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ON THE MULTI-DIMENSIONAL CONTROLLER AND STOPPER GAMES
ERHAN BAYRAKTAR AND YU-JUI HUANG

ABSTRACT. We consider a zero-sum stochastic differential controller-and-stopper game in which
the state process is a controlled jump-diffusion evolving in a multi-dimensional Euclidean space. In
this game, the controller affects both the drift and the volatility terms of the state process. Under
appropriate conditions, we show that the lower value function of this game is a viscosity solution
to an obstacle problem for a Hamilton-Jacobi-Bellman equation, by generalizing the weak dynamic

programming principles in [3].
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1. INTRODUCTION

While the game of control and stopping is closely related to some common problems in Mathe-
matical Finance, such as pricing American-type contingent claims (see e.g. [9], [I3] and [14]) and
minimizing the probability of ruin (see [2]), it has not been studied to a great extent except under
certain particular cases. Karatzas and Sudderth [I2] study a zero-sum game in which the controller
affects the coefficients of a linear diffusion along a given interval on R, while the stopper decides the
time to halt the diffusion. Under appropriate conditions, they not only prove that this game has a
value but also describe fairly explicitly a saddle-point of optimal strategies. It is, however, difficult
to extend their remarkable results to multi-dimensional cases following the same line of arguments
because their techniques rely heavily on the optimal stopping results for one-dimensional diffusions.
Karatzas and Zamfirescu [15] develop a martingale approach to deal with a multi-dimensional game
of controll and stopping; but since their method makes use of Girsanov’s theorem, which demands
a nondegenerate condition on the volatility coefficient of the state process X, only the drift of
X5 is allowed to be controlled in this game.

In contrast, we investigate a much more general zero-sum controller-and-stopper game, at least
under a Markovian framework. In our game, the state process X L9 is a controlled jump-diffusion
evolving in a multi-dimensional Euclidean space. The controller intends to maximize his payoff,
consisting of a running reward [ f (s, Xt™% ay)ds and a terminal reward g(X2™®), by selecting
a control o that affects all the coefficients, the drift, the volatility and the jump terms, of X",
The stopper intends to minimize his cost by choosing the duration of the game, in the form of a
stopping time 7. We show that the lower value function V' of this game, as defined in Section 2] is

a viscosity solution to an obstacle problem for a Hamilton-Jacobi-Bellman equation.
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Our method differs largely from those in [12] and [I5] mentioned above. We generalize the
weak dynamic programming principles (WDPPs) introduced in [3] to the controller-and-stopper
context. With the aid from the theory of Reflected Backward Stochastic Differential Equations
(RBSDEs) (see e.g. [6], [4] and [5]), we modify the arguments in Theorems 3.1 and 4.1 of [3] and
obtain a dynamic-programming-type result; see Proposition Bl which is the key to proving the
supersolution property of V. On the other hand, the proof of the corresponding WDPP in our case
requires some additional probabilistic techniques; see Theorem [Z.11

The structure of this paper is simple. We set up the framework of our study in Section 2, where
assumptions and notations are introduced. In Sections [3] and [, the supersolution property and the

subsolution property of V' are derived, respectively.

2. THE MODEL

Consider the product space Q = Qu x Qu, where Qu = C([0,T];R?) and Qy is the set of
interger-valued measures on [0, 7] x R™. For any w = (w!,w?) € Q, set W (w) = w! and N(w) = w?.
Now define FW = {]:tW}te[O,T] (resp. FN = {FN }eefo,r)) as the smallest right-continuous filtration
on Quw (resp. Qu) such that W (resp. N) is optional. Let Py denote the Wiener measure
on (Qw,FY), and Py denote the measure on (Qy,F¥) under which N is a Poisson random
measure with intensity N(dg,dt) = A(dq)dt, for some finite measure A on R”. Now we define
the probability measure P := Py @ Py on (Q,F})' ® F7) and let F = {F;}1ep0,7] be the natural
right-continuous filtration generated by (W, N) which is augmented with P—null sets. Note that
under this construction, W and N are independent under P. Let X5 denote a R%valued process

satisfying the following SDE:
AXT5% = b(t, X775 ap)dt + o (t, X5, o )dW; + / v(t, XI5 oy, )N (dq,dt), te[r,T] (2.1)
Rn

where oy, the control, belongs to A, a subset of all progressively measurable processes valued in
R™: 7 is a stopping time and X75% = ¢ is such that E[¢?] < .

