Do} is as in Theorem[Z3 and & is a random variable with the following upper tail
property
Pr{leul > V2 I(p/a)} g, ¥qe(0,1).

Similar to Corollary 2.2] the above result can be used to get the LSL condition. For example, for
any q, ¢ € (0,1), one can set

M(q.¢) = 00 [Av/I(20) + Bv/2Wn(p/q) + F1/21n(p/ )]

with A and B given as in Theorem 2.3] with m = 1, such that w.p. at least 1 — g — ¢/, the following
random local Lipschitz coefficient

sup ! S wlfi(h(Z) o) — £i(h(2:)T0)

veDo, v 2j<p Ailvi =051 | 5

is no greater than M(q, ¢'), where \; = max(wj, d;).

3 An application to high dimensional Lasso

Under Assumptions [Tl - [3] we consider the case where Z,..., Zx are fixed. For simplicity, assume
di =...=dy = d in Assumption 2l Consider the following Lasso functional
0 = arg min Z Yi(h(Z) "0, Y;) + Md|v]1 ¢, (14)
vEDg i<N

where A > 0 is the tuning parameter. Suppose Dy is compact so that the minimum is always obtained.
The goal is to have 6 approximate to 6, where

6 = arg min Z E[vi(h(Z:) "0, Y5)].
vEDg i<N

We next consider applying Corollary 2-2] to bound |\§— 0||2- Denote X; = h(Z;) and X the N x p
matrix with X' as the i-th row vector. The total expected loss function now can be written as

L) =Y En(X0.Y3)], ve Dy
i<N

Denote by spt(v) = {j < p:v; # 0} and by ||v|lo the cardinality of the set. In general, in order to
bound ||§— 0|2, some conditions on X are needed in order to get a bound in terms of the ¢ norm of
v—0 (cf. [13,[4 [1]). For transparency, we use a “restricted eigenvalue” condition formulated in [I],
which says that for some 1 < s < p and ¢ > 0,

[ Xvll2
721§|J|§8,U#O,H’l}JcngKHUﬂh > 0.
VN |vll2
To see where the LSL condition is to be used, we first summarize an argument that has been more
or less used for special cases of Lasso (cf. [12] [1]). Note that the argument does not lead to model

selection or more elaborate bounds that have been obtained especially for linear models under square
loss [B [13], 11, [4].

(oK) = min {



Theorem 3.1. Suppose the following conditions are satisfied.

1) For some K > 1,

k= K(2]|0]]o, K) >0 (15)

2) For some C, > 0,

L(v) — L() > C, | X (v —0)[|3, Vv €& Dy. (16)

3) Given q € (0,1), suppose there is My > 0, such that w.p. at least 1 — g,

> [rex78,v0) = vuxTo. v || < Myald - o). (17)
i<N
Then, by setting
(K+1)Myd
A=-— 27 18
1 (18)

in the Lasso functional (), on the event that ([IT) holds,

~ M, 0 2v2 + K2Kd
19— o < Moo (19)

Cor2(K — 1)

Theorem [3.1] has three conditions. The first one is the aforementioned restricted eigenvalue con-
dition. In some cases, the second condition is easy to establish. The third condition is the LSL
condition. By Corollaries and [Z4] M, can be set reasonably small, ideally of order V' N or even
smaller.

Example 3.1. Let ) be a Euclidean space and F = {f(y|t) : y € Y, t € [a,b]} a family of densities
on )Y, where —oco < a < b < 00. Suppose given Z;, the density of Y; is

fly X/ 0)

where 6 is the parameter and X; again is h(Z;). Suppose it is known that 6 € Dy, where Dy C R? is
an open bounded region such that for v € Dy, XZ-T’U € [a, b] for each ¢ < N. Then any solution 6 to

(I4) with
Yilt,y) = —Inf(y|t) =L(t,y), i< N (20)

is an ¢; regularized MLE of 6. Suppose X satisfies (I5)). We next find some conditions in order for
(I6) to hold. Let I(t) denote the Fisher information of F at ¢ and

flylt)
fyls)

the Kullback-Leibler distance from f(y|s) to f(y|t). For F with enough regularity, it is not hard to
show D has the following properties:

D(t,s) = / f(yH)n dy = E[t(s, V)] — E[(t,Y)], Y ~ f(y]b),

1) D, 0D/ds, 8*D/ds* are continuous in (¢, s);
2) D(t,t) = (0D/ds)(t,t) =0, I(t) = (0*D/0s?)(t,t) > 0;

3) every t € [a,b] is identifiable in F; and



4) as h — 0, D(t,t + h)/h? — I(t) uniformly for ¢ € [a, b].

