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On the Existence of Shadow Prices in
Finite Discrete Time

Jan Kallsen∗ Johannes Muhle-Karbe†

Abstract

A shadow priceis a process̃S lying within the bid/ask pricesS, S of a market with
proportional transaction costs, such that maximizing expected utility from consump-
tion in the frictionless market with price processS̃ leads to the same maximal utility
as in the original market with transaction costs. For finiteΩ, this note provides an ele-
mentary proof for the existence of such a shadow price.
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1 Introduction

When considering problems in Mathematical Finance, one classically works with afriction-
lessmarket, i.e. one assumes that securities can be purchased and sold for the same price
S. This is clearly a strong modeling assumption, since in reality one usually has to pay a
higherask pricewhen purchasing securities, whereas one only receives a lower bid price
when selling them. In addition, the introduction of even miniscule transaction costs often
fundamentally changes the structure of the problem at hand (cf. e.g. [4, 7, 2]). Therefore
models with transaction costs have been extensively studied in the literature.

Optimization problems involving transaction costs are usually tackled by one of two
different approaches. Whereas the first method employs methods from stochastic control
theory, the second reformulates the task at hand as a similarproblem in a frictionless market.
This second approach goes back to the pioneering paper of [8]. They showed that under
suitable conditions, a market with bid/ask pricesS, S is arbitrage free if and only if there
exists ashadow priceS̃ lying within the bid/ask bounds, such that the frictionlessmarket
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with price process̃S is arbitrage free. The same idea has since been employed extensively
leading to various other versions of the fundamental theorem of asset pricing in the presence
of transaction costs (cf. e.g. [6, 16, 7] and the references therein). It has also found its way
into other branches of Mathematical Finance. For example, [12] have shown that bid/ask
prices can be replaced by a shadow price in the context of local risk-minimization, whereas
[1, 3, 13, 11] prove that the same is true for portfolio optimization in certain Itô process
settings.

In this article we establish that in finite discrete time, this general principleholds true
literally for investment/consumption problems. We first introduce our finite market model
with proportional transaction costs in Section 2. Subsequently, we state our main result
concerning the existence of shadow prices and prove it usingelementary convex analysis.

For a vectorx = (x1, . . . , xd), we writex+ = (max{x1, 0}, . . . ,max{xd, 0}) andx− =

(max{−x1, 0}, . . . ,max{−xd, 0}). Likewise, inequalities and equalities are understood to
be componentwise in a vector-valued context. Moreover, forany stochastic processX we
write ∆Xt := Xt −Xt−1.

2 Utility maximization with transaction costs in finite dis-
crete time

We study the problem of maximizing expected utility from consumption in a finite mar-
ket model with proportional transaction costs. Our generalframework is as follows. Let
(Ω,F , (Ft)t∈{0,1,...,T}, P ) be a filtered probability space, whereΩ = {ω1, . . . , ωK} and the
time set{0, 1, . . . , T} are finite. In order to avoid lengthy notation, we letF = P(Ω),
F0 = {∅,Ω}, and assume thatP ({ωk}) > 0 for all k ∈ {1, . . . , K}. However, one can
show that all following statements remain true without these restrictions.

The financial market we consider consists of a risk-free asset 0 (also calledbank ac-
count) with price processS0 normalized toS0

t = 1, t = 0, . . . , T , and risky assets1, . . . , d
whose prices are expressed in multiples ofS0. More specifically, they are modelled by their
(discounted)bid price processS = (S1, . . . , Sd) and their (discounted)ask price process

S = (S
1
, . . . , S

d
), where we naturally assume thatS, S are adapted and satisfyS ≥ S > 0.

Their meaning should be obvious: if one wants to purchase security i at timet, one must
pay the higher priceS

i

t whereas one receives onlySi
t for selling it.

