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Abstract

In [6] for ¢ > 0 we defined truncated variation, T'V,;, of Brownian
motion with drift, Wi = B+ put,t > 0, where (B;) is a standard Brownian
motion. In this article we define two related quantities - upward truncated
variation

n

UTV,;[a,b] = sup sup Z max {Ws, — W, — ¢, 0}

n alt;<s1<..<tn<sn<bj_—{

and, analogously, downward truncated variation

n

DTV, [a,b] = sup sup Zmax {Wy, — Ws, —¢,0}.

n a<t1<s1<..<tn<sn<bj_

We prove that exponential moments of the above quantities are finite (in
opposite to the regular variation, corresponding to ¢ = 0, which is infinite
almost surely). We present estimates of the expected value of UTV,; up
to universal constants.

As an application we give some estimates of the maximal possible
gain from trading a financial asset in the presence of flat commission
(proportional to the value of the transaction) when the dynamics of the
prices of the asset follows a geometric Browniam motion process. In the
presented estimates upward truncated variation appears naturally.

1 Introduction

Let (By,t > 0) be a standard Brownian motion, and Wy = B;+put be a Brownian
motion with drift pu.


http://arxiv.org/abs/0912.4533v2

In [6] truncated variation at the level ¢ > 0 of Brownian motion with drift
i on the interval [a, b] was defined as

n—1
TV [a,b] := sup sup Z max { ’Wti+1 — Wy,

n a<t;<-<tp,<b i=1

—C,O}.

(Technical remark: for a > b we set TV [a,b] = 0.)

There were also proved estimates of ET'V{ [0,7] up to universal constants.
Using similar techniques as in [6] we will prove existence of finite exponential
moments of TV [0, 7], Eexp (aTV#c [0, T]) , for any «, T > 0.

Further we will consider two related quantities

e upward truncated variation, defined as

n

UTV, [a,b] := sup sup Z max {Ws, — Wy, — ¢,0}
N a<t1<s1< - <tn<sn<b

e and, analogously, downward truncated variation, defined as

n

DTV [a,b] := sup sup Zmax {Wy, — Ws, —¢,0}.

n a<t1<s1< - <tp<sp,<b i=1

It is easy to see that all three above defined quantities have the following
properties, which we state only for the truncated variation

e shift invariance property in distributions:

L(TVS[a,b]) = L(TVy [a+ A, b+ Al)

e superadditivity property: for any numbers a < a; < az < --- < a, <b

n—1
TV [a,b] > > TV [ai, aip] .-
i=1

It is also easy to see that the following relations hold

TVS[0,T] > UTVE[0,T], (1)
TVE[0,T) > DTVE(0,T], (2)
TVE[0,T] < UTVE[0,T]+ DTV [0,T],

UTVS[0,T] = DTVE,[0,T]. (3)

By (@) all estimates proved for upward truncated variation have analogs for
downward truncated variation.

Analogously as in [6] we will prove some estimates of EUT'V/¢[0,7T] (and
thus for EDTV,7 [0, T]) up to universal constants. Unfortunatelly, the presented
estimates involve expected values of some other related variables.



Remark 1.1. In order to shorten the proofs we did not put much stress on
obtaining the best possible constants in the presented estimates.

Remark 1.2. K. Oleszkiewicz pointed out that it would be also interesting to
have estimates for higher moments of the defined quantities. However, the au-
thor presumes that there are other methods than these used in this paper needed
to obtain such estimates.

Remark 1.3. A. N. Chuprunov pointed to the author that it would be also
interesting to have estimates of quadratic truncated variation, which one may
define as

n—1
QTV} [a,b] := sup sup Z max { Wiy — Wi,

n a<ty<-<t,<b iy

2—02,0}.

Remark 1.4. Similar concept of truncation (or shirinking) of random variables
on Hilbert spaces investigated Z. Jurek in series of his papers beginning with [2],
[3], which now evolved in the theory of selfdecomposable distriutions (see e.g.

).

