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GAUSS MAPS OF CONSTANT MEAN CURVATURE SURFACES IN

THREE-DIMENSIONAL HOMOGENEOUS SPACES

JUN-ICHI INOGUCHI AND JOERI VAN DER VEKEN

Abstract. It is well-known that for a surface in a 3-dimensional real space form the constancy of
the mean curvature is equivalent to the harmonicity of the Gauss map. However, this is not true
in general for surfaces in an arbitrary 3-dimensional ambient space. In this paper we study this
problem for surfaces in an important and very natural family of 3-dimensional ambient spaces,
namely homogeneous spaces. In particular, we obtain a full classification of constant mean
curvature surfaces, whose Gauss map satisfies the more mild condition of vertical harmonicity,
in all 3-dimensional homogeneous spaces.

1. Introduction

In recent years, there has been done a lot of research concerning surfaces in 3-dimensional
homogeneous spaces. Initial work was done in [3]. In particular, the study of constant mean
curvature surfaces (CMC surfaces) and minimal surfaces in 3-dimensional homogeneous spaces is
paid much attention to by differential geometers. We mention for example the paper [1].

One of the reasons for this success is that homogeneous spaces are among the most natural
candidates for the role of ambient space in submanifold theory and that in dimension 3 the
classification of these spaces is well-understood. Indeed, we have the following.

Theorem 1. Let M3 be a 3-dimensional simply connected homogeneous Riemannian manifold
with isometry group I(M3), i.e. I(M3) acts transitively on M3. Then dim I(M3) ∈ {3, 4, 6} and
moreover:

(i) if dim I(M3) = 6, then M3 is a real space form of constant sectional curvature c, i.e.
Euclidean space E3, a hyperbolic space H3(c) or a three-sphere S3(c),

(ii) if dim I(M3) = 4, then M3 is locally isometric to a Bianchi-Cartan-Vranceanu space
(different from E3 and S3(c)\{∞}), i.e. M3 is a Riemannian product H2(c)×R or S2(c)×
R, the Heisenberg group equipped with a left-invariant metric Nil3, or one of following Lie
groups equipped with a left-invariant metric yielding a four-dimensional isometry group: the

special unitary group SU(2) or the universal covering of the special linear group S̃L(2,R),
(iii) if dim I(M3) = 3, thenM3 is a general 3-dimensional Lie group with left-invariant metric.

Another reason is that the classification above contains the eight model geometries of Thurston

(cfr. [15]), namely E3, H3, S3, H2×R, S2×R, S̃L(2,R), Nil3 and Sol3. The famous geometrization
conjecture of Thurston states that these eight spaces are the ‘building blocks’ to construct any
3-dimensional manifold.

Gauss maps of surfaces in 3-dimensional real space forms play an important role in surface
geometry. In fact, as shown by E. Ruh and J. Vilms in [12], for submanifolds of a Euclidean space
the harmonicity of the Gauss map is equivalent to the fact that the mean curvature vector is parallel
in the normal bundle. For surfaces in E3, this corresponds to the constancy of the mean curvature.
In particular, the minimality of a surface in E3 is equivalent to the holomorphicity of Gauss map.
The characterization due to Ruh-Vilms was generalized to CMC surfaces in 3-dimensional real
space forms (i.e. in spaces of type (i) in Theorem 1) by T. Ishihara in [6].
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On the contrary, in 3-dimensional homogeneous spaces of non-constant curvature, the harmonic-
ity of Gauss map is a very strong restriction for CMC surfaces. In fact, A. Sanini (cfr. [13]) and M.
Tamura (cfr. [14]) showed that the only CMC surfaces with harmonic Gauss map in a 3-dimensional
homogeneous space with 4-dimensional isometry group are inverse images of geodesics under the
Hopf-fibration or totally geodesic leaves. The latter case only occurs if the ambient space is a
direct product space. Instead of harmonicity, Sanini and Tamura studied a more mild condition,
namely “vertical harmonicity” of the Gauss map for CMC surfaces in 3-dimensional homogeneous
spaces with 4-dimensional isometry group (i.e. in spaces of type (ii) of Theorem 1).

In this paper we classify CMC surfaces with vertically harmonic Gauss map in 3-dimensional
homogeneous spaces with 3-dimensional isometry group (i.e. in spaces of type (iii) of Theorem
1). For this purpose, we have to treat all 3-dimensional Lie groups, for which we use methods
based on results of J. Milnor from [10]. Our result finishes the classification of CMC surfaces with
vertically harmonic Gauss map in all 3-dimensional homogeneous spaces.

2. CMC surfaces and Gauss maps

2.1. CMC hypersurfaces. Consider Riemannian manifolds (Mn, gM ) and (Qn+1, gQ) with Levi
Civita connections ∇M and ∇Q respectively. Let f :Mn → Qn+1 be an isometric immersion with
unit normal N . The second fundamental form h is a field of symmetric bilinear forms on Mn,
defined by

∇Q
df(X)df(Y ) = df(∇M

X Y ) + h(X,Y )N

for vector fields X,Y on Mn. The shape operator S is a field of symmetric operators on Mn,

defined by SX = −df−1(∇Q
df(X)N) for p ∈ Mn and X ∈ TpM

n, and it is related to the second

fundamental form by h(X,Y ) = gM (SX, Y ) = gM (X,SY ) for p ∈ Mn and X,Y ∈ TpM
n. The

mean curvature H is a function on Mn defined by

H(p) = trgM |p(h|p).