We consider a game of control and stopping in a finite time horizon 7" with running gain f > 0,
terminal reward g > 0 and discount rate ¢ > 0. The functions f, g, c are assumed to be measurable.
We also assume that the discount rate is bounded above by some positive real number ¢. Let Ty 7
denote the set of all F-stopping times with values in [t,T]. We introduce the lower value function

concerning this game

.
V(t,xz):= sup inf E {/ e~ Ji ewXu® Ju f (s, X020 )ds + e e e X ™ Jug(xbTay| | (2.2)
€A TET t

for any (¢,z) € [0,T] x R%, where A; is the set of all & € A that are independent of F; and ’7?3T is
the set of all 7 € 7; v that are indepentdent of F;.
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We assume that there exists a K > 0 such that for any ¢t € [0,7], z,y € R?, ¢ € R™ and
a, B € R™,

|b(t, 2, ) = b(t, y, B)| + |o(t, z,a) —o(t,y, B)| < K|z —y| + |a - f],
b(t,z, )| + |o(t,z,a)| < K(1+ |z] + |al),

tx,a,q) =y, B,9)| < K(lz—y|+ o — ),

tx, o, q)] < K(1+ |z] +[al).

(2.3)
I (
I (
The above conditions on the coefficients impliy that for any initial condition (t,x) € [0, T] x R? and
any admissible control o € A, equation (Z1)) admits a unique strong solution X7® and satisfies
the flow property; see Section 5 of [3]. In addition, we assume that g is continuous, and that f and

g satisfy the polynomial growth condition
|f(t,z, )| + |g(z)| < K(1+ |z|’) for some p > 1. (2.4)

Remark 2.1. Under assumption 23] the solution of 21 satisfies

E
T<r<T

sup |XZ’£’“|”] < 00, (2.5)

for all p > 1, see Section 5 of [3]. Therefore, the polynomial growth condition (Z4) on f and g
implies that for any (t,z) € [0,T] x R? and control a € A,

E

T
/ f(s, Xb™ ag)ds + sup g(Xf,’x’o‘)] < 00, (2.6)
t t<r<T

as the following estimation demonstrates

r ] T,a ” .
E | sup </ e Ji c(u, Xy )d“f(stz’m’a,as)dS-i-e_ft c(u, X4 )dug(X;t,m,a)>]
t<r<T t
T
<E| sup / f(s, X" ag)ds| +E | sup g(XE™®)
t<r<T Jt t<r<T

sup g(Xf,’x’a)

T
< [ Bl X 0))ds + B
t t<r<T

] (2.7)

T
< / E|K (14 |XL%%P)|ds +E
t

sup K(1+ !Xﬁ’w’o‘\p)]
t<r<T

< 0.
For (t,z,p, A) € [0,T] x R? x R? x S, define

H(t7 :U? p7 A) = aierﬁg‘m HOC(‘[/‘, x7p7 A)7

where

H%(t,x,p, A) := —b(t,:n,oz)—%Tr[aa'(t,x,oz)A]—/ [(t,z+~(t,z,a,q))—v(t,x)|\(dq) — f(t, x, a).

n
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The Hamilton-Jacobi-Bellman equation associated with this game is the following nonlinear PDE
max {c(t,m)v - % + H(t,z, Dyv, D?v), v — g(az)} =0, (2.8)
on [0,T) x R?, with the terminal condition
o(T,z) = g(z), ¥z € R (2.9)
Also, consider the lower-semicontinuous envelope

H,(z) := liminf H (%),

2l —z

for any z = (t,z,p, A) € [0,T] x R? x R% x S,.
2.1. Notation. First, observe that the value function can be written as

-
V(t7$) ;= sup inf E |:/ Yst’w’l’af(S,Xg’x’a,as)dS + Yf’x’l’ag(Xf_’x’a) ’
a€A; T€T t

where dY "V = —Y;t’x’y’ac(s,Xﬁ’x’a)ds, Ytt’m’y’a = y > 0. By increasing the state process to
(X,Y, Z) with dZy™9*® = Y™V f(s, Xo™ ag)ds, ZP"Y** = 2 € Ry, and considering the value
function

V(t7 ':L'7 y7 z) = Sup inf E [F(X7t—7x7a7 Y:’Z"y7a, Z7t—7x7y727a):| )
acA; TEHT

where F(x,y,z) := z + yg(z), we have

V(t,x,y,z) =yV(t,z) + z.