2 Existence of exponential moments of truncated
variation

Let us start with the existence of finite exponential moments of T'V/¢ [0, 7. To
prove this let us define

Tc—inf{tzO: sup WSZWt—I—c},
0<s<t
further let T5"P be the last instant when the maximum of W; on [0,7,] is at-
tained, and let 7% < TSUP be such that Wrine = infgc<qsme Wi,
Let us fix @ > 0 and let § > 0 be such a small number that

1—Eexp (a sup Wt—l—ac) P(T. <) >0.
0<t<T

By definition of 7, and T:*f we have Weine > —c and Wysww — Wine — ¢ <
Woswe. Now, by Lemma 1, Lemma 2 in [6] and independence of Wy —Wr,,t > T,



and T, (strong Markov property of Brownian motion) for any M > 0 we have

Eexp (aTVS[0,T) A M) < Eexp (aWgsw» + ac+ oTVy [Te, T] A M)
< Eexp (aWrswe + ac) Eexp [aTVlf [Te, T) A M;T, < 6]
+ Eexp (aWrsw + ac) Eexp [oTV, [T, TI A M; T, > 6]
< Eexp (aWrsw + ac) Eexp [aTVMC [Te,T + T AM; T, < 6]
+ Eexp (aWTCsup + ac) Eexp [aTVi [T, T+T.—0)ANM;T. > 5}

< Eexp (a sup Wy + ac) Eexp (aTVS[0,T]AM) P (T. < 0)
0<t<T

+ Eexp (a sup W, +ac> E exp (aTVi [0,T — §] /\M) P(T.>59).
0<t<T

From the above we have
Eexp (aTV; [0, T] A M)

E exp (asupyc g Wi + ac) P (T, > 0)
~ 1—-Eexp (asupgcicr Wi + ac) P (T, < 0)

Eexp (aTV{[0,T — 6] AM).

Similarly

Eexp (aTVS[0,T — 6] A M)
E exp (asupy< i Wi + ac) P (T, > 6)
~ 1—Eexp (asupgc,<p Wi + ac) P (T < 6)

Eexp (aTVS[0,T —25] A M).

Iterating and putting together the above inequalities we finally obtain

T/§
Eexp (a supg<;<r Wi + ac) P(T. > 9) IT7e1
)

E TV, T|ANM) <
eXP(CY #[ ] )— <1—EeXp(asupogtSTWt+aC)P(TC<5

Letting M — oo we get Eexp (aTV#c [0,T]) < +o0.
By (@) and (&) we obtain the finiteness of exponential moments of UTV; [0, T
and DTV [0,T] as well.

3 Estimates of expected value of upward and
downward truncated variation

3.1 Preparatory lemmas

In order to obtain estimates of EUTV [0, 7] (and analogously EDT'V, [0, T7)
we will use similar techniques as in [6]. Due to typographical reasons let us
introduce notation max {z,0} =: ().

We will need the following analogon of Lemma 2 from [6]:



Lemma 3.1. We have the following identity
UTV;[0,T] = sup (Ws =Wy —c), +UTV [T, T]. (4)

0<t<s<T. AT

Proof. Let 0 < t1 < 81 < ta < S3... < t,, < 8 < T be numbers from the interval
[0,77].

We will prove that

(We, = Wi, — ), < sup (Ws =Wy —¢), +UTV;[Te, T].  (5)

0<t<s<T.NT

i=1

Let ng be the greatest number such that s,, < T and let us assume that no <n
and tpy41 < Te.
Let us consider several cases.

e Wi, 1 = Wr,. In this case

(Wargir = Wiy =€), < (Wapyra = Wi, —0) -

and

3

n 0
D We =Wy —0) <> (W, =Wy, =)y + (Wayys = Wi —¢) |
1

=1 i

+ Z (WSZ - Wti - C)+' (6)
1=no+2

o Wi,oon <Wrg, and W, < Wypew. In this case t,,11 < T3P (since for
T3P <t < T, Wy > Wr,) so