The immersion is said to have constant mean curvature (CMC) if H is constant, and it is said to
be minimal if H vanishes identically.

2.2. Grassmannian bundle. Let (Qn, gQ) be a Riemannian n-manifold. Denote by Grℓ(TQ
n)

the Grassmannian bundle of ℓ-planes in the tangent bundle TQn:

Grℓ(TQ
n) :=

⋃

q∈Qn

Grℓ(TqQ
n).

Here Grℓ(TqQ
n) denotes the Grassmannian manifold of ℓ-planes in the tangent space (TqQ

n, gQ|q)
at q. The Grassmannian bundle Grℓ(TQ

n) is a fiber bundle over Qn associated to the orthonormal
frame bundle O(Qn). The standard fiber of this bundle is the Grassmannian manifold Grℓ(R

n). The
canonical 1-form of O(Qn) and the Levi Civita connection of gQ induce an invariant Riemannian
metric on Grℓ(TQ

n). With respect to this metric, the natural projection π : Grℓ(TQ
n) → Qn is a

Riemannian submersion with totally geodesic fibers. For more details on the Riemannian structure
of Grℓ(TQ

n), we refer to [7] and [13].
Let f : Mm → Qn be an immersed submanifold. Then the (tangential) Gauss map ψ of f is a

smooth map of Mm into Grm(TQn) defined by

ψ(p) := dfp(TpM
m) ∈ Grm(Tf(p)Q

n).

Remark 1. The case (Q3, gQ) = E3 is exceptional. In fact, since R3 has absolute parallelism, the
Grassmannian bundle is a trivial fiber bundle: Gr2(TR

3) = R
3×Gr2(R

3) = R
3×RP 2. If we consider

the Grassmannian bundle Gr+2 (TR
3) of all oriented 2-planes, we have Gr+2 (TR

3) = R3 × S2. If
f : M2 → E3 is an isometric immersion of a surface with unit normal N , then the oriented
tangential Gauss map ψ :M2 → Gr+2 (TR

3) is given by ψ = (f,N). Hence we may ignore the first
component and we obtain the classical Gauss map ψ = N : M2 → S2.
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Remark 2. For a non-empty subset Σ of Grℓ(TQ
n), the totality of ℓ-submanifolds all of whose

tangent spaces belong to Σ is called the Σ-geometry. The Grassmann geometry on Qn is the
collection of such Σ-geometries in Qn. Let G be the identity component of the isometry group
of Qn. Then G acts isometrically on Grℓ(TQ

n). If Σ is a G-orbit in Grℓ(TQ
n), then the Σ-

geometry is said to be of orbit type. Note that if Qn is a homogeneous Riemannian manifold,
then an orbit Σ is a subbundle of Grℓ(TQ

n). H. Naitoh has developed the general theory of
Grassmann geometries of orbit type on Riemannian symmetric spaces. Grassmann geometries on
the 3-dimensional Heisenberg group and on the motion groups E(1, 1) and E(2) are investigated
by Naitoh, Kuwabara and the first named author in [4] and [9].

2.3. Harmonic maps. Next, we recall some fundamental ingredients of harmonic map theory
from the lecture notes [2].

Let (Mm, gM ) and (Qn, gQ) be Riemannian manifolds, with Levi Civita connections ∇M and
∇Q respectively. Let f : Mm → Qn be a smooth map. Then the energy density e(f) of f is a
function on Mm defined by e(f) = |df |2/2. One can see that f is constant if and only if e(f) = 0
and that e(f) = m/2 if f is an isometric immersion. The energy E(f ;D) of f over a region
D ⊂Mm is

E(f ;D) =

∫

D

e(f) dvM .

A smooth map f is said to be harmonic if it is a critical point of the energy over every compactly
supported region of M .

The second fundamental form ∇df of f is in fact an extension of the second fundamental form
for isometric immersions and is defined by

∇df(X,Y ) = ∇Q
df(X)df(Y )− df(∇M

X Y )

for vector fields X,Y on Mm. The second fundamental form ∇df is a symmetric TQn-valued
tensor field, i.e., (∇df)(X,Y ) = (∇df)(Y,X). The trace τ(f) := trgM (∇df) is called the tension
field of f . It is known that f is harmonic if and only if τ(f) = 0. Remark that an isometric
immersion is harmonic if and only if it is minimal.

2.4. Vertically harmonic maps. Let (P, gP ) be a Riemannian manifold and π : (P, gP ) →
(Q, gQ) a Riemannian submersion. With respect to the metric gP , the tangent bundle TP of P
has a splitting

(1) TuP = Hu ⊕ Vu, u ∈ P.

Here Vu = Ker (dπu) and Hu is the orthogonal complement of Vu in TuP . The linear subspaces
Vu and Hu are called the vertical subspace and the horizontal subspace of TuP .

Now let f :M → P be a smooth map. Then its tension field τ(f) is decomposed as

τ(f) = τH(f) + τV(f)

according to the splitting (1). A smooth map f is said to be vertically harmonic if the vertical
component τV(f) of the tension field vanishes. C. M. Wood has shown that vertical harmonicity of
f is equivalent to the criticality of f with respect to the vertical energy through vertical variations
in [16].

