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ON THE CONNECTIVITY OF THE REALIZATION SPACES OF
LINE ARRANGEMENTS

SHAHEEN NAZIR AND MASAHIKO YOSHINAGA

ABSTRACT. We prove that under certain combinatorial conditions, the
realization spaces of line arrangements on the compleegieg plane
are connected. We also give several examples of arrangsméiit
eight, nine and ten lines which have disconnected reatizatpaces.

1. INTRODUCTION

Let A = {H,,..., H,} be aline arrangement in the complex projective
planeP? and denote by\/ = M (A), the corresponding arrangement com-
plement. An arrangement determines the incidence dataA4) (equiva-
lently the intersection lattic&(.A)). This combinatorial data possesses the
topological information, e.g. the cohomology algebrabfare determined
by the intersection latticé(.4) of .A. However, not all geometric informa-
tion is determined by the incidendg.4). In 1993, Rybnikov([11] posed
an example of arrangements;, A, which have the same incidence but
their fundamental groups are not isomorphic (see also Ngyertheless, in
many cases the topological structures are determined byotiéinatorial
ones. They includes:

(1) Combining results of Fan [5],[6], Garber, Teicher andhrie [7]
and an unpublished work by Falk and Sturmfels (5ée [3]),4f 8,
then the fundamental group (1 (A)) is determined by the combi-
natorics.

(2) In 2009, Nazir-Raze [9] introduced a complexity hiehgrof lat-
tice: clasC;, and proved that if4 is in C<,, then the cohomology
H*(M, L) with coefficients in a rank one local systefnis combi-
natorially determined.

In this paper, we generalize these results by using the ctimitg of the
realization spac& (/) of an incidence relatiod. Indeed, the connectiv-
ity of realization spaces is related to the topology of thmpkements by
Randell’s lattice isotopy theorem.
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Theorem 1.1. (Randell[1Q]) If two arrangements are connected by a one-
parameter family of arrangements which have the same éattiven the
complements are diffeomorphic, hence of the same homotpey t

Once the connectivity of the realization spakRe!) is proved, then for
any arrangementd, 4, having the same incidencésA;) = I(A,) = I,
we can conclude that/(A;) = M(A;) by Theoren_1]1. Since the re-
alization spaceR (/) is a (quasi-projective) algebraic variety ov@r the
irreducibility of R(7) implies the connectivity. (Note an irreducible alge-
braic variety is connected in the classical topology. Ferghoof, see [12]
chapter VII.) For our purposes, the following is useful.

Corollary 1.2. If R([I) is irreducible (in Zariski topology) and(.A,) =
I(Ag) =1, thenM(Al) = M(AQ)

As far as the authors know, a systematic study of the convikyotif the
realization spac® (I) of line arrangements was initiated by Jiang and Yau
[8] and subsequently by Wang and Yaul[13]. They introducentbigon
of graph associated to a line arrangement and under cedaibinatorial
conditions (“nice” and “simple” arrangements), it is pravéhat R (/) is
connected. In particular, the structure of fundamentatgsoare combi-
natorially determined. Explicit presentations for a classombinatorially
determined fundamental groups are also studiedin [4].

The purpose of this paper is to develop these ideas more. Wprawve
the connectivity ofR(I) for “inductively connected arrangement” (Defi-
nition[3.4) and €3 of simple type” (Definitio_3.13). The relations be-
tween “nice”([8]), “simple”([13]) and our classes are ndgear at the mo-
ment. However up t8 lines, we will prove that all arrangements except for
MacLane arrangement are contained in our cl§dsRroposition 416). We
also give a complete classification of disconnected reidizagpace up t0
lines ingg.
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2. GENERALITY ON THE REALIZATION SPACES OF ARRANGEMENTS

From now, we assume that containsH;, H;, H, € A such that; N
H; N H;, = 0 (thus excluding: < 3 and pencil cases). Lé{, € A. H; is
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defined by
Hi={(z:y:2) € P*|ax + by + c;z = 0}.

We may consideta; : b; : ¢;) € (P?)* as an element of dual projective
plane. We call a tripl¢H;, H;, H,) anintersecting triplef ;N H; N H), #
0, or equivalently,

a; b, ¢
det(Hi, Hj, Hk) = det a; bj & =0.
ap by cx

Definition 2.1. Define thelncidenceof A by

I(A) = {{z’,j,k} c <[§])'HmHijk Y @},

Where([g]) ={{i,5,k} | 4,7,k € {1,2,...,n} mutually distinct.