Remark 2.1 This setup amounts to assuming that the risk-free asset can be purchased and
sold without incurring any transaction costs. This assumption is commonly made in the
literature dealing with optimal portfolios in the presenceof transaction costs (cf. e.g. [4]),
and seems reasonable when thinking of security0 as a bank account. For foreign exchange
markets where it appears less plausible, a numeraire free approach has been introduced by
[9]. This approach would, however, require the use of multidimensional utility functions as
in [5] in our context.
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Definition 2.2 A trading strategyis anR
d+1-valued predictable stochastic process(ϕ0, ϕ) =

(ϕ0, (ϕ1, . . . , ϕd)), whereϕi
t, t = 0, . . . , T + 1 denotes the number of shares held in secu-

rity i until time t after rearranging the portfolio at timet − 1. A (discounted)consumption
processis anR-valued, adapted stochastic processc, wherect, t = 0, . . . , T represents the
amount consumed at timet. A pair ((ϕ0, ϕ), c) of a trading strategy(ϕ0, ϕ) and a consump-
tion processc is calledportfolio/consumption pair.

To capture the notion of a self-financing strategy, we use theintuition that no funds are
added or withdrawn. More specifically, this means that the proceeds of selling stock must
be added to the bank account while the expenses from consumption and the purchase of
stock have to be deducted from the bank account whenever the portfolio is readjusted from
ϕt to ϕt+1 and an amountct is consumed at timet ∈ {0, . . . , T}. Defining purchase and
sales processes∆ϕ↑,∆ϕ↓ as

∆ϕ↑ := (∆ϕ)+, ∆ϕ↓ := (∆ϕ)−, (2.1)

this leads to the following

Definition 2.3 A portfolio/consumption pair(ϕ, c) is calledself-financing(orϕ c-financing)
if

∆ϕ0
t+1 = S⊤

t ∆ϕ↓
t+1 − S

⊤

t ∆ϕ↑
t+1 − ct, t = 0, . . . , T. (2.2)

Remark 2.4 For i = 1, . . . , d, define the cumulated purchasesϕ↑ and salesϕ↓ as

ϕ↑ := (ϕ0)
+ +

·∑

t=1

∆ϕ↑
t , ϕ↓ := (ϕ0)

− +

·∑

t=1

∆ϕ↓
t .

Then the self-financing condition (2.2) implies that
(
(ϕ0, ϕ↑,−ϕ↓), c

)
is self-financing in

the usual sense for a frictionless market with2d+1 securities(1, S, S). Moreover, note that
for S = S, we recover the usual self-financing condition for frictionless markets.

We consider an investor who disposes of aninitial endowment(η0, η) ∈ R
d+1
+ , referring

to the initial number of securities of typei, i = 0, . . . , d, respectively.

Definition 2.5 A self-financing portfolio/consumption pair((ϕ0, ϕ), c) is calledadmissible
if (ϕ0

0, ϕ0) = (η0, η) and(ϕ0
T+1, ϕT+1) = (0, 0). An admissible portfolio/consumption pair

((ϕ0, ϕ), c) is calledoptimal if it maximizes

κ 7→ E

(
T∑

t=0

ut(κt)

)
(2.3)

over all admissible portfolio/consumption pairs((ψ0, ψ), κ), where theutility processu is a
mappingu : Ω × {0, . . . , T} × R → [−∞,∞), such that(ω, t) 7→ ut(ω, x) is predictable
for anyx ∈ R andx 7→ ut(ω, x) is a proper, upper-semicontinuous, concave function for
any(ω, t) ∈ Ω × {0, . . . , T}, which is strictly increasing on its effective domain{x ∈ R :

ut(ω, x) > −∞}.
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Consequently, we only deal with portfolio/consumption pairs where theentire liquida-
tion wealth of the portfolio is consumed at timeT . Note that this can be done without loss
of generality, because the utility process is strictly increasing in consumption.