It follows that V(t,z) = V(t,z,1,0) and V*(t,z,y,2) = yV*(t,z) + z, where V* is the upper

semi-continuous envelope of V'

V*(t,z) ;== limsup V(¢ 2).
(" ,z")—(t,z)

We denote the lower semi-continuous envelope by

Vi(t,z) ;== liminf V(¥ 2).

(t",x")—(t,x)
Remark 2.2. When |f(t,z,a) — f(t,y, )] + |9(x) — 9(y)| < K|z — y|, the value function V is

continuous, i.e., V* = V,. However, in general this may not be true.

Let S := RY x R%r. Mimicking the relation between V and V, we define for any real-valued ¢
with domain [0, 7] x R the function @ : [0,7] x S — R by
o(t,z,y,2) = yp(t, z) + 2.
We also define Now set z := (x,y, z) and

t,x,a
Xt
Xtrf’a -— Yt7x7y7a
S T S
Ztvxvyvzva
S



For any (t,z) € [0,T) x S, (a,7) € A X Tp, introduce the function

J(t,Z;a,7) := E[F(XL%)].
Observe that F(Xi’i’a) =z+ yF(Xi’(m’l’O)’a); it follows that J(t,Z;a,7) = z + yJ (¢, (x,1,0); a, 7).
Remark 2.3. In the definition of V (t,-), we restrict to control processes and stopping times which
are independent of F; for some technical reasons, as can be seen in the proof of Lemma [31] below.

It is, however, not restrictive under our model; namely, for any (t,z) € [0,T] X R?, we demonstrate
in Proposition [2.1] below that

V(t,x) =V(t ),
where

Vit,2) = sup inf EU e I X (o Xt ) s 4 ¢ I X g x| (2.10)
aEATEI,T ¢

We first present a lemma that will be used in proving Proposition 2.1l and Theorem F.11
Lemma 2.1. For any (t,z) € [0,T] xS, 0 € Ty and o € A, we have P-a.s. that

essinf E[F(X55)|Fp] = inf E[F(XL%)|Fy).

T€To, T T€To,
Proof. Let 77ng be the stopping times in 7 7 that have values in the set of dyadic rationals. Then

we have P-a.e. w € Q

<essinfE[F(Xﬁ’f’a)|]:g]> (w) < (essinfE[F(Xi’j’aﬂ]:g]) (w) = inf E[F(XL")|Fpl(w). (2.11)

7€To.1 €75y TETgr

Now we claim that

inf E[F(XL")|Fl(w) = inf E[F(XL5)|Fe](w). (2.12)
€Tt T T€To(w),T

For any 7 € Ty, there exists a decreasing sequence of stopping times {7, }nen C T such that
7 = lim,,_, 0 7. By the dominated convergence theorem, which we can apply thanks to (Z.3)), (24,
and a calculation similar to (2.7), for P-a.e. w € Q

lim E[F(X5%)|F)(w) = E[F(X5")| Fol w), (2.13)

n—o0

from which it follows that (2.I2]) is indeed true. The statement of the lemma is a consequence of

(2II) and 212). O
Proposition 2.1. For any (t,z) € [0,T] x R, V(t,2) = V(t, ).
Proof. Fix o € A;. Tt is obvious that

inf J(t, (x,1,0);a,7) < inf J(t,(z,1,0);a,7). 2.14
B I L050,7) S nt (L (1,050, .14
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Take an arbitrary 7 € 7ZT. Observe that for any fix (ws)o<s<t, the map 7(,,,),,., * (Ws—Wi)i<s<T
T((ws)o<s<t, (Ws — wi)i<s<T) is a stopping time independent of F;, thanks to the independence of

increments of the Brownian motion and the compound Poisson process. It follows that