As announced in the introduction, the purpose of the present paper is to study vertical har-
monicity of Gauss maps for CMC surfaces in 3-dimensional Lie groups with left-invariant metric,
yielding a 3-dimensional isometry group. For our purpose, we recall the following result due to
Sanini.

Lemma 1. ([13]) Let (Q3, gQ) be a Riemannian 3-manifold and f : M2 → Q3 a CMC surface
with unit normal N . Take a principal frame field {ǫ1 = df(E1), ǫ2 = df(E2), ǫ3 = N}, where
{E1, E2} is an orthonormal frame field on M2 which diagonalizes the shape operator associated to
N . Put Rijkl := gQ(R

Q(ǫi, ǫj)ǫk, ǫl). Then we have the following.

(i) The Gauss map ψ is vertically harmonic if and only if R1213 = R2123 = 0. Moreover,
when f is minimal, ψ is harmonic if and only if, in addition, R3113 = R3223.

(ii) ψ is conformal if and only if f is minimal or totally umbilical.



4 J. INOGUCHI AND J. VAN DER VEKEN

The following statement is an immediate corollary of Lemma 1.

Lemma 2. Let (Q3, gQ) be a Riemannian 3-manifold and let f :M2 → Q3 be a CMC surface. The
Gauss map is vertically harmonic if and only if the normal component of RQ(df(X), df(Y ))df(Z)
vanishes for all p ∈M2 and for all X,Y, Z ∈ TpM

2.

In [5], we have proven the following lemma.

Lemma 3. ([5]) Consider a Riemannian manifold (Q3, gQ) and an orthonormal frame field
{e1, e2, e3} on Q3 which diagonalizes the Ricci tensor. Denote by Kij the sectional curvature of
the plane spanned by {ei, ej}, for i, j ∈ {1, 2, 3}. Let f : M2 → Q3 be a surface such that the
normal component of RQ(df(X), df(Y ))df(Z) vanishes identically for all vector fields X,Y, Z on
M2 and suppose that N = αe1 + βe2 + γe3 is a unit normal. Then every point of M2 has an open
neighbourhood in M2 on which at least on the of the following holds:

(i) α = β = 0,
(ii) α = γ = 0,
(iii) β = γ = 0,
(iv) α = 0 and K12 = K13,
(v) β = 0 and K12 = K23,
(vi) γ = 0 and K13 = K23,
(vii) K12 = K23 = K13.

3. Three-dimensional Lie groups

3.1. Unimodular Lie groups. A Lie group G is said to be unimodular if its left-invariant Haar
measure is right-invariant. We refer to the work of Milnor [10] for an infinitesimal reformulation
of the unimodularity property.

Given a 3-dimensional unimodular Lie group G with a left-invariant metric, there exists an
orthonormal basis {e1, e2, e3} for the Lie algebra g, satisfying

(2) [e1, e2] = c3e3, [e2, e3] = c1e1, [e3, e1] = c2e2, ci ∈ R.

To describe the Levi Civita connection and the curvature of G, we introduce the following con-
stants:

µi =
1

2
(c1 + c2 + c3)− ci.

Proposition 1. Let G be a 3-dimensional unimodular Lie group with a left-invariant metric 〈·, ·〉
and use the notations introduced above. The Levi Civita connection ∇̃ of G is given by

∇̃e1e1 = 0, ∇̃e1e2 = µ1e3, ∇̃e1e3 = −µ1e2,

∇̃e2e1 = −µ2e3, ∇̃e2e2 = 0, ∇̃e2e3 = µ2e1,

∇̃e3e1 = µ3e2, ∇̃e3e2 = −µ3e1, ∇̃e3e3 = 0.

The frame {e1, e2, e3} diagonalizes the Ricci tensor and the Riemann-Christoffel curvature tensor

R̃ is determined by the following sectional curvatures:

K12 = 〈R̃(e1, e2)e2, e1〉 = c3µ3 − µ1µ2,

K23 = 〈R̃(e2, e3)e3, e2〉 = c1µ1 − µ2µ3,

K13 = 〈R̃(e1, e3)e3, e1〉 = c2µ2 − µ1µ3.

Milnor classified 3-dimensional unimodular Lie groups based on the signature of the constants
(c1, c2, c3).

Signature of (c1, c2, c3) Simply connected Lie group Property
(+,+,+) SU(2) compact and simple

(+,+,−) S̃L(2,R) non-compact and simple

(+,+, 0) Ẽ(2) solvable
(+,−, 0) E(1, 1) solvable
(+, 0, 0) Heisenberg group nilpotent
(0, 0, 0) (R3,+) Abelian
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It is easy to see that any left-invariant metric on (R3,+) gives rise to an isometry group of
dimension 6, and in [11] it was proven that any left-invariant metric on the Heisenberg group
gives rise to an isometry group of dimension 4. Hence, for our purpose, we may exclude these. The
following examples cover the other cases.

Example 1 (The special unitary group SU(2)). The group SU(2) is diffeomorphic to the sphere
S
3(1) since

SU(2) =

{(
α β

−β α

) ∣∣∣∣ |α|2 + |β|2 = 1

}
.

The Lie algebra of this group is explicitly given by

su(2) =

{(
iu −v + iw

v + iw −iu

) ∣∣∣∣ u, v, w ∈ R

}
.