Property 2) implies that for s in a neighborhood of ¢, D(t,s) > I(t)(t — s)?/2. Together with the
other three properties and the compactness of [a,b] X [a,b], for some Cx > 0, D(t,s) > Cx(t — s)?
for all ¢, s. Now for i < N and v € Dy, since Y; has density f(y| X, 0),

Eli(X, 0, Y0)] = Elyi(X[0,Y5)] = D(X;"0, X;"v) > Cr|X[ 0 - X[ of.
Then by the definition of L(v),

L(v) = L(0) = Cr ) |X (v = 0)]° = Cx| X (v - 0)|I3,
i<N
so (I6) is satisfied.

Finally, if ~; defined in (20) satisfies Assumptions [l -[B] then by Corollary [22] and Theorem B.1]
given ¢q1,¢q2 € (0,1) with g1 + ¢2 < 1, the following bound

16— 62 < (M + M) /[[6]0 , 2V2 + K2Kd
o N Crr?(K —1)

holds with probability at least 1 — ¢; — g2, where M; and Mj; are as follows. Denote by Vi,...,V,
the column vectors of X and
A= sup |u—v|i.

u,v€ Do
Denote
F| = esssup <31t1p ?5\)/( }K(t,Yi) ) , Iy =esssup (rzxg\)[( H€(~,Yi) Lip) )
Note dy =...=dy =d. Then
My = A\/2In(2p) + By/2In(p/q1) + 8¢ In(p/q1), M2 = F1/2N In(2p/q2),
where

A=aBAmax |Villo, B = (Fy/2)Amax |[Villa, 6= min(2Fy, Fad/2).
JIsp ISP

Up to a factor of v/In(p/qa), M2 = O(vV/N). Typically, for well designed X, max;<, ||Vl =
O(V/'N). Therefore, M; = O(v/N) up to a multiplicative factor \/In(p/q1) and an additive remainder

of order In(p/q1). As a result, |\§— 0|2 is of order \/]|0]lo/N up to factors much smaller than v N
unless p is extremely large.

Similar conclusions can be made if f(y| X, ) is the density of N(X, 0,03). In this case, we can
use Corollary 24l For brevity, the detail is omitted. O

4 Proofs

In this section we give proofs for the results in previous sections. First, recall that for ¢ € [1, o0),
lla @ bl[§ = llallFllblF, (21)
and for aj,as € R™, by, by € R”, (a] a2)(b{ b2) = (a1 ® b1) " (az @ by), giving

(af a2)* = (ai’*) " (a5’). (22)



4.1 Proofs for Section

Proof of Theorem 21l By @2)), (B) and (@) are equivalent. For notational brevity, we shall avoid
explicit use of d;. For this reason, the domain Dy is not the one to be directly worked on. Rather,
we shall consider

D = {(dyv1,...,dpvp) " :v € Do} (23)

In other words, D is the image of Dy under the 1-1 transform T : v — (dyv1,..., dpvp)T. We shall
use the /1 norm on D. Note that the norm induces a weighted £; norm on Dy as

lu—vl| = |Tu—Toly = djlu; —v;],
J<p

which is the reason why >, d;|u; — 0;| appears in the expansions (B) and (@). Moreover, R in ()
can be expressed as the diameter of D under /1,

R= sup |u—v|i.
u,veD

Based on the same consideration as ([23]), denote for i < N, 5 < p,
Xij =hi(Z))dj, Xi=(Xir,- s Xip) ', Vy= (X1 -0 Xnj) ' (24)
Then Assumption [2] on the boundedness of h;(Z;) implies
Pr{|X;;| <1,Vi<N,j<p}=1. (25)

Furthermore, for v € D, let u € Dy such that Tu = v. Then X,'v = h(Z;) u, so we can easily
translate an expansion in terms of X, v into one in terms of h(Z;) "u. Therefore, until the end of the
proof, we will focus on D.