T(ws)o<s<t T(ws)o<s<t

J(t, (z,1,0);0,7) = E[E[F(Xtvxvlvova )yft]} — / E[F(X’t’“”l’o’o‘ )] dP(ws)o<s<t

> inf J(t,(x,1,0);a, 7). (2.15)
TE7?§T

This, together with (2.I4]), shows that

inf J(¢,(x,1,0);,7) = inf J(t,(z,1,0);a,7). (2.16)
€T, T €T

We can therefore conclude

V(t,x) > sup inf J(t, (z,1,0);a,7) = sup inf J(¢, (x,1,0);,7) = V(¢, ).
acA, TET,T acAg TETtt,T

Now we want to show the opposite inequality. Fix z € S. For any « € A, thanks to Lemma D.1
in Appendix D of [11], we know that there exists a sequence of stopping times {7, }nen C T¢, 7 such
that the sequence {E[F(X%")|Fi]}nen is nonincreasing and

lim E[F(X55Y)|F] = essinf E[F(XL5)|F).

n—o00 TE'Tt,T

(Although Lemma D.1 is for esssup, we can state the corresponding result for essinf). Note that by
@3) and 24), E[F(X5Y)|F, is integrable. Therefore, by the dominated convergence theorem,

inf E[F(X;%)] < lim E[F(X;9)] = lim E[E[F(X;5)|F]]

T€T,T n—00 n—00
= E[lim E[F(XL%Y)|F]] = Elessinf E[F(X5%)|F]]
n— 00 " q—eTtI

_ _t,x,« ws X
= E[ inf E[F(XL%)|F]] = / inf E[F(XT (205550 | AP (ws )< st

T€T, T TET,T

IN

sup inf E[F(XL%9)],
sup iof [F(X759)]

where the fourth equality comes from Lemma 2.7l and the last inequality is due to the fact that for
any fix (ws)o<s<t, the map Vlwa)ocscr | (ws — wi)i<s<T +— a((ws)o<s<t, (Ws — wi)i<s<T) is @ control
independent of F;, thanks again to the independence of increments of the Brownian motion and

the compound Poisson process. Now by taking supremum over o € A, we get

sup inf E[F(XL"%)] < sup inf E[F(XL"*)] < sup inf E[F(XL%Y)].
acATETT acA; T€TT a€ Ay TET! ¢

Setting Z = (z,1,0), we see that the above inequality yields V (¢, z) < V (¢, z). O

3. SUPERSOLUTION PROPERTY

In this section, with the aid of some results concerning RBSDEs, we are able to modify the

arguments in [3] to show that the value function V, is a viscosity supersolution to (Z2.8]).



Lemma 3.1. Fizt € [0,T]. Then for any o € Ay, the function

W (s,z):= inf J(s,Z;a,7)

TGTST

is continuous on [0,t] x S.

Proof. Fix t € [0,T] and choose an arbitrary a € A;. For any s € [0,¢] and Z = (z,y,2) € S, define
the function f(%) : Q x [s,T] x R — R by

FER ) = flr, X270, an) = o(r, X35,

Moreover, set & := g(X7:"%) and S, := g(X;»™) for r € [s,T]. Note that ¢(r, X;»™") is a bounded
process, and by (Z4) we have f(-, X**% a.) € HZ ;(R), £ € L?, and E[sup,¢[s 71 [S-|*] < 0o. Now
let (V>", 37", 8 ;s <r <T) be the unique solution to the RBSDE with RCLL obstacle (see e.g.
I7], [8]) associated with the data (£, f,S). Following the arguments in Proposition 3.5 of [5] with
the help from equation (12) in [§], we have

N5 = essinf B [/T e~ 5 C(“’Xi’x’a)d“f(l, Xls’x’a, ap)dl + e~ I C(“’X’iw'a)d“g(Xﬁ’g”’o‘)

r
T€7;-,T r

}‘T] .
(Although the results in [5] and [8] are stated for RBSDESs that characterize a process 27" bounded
below by the obstacle S., we can state analogous results in the case where 27" is bounded above, not

below, by S.). Now we claim that for all s € [0,¢], 95" is deterministic and equals W*(s, (z,1,0)).
Noting that o € A for all s € [0,¢], we get

VT < essinf E[F(X2109) | F,] = inf E[F(X55M00)] = Wo(s, (2,1,0))..

T€7;‘5:T TE7T:T

Since the opposite inequality follows from calculations similar to ([2.153]), the claim is proved.