To construct an orthonormal basis {e1, e2, e3} as mentioned above, we proceed as follows. We
take the following quaternionic basis {i, j,k} of su(2):

i =

(
0 i
i 0

)
, j =

(
0 −1
1 0

)
, k =

(
i 0
0 −i

)
,

and we denote the left-translated vector fields of {i, j,k} by {E1, E2, E3}. Choose strictly positive
real constants λ1, λ2, λ3 and define

e1 =
1

λ2λ3
E1, e2 =

1

λ3λ1
E2, e3 =

1

λ1λ2
E3.

Then [e1, e2] = c3e3, [e2, e3] = c1e1 and [e3, e1] = c2e2, with ci = 2/λ2i . The left-invariant metric
g(c1, c2, c3), defined by the condition that {e1, e2, e3} is an orthonormal frame, is

g(c1, c2, c3) = 4

(
1

c2c3
ω2
1 +

1

c1c3
ω2
2 +

1

c1c2
ω2
3

)
,

where {ω1, ω2, ω3} is the dual coframe field of {E1, E2, E3}.

Proposition 2 ([11]). Any left-invariant metric on SU(2) is isometric to one of the metrics g(c1, c2, c3),
with c1, c2, c3 ≥ 0. Moreover, the dimension of the isometry group is ≥ 4 if and only if at least two
of the parameters ci coincide.

In particular, if c1 = c2 = c3 = c > 0, then the space is of constant curvature c2/4.

Example 2 (The real special linear group SL(2,R)). The group SL(2,R) is defined as the
following subgroup of GL(2,R):

SL(2,R) =

{(
a b
c d

) ∣∣∣∣ ad− bc = 1

}
.

First note that this group is isomorphic to the following subgroup of GL(2,C):

SU(1, 1) =

{(
α β

β α

) ∣∣∣∣ |α|2 − |β|2 = 1

}
,

via the isomorphism

SL(2,R) → SU(1, 1) :

(
a b
c d

)
7→ 1

2

(
i 1
1 i

)(
a b
c d

)(
−i 1
1 −i

)
.

The Lie algebra of SU(1, 1) is explicitly given by

su(1, 1) =

{(
iu v − iw

v + iw −iu

) ∣∣∣∣ u, v, w ∈ R

}
.

We take the following split-quaternionic basis of the Lie algebra su(1, 1):

i =

(
i 0
0 −i

)
, j′ =

(
0 −i
i 0

)
, k′ =

(
0 1
1 0

)
.
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Denote the left-translated vector fields of {j′,k′, i} by {E1, E2, E3}. Choose strictly positive real
constants λ1, λ2, λ3 and define

e1 =
1

λ2λ3
E1, e2 =

1

λ3λ1
E2, e3 =

1

λ1λ2
E3.

Then [e1, e2] = c3e3, [e2, e3] = c1e1 and [e3, e1] = c2e2, with c1 = 2/λ21, c2 = 2/λ22 and c3 = −2/λ23.
The left-invariant metric g(c1, c2, c3), defined by the condition that {e1, e2, e3} is an orthonormal
basis, is

g(c1, c2, c3) = 4

(
− 1

c2c3
ω2
1 −

1

c3c1
ω2
2 +

1

c1c2
ω2
3

)
,

where {ω1, ω2, ω3} is the dual coframe field of {E1, E2, E3}.

Proposition 3 ([11]). Any left-invariant metric on SL(2,R) ∼= SU(1, 1) is isometric to one of the
metrics g(c1, c2, c3) with c1 ≥ c2 > 0 > c3. Moreover, this metric gives rise to an isometry group
of dimension 4 if and only if c1 = c2.

Example 3 (The Minkowski motion group E(1, 1)). Let E(1, 1) be the group of orientation
preserving isometries of the Minkowski plane:

E(1, 1) =








ez 0 x
0 e−z y
0 0 1



∣∣∣∣∣ x, y, z ∈ R



 .

Consider the following left-invariant frame on E(1, 1):

(3) e1 =
1

λ1
√
2
(−ez∂x + e−z∂y), e2 =

1

λ2
√
2
(ez∂x + e−z∂y), e3 =

1

λ3
∂z,

where λ1, λ2 and λ3 are strictly positive constants. Remark that {e1, e2, e3} satisfies the com-
mutation relations [e1, e2] = 0, [e2, e3] = c1e1 and [e3, e1] = c2e2, with c1 = λ1/(λ2λ3) > 0
and c2 = −λ2/(λ1λ3) < 0. We equip E(1, 1) with a left-invariant Riemannian metric such that
{e1, e2, e3} is orthonormal. The resulting Riemannian metric is

g(λ1,λ2,λ3) =
λ21
2
(−e−zdx+ ezdy)2 +

λ22
2
(e−zdx+ ezdy)2 + λ23dz

2.

This metric is 4-symmetric (cfr. [8]) if and only if λ1 = λ2. Moreover, we have the following:

Proposition 4 ([11]). Any left invariant metric on E(1, 1) is isometric to one of the metrics
g(λ1,λ2,λ3) with λ1 ≥ λ2 > 0 and λ3 = 1/(λ1λ2).