The set of all arrangements which have prescribed incidénsealled
the realization space of the incidentelet us define

H; # H; fori # j, and
det(HZ-,Hj, Hk> = 0 for {’i,j, ]{7} el,
det(H,,H],Hk) 7£ 0 for {'L.,j, ]{f} ¢ 1

It can be seen thdt,,..., H,) and(gH,...,gH,) forg € PGL;(C)
have the same incidence. Henké&'L;(C) acts onR(I). Now, we will
discuss the irreducibility oR (7).

R(I) = {(Hl, . Hy) € (P2

Definition 2.2. Define

R(I) := {(Hl,...,Hn) e ((p2yryr | i 7 H; fori# j, and }

det(H;, H;, Hy) = Ofor {i,j, k} € I

Example 2.3.Consider the incidence= {{1,2,3}} of 4lines{H,, Hy, H3, H4}.
Then

H; # H; fori # j, and

det(Hl,HQ,Hg) =0

R(I) = (Hy,...,Hy) € (P*)*)*| det(H,, Hy, Hy) # 0
det(Hl,Hg,H4) 7é 0
det(HQ,Hg,H4) 7é 0

R(I) — {(Hl,...,H4) c (| B Tt £ . and }
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By definition, R(7) is a Zariski open subset G2(I). Hence,R(I) is
irreducible implies thatR (/) is irreducible and henc®&(/) is connected
(unlessR (1) is empty).

Proposition 2.4. Assume thafR(I) is irreducible. Then/ = I(A;) =
I(Ay) implies thatM (A;) = M (A,).

3. CONNECTIVITY AND FIELD OF REALIZATION

In this section we establish several conditions on the gmwe/ for the
realization spac® (/) to be connected. We also discuss field of definition,
since in the case of 9 lines, it is related to the connectivity (/).

Definition 3.1. Let A be a line arrangement dtf.. Denote by
mult(A) = {p € P? | pis contained in> 3 lines of A}.
We callp € mult(.4) a multiple point.
The next lemma will be used frequently.

Lemma 3.2. Let A = {H,..., H,} be aline arrangement i?%. Assume
that |4, N mult(A)| < 2. SetA’ = {Hy,...,H,1}, I = I(A) and
I'=1I(A). If R(I') isirreducible, therR (1) is also irreducible.

Proof. Let u = |H,, N mult(.A)|. By assumption: € {0,1,2}. We claim
that R(I) is a Zariski open subset & “fibration overR(I’). Consider
the projectionr : R(I) — R(!') defined asHy, ..., H,) — (Hy,..., H,—1).
Letp € H, Nmult(.A). Thenp is a (possibly normal crossing) intersection
pointof A’ = A\ H,.

Case 1 u = 2. Letpy, p, € H, be multiple points of4. In this caseH,,
can be uniquely determined by as H,, is the line connecting; andp,.
Hencer is an inclusioriR (1) — R(I’). The defining conditions R (/)
concerningH,, other than b, p, € H,,” are of the formdet(H,;, H;, H,,) #
0, that is Zariski open conditions. Thus, in this case,R(I) — R(I’) is
a Zariski open embedding.

Case 2 u = 1. In this case,H, N mult(A) = {p}. Supposep €
Hy,...,H;andp ¢ H;.,,...,H,1. Then the realization space can be
described as

H;#H, forl1 <i<n-—1,
R(I) =< (H' H,) € R(I') x (P*)*| det(H;, H;, H,) =0 for1 <i<j<t,
det(H;, H;, H,) # 0 for others

Note that the Zariski closed condition in the second like (H;, H;, H,,) =
0) indicates that,, goes throughy = H, N --- N H,, which is equivalent
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to say thatH,, is contained in the dual projective ling-(~ P') C (P?)*.
Hence,R(I) is a Zariski open subset &f -fibration overR(I’).

Case 3 i = 0. In this casé,, is generic taA’. HenceR () is a Zariski
open subset aR (1') x (P?)*. O

Lemmd 3.2 allows us to prove the irreducibility®Bf /) by the inductive
arguments.