Note that f(>%) and g satisfy (20), (21) and (22) in [4] and that the calculation in Proposition
3.6 of [4] still holds in our case with RCLL obstacle. We can therefore proceed as in Lemma 8.4 of
[4] and conclude that 93% = W(s, (z,1,0)) is continuous on [0,¢] x R?. Finally, observing that

W (s, z) = z+yW(s, (x,1,0)),
we conclude that W(s, &) is continuous on [0,t] x S. O

Now, we want to modify the arguments in [3] to get the following result, which is the key to

proving the supersolution property of V.

Proposition 3.1. Fiz (t,7) € [0,T] x S and ¢ > 0. Take arbitrary o € Ay, 6 € Tl and ¢ €
USC([0,T] x RY) with ¢ < V. We have the following:
(i) E[g* (6, Xg™)] < oo;
(ii) If, moreover, E[@‘(G,Xg’f’a)] < 00, then there exists o € Ay with of = as for s € [t, 0]
such that

E[F(XL5)] > E[YS5Y%0(1 A 0, XUT) 4 ZET05] — e, (3.1)

for any T € 727“'
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Proof. (i) First, observe that for any z = (z,y,2) € S, ¢(t,Z) = yp(t,z) + 2z < yV(t,z) + z <
yg(x) + z, which implies ¢ (t,7) < yg(z) + z. It follows that
(’5—"_(9, Xé7f7a) é }/et’x7y7ag(X£7x7a) + ngvy,%a
0
< Yg,x,yﬂg(X;,x,a)_i_Z_’_/ szt,m,y,af(S’X;t,m,ayas)dsy
t

the right-hand-side is integrable as a result of (2.6]).
(ii) For each (s,n) € [0,T] x S, by the definition of V, there exists a7 € A, such that

inf  J(s,n;aME 1) > V(s,n) —e. (3.2)

TS

Note that ¢ € USC([0,T] x R?) implies ¢ € USC([0,T] x S). Then by the upper semicontinuity
of ¢ on [0,7] x § and the lower semicontinuity of W™ on [0,s] x S (from Lemma B.1]), there

must exist an 757 > ( such that

alsme

@(t’,:v’) —@(s,m) <eand W (s,p) — WO (W 2 <e,

for any (t',2') € B(s,n;r®M) .= {(t',2') € [0,T] xS | t' € (s —r(M ), |2’ —n| < &MY Tt follows
that if (¢/,2') € B(s,n,r( ”7)), we have

W 1) 2 W (s.m) — e 2 V(sim) — 2 > 9ls.m) — 2 > @(t2) — 3,
where the second inequality is due to (B.2]).

Note that {B(s,n;7) | (s,1) € [0,T] x S,0 < 7 < 7"} forms an open covering of [0,T) x S.
Then by the Lindel6f covering theorem (see e.g. Theorem 3.28 in [I]), there exists a countable
subcovering {B(t;, i;1i) }ieny of [0,T) x S. Now set Ay := {T'} x S, C_; := () and define for all
i € NU{0}

Ai+1 = B(ti+1,l‘i+1; T‘i+1) \Cz, where C; := C;_1 U A;.

Under this construction, we have

[0, T]xS C UjenuqoyAi, AiNA;j =0 fori # j, and et (t',2") > p(t',2")—3e for (t',2) € A;, (3.3)

i

where b€ 1= qti-zi)e,

For any n € N, set A" := Up<i<pA; and define

o™ =1y g)(s)evs + Lo 1y(s) < Leamye (6, X ™) + ) 1Ai(6’aX£’x’a)a?€> € A
Note that o™ = ay for s € [t,0]. Then for any 7 € T7,

E[F(Xf_’f’as’n)l{ng} ‘./."9] ].An (0, Xé’f’a) = 1{729} Z J(@, X;’i’a; Ozi’e, T)lAi (9, Xé’j;’a)
=0

> li>ey ZW (0, Xy"*) 14, (0, X5™%)

v

g5 [@(0, Xp™) — 3e]1an (0, Xy™°), (3.4)



where the last inequality follows from the last part of (83]). Thus, we have

E[F(X25")) = E[F(XE")reqy] + EIF (X257 ) r20)
[F(XE™) 1, cp] + E[E[F(XE™" ) 1,503 Fol1an (6, X5
E[E[F(XE7" )10y FolLianye (0, Xg ™))
[
[