Remark 2.6 Since we allow the utility process to be random, assumingS0
t = 1, t =

0, . . . , T also does not entail a loss of generality in the present setup. More specifically,
let S0 be an arbitrary strictly positive, predictable process. Inthis undiscounted case a
portfolio/consumption pair(ϕ, c) should be calledself-financingif

∆ϕ0
t+1S

0
t = S⊤

t ∆ϕ↓
t+1 − S

⊤

t ∆ϕ↑
t+1 − ct,

for t = 0, . . . , T . Admissibility is defined as before. By direct calculations, one eas-
ily verifies that((ϕ0, ϕ), c) is self-financing resp. admissible if and only if((ϕ0, ϕ), ĉ) =

((ϕ0, ϕ), c/S0) is self-financing resp. admissible relative to the discounted processeŝS0 :=

S0/S0 = 1, Ŝ := S/S0 andŜ := S/S0. In view of

E

(
T∑

t=0

ut(ct)

)
= E

(
T∑

t=0

ût(ĉt)

)

for the utility procesŝut(x) = ut(S
0x), the problem of maximizing undiscounted utility

with respect tou is equivalent to maximizing discounted expected utility with respect tôu.

3 Existence of shadow prices

We now introduce the central concept of this paper.

Definition 3.1 We call an adapted process̃S shadow price processif

S ≤ S̃ ≤ S

and if the maximal expected utilities in the market with bid/ask-pricesS, S and in the market
with price process̃S withouttransaction costs coincide.

The following theorem shows that in our finite market model, shadow price processes
always exist, except in the trivial case where all admissible portfolio/consumption pairs lead
to expected utility−∞.

Theorem 3.2 Suppose an optimal portfolio/consumption pair(ϕ, c) exists for the market
with bid/ask pricesS, S. Then ifE(

∑T

t=0 ut(ct)) > −∞, a shadow price process̃S exists.

PROOF. Step 1: As the utility process in strictly increasing, allowing for sales and pur-
chases at the same time does not increase the maximal expected utility. More precisely,
sincex 7→ ut(x) is strictly increasing for fixedt, maximizing (2.3) over all admissible
portfolio/consumption pairs yields the same maximal expected utility as maximizing (2.3)
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over all ((ψ0, ψ↑, ψ↓), κ), where(ψ0(t))t=0,...,T+1 is anR-valued predictable process with
ψ0

0 = η0 andψ0
T+1 = 0, the increasing,Rd-valued predictable processes(ψ↑

t )t=0,...,T+1 and
(ψ↓

t )t=0,...,T+1 satisfyψ↑
0 = η+,ψ↓

0 = η−,ψ↑
T+1−ψ

↓
T+1 = 0 and(κt)t=0,...,T is a consumption

process such that (2.2) holds fort = 0, . . . , T and(ψ, κ) instead of(ϕ, c). Moreover, if we
define∆ϕ↑ and∆ϕ↓ as in (2.1) above and set

ϕ↑ := η+ +
·∑

t=1

∆ϕ↑
t , ϕ↓ := η− +

·∑

t=1

∆ϕ↓
t ,

then((ϕ0, ϕ↑, ϕ↓), c) is an optimal strategy in this set.
Step 2: Denote byF 1

t , . . . , F
mt

t the partition ofΩ that generatesFt, t ∈ {0, . . . , T}.
Since a mapping isFt-measurable if and only if it is constant on the setsF j

t , j = 1, . . . , mt,
we can identify the set of all processes((ψ0, ψ↑, ψ↓), κ), where(ψ0

t )t=0,...,T+1 is R-valued
and predictable withψ0

0 = η0, (ψ↑
t )t=0,...,T+1 and(ψ↓

t )t=0,...,T+1 are increasing,Rd-valued
and predictable withψ↑

0 = η+, ψ↓
0 = η− and(κt)t=0,...,T is a consumption process such that

(2.2) holds fort = 0, . . . , T with

R
2dn
+ × R

n := (Rm0d
+ × . . .× R

mT d
+ ) × (Rm0d

+ × . . .× R
mT d
+ ) × (Rm0 × . . .× R

mT ),

and vice versa, namely with

(∆ψ↑,∆ψ↓, c) := (∆ψ↑,1,1
1 , . . . ,∆ψ↑,mT ,d

T+1 ,∆ψ↓,1,1
1 , . . . ,∆ψ↓,mT ,d

T+1 , c10, . . . , c
mT

T ),

where we use the notation∆ψ↑,j,i
t := ∆ϕ↑,i

t (ω) for i = 1, . . . , d, t = 0, . . . , T , j =

1, . . . , mt andω ∈ F j
t (and analogously for∆ψ↓, c, S, S). Using this identification, we can

define mappingsf : R
2dn
+ ×R

n → R∪{∞}, hj
0 : R

2dn
+ ×R

n → R andhj : R
2dn
+ ×R

n → R
d

(for j = 1, . . . , mT ) by

f(∆ψ↑,∆ψ↓, c) := −E

(
T∑

t=1

ut(ct)