Proposition 3.3. Let A = {H}, ..., H,} be lines orP%. Define the subar-
rangementsd, = {Hy,..., H;} (t =1,...,n). If |H, nmult(A;)| < 2 for
all ¢, thenR(1(.A)) is irreducible.

Proof. Induction onn using Lemma 3]2. O

Definition 3.4. A line arrangemen#4 is said to beinductively connected
(“i.c.” for brevity) if there exists an appropriate numbegid = {Hy, ..., H,}
of A which satisfies the assumption of Proposifion 3.3.

Inductive connectedness is a combinatorial property. \WWe ahy the
incidencel = I(A) is i.c. By Proposition 313R(I) is irreducible for i.c.
incidencel.

Corollary 3.5. If |mult(A) N H| < 2forall H € A, thenA isi.c., hence
R(I(A)) is irreducible.

Corollary 3.6. If R(I(.A)) is disconnected, then there exists subarrange-
mentA’ C A such that

| mult(A) N H| > 3,
forall H € A'.
Proof. If not, A isi.c. for any ordering. O

Remark 3.7. It is easily seen that if the characteristic of the fielekig and

|A| < 7, every line arrangement is an i.c. arrangement. Obviotrsyset

of all F»-lines onP%, is not i.c. In the case of characteristic zero, MacLane
arrangement (Example_ 4.3) is the smallest one which is oot i.

Example 3.8.Let A, (resp. A;) be a line arrangement defined as left of
Figurell (resp. right). Thed, isi.c., butA, is noti.c. (Each lineéd € A,
has at least multiple points.)

Let KX C C be a subfield] an incidence. The incidendeis realizable
over the fieldK if the the set ofK-valued pointsR(7)(X’) is nonempty.
(Equivalently, there exists an arrangemgnivith the coefficients of defin-
ing linear forms inK satisfying/ = I(.A4).) The next Lemma can also be
proved similarly as Lemm{a3.2.
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H,y

Hy

H
4 Hs H,

FIGURE 1. Ani.c. arrangementl; and non i.c. arrange-
ment.4,. Both areC; of simple type.

Proposition 3.9. Under the assumption of Lemrhal3.2. If thevalued
pointsR(I')(K) is Zariski dense iMR(1')(C), thenR(I)(K) is Zariski
dense inR(I)(C). In particular, R(I)(K) # (), I is realizable overk.
Every i.c. arrangement is realizable ov@r

Next we discuss connectivity @& (I) for another type of incidence.

Definition 3.10. Let k£ be a non-negative integer. We say that a line arrange-
ment.A (or its incidencel (A)) is of typeCy, if £ is the minimal number of
lines in.A containing all the multiple points.

For instancek = 0 corresponds to nodal arrangements, while= 1
corresponds to the case of a noaffinearrangement. Note that= £(.A) is
combinatorially defined, i.e. depends only on the inteisadattice L(.A).

Theorem 3.11.Let A = {H}, ..., H,} be aline arrangement i of class
C<s (i.e., eitherCy, C; or C2). ThenA isi.c. In particular, the realization
spaceR(I(.A)) is irreducible.

Proof. By assumption, we may say that all multiple points areQrnJ H,.
Fori > 3, as|H; N (H, U H,)| < 2, there are at most two multiple points on
H;. Hence the subarrangements:= {H, . .., H,} satisfy the assumption
of Propositio 3.8. Thu®(1(A)) is irreducible. O

Remark 3.12. Under the same assumption with Theofem .11, using Propo-
sition[3.9, we can prove thd{.A) is realizable ovef).
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The irreducibility of the realization spaces are not gutged for clasg’;
in general (see Example.1). Now we introduce a subcla8sg. of

Definition 3.13. Let A be an arrangement of tygh. ThenA is calledCs
of simple type if there aré{,, H,, H; € A such that all multiple points are
in H; U Hy U H3 and one of the following holds:

(i): Hy N Hy N Hz = () and there is only one multiple point df; \
(Hg U H3),

H; Hs Hy Hy Hj

Hy

(i) (ii)

FIGURE 2. C; of simple type

Example 3.14.The both line arrangements defined in Figure 1@&ref
simple type. (E.gmult(.A) C H; U Hy U H3.)