Vi
T
el
T

I
&=

v +

E[F (X5 1 cop] + E[Lro0y 80, Xg ™) 1an (0, Xg™)] — 3¢
E 1{7‘<0}(75(T7 X;f_,i,a)] + E[l{rze}(ﬁ(ev Xé’i’a)lA" (07 Xé’i’a)] - 367 (35)

v

where the first inequality comes from (3.4]), and the second inequality is due to the observation that

F(X;t_vx?a) — Y:vxvyvag(Xivxva) + Z:f_vxvyvz?a 2 Y:vxvyvav(T7 X:f_vxva) _|_ Zf_?xvyvzva
> Y:vxvyvaw(fr’ X:f_vxva) _I_ Zf_?xvyvzva'

Since E[pT (6, Xé’f’a)] < 00, thanks to the first statement of this proposition, there exists n* € N
such that

E(g" (0, Xg™)] — E[p" (6, Xy )1 gu (6, Xg™)] <.

We observe the following holds for any 7 € 7??T
Ell06T (0, X" )] = E[li500T (0, X571 4ne (0, X5 ™)) (36)
<E[FT (6, X" )] — E[g" (0, X" )1 4 (6, X" )] < &.

Suppose E[@g™ (0, Xé’j’a)] < 00, then we can conclude from (3.0) that for any 7 € 7??T

E[l{TZG}(IE(H? Xé’i’a)] = E[l{ﬂ'ZO} ¢+(97 Xé’i’a)] - E[l{ﬂ'ZO} (15_ (97 Xé’i’a)]

= E[l{ng}gB(H, Xg’f’a)lAn* (0, Xg’f’a)] + €.
Taking a* = o™, we now conclude from (B.5) and (B.2) that
E[F(XE")] 2 Elli<p@(0, X2)] + E[lz0) (0, X5 ™)) — 4

= E[p(r A, X100 — de

= E[Y)5V%0(r A0, XETS) + Z5505) — 4e.
We are ready to present the main result in this section.

Proposition 3.2. The value function V. defined in ([22)) is a viscosity supersolution of the HJB
equation (28)).

Proof. Let h € CY2([0,T) x R%) be such that

0 = (Vi — h)(to, z0) < (Vi — h)(t,z), for any (t,z) € [0,T) x RY, (t,x) # (to, o),

< Ellgpsa @ (0, X" ) 4ne (0, X7 + € — E[lpr0,6 (0, Xg W) 1 goe (6, Xp7)]

(3.7)
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for some (tg,z) € [0,T) x RY. If V(tg, z0) = g(x0), then there is nothing to prove. We, therefore,
assume that V(tg, zo) < g(xg). For such (g, zp) it is enough to prove the following inequality:

oh
0 < e(to, z0)h(to, 20) — 5 (fo, 20) + H(:, Dyh, D2h)(to, z0). (3.8)

Assume the contrary. Then there must exist (5 € R™ such that

h
0 > c(to, xo)h(to, z0) — %(to,xo) + H(-, D h, D2h)(to, x0). (3.9)

Define the function h by
h(t,x) := h(t,z) — [t — to|* — |z — wo|*.

Note that (h, d;h, Dph, D2h)(z0,t0) = (h, d;h, Dyh, D2R)(z0,tp). We can choose 7 > 0 with tg+7 <
T such that

0> c(t,z)h(t,z) — %(t,x) + H(-, Dyh, D2h)(to, z0), for all (t,x) € By(to, zo). (3.10)

Define ¢ € A by setting (; = (p for all t > 0. Let (t,,z,) be a sequence in B, (tg,z() such that
(tn, T, V(tn, 2n)) = (to, o, Vi(to, o)), and introduce the stopping time

)y

0y, := inf {S € [tn,T]

(S’X§7L71'7L7<) ¢ B’r‘(t(]yx())} c 7;'tnT

Note that we have 6,, € 7?;"T because the control ( is by definition independent of F;,. Observe
that & > h+n on ([0,T] x R%) \ By 2(to, zo) for some 1 > 0. Then by applying the product rule of
stochastic calculus to Y;t”’x”’l’cﬁ(s, Xﬁ"’m”’c) and recalling (3:I0) and ¢ < ¢, we obtain that