)
,

hj
0(∆ψ

↑,∆ψ↓, c) := η0 +

T∑

t=1

(
(Sj

t−1)
⊤∆ψ↓,j

t − (S
j

t−1)
⊤∆ψ↑,j

t

)
−

T∑

t=0

cjt ,

hj(∆ψ↑,∆ψ↓, c) := η +
T+1∑

t=1

(
∆ψ↑,j

t − ∆ψ↓,j
t

)
.

With this notion,(∆ϕ↑,∆ϕ↓, c) is optimal if and only if it minimizesf over R
2dn
+ × R

n

subject to the constraintshj
0 = 0 andhj = 0 for j = 1, . . . , mT . Since all mappings are

actually convex functions onR(2d+1)n, this is equivalent to(∆ϕ↑,∆ϕ↓, c) minimizingf over
R

(2d+1)n subject to the constraintshj
0 = 0, hj = 0 (for j = 1, . . . , mT ) andg↑,jt , g↓,jt ≤ 0 (for

t = 0, . . . , T andj = 1, . . . , mt), where the convex mappingsg↑,jt , g↓,jt : R
(2d+1)n → R

d are
given by

g↑,jt (∆ψ↑,∆ψ↓, c) := −∆ψ↑,j
t+1, g↓,jt (∆ψ↑,∆ψ↓, c) := −∆ψ↓,j

t+1.
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In view of [14, Theorems 28.2 and 28.3],(∆ϕ↑,∆ϕ↓, c) is therefore optimal if and only
if there exists aLagrange multiplier, i.e. real numbersνj , µj,i (for i = 1, . . . , d andj =

1, . . . , mT ) andλ↑,j,it , λ↓,j,it (for t = 0, . . . , T , i = 1, . . . , d andj = 1, . . . , mt) such that the
following holds.

1. Fort = 0, . . . , T , j = 1, . . . , mt andi = 1, . . . , d, we haveλ↑,j,it , λ↓,j,it ≥ 0 as well as
g↑,j,it (∆ϕ↑,∆ϕ↓, c), g↓,j,it (∆ϕ↑,∆ϕ↓, c) ≤ 0 andλ↑,j,it g↑,j,it (∆ϕ↑,∆ϕ↓, c) = 0 as well
asλ↓,j,it g↓,j,it (∆ϕ↑,∆ϕ↓, c) = 0 .

2. hj
0(∆ϕ

↑,∆ϕ↓, c) = 0 andhj(∆ϕ↑,∆ϕ↓, c) = 0 for j = 1, . . . , mT .

3.

0 ∈∂f(∆ϕ↑,∆ϕ↓, c) +

mT∑

j=1

νj∂hj
0(∆ϕ

↑,∆ϕ↓, c) +
d∑

i=1

mT∑

j=1

µj,i∂hj,i(∆ϕ↑,∆ϕ↓, c)

+
T∑

t=0

d∑

i=1

mt∑

j=1

λ↑,j,it ∂g↑,j,it (∆ϕ↑,∆ϕ↓, c) +
T∑

t=0

d∑

i=1

mt∑

j=1

λ↓,j,it ∂g↓,j,it (∆ϕ↑,∆ϕ↓, c).

