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Abstract In our paper arXiv: math.RA /0110333 v1 Oct 2001 we showed that
the number of algebras defined by a binary operation satisfying a formally
irreducible identity between two n-iterates is O(e‘"/ 1682) for n — oo, Sy
being the nth-Catalan number. This was proved by using exclusively the series
of tableaux A,,. By using also the series of tableaux B,,, we now sharpen this

result to O |22 ¢=n/16 _ 2|52
n ni¥n

The exposition follows, in abbreviated form, the outline of above arXiv paper,
denoted by MS, to which we refer for explanation of concepts and symbols.

1. Since tableau A,, has n-lines and tableau B,, has 2 lines, tableau A, & B,
has n + 2 lines. The relations of MS 2.2 regarding the number of their (lines)
common elements, have to be unchanged as follows, so that we again have for
k=1,2,....,n+2

Sn—l Zf ’Ll:’LQ::Zk

0 if at least one |i; — da|, ..., |ig_1 — ik,
all taken mod n, is equal to 1

Sn—r otherwise.

For example, for n = 6, k = 2, there are 8 lines L;, Lo, ..., Lg in tableau
Ag @ Bg. The 8 x 8 table (|L; N L;|) looks as follows (only the entries on and
above the diagonal are shown since |L; N L;| = |L; N L;|.)

Ly Lo L3 Ly Ls Le L7 Lsg Ly Ly L3 Ly Ls Le L7 Lg
L1 Sg 0 Ss Ss S; Sz S 0 L1 42 0 14 14 14 14 14 0
Lo Se 0 Ss Ss S5 Sz Sh Lo 42 0 14 14 14 14 14
L3 Se 0 Ss Ss Ss S5 _ Ls 42 0 14 14 14 14
Ly Se 0 Ss Ss Ss Ly 42 0 14 14 14
Ls Se 0 Ss S Ls 42 0 14 14
Lg Se 0 S5 Lg 42 0 14
L~ Se 0 L~ 42 0
Lg Se Lg 42

2. The multiplicity M (J}*) of an n-interate J;* is the number of times the iterate
occurs in tableau A, @ B,.The number of n-iterates with same multiplicity k,
is now denoted by T ;3,’;@3". As stated at the end of MS 2.6 this number has
been found to be, for k£ > 1

TP = T+ 2T 151 — 2T 1, (1)
where T,,  are the corresponding numbers with regard to tableau A4,, i.e.
-1
Top=20"24 ("7 Vg k=12 2
k 2 — 9 k—1, ) 4y ; ( )
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Calculating the terms of the left side of (1), we have from (2)

—1 —1)...(n—2k+2
ka — 2n—2k+1 ( n )Sk—l — 2n—2k+1 (n ) (n + )Sk—l

2k — 2 (2k — 2)!
_ -2 N n—2)...(n—2k+3)
2Tn— Jp— 1 ok+3( T RSp— 2k+3 S,
bt <2k—1 ko (2k — 4)! b
_ _ —2)...(n—2k+1)
_2Tn— — _2TL 2k+1 n S — 211 2k+1 (n S L
b <2k —2)7 T (2k —2)! e
Adding and using the recursion S, = 22:“1 Si_1 for the Catalan numbers we
get

Sk_1+

P, _ gzt (1 2) o (n =2k 4 3) { (n—1)(n — 2k + 1)
h (2k — 4)! (2k — 3)(2k — 2)

15, =22k 1) 1}

(2k — 3)(2k — 2)

—9 n— 2k +2
= gn2k+1( 7 1=+ 2k —1)Sk_1 +4S)_
<2k—4){(2k—3)(2k—2)(” no+ 2k = 1Sk + 45 2}

=2" 2k+1 <2k B 4) {Wsk—l + 4Sk—2}

-2 —2k+2
_ on—2k+1 (27;{; B 4) {nT + Q}QSk_2

—2\n+2
— on—2k+2 n N
<2k:—4 S

But from (2) we have that

Tn— = 2n—2k+2 n S
1,k—1 (2k 4 k—2

so that finally

n—+2
TP = — =Tk (3)

3. Formal reducibility of an identity J;* = J' and incidence matrix relative to
tableau A, @ B,, are defined in the same way as for tableau A,,. The number of
formally reducible identities J;* = JI' of order n, which we denote by [An®Bn
to distinguish it from I, relative to tableau A,, is given by

[AnGBBn _ Z 5 JznaJ]n

1<4,5<S,
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where
1 if Ji'=J formally reducible

o(J7, I = {O if J#=Jp formally irreducible

As an example, we display the incidence matrices relative to tableaux Az and
As @ B3, which clearly shows, as expected that I§43€9B 5> 3.