Theorem 3.15.Let.4 be an arrangement @k of simple type. TheR(/(.A))
is irreducible.

Proof. The proof is divided into two parts according to (i) and (if)the
definition ofC; of simple type.

Case: (i). By the assumption, there exi&, H,, H3 € A which satisfy the
condition (i). Letp € H; \ (Hy U H3) be the unique multiple point. Let us
assume thatly, ..., H, containp and H, 1, ..., H, do not contairp. For

1 >t + 1, H; has at most two multiple points. By Leminal3.2, it suffices to
prove the irreducibility fotd’ = {Hy, ..., H;}. However in this case, there
are at most two multiple points: onezignd the other possibility iH,N H;.
Hence by Theorem 3.1 R (I(A")) is irreducible and so iR(1(.A)).
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Case: (ii). By the assumption, there exi&t;, Hy, H3; € A which satisfy
the condition (ii) of the definition. LeD = H, N Hy N Hs. If H; (1 > 4)
passes througty, then there is only one multiple point ai;. Thus, by
Lemma[3.2, the irreducibility oR(1(.A)) is reduced toR(I(A’)), where
A = H UHy,U Hy U UO¢Hj H;. We shall prove the irreducibility of
R(I(A")) by describingR(I(A))/ PG Ls(C) explicitly. By the PG L;(C)-
action, we may fix as followsH; = {(z :y: 2) | =0}, Hy = {(z : y :
2)|z=z}andHs ={(x:y:2) | 2=0},500 = HHNHyN Hy = (0:
1:0). We list all intersections o/, \ {O}, (i=1, 2, 3):

P,0:a,:1)€e H,(a=1,...,7r,a, € C),

Qﬁ(libﬁ : 1) EHQ,(ﬁ: 1,...,8,()5 E(C),

R,(l:¢,:0)€ Hs,(y=1,...,t,c, € C).
Every line H; (i > 4) in A’, can be described as a line connectifig
and@s,. Hence, the quotient spa@&(/(.A))/ PG L3 (C) can be embedded
in the spaceC" ™" = {(an, bs, c,)}. (More precisely, here we consider
X = Cx C"x R(I(A))/PGL3(C). Because we fix onlyd,, Hy, H3
and the isotropy subgroup {gy € PGL3(C) | gH; = H;,i = 1,2,3} ~
Cx(C*.) Thus, we can describe the realization space by using taeeters
Qg bﬁ, Cy.

Supposed; (i > 4) passes througR,,,, @3, R,,. These three points are

collinear if and only if

0 aq 1
det | 1 bg 1 | =as —bg +c,, =0.

1 ¢, O

7

Collecting these linear equations together, we have

0
(@1, ..y am, by, o bsycpy ) A= ( : ),
0

whereA is a(r + s + t) x (n — 3) matrix with entriest1 or 0. Thus the

spaceX can be described as
(@u,bg,cy) - A=0,
aa#aa/,bﬁ;ﬁbﬁr,cwic% .

X = ¢ (aa,bg, c,) € CTH
and other Zariski open condition

Sinceker A is isomorphic taC* for someK > 0, the Zariski open subset
X c CKisirreducible. O
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Thus we have proved that i is either in the clas€<, or C; of sim-
ple type (C<3 of simple typefor short), R(I(.A)) is connected. As is
mentioned, there are arrangements’inof non-simple type which have
disconnected realization spaces (Examplé 5.1).

By lattice isotopy theorem, we have

Corollary 3.16. Let A;, A, be arrangements i?* of C-3 of simple type.
If I1(A;) = I(Ay), then the pairSP?, Uge, H) and (P2, Uge, H) are
homeomorphic.

Remark 3.17.Under the same assumption with TheofemBRE,(A))(Q)
is Zariski dense iR (1(.A))(C), hence realizable ové}. The proof is sim-
ilar. Case (i) uses Proposition B.9 and in case (ii), we rtoa the matrix
A is with Q-coefficients. Hencger A hasC-valued points if and only if it
hasQ-valued points.