Here,∂ denotes the subdifferential of a convex mapping (cf. [14] for more details).
Step 3: By [15, Proposition 10.5] we can split Statement 3 into manysimilar statements

where the subdifferentials on the right-hand side are replaced with partial subdifferentials
relative to∆ϕ↑,1,1

1 , . . . ,∆ϕ↑,mT ,d
T+1 , ∆ϕ↓,1,1

1 , . . . ,∆ϕ↓,mT ,d
T+1 , c1t , . . . , c

mT

T , respectively. In par-
ticular, forcjT , j ∈ {1, . . . , mT}, we obtain

0 ∈ ∂
c
j

T
f(∆ϕ↑,∆ϕ↓, c) − νj , (3.1)

where∂x denotes the partial subdifferential of a convex function relative to a vectorx.
Henceνj < 0, j = 1, . . . , mT , becausef is strictly decreasing incjT . Furthermore, since the
mappingsg↑,j,it , g↓,j,it (for t = 0, . . . , T , j = 1, . . . , mt andi = 1, . . . , d) andhj

0, h
j,i (for j =

1, . . . , mT andi = 0, . . . , d) are differentiable, their partial subdifferentials coincide with
the respective partial derivatives by [14, Theorem 25.1]. Hence, taking partial derivatives
with respect to∆ϕ↑,j,i

t+1 resp.∆ϕ↓,j,i
t+1 , t ∈ {0, . . . , T}, j ∈ {1, . . . , mt}, i ∈ {0, . . . , d},

Statement 3 above implies that

0 =
∑

k:ωk∈F
j
t

µj,i −

( ∑

k:ωk∈F
j
t

νk

)
S

j,i

t − λ↑,j,it

=
∑

k:ωk∈F
j
t

µj,i −



∑

k:ωk∈F
j
t

νk




1 +

λ↑,j,it

S
j,i

t

∑
k:ωk∈F

j
t
νk


S

j,i

t ,

(3.2)

and likewise

0 =
∑

k:ωk∈F
j
t

µj,i −



∑

k:ωk∈F
j
t

νk



(

1 −
λ↓,j,it

Sj,i
t

∑
k:ωk∈F

j
t
νk

)
Sj,i

t . (3.3)
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In particular we have, fort = 0, . . . , T , j = 1, . . . , mt, i = 1, . . . , d,

1 +

λ↑,j,it

S
j,i

t

∑
k:ωk∈F

j
t
νk


S

j,i

t =

(
1 −

λ↓,j,it

Sj,i
t

∑
k:ωk∈F

j
t
νk

)
Sj,i

t =: S̃j,i
t .

SinceS̃ := (S̃1, . . . , S̃d) is constant onF j
t by definition, this defines an adapted process.

Furthermore, we haveS ≤ S̃ ≤ S, by Statement 1 above and becauseνk < 0 for k =

1, . . . , mT . Moreover, Statement 1 above also implies that

S̃i = S
i
on{∆ϕ↑,i > 0}, S̃i = Si on{∆ϕ↓,i > 0}. (3.4)

Set µ̃j,i := µj,i (for j = 1, . . . , mT , i = 1, . . . , d), ν̃j := νj (for j = 1, . . . , mT ) and
λ̃↑,j,it , λ̃↓,j,it := 0 (for t = 0, . . . , T , j = 1, . . . , mt andi = 1, . . . , d). Statements1, 2 and3

above, Equations (3.2), (3.3), (3.4) and the definition ofS̃ then yield the following.

1. Fort = 0, . . . , T , i = 1, . . . , d andj = 1, . . . , mt we havẽλ↑,j,it , λ̃↓,j,it ≥ 0 as well as
g̃↑,j,it (∆ϕ↑,∆ϕ↓, c), g̃↓,j,it (∆ϕ↑,∆ϕ↓, c) ≤ 0 andλ̃↑,j,it g̃↑,j,it (∆ϕ↑,∆ϕ↓, c) = 0 as well
asλ̃↓,j,it g̃↓,j,it (∆ϕ↑,∆ϕ↓, c) = 0

2. h̃j
0(∆ϕ

↑,∆ϕ↓, c) = 0 andh̃j(∆ϕ↑,∆ϕ↓, c) = 0 for j = 1, . . . , mT ,

3.