(WS"0+1 - th0+1 - C)+ < (WTsup - th0+1 - C)+
and

n no

(Wsi — Wti — C)Jr S (VVS7L th — C)+ + (WTstlp — th0+1 C)+
1=1 i=1
n

+ Y (W =W =), (7)

1=no+2
o Wi, oy <Wr, and Wy, ., > Wrpswe = Wr, + c. In this case
(W5n0+1 - th0+1 - C)+ = W5n0+1 - th0+1 —C
=Wrpswe = Wi, oy —c+ W, o — Weew
= WTcsup — thoJrl — C + WSnO+1 — WTc —C

= (WTCSUP — th0+1 - C)+ + (Wsn0+1 - Wr, — C)+



Thus for t,,+1 < Te inequality (@), (@) or (8) holds and we may assume,
adding in the case t,,4+1 < T, new terms in the partition and renaming the old
ones, that

0
T,

t <s1 < ... <tn0 < Snyg <7,

<
< gl < Snpt1 < . <y <8y < T.

In order to prove (@) without loss of generality we may assume that for
any 1 < i < ng, (Ws, = Wi, —c), > 0 (otherwise we may omit the summand
(W5, = Wi, —¢),). From definition of T we have that for any 1 <i <ng — 1,
Ws, = Wiy, <c, s0

(Wsi - Wti - C)+ + (W5i+1 - Wt

i1 _C)+
= WS'L - Wti —c+ W8i+1 - Wti+1 -cC
=W,

s — Wi, —c+ (We, =Wy, —¢) < We,, — Wy, —c.

Iterating the above inequality, we obtain

no
Z(Wsi—Wti—c)+§Wsn0—th—cg sup  (Ws—=Wi—c),.
i=1 0<t<s<TcAT

This, together with the obvious inequality

> (We =Wi, —c), < UTVS [T, T]

1=ng+1

proves ([@). Taking supremum over all partitions 0 < t; < s1 < t2 < 89 < ... <
ty, < sp < T we finally get

UTVi[0,T1<  sup  (Ws =Wy —c), +UTV] [T, T).

0<t<s<T.AT

Since the opposite inequality is obvious, we finally get (). O

Let us now define some auxiliary variables. Let TC(O) = 0 and let Tc(i),i =
1,2, ... be defined recursively as

T) = inf {t >TO D sup W > W, + C} :

7D <<t



(notice that T = T.). We define a new variable

oo
urv;(T) = Z o TYT sup (Ws =Wy —c)., .
=1 T8V <t<s<TON (TS 4T)

We have the following
Lemma 3.2. The variables UTV,S [0,T] and UTV (T') are related by the fol-

lowing relations

UTVZ[0,T) < eUTV (T) (9)

1—e!

UTVE[0,T) = UTVE (T) (10)

where the first relation holds almost surely and the second holds in the sense of
stochastic domination i.e. for everyy >0, P (UTVS[0,T] > y) > P (1_571 Urvg (T) > y) .

Proof. By the previous lemma, we have

UTVE0,T] = sup  (Wo—Wi—c), +UTVS [Tc(l), T}
0<t<s<TVAT
= sup (W =Wy —¢c), + sup (Ws =W —c),
0<t<s<TVAT T <t<s<T P AT
+UTV, 72,7
= .= Z sup (Ws =W —c), . (11)

, (i-1) ()
i>1G—) <p T8V <t<s<TEV AT

From (1)) we almost immediately get (@)

UTVE0,T] = > s (We-Wi-o),
i1 D < T8O D <t<s<TOAT
= (i-1)
(-1
< E =T /T sup (Ws =Wy —c),
i=1 TC“*”§t<ng§”A(T§“”+T)

= CUTVS(T).

In order to prove the second relation let 79 > 1 be the greatest indice such that
T8 ~Y < T and let us consider the term

A= sup v (Ws =Wy —c), .
7L <t<s<T IO (107D 47

If ig = 1 then A
dent from B
tion as B.