4. APPLICATION TO THE FUNDAMENTAL GROUPS

In this section, as an application of the connectivity tle@orwe prove
the following:

Theorem 4.1.Let.A; and.A, be two line arrangements if.. Suppose that
|.A1| = |./42| <8 andI(Al) = [(Ag) Then

(]P%v Al) = (]P)(%v "42)
Corollary 4.2. Under the same assumption, we have
T (M(Ar)) = i (M(As)).

Thus the isomorphism classes of the fundamental groupsanbinato-
rial for n < 8.

The proof is done by using Theordm 3.1588 Indeed, for almost all
cases,A is of classC<; of simple type. Hence the realization space is
connected. However there is exceptions (unique up t@’tié.-action and
the complex conjugation).

Example 4.3. (MacLane arrangemeui1*) Letw, := HET\/‘_:" be the roots
of the quadratic equation> — » +1 = 0. Consider8 lines M* =
{H., ..., Hg} defined by:

Hy :x=0, Hy:x =2, Hy:x=wiz,
Hy:y=0, Hs:y=z, Hg:y=wiz,
H;:x=vy, Hg:wix+y=wg.
The MacLane arrangement is not of tyfe;, but of typeC, (e.g. all
multiple points are contained i, U H, U H3 U H,), and the realization
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A

. /

H, Hg H, H;
FIGURE 3. MacLane Arrangementt*

space has two connected components.
R(I)/PGLs(C) = {M", M"}.
However the corresponding complemeMg M ™) and M (M) are dif-

feomorphic under complex conjugation. Hence the complesneave iso-
morphic fundamental groups.

To prove Theorem 411, it is suffices to prove the following.
(1) If n < 5,thenAisin classC<y;
(2) n <6, thenAisin clasC<o;
(3) n < 7,thenAis in classC<; of simple type;
(4) n = 8, thenA is either in clas€ 3 of simple type or isomorphic to
the MacLane arrangememt=.
Proof of (1) and (2):
(1) If aline arrangement is in clasgs, then it is clear that there should
be at least six lines. Thus, far< 5, A isin clas’;.
(2) LetH € Aand A’ = A\ {H}. Then by(1), thereisaling?’ € A’
such that all multiple points ofl’ are contained itf{’, therefore, all
multiple points ofA are inH U H'. Thus,(2) holds.

The following is the key lemma for our classification.

Lemma 4.4.Let A be a line arrangement which is notin class; of simple
type. Then there exidf,, H,, ..., Hs € A satisfyingH, N H, N H3 # (),
HyN HsN Hg # 0, and(H; U Hy U H3) N (H, U Hs U Hg) consists of)
points. (Figuré4.)

Proof. SupposeH; N Hy N Hy # (). Then there exists a multiple point
which is not contained i/, U H, U Hj, otherwise,A will be in classC<;
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of simple type. SupposE, N H; N Hg # () be such a multiple point. Then

Hy, ..., Hg satisfy the conditions. U
Hg
Hs
H,
H, Hy, Hj

FIGURE 4. 6 lines contained in a nofi<;-simple typeA

Proposition 4.5. Let A be a line arrangement with4| = 7. ThenA is in
classC<3 of simple type.

Proof. Suppose that is not in clas<; of simple type. Then there exist
6 lines H, ..., Hs € A satisfying the conditions of Lemma 4#.4. So, all
multiple points ofA are eitherd; N Hy, N Hs, Hy N Hs N Hg Or contained
in the line H;.

Hence, all multiple points are containedih U H, U H,. Moreover, as
multiple points onH, \ (H, U H;) are at most oned is in C<3 of simple
type, which is a contradiction. O

Proposition 4.6. Let A be a line arrangement with4d| = 8. ThenA is
either in clas<C<; of simple type ord = M*, the MacLane arrangement.

Proof. Suppose thatl is not in clas€<; of simple type. Then by Lemma
4.4, we have six line,, L., L3, K, Ky, K3 € A such that

L4 leLgng#@,Klngng#w,and

® Let Q” = LZ N K] ThenQU = Qi’j/ Only |f Z = 'L./,j - j/.
Let us denote by = {Q;; | 7,7 = 1,2,3} the set ofd intersections of
(L1UL2UL3)Q(K1UK2UK3) Suppose4 = {Ll, Lo, L3, Ky, Ky, K3, Hy, Hg}
We divide the cases according to the cardinalityfein Q and Hg N Q. We
may assume th& < |H; N Q| < |HgN Q| < 3.