0 ∈∂f̃(∆ϕ↑,∆ϕ↓, c) +

mT∑

j=1

ν̃j∂h̃j
0(∆ϕ

↑,∆ϕ↓, c) +
d∑

i=1

mT∑

j=1

µ̃j,i∂h̃j,i(∆ϕ↑,∆ϕ↓, c)

−
T∑

t=0

d∑

i=1

mt∑

j=1

λ̃↑,j,it ∂g̃↑,j,it (∆ϕ↑,∆ϕ↓, c) −
T∑

t=0

d∑

i=1

mt∑

j=1

λ̃↓,j,it ∂g̃↓,j,it (∆ϕ↑,∆ϕ↓, c),

where the mappings̃f , h̃j
0, h̃

j , g̃↑,jt , g̃↓,jt are defined by settingS = S = S̃ in the definition
of the mappingsf , hj

0, h
j , g↑,jt , g↓,jt above. In view of [14, Theorem 28.3] and Steps 1 and

2 above,(ϕ, c) is therefore not only optimal in the market with bid/ask pricesS, S, but in
the market with bid-ask prices̃S, S̃ (i.e. in the frictionless market with price processS̃) as
well. HenceS̃ is a shadow price process and we are done. �

Remark 3.3 An analogue of Theorem 3.2 for utility from terminal wealth can be obtained
by considering the objective functionf((∆ϕ,∆ϕ), c)) := −E(uT (cT )) subject to the addi-
tional constraintsc1 = . . . = cT−1 = 0.

Corollary 3.4 (Fundamental Theorem of Utility Maximizatio n with transaction costs)
Let (ϕ, c) be an admissible portfolio consumption pair for the market with bid/ask prices
S, S satisfyingE(

∑T

t=0 ut(ct)) > −∞. Then we have equivalence between:

1. (ϕ, c) is optimal in the market with bid/ask pricesS, S.
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2. There exists an adapted processS̃ with S ≤ S̃ ≤ S, a numberα ∈ (0,∞) and a
probability measureQ ∼ P such thatS̃ is aQ-martingale and

E

(
dQ

dP

∣∣∣∣Ft

)
∈

1

α
∂ut(ct), t = 0, . . . , T.

PROOF. 1 ⇒ 2: This follows from Theorem 3.2 combined with [10, Theorem 3.5, Remark
3 after Theorem 3.7 and Definition 2.3].

2 ⇒ 1: By [10, Theorem 3.5], Statement2 above is equivalent to(ϕ, c) being opti-
mal in the frictionless market with price processS̃. Let (ψ, κ) be any admissible portfolio
consumption pair in the market with bid/ask pricesS, S. For t = 1, . . . , T + 1, define
∆ψ↑

t := (∆ψt)
+, ∆ψ↓

t := (∆ψt)
−, as above and let

κ̃(t) := κ(t) + (∆ψ↑
t )

⊤(St − S̃t) + (∆ψ↓
t )

⊤(S̃t − St).

Thenκ̃ ≥ κ sinceS ≤ S̃ ≤ S and(ψ, κ̃) is a self-financing portfolio/consumption pair in
the frictionless market with price process̃S, i.e. with bid/ask-prices̃S, S̃. Since(ϕ, c) is
optimal in this market, we have

E

(
T∑

t=0

ut(κt)

)
≤ E

(
T∑

t=0

ut(κ̃t)

)
≤ E

(
T∑

t=0

ut(ct)

)
.

Therefore(ϕ, c) is optimal in the market with bid/ask pricesS, S as well. �

Remarks.

1. If, for fixed (ω, t) ∈ Ω × R+, x 7→ ut(ω, x) is differentiable on its effective domain
with derivativeu′, E(dQ

dP
|Ft) ∈

1
α
∂ut(ct) reduces toE(dQ

dP
|Ft) = 1

α
u′t(ct).

2. The pair(S̃, Q) consisting of the shadow price processS̃ and the corresponding dual
martingale measureQ is called aconsistent price systemby [6]. Using this terminol-
ogy, Corollary 3.4 can be rephrased as follows: An admissible portfolio/consumption
pair is optimal in the market with bid/ask pricesS, S if and only if there exists a
consistent price system(S̃, Q) such thatE(dQ

dP
|Ft) ∈

1
α
∂ut(ct) for someα ∈ (0,∞).
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