= SUDqoy e pp (Wg = Wy — ¢, O)Jr , otherwise A is indepen-

= SUPG_y (A (Ws = Wi —¢,0), but has the same distribu-



By () we have

UTVE[0,T] = > sup (Wy =Wy —¢)
T D <t s<T AT

L (12)
i>1.T¢ V<t
io—1

= sup (Ws — W, — c)+
i=1 TSV <t<s<TY
+ sup (Ws =Wi—¢), .
70D < es<T
In both cases (ip = 1 and ig > 1) 2UT'V}; [0, T] stochastically dominates the
sum
io »
S, = Z e~ TSYT sup (Ws =Wy —c), .
i=1 Tc“*“gt<ng§“A(T§i*“+T)

(Ei‘):_ll SUD 1-1) gD (Ws — Wi — ¢), dominates the first igp — 1 terms in

the above sum and B, which appears in the sum (I2)) dominates A.) Similarly,

define i, recursively as the greatest integer such that Tc(i’“_l) < Tc(ik’l) +T and

ix =1 _ plin-1)

c c

D SR i oW,
i=ik—1+1 T8V <t<s<TOA (T8 4T)

Sk is independent from S, ..., Sx—1, moreover it has the same distribution as S;
and

(i)
UTVE(T) =Y e T /T,
k=1

By definition of i, T.") > T~ 4+ T, thus we have T\ > (k —1)T. Now,
since 2UT'V¢ [0,T] = Sk, k = 1,2,..., we have that

2 o0
T UTVi[0.T] = > et auTve (0, T
— €

k=1
2 ko)

= S e TV [0,T)
k=1
> 7T(ik’1)/T ¢

= > ek Sk =UTV(T).
k=1

which proves (0. O

Next, let us state a refinement of Lemma 3 from [6]:

Lemma 3.3. For any p and ¢ >0

1 7
P(T.< ZET.) < -.



Proof. The proof follows exactly as in [6], since one can show that for any real
1
(ET.)? 1 (€2 — 1 = 2pc)”
ET2 2 edue — 6e21cpc + e2he + 212¢2 — 2

>

and, by the Paley-Zygmund inequality we obtain

2 2
p(r>ter)s(1-1) EBL 4
3 3 9

and

3.2 Estimates for long and short time intervals

Now we are ready to prove estimates of expected value of UT'V [0,T] for long
and short time intervals (T > %ETC and T < %ETC respectively). We have

Theorem 3.4. For any T > %ETC we have

0.3

T
E s W,—W;—¢), < EUTV®[0,T
ET, 0§t<s§pTc/\T( =0y w 0.7

T
< 27 E su Ws—Wi—¢), .
- ET, O§t<s§pTc/\T ( o)

Proof. By Lemma 3.1 and independence of Wy, — Wy ,t > T, and T, (strong
Markov property of Brownian motion) we calculate

EUTVS[0,T] = E  sup  (Wy—W;—c), + BUTV; [T.AT,T)]
0<t<s<T.AT

1
< E sup (Wg =Wy — c)Jr +E [UTV; T.,T];T. < —ETC}
0<t<s<T. AT 3

1
+E {UTV; [T..T); 3BT < T, < T]

1
< E sup (Ws — Wy — c)Jr +E [UTV#c [T, T+T.];T. < —ETC]
0<t<s<T AT 3
1 1
+E {UTV; [Tc, T+T,— gETC} ; §ETC <T.< T}
1
< E sup (Wg =Wy — c)Jr + EUTV: [0,T] P (Tc < gETC>

0<t<s<T.AT

+EUTV; {O,T — %ETC} P (TC > %ETC> .