Case 1 |H; N Q| = 0 (Fig. [8). In this case, every multiple point of
is contained ink; U L; U Hg and there are at most one multiple point in
K; \ (L U Hg). Hence,A is in C<3 of simple type.
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Ly

L
/ 2 L,

Hy

FIGURE 5. Casel: QN H; = .

Case 2 |H;NQ| = 1 (Fig.[8). LetH;NQ = L;NK; = {Q;;}. Then every
multiple point of A is contained ink; U L; U Hs and there are at most one
multiple pointinkj; \ (L; U Hs). Hence,A is in C; of simple type.

Kg Ll

K L,

K1 L3

Hy

FIGURE 6. Case: QN H; = {Q32}.

Therestcases ate< |[H,N Q| < |HsN Q| < 3.

Case 3 |H; N Q| = 2 and|Hg N Q| = 3 (Fig. [@). By changing the
numbering ofK;, L;, we may assumély N Q = {Q11, Q2, @s3}. Set
H:NQ ={Qi,j,, Qi,jp }- Itcan be noted that # iy andj; # jo. As{iy, iz}
and{j, j»} are subsets of1, 2, 3}, so the intersection is non-empty. Let
k € {1,2,3} such that: € {i1,i2} N {j1,j2}. ThenHg U K}, U L, contains
all multiple points ofA and Hg N L N K, # 0.

Case4 |H;NQ|=|HsNQ| = 2.

We may assume thdfs N Q = {Q11, @22}. We can check one-by-one,
for any Hg, it is C<3 of simple type.
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Ks:y=t
Q13 Q23 Q33

Kgiyzl
Q12 Q22 Q32

Ki:y=0
Q11 Q21 Q31

Hg:x =
s Y Llil':O Lglle Lgll':t

FIGURE 7. Case3 and5: Q N Hg = {Q11, Q22, @33}

Case 5 |H,N Q| = |HsN Q| = 3 (Fig.[7). We may assume th&s N Q =
{Q11, Q22, Q33 }. We setH; N Q = {Q1j,, Q2j,, V3, }- Hence there are six
possibilities corresponding to the permutatign j», j3) of (1,2, 3). We fix
an affine coordinate as Figure 7.
(1) If (j1, j2, Ja) = (1,2, 3), thenH; = H.
(2) If (jl,jg,jg) = (1, 3, 2) (Th|S Implles that = —1) Lo UKy U Hg
covers all multiple points.
(3) If (j1,j2, j3) = (2,1,3). (This impliest = $.) L, U K; U Hg covers
all multiple points.
(4) If (jl,jg,jg) = (3, 2, ]_) (ThIS Impllest = 2) L, UK, U Hg covers
all multiple points.
(B) If (ji,72,53) = (3,1,2). ThenQ.3(0,1),Q2:(1,0), Q32(1,t) are
collinear if and only ift = 2£Y=% Henced = M*.
(6) If (jl,jg,jg) = (2, 3, 1) S|m|lar|y,A = M=

5. EXAMPLES OF9 AND 10 LINES

In this section, we will see several example$ ahd10 lines onP? which
are not covered by previous results.

Example 5.1. Let M* be the MacLane arrangement with defining equa-
tions as in Example4.3. Consider
Mi = M:t U {Hg},
whereHy = {z = 0} is the line at infinity (Fig[B).
The arrangementt™ is of classCs. Indeed, all multiple points are con-

tained inH,UHsUH,y. However since the realization space is not connected,
it is notCs of simple type.



14 SHAHEEN NAZIR AND MASAHIKO YOSHINAGA

Hy
Hy
Hg
Hyg
H;
H,

Hy Hs H,  Hj
FIGURE 8. M* := M* U {H,}.