For simplicity of notation, we put g(λ1, λ2) = g(λ1,λ2,1/(λ1λ2)).
Remark that for λ1 = λ2 we have

〈R̃(X,Y )Z,W 〉 = λ41(〈X,W 〉〈Y, Z〉 − 〈X,Z〉〈Y,W 〉
+2〈X,Z〉〈Y, e3〉〈W, e3〉+ 2〈Y,W 〉〈X, e3〉〈Z, e3〉
−2〈X,W 〉〈Y, e3〉〈Z, e3〉 − 2〈Y, Z〉〈X, e3〉〈W, e3〉).

The Riemannian homogeneous manifold Sol3 = (E(1, 1), g(1, 1)) is the model space of solve-
geometry in the sense of Thurston. Thus, we have obtained the fact that Sol3 has a natural
2-parametric deformation family {(E(1, 1), g(λ1, λ2)) | λ1 ≥ λ2 > 0}. Note that this deformation
preserves the unimodularity property, because all these spaces have common underlying Lie group
E(1, 1).

Example 4 (The universal covering of the Euclidean motion group Ẽ(2)). The group E(2)
of orientation-preserving rigid motions of Euclidean plane is given explictly by the following matrix
group:

E(2) =








cos θ − sin θ x
sin θ cos θ y
0 0 1



∣∣∣∣∣ x, y ∈ R, θ ∈ S

1



 .
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Let Ẽ(2) denote the universal covering group of E(2). Then Ẽ(2) is isomorphic to R3 with group
operation

(x, y, z) ∗ (x, y, z) = (x+ x cos z − y sin z , y + x sin z + y cos z , z + z).

Take strictly positive constants λ1, λ2 and λ3 and a left-invariant frame

e1 =
1

λ2
(− sin z ∂x + cos z ∂y) , e2 =

1

λ3
∂z, e3 =

1

λ1
(cos z ∂x + sin z ∂y) .

Then this frame satisfies the commutation relations [e1, e2] = c3e3, [e2, e3] = c1e1 and [e3, e1] =
0 with c3 = λ1/(λ2λ3) > 0 and c1 = λ2/(λ1λ3) > 0. The left-invariant Riemannian metric
determined by the condition that {e1, e2, e3} is orthonormal, is given by

g(λ1,λ2,λ3) = λ21(cos z dx+ sin z dy)2 + λ22(− sin z dx + cos z dy)2 + λ23 dz
2.

Also in this case, we have:

Proposition 5 ([11]). Any left-invariant metric on Ẽ(2) is isometric to one of the metrics g(λ1,λ2,λ3)

with λ1 > λ2 > 0 and λ3 = 1/(λ1λ2), or λ1 = λ2 = λ3 = 1. Clearly, Ẽ(2) with metric g(1,1,1) is

isometric to Euclidean three-space E3.

For simplicity of notation, we put g(λ1, λ2) = g(λ1,λ2,1/(λ1λ2)).

3.2. Non-unimodular Lie groups. Let G be a non-unimodular 3-dimensional Lie group with
a left-invariant metric. Then the unimodular kernel u of the Lie algebra g of G is defined by

u = {X ∈ g | tr(ad(X)) = 0}.
Here ad : g → End(g) is a homomorphism defined by ad(X)Y = [X,Y ]. One can see that u is an
ideal of g which contains the ideal [g, g].

It is proven in [10] that we can take an orthonormal basis {e1, e2, e3} of g such that

[e1, e2] = ae2 + be3, [e2, e3] = 0, [e1, e3] = ce2 + de3,

with a+ d 6= 0 and ac+ bd = 0. It is crucial that G is non-unimodular, since e1 is perpendicular
to u. In the same article, it is remarked that after a suitable homothetic change of the metric, we
may assume that a+ d = 2. Then the constants a, b, c and d are represented as

a = 1 + ξ, b = (1 + ξ)η, c = −(1− ξ)η, d = 1− ξ,

with ξ, η ≥ 0. From now on, we work under this normalization. We refer to the constants (ξ, η) as
the structure constants of the non-unimodular Lie group.

Proposition 6. Let G be a 3-dimensional non-unimodular Lie group with left-invariant metric

〈·, ·〉 and use the notations introduced above. The Levi Civita connection ∇̃ of G is given by

∇̃e1e1 = 0, ∇̃e1e2 = ηe3, ∇̃e1e3 = −ηe2,
∇̃e2e1 = −(1 + ξ)e2 − ξηe3, ∇̃e2e2 = (1 + ξ)e1, ∇̃e2e3 = ξηe1,

∇̃e3e1 = −ξηe2 − (1− ξ)e3, ∇̃e3e2 = ξηe1, ∇̃e3e3 = (1− ξ)e1.

The frame {e1, e2, e3} diagonalizes the Ricci tensor and the Riemann-Christoffel curvature tensor

R̃ is determined by the following sectional curvatures:

K12 = 〈R̃(e1, e2)e2, e1〉 = −(ξη2 + (1 + ξ)2 + ξη2(1 + ξ)),

K23 = 〈R̃(e2, e3)e3, e2〉 = ξ2(1 + η2)− 1,

K13 = 〈R̃(e1, e3)e3, e1〉 = ξη2 − (1 − ξ)2 + ξη2(1 − ξ).