Ag Ag@Bg

Y B D SR VR B B B S
Jbo1 1 0 0 0 2 JBo1 o101 0 0 3
Jb1 1 0 0 1 3 J3 1 1 0 0 13
Jb0 0 1 1 0 2 J1 0 1 1 0 3
Jbo 0o 1 1 0 2 J20 0 1 1 1 3
Jo0 1 0 0 1 2 J2 0 1 0 1 13
.[3 - 11 ]éAS@BS = 15

For n =4 and n = 5 the corresponding findings are

n=4 I, =88 I%B = 116
n=>5 I; = 834 124%81 — 1050

4. The arguments which led us to establish the fundamental Theorem of MS
2.4 can be applied verbatim, resulting in

Sp M(J}?) n
Za(J;‘, T =Y (=17 (Mgi ))Sn_u, (4)

where M (J]" is the multiplicity of J* in tableau A,, © B,, . (4) means that the
number of formally reducible identities in the line L; of tableau I"»®B» does
not depend on J! but only on the multiplicity of M (J!"), as was the case in
MS 2.4, when solely the series of tableaux A, was used. Since (M (I;]ZL)) =0,
for v > M (J!*) we can forget the upper limit M (.J*) for the index v and write
instead

Soaen =S (M) s, )

j=1 v=0
This convention will be used for all finite series of the form Zivzn (f (iv ))c,,,
f(x) a positive arithmetic function which from now on will be written as
S (FM)e,, since (fM) =0 for v > f(N).

rv=n 14
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5. Following identity from MS 2.5 for various values of the indices n and k
will be needed in the sequel

2k

k+v n—k+1
Z ( k )Tn,k—l—u = ( k )Sn—k7
v=0

which, because of said convention, will be written

> <k . ”) Trsess = (” e 1) St (6)

v=0

6. On basis of above results we can now evaluate I»®B»_ By definition I4»®5n
is the sum of 1’s in the incidence matrix relative to tableau A,, & B,,. Counting
them by lines and because of (4) we therefore have

Sn Sn
o= S s =30 (S0 )
1<4,j<Sn i=1  j=1

S, M)

=3 (X o (M)se), @

Since there are 7} A”@B " m-iterates with multiplicity k, k = 1,2, ..., the double
sum can be rearranged by pooling together all terms with M (J") = k. As a
consequence, using our convention, we have

TAnSB. _ ZTAnGBBn [i —1)r! (i) Sn_u]. (8)

v=1

Substituting TA”@B” by its value from (4) we obtain

“n+2 > k
I = 3 e T [ (7 ) S
" ? k1| (1) , Snv |

k=1 v=1

and reversing the order of summation we get,

[A®Bn — (4 2){Sn_1 [g % (T) Tn_l,k_l} ~ S, [g % (S) Tn_m_l] .
H1)S, [g % (’;) Toipor| + b ()



Observing that %(5) = %(llj i) and setting 4 = k£ — 1 as a new running index
(9) becomes

[A®Bn — (n + 2){5 - [i (g) (A 2 -2 [i (g) T+

o0

+(—1)u—1% [go (V . 1) Tooru]+- ) (10)

The expressions in brackets can be evaluated from (6) by replacing n by n—1,
(kj”) by (k;g”) and k successively by 0, 1,.... This gives

k=0 Z (g) Tn—l,l/ = (g) Sn—1

v=0
v+1 n—1
k=1 Z( 1 )Tn—ll/-i-l < 1 )Sn—2
v=0
v+ k n—k
k=k Z( 3 )Tn—1u+k—< I )Snkl
v=0

Inserting these values in (10) we obtain

[An©Ba 2) TV g2 11
n+ VZ:% V+1< v n—v—1- ( )

Actually this sum is finite since for v > 2 all coefficients (";") are zero. It

2
can be asymptotically evaluated by the same heuristic method we used in MS

2.6 to evaluate I,,. Setting v = k — 1 and after obvious transformations, (11)
becomes

[e.e]

_1 n—k+1 Sn—k 2
An®Bn _ 2 _1\k-17+
%8 = (n+2)52 Y (1) k( . )( Sn) (12)

k=1

On the other hand for n — oo and k finite
Sh_k 1

S 4k

1/n—k+1 nk—1
k kE—1 k!

so that the general term of the series in (12) behaves for n — oo like

k—1

k-1 AN e by
=D <4k> =0T
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We now sum over k to get

oo

1 1
An®Bn fe— fo—
(n+2)Sh | ol
25 S (n)
(n+2)S? & w1 L /¥
- (5
A2 o) (13)
n

As sald in MS 2.6 above argument is not rlgorous but can be made S0 by

| and |k(n Ile) k'

stronger result can be obtained if we apply the Sterhng formula to the bmomlal
coefficients, taking into account that even S, = n-l‘,-l (277) contains binomial
coefficients (see SP).

6. [/1®Pn was defined as the number of formally reducible identities J* = =Jj
of order n, so that the number of formally irreducible identities is S? — I A"@B"
since the total number of n-identities is S2.

(13) means that the order of I;*®5 for n — oo is O(™%2(1 — e~ 1)S52), which
gives for S? — [4n®Bn the order O<|"T+2 e™/16 %|S§)

Summarizing and using the terminology of algebras (see BO), we have proved
following.

Theorem. The number of algebras defined by a binary operation satisfying
a formally irreducible identity between two n-iterates of the operation is, for

n — oo, O(|”T+2 e /16 %|S,2L)
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