For brevity, for each i« < N, denote

kyi(t, Y
fi) =y, fO0 = TEEN) g
Fix § € D . For i < N and v, define random vectors ¢ = (¢1,...,cy) and t = (¢1,...,tN) with

Ci:Xl-Te, tiinT(v—H).

For : < N, let ¢; be the following random function on R,

—m | (e 1) .
o=t ﬁ(cﬁt)—%jn el REREC (26)

0, t=0.
We need the following property of ;.
Lemma 4.1. W.p. 1, each p; € C(a; — ¢;,b; — ¢;), and

2F,, Frqalt] )

m! 7 (m+1)! (27)

(0] < min

and HS"i”Lip <, where
) Fpgi/m! m#1
- {Fm+1/2 m = 1.

10



Lemma [£.J] will be proved later. Clearly,

),
S w0y = Y ste ) =3 (3 By e

i<N i<N i<N \k<m
1 k
= > g | 2 At |+ 3 et
k<m = \i<N i<N

where, by Assumption 2l w.p. 1, t; = X," (v —0) € (a; — ¢i,b; — ¢;), Vi < N, v € D. Then by 22),

T T
1
PIREC AR EDBEE DIFAKCIR el INCENIEES DI el I CEIES
i<N E<m =~ \i<N i<N
Therefore,
S xS oy =Y = [[ffk) (Cz‘)X{@kﬂ v—0)%F + > [t )XE™] " (v —0)=m. (28)
i<N k=1""1i<N isN
By Holder inequality and (21]),
> [wilts X2 (v - 0)®m| < > et XE| o =0l (29)
i<N i<N o

For each j = (j1,...,7p) with js < p, denote
Xiy = Xijy - X

where the product on the right hand side is defined to be 1 if m = 0. Then the coordinates of X?m
can be written as X;,, with 7 sorted, say, in the dictionary order. Let

= sup Z [[901 z ij]] .

veD i<N
Then from (29),
> et X2 (0 = 07| < llo = 6l max| Y [pi(t) Xyl < [[o - 0{" maxZ,. (30)
i<N i<N

By @5), w.p. 1, |X;;| <1,i < N, j <p, and so [t;| = |X; (v —0)] < ||lv—0|1 < R. Then by
Lemma [4.T],

. 2Fm FerlR
i(ti)] < — =
jett)] < min (22, 22 g
It follows that
lpi(ta) Xig| < &, |wi(ti) Xy]l| < 2¢ := Mo, V3, w.p. 1. (31)

Observe that given v € D, for each i < N, ¢;(¢;)X;, is a function only in (Y;, Z;). Therefore, by
independence, for m > 0 and v € D,

Z pi(ti)Xiy | = Z Var (pi(ti)Xiy) < Z E [¢i(t:)?X]] < 6°E Z X?

i<N i<N i<N i<N

11



If m = 0, then the right hand side is N¢?. If m > 1, by Young inequality,

1/m
Soxp=y xpxg <[ Xxi | =TT Vil <maxvil3n
i<N <N s<m \i<N s<m
Therefore,
N =0
Z pilti) Xy | <S5 := ¢2 2m " (32)
i<N ¢°E [maxjép ||V3H2m] m > 1.

Fix one 3 = (j1,...,Jp). We next combine (BI]) and (B2) with measure concentration to bound the
upper tail of Z,. Again, note that given v, ¢;(t;)X;, is a function only in (Y;, Z;), with t; = X, (v—6).
Let

T {T_(vav'-'nga):veDa CLE{—l,l}},

be a collection of functions parameterized by D x {—1,1} mapping (¥ x Z)¥ into RY, such that
To.a(Yis Zi) = aMy ™ [i(t:) X)), i < N.

Then Z, = MoZ, S3 = M3S5?, with

supz Vi, Zi), 5% = sup Var ZTi(Yi,Zi)
TETZ<N TET i<N

From BI), for v € D and a = +1, 7} , € [-1,1]. Clearly, E7} ,(Y;, Z;) = 0. Furthermore, w.p. 1,

? v,a

74 (Y, Z;) is continuous in v. Therefore, by dominated convergence argument, Theorem 1.1 in [7]
can be applied to Z. Let w = 2EZ + S? = 2EZ,/M, + S3/Mg. Then by [7],

CL2

Pr{Z, > EZ,+ Moa} =Pr{Z >EZ+a} < exp{—m

}, Va > 0.