Remark that for ξ = 0, the group G has constant sectional curvature −1. If we assume G to be
simply connected, this implies that G is diffeomorphic to H

3(−1). On the other hand, if ξ = 1, then
G is locally isometric to a space with 4-dimensional isometry group. Hence, in the non-unimodular
case, we may restrict to groups with ξ /∈ {0, 1}.
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4. Classification results

4.1. In SU(2). The following theorem characterizes CMC surfaces with vertically harmonic Gauss
map in SU(2) with 3-dimensional isometry group.

Theorem 2. Consider the Riemannian manifold (SU(2), g(c1, c2, c3)), with a 3-dimensional isom-
etry group. Then we may assume that c1 > c2 > c3 > 0. If f :M2 → SU(2) is a CMC surface with
vertically harmonic Gauss map, then c1 = c2 + c3, i.e. K12 = K13, and e1 is tangent to f(M2).
Moreover, the surface is minimal and the Gauss map is harmonic.

Proof. Let f : M2 → (SU(2), g(c1, c2, c3)) be a CMC surface with vertically harmonic Gauss map
and unit normal N = αe1 + βe2 + γe3, where {e1, e2, e3} is the orthonormal frame constructed
in section 3. It follows from Lemma 2 and Lemma 3 that there are 7 cases to consider. Cases (i),
(ii), and (iii) are impossible due to the theorem of Frobenius and formulae (2). From Proposition
1 and the assumption c1 > c2 > c3 > 0, it follows that only case (iv) of Lemma 3 can occur.

In this case, we have K12 = K13 or equivalently

(4) c1 = c2 + c3,

and the unit normal on f(M2) takes the formN = βe2+γe3, with β
2+γ2 = 1. Then E1 = df−1(e1)

and E2 = df−1(−γe2 + βe3) are an orthonormal frame on M2. A straightforward computation
using Proposition 1 yields

df([E1, E2]) = βγ(c2 − c3)df(E2) + (βE1[γ]− γE1[β]− β2c2 − γ2c3)N.

Hence, the distribution spanned by {e1,−γe2 + βe3} is integrable if and only if

(5) βE1[γ]− γE1[β] = β2c2 + γ2c3

and in this case, we have [E1, E2] = βγ(c2 − c3)E1.
We can compute the shape operator S associated to N by using the definition of S, Proposition

1, (4) and (5), to be

S =

(
0 β2c2 + γ2c3

β2c2 + γ2c3 γE2[β]− βE2[γ]

)
.

Hence, the surface is CMC if and only if γE2[β]−βE2[γ] = C is constant. Together with β2+γ2 = 1,
we obtain {

E2[β] = Cγ,
E2[γ] = −Cβ.

Similarly, from (5) and β2 + γ2 = 1, we obtain
{
E1[β] = γ(β2c2 + γ2c3),
E1[γ] = −β(β2c2 + γ2c3).

By expressing the compatibility condition for the equations for β, i.e. E1[E2[β]] − E2[E1[β]] =
[E1, E2][β], we obtain 3Cβγ2(c3− c2) = 0. Since the distributions spanned by {e1, e2} and {e1, e3}
are not integrable, we have β 6= 0 and γ 6= 0. Hence we obtain C = 0, or equivalently, the immersion
is minimal. Remark that the compatibility condition for the equations for γ is then also satisfied.

Finally, using Lemma 1, we see that the Gauss map is harmonic. Indeed, the vector fields
U1 = (E1+E2)/

√
2 and U2 = (E1−E2)/

√
2 diagonalize the shape operator and a straightforward

computation yields 〈RSU(2)(N, df(Ui))df(Ui), N〉 = 0 for i = 1, 2. �

4.2. In SL(2,R). The following theorem can be proven analogously as Theorem 2

Theorem 3. Consider the Riemannian manifold (SL(2,R), g(c1, c2, c3)), with a 3-dimensional
isometry group. Then we may assume that c1 > c2 > 0 > c3. If f : M2 → SL(2,R) is a CMC
surface with vertically harmonic Gauss map, then c2 = c1 + c3, i.e. K12 = K23 and e2 is tangent
to f(M2). Moreover, the surface is minimal and the Gauss map is harmonic.
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4.3. In E(1, 1). Since formulae (3) give the orthonormal frame field {e1, e2, e3} on (E(1, 1), g(λ1, λ2))
explicitly in terms of the natural coordinate vector fields {∂x, ∂y, ∂z}, we can describe the CMC
surfaces with vertically harmonic Gauss map explicitly in these coordinates.

Theorem 4. Consider the Riemannian manifold (E(1, 1), g(λ1, λ2)) and let

f : U ⊆ R
2 → E(1, 1) : (u, v) 7→




ef3(u,v) 0 f1(u, v)
0 e−f3(u,v) f2(u, v)
0 0 1




be a CMC surface with vertically harmonic Gauss map. Then the Gauss map is harmonic, the
surface is minimal and there exists an open subset V ⊆ U on which f is, up to reparametrization
and isometries of the ambient space, given by one of the following:

(i) f1 = u, f2 = v and f3 = c, with c ∈ R,

(ii) f1 = − uev

λ1
√
2
(sin θ(v) + cos θ(v)) + a1, f2 =

ue−v

λ1
√
2
(sin θ(v) − cos θ(v)) + a2 and f3 = v, with

θ(v) = arctan

(
1 + e2v+c

1− e2v+c

)

and a1, a2, c ∈ R.