Now, by the above inequality and Lemma 3.3

1

Esupg<;cs<rar (Ws = Wi —¢) “ET ]
3 C

P(T. > LET,)

EUTVS[0,T] < £ +EUTV, [O,T —

9 1
< ZE sup (Ws =W —c), + EUTV [O, T— —ETC] )
2 0<t<s<T.AT 3

Similarly

. 1 9 . 2
EUTV [O,T - gETC] < B sup  (Wi- W) +BUTV; [O,T - gETc} :

0<t<s<T AT

Iterating and putting together the above inequalities we obtain the estimate
from above

IN

) T 19
EUTV;[0,T] { —‘ E sup (Ws =Wy —c),

S
sET. | 2 o<t<s<moAT

< — M/ — M/ —
( 3 + 1) 2E sup ( s t C)

0<t<s<T AT

67 9
—-E su Wy —-W,—c
- EI.2 ogtgsngcAT( =0y

T
27 E su We—Wi—c¢), .
ET, OgtgsngcAT ( =)y

IN

The estimate from below is obtained from Lemma 3.2 (see also the comment
after the calculation):

1— -1
EUTVS[0,T] > ° _EUTVE(T) > 0.3EUTVS (T)
= 0.3 Z Ee 170/T sup (Ws =Wy —c),
i=1 Tc“’”§t<ng§“A(T§“”+T)
= 03 Ee ™ V/TE sup (Wy =W, —¢),
i=1 Téi*1>§t<s§T§“/\(TC“*UJFT)
i )i
— 03 (Ee ‘ ) E sip (W,-W,—0),
i=1 0<t<s<TAT
1
- 03— E su W, — W, — ¢
1— Ee-T/T 0St<sSpTc/\T( e =)y
1
> 0.3 E sup (Wi=Wi—c),

1-B(1-70/T) osi<sstaT

T
= 0.3 E sup W,-—Wi—¢)

ET.  o<i<s<T.AT +

10



In the above calculations we used consecutively: independence of TC(FI) and

W, — WT(i—l), s> Tc(i_l), equality of distributions of every term

sup (Ws =Wy —¢),
TC“*”§t<s§T§“A(T£i’“+T)

for i = 1,2, ..., definition of Tc(i_l), which implies the equality
EeiTc(ifl)/T _ (EeiTc(l)/T)ifl
and finally we used the inequality e* > 1 + x. O

The estimates in Theorem 3.4 involve expected value of the variable

sup (Ws — W, — c)+
0<t<s<T AT

distribution of which, as far as author knows, is not known, but it may be
simulated numerically. We also have

Corollary 3.5. For any T > %ETC we have

T
E sup (Ws =Wy —¢), < EUTV;0,T]
ET. o<t<s<iET.

3

27

T
E su Wy — Wy —c)13
ET. ogtgspch ( el

IN

Proof. The estimate from above is a straighforward consequence of Theorem
3.4 and the estimate from below is obtained immediately by the superadditivity

property

[3T/ET.|

. Jfi—1 i
EUTVE0,T] > Y EUTV [TETC,gETc}
=1

Mo
|3T/ET.] EUTV [0, gETC]

Y

T
> 3 E  sup (Ws =Wy —c¢), .
ET. 0<t<s<iET. *

O

Remark 3.6. Using results of of Hadjiliadis and Vecer [1] we are able to calcu-
late exactly the estimate from above appearing in ({I3). Using the notation from
[, for z > 0 we have

P( sup (WS—Wt—c)+ 22) = P< sup (W, — W) 2z+c>
0<t<s<T. 0<t<s<T.

= P(T(c,z+¢)=Ta(z+¢))

11



and by Theorem 2.1 from [1l], for y > ¢ we have

e2ne — 2uc—1 21
P( sup (WS—Wt)zy):—_Zexp(—m(y—c)>.

e2uc + e—2uc

0<t<s<T,

Hence

E sup (Ws - Wt - C)+ = / P ( sup (Ws - Wt) Z y) dy
0<t<s<T. c 0<t<s<T.

B 62MC _ 2MC -1 e’} 2M i

- e2ue + e—2uc _ 9 . exp _62'“6 1 (y - C) Yy
e2he —2uc—1 e —1

e fe e 2 2y

Estimates of EUTV;[0,T] for short time intervals (" < 1ET,) are the
subject of the next theorem.