For s > 0, a = (1/2)(3s + v/9s% + 8sw) is the unique positive solution to a?/(2w + 3a) = s. Using
Va+b<a++vband 2vab<a+b,

EZ, + Moa < EZ, + (My/2)(3s + V952 + V8sw)

=EZ,+ M, (3s + \/25(2EZ,/M0 + S§/M§)>

< EZ,+ M, (35 +\/4SEZ, /My + /2553 /Mg)
< EZ,+ My(4s + EZ,/ My + (So/Mo)V/2s).
Then
Pr{Z, > 2E2, + SoV/2s + 4Mos | < ™", (33)

To find an upper bound for EZ), let 1, ...,en be a Rademacher sequence independent of (Y5, Z;).
By symmetrization inequality (cf. [9], Lemma 6.3)

EZ, <2Esup | Y £ipi(ti) Xy, |- (34)
veD i<N

12



By Fubini Theorem, the expectation on the right hand side is
Ex,vE. sup Z eipi(ti) Xiy|
veED i<N

where Ex y denotes the expectation only with respect to the (marginal) distribution of (X1, Y1), ...,
(Xn,Yn), and similarly for E..
From (26), ¢;(0) = 0. Assume 9 > 0 first. Given (X1,Y1), ..., (Xn,Yn), by Lemma [41] and

t— (pi(t)Xij/’lb
is a contraction for each i < N. Meanwhile, we can write

E. sup Z g;i(ti)Xi;| = Ecsup Z gi0i(ti) X4yl
veD | N teT | N
with T =T(X1,...,Xn) = {(t1,...,tn) : t; = X;' (v —0), v € D}. Then by a comparison inequality
(cf. Theorem 4.12 in [9]),
E. sup eipi(ti)Xsy| < 2¢9E. sup giti| .
Using t; = X, (v — 6) and by the same argument for (29)

E. sup Z git;| = Ec sup Z g X, (v —0)
teT |\ n veD |y

<E. sup Z € Xij||lv — 8|1 < RE. max ‘5TVJ-‘ ,
Jj<p,veD i< N J<p

where € = (g1,...,ex)". With (X;,Y;) being fixed, by a result in [I0] (Lemma 5.2),
E. max |£TV}| < v/2In(2p) max || Vj]|2.
J<p Jj<p

Combining the inequalities and taking expectation with respect to (X;,Y;),

Esup | eii(t:)Xiy| < 2V2¢R/In(2p)E {maxnvjnz} (35)
J<p

veD i<N

If » = 0, then ¢; = 0 and the above inequality holds trivially. Combining [B3]) — (B8] yields

Pr {ZJ > My\/21n(2p) + V2S0v/5 + 4Mos} <eo.

where
J<p
Finally, since there are p™ different values of j, by union-sum inequality,

Pr {m?XZJ > My+/In(2p) + V2So+/In(p™ /q) + 4 M ln(pm/q)} <gq, VYgqe(0,1). (37)

Note My, S2 and 4 M are exactly A, B and C in Theorem2.1} Then by (30), the proof is complete. O
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Proof of Corollary[22. As in the proof of Theorem [ZT] we consider the domain D in [23]) and X; in
@4). Still denote ¢; = X," 0. For m = 1, by Theorem 1], for 6, v € D

S LAET] =Y el + D 1) Xl (0 =6)+&@) o =6,

i<N i<N i<N

By Holder inequality,

S X" (0= 0)] < lo = 0imax| 3 [£(e) X1

i<N =7 li<N

Given j < p, [f/(c;)Xi;] are independent with mean 0, and each |f/(¢;)X;;| < Fi. Therefore, by
Hoeffding inequality ([11], p. 191) and union-sum inequality,

t2
!/

Given q € (0,1), let t = vV NF;1/2In(2p/q) to get the right hand side no greater than q. Combining
this with the bound for £(v), the proof is complete. O

Proof of Theorem[Z.3. The proof is similar to that of Theorem 2.1], so we will be brief. Define domain
D as (23) and X;;, X;, V; asin 24). Let ¢ = (¢1,...,cn) and ¢ = (¢1,...,tN) with

ci:Xl-TH, tlzXZT(v—H)