On AT On AT

il(tn7xn) = E|:Ytn,1'7l717<;l(9n /\ 7_7 th,il,‘n,c)
On AT ~ 8;1 ) i
+ / Y:stn,mn,17c ch — E + HCO(.7 th7 Dgh) + f (37 X;‘/n,IEmC’ CO)d3:| (311)
tn
OnAT On AT

On AT B
<E |:Ytn71‘n717<h(6n AT, Xtml‘nvC) +/ Y*stnwn,l,Cf(S’X;n,:vn,C,Co)d3:| _ 6_6T7],
tn

for any 7 € 77, 7. Note that by construction, (h — V)(t,,2,) — 0 as n — co. This implies that we
can find an n € N large enough such that

OfNT

Lo L n . . e

V(ta,zq) <E [YJ:K?"’“h(eﬁ AT X t) + / ﬁm%lvfﬂs,X;"M,@)ds] -
th

for any 7 € T, 7. Let
- 5 1 1 bn
h(eﬁ’Xéz,wm 70,C) — Y;f:,wm ’Ch(eﬁ,X§Z’xﬁ’<) +/ Y;tﬁ,xﬂ,:LCf(S’X;f“fﬂf“c,Co)ds‘
tp

Note from (B.I1]) that E[B(Hﬁ,XlZZ’xfl’l’o’c)] is bounded from below. It follows from this fact that
E[h~ (64, Xéi’xﬁ’l’o’c)] < oo since we already have E[h™ (65, X’éi’xﬁ’l’o’c)] < oo from Proposition B.I|(i).
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We can therefore apply Proposition BI{ii) and conclude that there exists an a* € A;, such that

OaNT —cT
. . # o o e
E[F(Xf_ﬁy-’ﬂﬁyl,(),a )] >E [an/,\?ulﬁh(e AT, X;nf:,C) _|_/t Y'stnywnylvgf(s’inymnvc’Co)d8:| - 77’
) (3.13)
for any 7 € T . Next, observe that
.
V(tﬁ, xﬁ) 2 lnf E |:Ytn,1'n,1706 (T, X‘f_ﬁvxﬁva*) + / }/;t’flvxﬁvlva*f(s7 Xzfux’flva* , a:)ds}
TET 123
) (3.14)
1 th,Ta,0% 4 1.a* * e_éTn
> E |:Ytn,ﬂcn, ,ar g(,f_,X%nywn,a )+/ Y;tﬁ,xﬂ, ,Q f(S’Xg,f“SCf“OC ,a;‘)ds] _ 1 ,
tp
for some 7 € ’T . Then we obtain from ([B13]) and (3.14]) that
1 Gﬁ/\T e—ETn
V(tﬁ,xﬁ) > E |:Yt:7:i_m 7<h(6 AF Xtml‘m() _|_/ Y*stﬁ,mﬁ,l,c.f(stzﬁ,xﬁ,Cj CO)d3:| o 5
123
which contradicts (3.12]). O

4. SUBSOLUTION PROPERTY

In this section, we will first derive a weak dynamic programming principle, which corresponds
to the first statement in Theorem 3.1 in [3], for our value function V. Then we will show that the

subsolution property of V* follows from this weak dynamic programming principle.
Theorem 4.1. For all (t,z) € [0,T) x R? and 6 € 7ZT, we have

V(t,x) < SSE E[yt m’l’aV*(ﬁ,Xg’m’a) + Zng,O,a]‘
« t

Proof. Fix (t,x) € [0,T) x R%. For any w € Q and r > ¢, set w" := w.», and T.(w)(-) 1= W.yy — Wy 50
that w. = w! 4+ T, (w)(-). Also, for any a € As, 0 € Ty, set G, (@) := a(w?@) + To)(@)) € Agw)

Then by the same calculation in Proposition 5.1 in [3], for any 7 € Ty 1 and P-a.e. w € Q, we have

E[F(X55)| Fy)(w) = J(0(w), Xii: o, 7).