The latter case only occurs if λ1 = λ2. The surfaces of the first type are flat. Conversely, all
surfaces described above are minimal and have harmonic Gauss map.

Proof. Let f : U ⊆ R2 → (E(1, 1), g(λ1, λ2)) be a CMC surface with vertically harmonic Gauss
map and suppose that N = αe1 + βe2 + γe3 is a unit normal on the surface. From Lemma 2,
Lemma 3, the theorem of Frobenius, formulae (2) and Proposition 1, it follows that there are only
two cases to consider, namely ‘α = β = 0’ and ‘γ = 0 and K13 = K23’.

If α = β = 0, we may assume that N = e3. A straightforward calculation shows that

S = −λ
2
1 + λ22
2

(
0 1
1 0

)

with respect to the basis {E1 = df−1(e1), E2 = df−1(e2)}. Hence the surface is minimal, such that
Lemma 2 implies that it has vertically harmonic Gauss map. Since span{e1, e2} = span{∂x, ∂y},
we obtain the first family of surfaces described in the theorem. Remark that, using the equation
of Gauss, the Gaussian curvature of the surface is given by K = 〈RE(1,1)(e1, e2)e2, e1〉+detS = 0.
From Lemma 1, we obtain that the Gauss map is harmonic. Indeed, the vector fields U1 = (E1 +

E2)/
√
2 and U2 = (E1−E2)/

√
2 form an orthonormal frame which diagonalizes the shape operator

and 〈RE(1,1)(N, df(Ui))df(Ui), N〉 = (K13 +K23)/2 for i = 1, 2.
In the second case, it follows from K13 = K23 that λ1 = λ2. Moreover, the tangent plane

to M2 is at every point spanned by the orthonormal vector fields E1 = df−1(βe1 − αe2) and
E2 = df−1(e3). The Lie bracket of these vector fields is given by

df([E1, E2]) = −2λ21αβdf(E1) + (βE2[α]− αE2[β]− λ21(α
2 − β2))N.

Hence, the integrability condition for the distribution spanned by {βe1 − αe2, e3} is

(6) βE2[α]− αE2[β] = λ21(α
2 − β2)

and we have [E1, E2] = −2λ21αβE1.
The shape operator associated to N = αe1 + βe2 with respect to the basis {E1, E2} is given by

S =

(
αE1[β]− βE1[α] λ21(β

2 − α2)
λ21(β

2 − α2) 0

)
.

We are interested in the case that M2 is a CMC surface. Hence assume that

(7) αE1[β]− βE1[α] = C

for some real constant C. The fact that α2 + β2 = 1, together with (6) and (7) gives the following
equations: E1[α] = −Cβ, E1[β] = Cα, E2[α] = λ21β(α

2 − β2), E2[β] = −λ21α(α2 − β2). If we
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introduce a function θ which is locally defined on the surface by α = cos θ, β = sin θ, these
equations reduce to

(8)

{
E1[θ] = C,
E2[θ] = −λ21 cos(2θ).

The compatibility condition for this system is Cλ21 sin(2θ) = 0, from which we conclude C = 0.
Hence, the surface is minimal.

We can take coordinates (u, v) on the surface, with ∂u = E1 and ∂v = pE1 + E2 for a suitable
function p :M2 → R. Indeed, the condition [∂u, ∂v] = 0 is equivalent to the equation

(9) ∂up = λ21 sin(2θ).

Moreover, the system of equations (8) is equivalent to
{
∂uθ = 0,
∂vθ = −λ21 cos(2θ),

which can be solved as

θ = arctan

(
e−2λ2

1
v+c + 1

e−2λ2

1
v+c − 1

)
,

where c is a real constant. Remark that (9) yields p(u, v) = λ21u sin(2θ(v))+C(v) for some function
C(v). Since we are only interested in one coordinate system, we may assume that C(v) = 0 and
hence

p(u, v) = λ21u sin(2θ(v)).

In order to find an explicit expression for f , we need to integrate the formulae

(∂uf1, ∂uf2, ∂uf3) = df(E1) = sin θe1 − cos θe2,

(∂vf1, ∂vf2, ∂vf3) = pdf(E1) + df(E2) = p sin θe1 − p cos θe2 + e3,

with

e1 =
1

λ1
√
2
(−ef3 , e−f3 , 0),

e2 =
1

λ1
√
2
(ef3 , e−f3 , 0),

e3 = λ21(0, 0, 1).

A direct computation yields

f1 = −ue
λ2

1
v

λ1
√
2
(sin θ(v) + cos θ(v)) + a1,

f2 =
ue−λ2

1
v

λ1
√
2
(sin θ(v)− cos θ(v)) + a2,

f3 = λ21v,

where a1 and a2 are real constants. The reparametrization λ21v 7→ v gives the result stated in the
theorem.

The vector fields U1 = (E1+E2)/
√
2 and U2 = (E1−E2)/

√
2 form an orthonormal frame which

diagonalizes the shape operator. It follows from Lemma 1 and the observation 〈RE(1,1)(N, df(Ui))
df(Ui), N〉 = 0 for i = 1, 2, that the Gauss map is harmonic.