Define ¢; as in (26]), however, note that the meaning of f; is different here. In particular, f; are
nonrandom and hence ¢; are nonrandom as well. In spite of this, LemmaLI]still holds. Corresponding

to (@28),
> wifi(h(Zi) )

i<N
T T
1 . -
= Z 7 Z wifl-(k) (Cl)X?k (v— 9)®k + Z Wiﬁpi(ti)XZ@ (v —6)®™,
k<m " \i<N i<N

The next step is to bound the upper tail probability of max, Z,, where for 3 = (j1,...,Jm),

Z, = sup Zwi%(ti)Xig , w= (Wi, wn)T
veD i<N
Write w; = 0,¢;, where 02 = Var(w;) < 02 and €1, ...,ey are i.i.d. ~ N(0,1). Fix one 5. Then
Z,=Z(e) = sup Z gioi0i(ti) Xy, €= (e1,... ,EN)T.
veD i<N
The function Z is Lipschitz on RY under the Euclidean norm (¢, norm), because for a, b € RV,

Z(a) — Z(b)] < sup | > (a; — bi)oiep; (t:) Xiy| < |la — bll2c0So,
veD i<N
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where, as in (32]),
53 = {¢2N m =0

¢* max;<p Vi35 m > 1.
Now by a concentration inequality for Gaussian measure ([§], p. 41)
Pr{Z(e) > EZ(¢) + r00So} < exp(—1%/2), Vr > 0. (38)

By Lemma T and |X;;| < 1, ¢ = ¢;(t)X;,/9 is a contraction with 0 being mapped to 0. Then
by a comparison result for Gaussian process ([9], Corollary 3.17 and (3.13))

EZ(e) < 40¢yE sup Z git;| = 409y E sup Z g X, (v—20)| <409RYE max ‘ET‘/j‘ ,
veD i<N veD i<N J<p

and

Emax|e'V;| < 3y/Inpmax \/Var(eTV;) = 3y/Inpmax ||V} 2.
J<p J<p J<p

Using an argument in [I0], one can get a bound for the expectation that is tighter for large p.

Lemma 4.2. There is
Emax ‘ETVJ—‘ < 24/In(2p) max ||V} 2.
J<p J<p

Now (38) can be written in terms of Z,. Then, as in 1), for ¢ € (0,1),

Pr {mjax Z,> 09 (M1 \/ln(2p) + \/2 ln(pm/q)So)} <gq, (39)
where
My = 8Ry max [|[Vj|2.
J<p
This then finishes the proof. O

Proof of Corollary[2]] From Theorem 23 it is seen that
szfz z Zwlfl To +<+€ Zd|vj 'a
i<N i<N J<p
where
C=Y | Do wifl(MZ)TOh(Z:) | (v; — 6).
7<p \i<N

Therefore, with w; being defined as in (I2)),

I<] < JOFlszh)J —0;| x maX|W [,
Jj<p
with .
W; = wif{(M(Z:) " 0)h;(Zy).

oofrw;

It is easy to see that each W; is Gaussian with mean 0 and variance no greater than 1. As a result,
Pr {m<ax \W;| > t} < pexp(—t?/2), t>0.
J<p

Given ¢ € (0, 1), letting ¢t = 1/21In(p/q) then finishes the proof. O
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4.2 Proof for Section [3]

Proof of Theorem[31l For A C {1,...,p} and v € RP, denote by v4 the vector v € RP with u; =
v;1{i € A}. By definition of 6,

L@ - 1(0) < Y [%(X]0,%:) = %(X]8,Y) | + Ad(l] — []).
i<N

Let A = (1+1/¢)Myd, where ¢ > 0 is to be determined. Then, writing r = 1/¢, on the event that

(@) holds,
L(®) = L(6) < Myd |18 - 6ll1 + (1 +)(Iollx — 18ll1)]
Fix any J containing spt(f). Then

16 =0l + (L +7)(l16l: = [16]]1)

=00 =0+ 010+ ) [l =S 18: - > 18]

ieJ iEJ i€J icJ iZJ
=3[0 =0+ A+ )0l = 1)) = 7> 1B
ieJ igJ

< @+7)105 =0l = rl|fe]]1.
On the one hand, the above inequalities yield
L(0) = L(6) < Myd(2+1/c)[|6.s — 61, (40)

~

and on the other, since by definition of 8, L(6) > L(6),
16111 < (1 +20)[105 — 0] (41)

Set ¢ = (K —1)/2. Then A = (1+1/¢)M,d is as in (I8). By (I5), (I6) and {0, for any J D spt(h)
with [J| < 2/[6]]o,