Example 5.2. (Falk-Sturmfels arrangemenfSS=.) Lety, = # and

define
FS* = {Lf Kf Hf i=1,2 34}
of 9 lines as follows (Figl.19):

Li‘:;x:07 in;xzyi(y—l), L?jf:y:z, Lf:x+y:z,

Ky o=z Ki:z=nwy, Ky:y=0, Ki:z+y=(y=+1)z
Hgt:zzo.
H Hy
\
LI Kz' Ly

=
+
3

L K

FIGURE 9. Falk-Sturmfels arrangement&S™ and FS~

Ly Ky

Ky

Ly
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FS*T and FS~ have isomorphic incidence relations, which areCin
(e.g., multiple points are covered iy U Ly U L3 U L7). The realiza-
tion space consists af connected component®(/(FS*))/PGL3(C) =
{FS*, FS~}. Thus itis the minimal example @-realizable arrangement
with disconnected realization space (Falk-Sturmfelske Galois group ac-
tion /5 — —+/5 does not induce a continuous map\d{ FS=). However
there is aPGL3(C) action (P*,Uycrs+ H) — (P*,Upers- H) which
maps

Lf>—>L§, Li— L}, L;|—>L2_, Li— L],

K — K;, Kf +— K;, Kf — K;, Kf+— Ky,

Hf — Hy .
(In the affine plane the unit squaté;, K;f, LT, K) is mapped to the
parallelogram(L; , K5 , Ly, K5 ).) In particular,M (FS™) and M(FS™)
are homeomorphic and having the isomorphic fundamentalpg.o
Example 5.3. (Arrangementsd*?) Define the arrangement

A ={A7,Bf,CF | j =1,2,3},

of 9 lines as follows (Figl_1l0):
Af 2 =0, AT ix =2, AT ity =z,
Bf:yzO, B;E:y:z, Bf:zzO,
Cf y=4v—1z, CF :y=FvV—-lo+(1+£y/-1)z, C{:o+y=(1+£/-1)z

Itis also inC (e.g., AT U A7 U Ay U BY). The realization space consists

o5 A of  Af Af
By
By
Cy
AN

FIGURE 10. A%, whereB; is the line at infinity.

of 2 connected components. As in the case of MacLane arranggirent
ample[4.8), the complemenid (A*%) are homeomorphic by the complex
conjugation.
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Remark 5.4. Recently the authors verified that, updines, these are the
complete list of disconnected realization spaces. Nameéign|A| < 9,
after appropriate re-numbering &f, . . ., H,,, one of the following holds:

(i) The realization spac®(/(.A)) is irreducible (but not necessarily
C<3 of simple type, e.g., Pappus arrangements),
(i) A contains the MacLane arrangemewit™ (Exampld 4.3, 5]1),
(iii) A is isomorphic to the Falk-Sturmfels arrangem&&* (Example
@)l
(iv) Aisisomorphic tad*! (Exampld5.B).
(Cases (ii), (iii), and (iv) are characterized by the miniifireld of the real-
ization, Q(v/—3), Q(+/5), andQ(y/—1), respectively. It is also concluded
from (i) that if 7 is realizable ovefQ (with | A| < 9), thenR(I) is irre-
ducible.) The idea of the proof is very similar to that of Rssjtion[4.6
which is based on Lemnia 4.4.
Consequently, if (A4;) = I(A2) (with | A;| = | Ay] <9), A; and A, are
transformed to each other by the composition of the foll@woperations:

(a) change of numbering,
(B) lattice isotopy,
(v) complex conjugation.

In particular,M(.A;) and M (.A,) are homeomorphic. Rybnikov type pairs
of arrangements require at ledstlines.

Example 5.5. (Extended Falk-Sturmfels arrangemeﬁ'fgi.) Define an

arrangemeniffgi of 10 lines by adding a lindfi; = {x = 5z} to Falk-
Sturmfels arrangemen&S™:

FS = FS*U {H3

féi have the same incidence, however there are no ways to tramsfo
from FS' to FS_ by operations(«), () and (). (This fact can be
proved as follows. First we prove that the identity is theyqn’darmutatlon
of {1,...,10} which preserves the incidence. Henc&®s s transformed
toj-"\g ,itsendsL} — L, K"+~ K; H' — H;. DeletingHj;, FS*
can be transformed t§S~ with preserving the numbering. Note thBS*

are defined oveR and there is no isotopy except f&tG L action. There
should exist &G L action sending=S™ to S~ which preserves the num-

bering. However it is impossible.) The pa[ﬁi} is a minimal one with
such property. Thus at this moment the authors do not knowthehd the

fundamental groupsl(M(j-"\gi)) are isomorphic.
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Remark 5.6. We should point out thaES ' is closer in spirit to examples
in [1, §5].
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