Then from Lemma 2.1 for P-a.e. w € Q

(essinfE[F(Xﬁ’x’aﬂ]:g]) (w) = inf E[F(XL")|Fl(w) < inf E[F(XL5)|Fy)(w)
TE%,T TE%»T T 7?9 T

_ : vt T, ~ v i,T,x

= rel%f%T J(H(w),Xe(w) G, T) < V(Q(w),Xo(w) )

< VHOW), Xgiy)- (4.1)

Applying Lemma D.1 in Appendix D of [I1] (as what we did in the proof of Proposition 2.1]),
we know that there exists a sequence of stopping times {7, }nen C Tp 1 such that the sequence
{E[F(X55Y)|Fo]}nen is nonincreasing and

lim E[F(X55)|Fp] = essinf E[F(XE")|Fyl.

n—o00 7'672; T
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Note that by (Z35) and Z4), E[F(X45")|Fy] is integrable. Thus, by the dominated convergence
theorem and (4.1]), we get

lim E[F(X55Y)] = lim E[E[F(X55)|F]] = E[nli}ngoE[F(Xﬁf’a)]fg]] = Elessinf E[F(X5"%)| F]]

n—00 n—00 n 7€Ty,T

< E[V*(0, X;"%).
We, therefore, conclude that

inf E[F(XL")] = inf E[F(X:™)] < inf E[F(X:"Y)] < lim E[F(X5™*)] <E[V*(0, X;7)],
. [E(X25%)] o [F(X7 )]_T%T [F(XZ59)] < lim E[F(XZ59)] < E[VF(0, X))

where the first equality is due to (2.16]) as a consequence of a € A;. Taking supremum over all
a € A, we get
V(t,z,y,2) < sup E[V*(Q,Xg’i’a)] = sup E[Yg’x’y’av*(H,Xé’x’a) + Zé’x’y’z’a].
acAy ac At

By taking y = 1,z = 0, we get the desired result. O

Proposition 4.1. The value function V* defined in (2.2) is a viscosity subsolution of the HJB

equation

. + H*(t,a:, Dx’l),D;m;’U),U - g(x)} =0.

max ¢ c(t, z)v Ov
X _
’ 0
Proof. Assume the contrary that there exist h € C%2([0,T) xR?) and (g, 79) € [0, T) x R? satisfying
0= (V* - h)(t07$0) > (V* - h)(t,ﬂj‘), for any (t,l‘) € [OvT) X Rd7 (t7$) 7& (t07x0)7

such that

oh
max {C(t(), xo)h(to, xo) — E(to, xo) + H*(', D.h, Dxxh)(to, xo), h(t(), xo) — g(xo)} > 0. (4.2)

Since V*(to,z9) = h(tg,z9) and V < g by definition, continuity of g implies that h(tg,z¢) =
V*(to, z0) < g(xg). Therefore, we can conclude from (4.2]) that
c(to, zo)h(to, xo) — %(to,xo) + H.(-, Dyhy Dy h)(to, z9) > 0
By the lower-semicontinuity of H,, there exists r > 0 with tg + r < T such that
c(t,z)h(t,z) — %(t,:n) + H*(-, Dyh, Dy, h)(t,z) > 0, Voo € R™ and (t,x) € By(to,xo). (4.3)
Now define n > 0 by

—2eT .= max (V*—h)<DO. 4.4
n o (to’mo)( ) (4.4)

(One may need to modify h, so that (tp,z¢) is a strict maximum of V* — h, to obtain the strict
inequality above.) Take (£,4) € B,(to, o) such that |(V — h)(£,2)| < n. For any a € A;, define the
stopping time

0 := inf {s > 1| (s,Xﬁ’i’O‘) ¢ Br(to,xo)} eT!

i3
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Note that we have 0 € 77:0 because the control « is independent of F;. Applying the product rule

of stochastic calculus to Y25 (s, X505, we get

L - o ;.
h(t,z2) = E [Yg’m’l’ah(H,Xé’x’a) +/{ yhtle (ch _on + HY(-, D h, Dy, h) + f> (S,Xg’x’a,as)ds}

ot

. 0 .
> E |:Y€t,x,l,av*(67Xé,x,a) +/ szt,x,l,oef(st;,x,ajas)ds:| + 27,,7
t

where the inequality follows from (&4), @3] and ¢ < ¢ Finally, by our choice of (,4), we have
V(t, &) +n > h(t,&). Tt follows that

~ L 0 S oA r oA
V(i) >E [Y;vx’lv“v*(o,xg’xv“) + / yhle f(s,Xﬁ’w’a,aS)ds] + 1.
t

Since a € A; is arbitrary, this inequality contradicts Theorem 4.1 O
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