Theorem 3.7. For any T < %ETc we have

E supp (Ws—=Wi—¢c), < EUTV;[0,T]
0<t<s<T

< 5E sup (Ws—-W;—c) .
0<t<s<T

Proof. Applying Lemma 3.1 and independence of Wy — Wr,,t > T,, and T, we
again calculate

EUTVS[0,T] < E  sup (W, — W, —c), + EUTVS [T. AT, T]
0<t<s<T.AT

E sup (Wy—W,—c), +E[UTVS[T.,T);T. < T)
0<t<s<T

IN

1
< E sup (W,—W,-— c)Jr + EUTV#C [0,T] P (TC < —ETC>
0<t<s<T 3

IA
&=
wn
=

T
=

!
S
!
e}

7
+EUTVE[0,T] ~.
0<t<s<T )+ nl ]9

Thus we got

9
EUTV;[0,T]<;E sup (Ws—-W;—c),.
2 0<i<s<T

The estimate from above is self-evident

EUTV;[0,T]>E sup (Wg—Wi—c), .

0<t<s<T

12



Remark 3.8. In order to calculate the quantity Esupy<;<s<r (Ws — Wi — ),
for T < %ETC7 which appears in Corollary 3.5 and in Theorem 3.7, one may
use results of [3]. Let

oo .
0y, sin 0, 02T T
Gf(y):28'uy L+ n—(l—exp<_n___ ,
P nz::l 07 + 12y? + py 29?2
where 0, are positive solutions of the eigenvalue condition tan6,, = —%,
0,0<y< —%;
2
L = %(1_6#71/2 792—%7
. 2 2
L i (1 — exp (% - %)) Y > =

and n is the unique positive solution of tanhn = —%. In the notation used in

[] for z > 0 we have

P( sup (Ws—Wt—c)+Zz>

P( sup (Wy —Wy) 22—|—c>
0<t<s<T

0<t<s<T
= P(D(T;—p,1)>2+¢c)=GCGp(z+c)

and thus

E sup (Ws—Wt—c)+:/ GD(Z—I—c)dz:/ Gp (z)dz.
0<t<s<T 0 e

However, the above formula is very numerically unstable and it seems not to be
a straightforward task to obtain using it good numerical or analytical estimates
of expected value of the variable supg<;< < (Ws — Wi —c), .

4 Example of application

As it was mentioned earlier, upward truncated variation appears naturally in the
expression for the least upper bound for the rate of return from any trading
of a financial asset, dynamics of which follows geometric Brownian motion, in
the presence of flat commission. Similar result was proved in [6] for truncated
variation, however, truncated variation is not the least upper bound.

Indeed, similarly as in [6], let us assume that the dynamics of the prices P;
of some financial asset (e.g. stock) is the following P; = exp (ut + oB;). We
are interested in the maximal possible profit coming from trading this single
instrument during time interval [0,7]. We buy the instrument at the moments
0<t; <..<t, <T and sell it at the moments s; < ... < s, < T, such that
th < 81 <ty < 89 < ... <ty < Sp, in order to obtain the maximal possible
profit. Furthermore we assume that for every transaction we have to pay a flat
commission and <y is the ratio of the transaction value paid for the commission.

13



The maximal possible rate of return from our strategy reads as (cf. [6])

P,1—v P, 1-—
sup sup
N 0<t;<s1<...<tn<sn<T Pt 1+~" Pt 1+7

Let M, be the set of all partitions

7={0<t1 <81 <. <tp <8, <T}.

To see that exp (UUTVC/U [0, T]) —1withc=1n 1‘” is the least upper bound

for maximal possible rate of return let us substltute

L (P, 11— exp (us; +0Bs;) _.
sup su —— » =supsu e
pMpiI:[{PtilﬂL”Y} n pH{eXP (uti + 0 Bt,)

c
=supsupexp | o {( sz—i—BsZ) ( ti+ B )——}
n My, ( Z i o
(oS5 () 2)

My o o o

= exp (oUTV://Z[ ,T]) .

This gives the claimed bound.
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