Conversely, one can check that both families of surfaces given in the theorem are minimal and
satisfy the conditions of Lemma 1. Hence they have harmonic Gauss map. �

As a corollary, we obtain that there are two families of CMC surfaces in Sol3 with harmonic
Gauss map. Both of them are minimal and explicit parametrizations are given in Theorem 4, if
we put λ1 = λ2 = 1.
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4.4. In Ẽ(2). Also in this case, we can give the solutions to our classification problem by means
of an explicit parametrization. The proof is again similar.

Theorem 5. Up to isometries of the ambient space, all CMC surfaces in (Ẽ(2), g(λ1, λ2)) with
vertically harmonic tangential Gauss map can be locally parametrized as

f : U ⊆ R
2 → Ẽ(2) : (u, v) 7→




cos c − sin c u
sin c cos c v
0 0 1


 ,

with c ∈ R. All these surfaces are minimal and their Gauss map is harmonic.

4.5. In non-unimodular Lie groups. As mentioned at the end of section 3, we may restrict
ourselves to non-unimodular groups with ξ /∈ {0, 1}. The following theorem can be proven again
with similar methods.

Theorem 6. Let G be a 3-dimensional non-unimodular Lie group with left-invariant metric. We
may assume that the first structure constant satisfies ξ /∈ {0, 1}. If f :M2 → G is a CMC surface
with vertically harmonic Gauss map, then, up to isometries of G, one of the following holds:

(i) f(M2) is an integral surface of the distribution spanned by {e2, e3}. The surface is flat
and has constant mean curvature H = 1.

(ii) f(M2) is an integral surface of the distribution spanned by {e1, e2} or of the distribution
spanned by {e1, e3}. These surfaces are totally geodesic and hence minimal.

The second case only occurs if η = 0.

References

[1] B. Daniel, Isometric immersions into 3-dimensional homogeneous manifolds, Comment. Math. Helv. 82

(2007), 87–131.
[2] J. Eells and L. Lemaire, Selected Topics in Harmonic Maps, Regional Conference Series in Math. 50 (1983),

Amer. Math. Soc., Providence.
[3] J. Inoguchi, T. Kumamoto, N. Ohsugi and Y. Suyama, Differential geometry of curves and surfaces in

3-dimensional homogeneous spaces I–IV, Fukuoka Univ. Sci. Rep. 29 (1999), 155–182, 30 (2000), 17–47,
131–160, 161–168.

[4] J. Inoguchi, K. Kuwabara and H. Naitoh, Grassmann geometry on the 3-dimensional Heisenberg group,
Hokkaido Math. J. 34 (2005), 375–391.

[5] J. Inoguchi and J. Van der Veken, A complete classification of parallel surfaces in three-dimensional homo-
geneous spaces, Geom. Dedicata 131 (2008), 159–172.

[6] T. Ishihara, The harmonic Gauss maps in a generalized sense, J. London Math. Soc. (2) 26 (1982), 104-112.
[7] G. Jensen and M. Rigoli, Harmonic Gauss maps, Pacific J. Math. 136 (1989), 261–282.
[8] O. Kowalski, Generalized Symmetric Spaces, Lecture Notes in Math., Vol. 805, Springer-Verlag, 1980.
[9] K. Kuwabara, Grassmann geometry on the groups of rigid motions on the Euclidean and Minkowski planes,

Tsukuba J. Math. 30 (2006), 49–59.
[10] J. Milnor, Curvatures of left invariant metrics on Lie groups, Adv. Math. 21 (1976), 293–329.
[11] V. Patrangenaru, Classifying 3- and 4-dimensional homogeneous Riemannian manifolds by Cartan triples,

Pacific J. Math. 173 (1996), 511–532.
[12] E. Ruh and J. Vilms, The tension field of the Gauss map, Trans. Amer. Math. Soc. 149 (1970), 569–573.
[13] A. Sanini, Gauss map of a surface of the Heisenberg group, Bol. Unione Mat. Ital. B (7) 11, Suppl. fasc. 2

(1997), 79-93.
[14] M. Tamura, Gauss maps of surfaces in contact space forms, Comm. Math. Univ. Sanct. Pauli. 52 (2003),

117–123.
[15] W. M. Thurston, Three-dimensional Geometry and Topology I, Princeton Math. Series, vol. 35 (S. Levy

ed.), 1997.
[16] C. M. Wood, The Gauss section of a Riemannian immersion, J. London Math. Soc. (2) 33 (1986), 157–168.

Yamagata University, Department of Mathematical Sciences, Faculty of Science, Kojirakawa-machi

1-4-12, Yamagata 990-8560, Japan

E-mail address: inoguchi@sci.kj.yamagata-u.ac.jp

Katholieke Universiteit Leuven, Departement Wiskunde, Celestijnenlaan 200 B – Box 2400, BE-3001

Leuven, Belgium

E-mail address: joeri.vanderveken@wis.kuleuven.be


	1. Introduction
	2. CMC surfaces and Gauss maps
	2.1. CMC hypersurfaces
	2.2. Grassmannian bundle
	2.3. Harmonic maps
	2.4. Vertically harmonic maps

	3. Three-dimensional Lie groups
	3.1. Unimodular Lie groups
	3.2. Non-unimodular Lie groups

	4. Classification results
	4.1. In SU(2)
	4.2. In SL(2,R)
	4.3. In E(1,1)
	4.4. In E"0365E(2)
	4.5. In non-unimodular Lie groups

	References