_ 2M,Kd

NC,k2||0,; — 6])2 < L(0) — L(0) < =

16,7 — 0]

Since [|6; — 0] < /]J]|8; — 6|2, it follows that

M, 2Kd

9, -0 < b+/|J ith b=—"F X ——+——.
60 ll2 < |J| - wi N x Cw@(K—l)

(42)

Let A be the set of indices i ¢ spt(6) corresponding to the ||6]|o largest |6;]. Then @Z) holds for
both Jy = spt(f) and J; = spt(f) U A. It is well known that (cf. [5])

105113
1lo
By {I) and Cauchy-Schwartz inequality followed by (@2l),

165115 <

K20, — 0|2 .
% < K05, — 0]3 < K501

Combining this with (42]) applied to J = Ji,

[6.¢15 <

10— 6)12 = 1185, — 0)12 + 118512 < 62|1| + K26%|0]|o = (2 + K2)b2]|6]]o-
So we finally arrive at (I9)). O
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4.3 Proof of Lemmas
Proof of Lemma[{dl If m =0, then ¢;(t) = fi(c; +t) — fi(c;). From Assumptions[Iland 3] the result
is straightforward.
Let m > 1. For t > 0, by Taylor expansion with an integral remainder,
) o1 ' m—1{ p(m) (m)
filei+t) =Y b= e (t—=s)" " [fi (i +5) = f; ()] ds, (43)

yielding
tfm

t
#ill) = G / (8= )" A (et 5) = £ ()] ds.
Therefore, by Assumption [I on the one hand,

-m 2F,,

lpi(t)] < h/o (2Fm)(t — )"t ds = —,

and on the other,

7m

t
_ Ferl |t|
—_— t—smlFm s)ds = ——.
The inequalities hold likewise for ¢ < 0. Therefore, (27)) holds. The above inequality also implies that
©; is continuous at 0. It is clear that ¢;(¢) is continuous at t # 0. Thus ¢; € C(a; — ¢;,b; — ¢;).

It remains to show ||¢;||;, < 4. Since ¢; is differentiable at ¢ # 0, it is enough to show |¢j(t)| < v
for t # 0. First, let m = 1. For ¢ # 0,

i (8)] <

@i(t) =t [fi(ci) — filei +t) + tf(ci + 1)) = t2/0 [fi(ci +1) = fi(ci +t —s)]ds.

By Assumption [ |f/(c; +t) — fl(ci +t — s)| < F»|s|. Consequently |¢}(t)] < Fz/2 = 1.
Finally, let m > 2. Define g(t) = mfi(c; +t) — tf/(ci +t). Then for k < m,

9P ) = (m— k) fP(ci+ 1) =t (e + 1)

and then
m o o(k) N\ k—1 m (k) 4k
oit) =t <fl-/(ci +t) = %) —mt~m ! (fi(cl- +t)=> #)
k=1 ' k=0 '
ml 9
= ¢t (mfl(cZ +t) —tfl(c;+1t) Z (Cl)tk>
k=0
m—1
. < g<k> )
k=0

t—m 1

-2 [ =i - g Do) as,

where the last equality is by similar Taylor expansion as ([43]), now applied to g with order m — 1. For
each s,

g () = g™ I(0) = £ V(i +8) = s £ (e +5) = (@)

= [+ s =0 - g+ )
0
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giving |¢g(m =V (s) — g™~ D (0)| < Frni15%/2. Then

t—m-1lp 1 ¢ Foi1
)] < —2EL [ (1 — s)" 22 ds = L =y,
b)) < Gt [ (e— o Etas = Ty

This finishes the proof. O
Proof of Lemma[].3. Let * = Emax;<, |e"V;|. By Jensen inequality, for any ¢ > 0,
exp(tz) <E [exp (tmax|5TVj|)] =E [maxexp(t|£—r1/}|)} < Z Elexp(tle "V;])].
Jj<p J<p 5
J<p
Since ETVJ ~ N (0, ”V;H%)v

Elexp(tle " Vj|)] < Elexp(te "V;)] + E[exp(—te " V;)] = 2exp(t[|V; [3).

Then
exptz) < 2pexp (£ max V3
J<p
The proof is finished by letting ¢ = z/(2 max;<, [|V;|3). O
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