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Abstract

The objective of this research is to analyze the singular stresses at
the tips of cracks in multi-layer woven carbon fiber reinforced polymer
(CFRP) composite laminates under tension at cryogenic temperatures.
It is assumed that cracks appear in the transverse fiber bundles. We
consider both cases where the tips of the cracks are located in the fiber
bundles or at the interfaces between two fiber bundles. The generalized
plane strain finite element analysis is carried out for the cracked woven
CFRP laminates. Numerical results are expressed in terms of the stress
intensity factor, and discussed in detail.
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1 Introduction

Woven carbon fiber reinforced polymer (CFRP) composites, due to their high
stiffness to weight ratio and strength to weight ratio, have been considered as
candidate materials for cryogenic fuel tank structures in future space vehicles
[1].  Cryogenic fuel tanks receive mechanical and thermal loadings [2], and
residual thermal stresses develop in the composites at cryogenic temperatures
due to difference in the thermoelastic properties between the composite con-
stituents. When residual thermal stresses are combined with stresses induced
by mechanical loads, microcracks may initiate and propagate in the compos-
ites. These microcracks can act as passages for the cryogenic fuel to permeate,
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which could ultimately lead to the failure of the whole structure [3]. Hence, it
is very important to understand the fracture behavior of woven CFRP com-
posites at cryogenic temperatures before they are used in cryogenic storage
systems. Normal stresses at a crack tip are governed by stress singularity and
stress intensity factor, and the evaluation of stress intensity factor is expected
to offer a basic understanding of the crack behavior in composite materials.

With regard to numerical analysis, the presence of the undulation regions in
woven composites leads to considerable complexities in the associated model-
ing, especially in comparison to composites based on non-woven reinforcement.
As a result, numerical studies on the stress intensity factors for cracks in woven
composites are still limited. In addition, woven composites are most frequently
used by employing multiple layers of material to form a laminate, and inter-
actions with adjoining layers and the free surface of the laminates can have a
significant influence on the crack behavior in woven laminates. Therefore, the
in-depth studies on these issues are important.

The purpose of this paper is to examine the singular stresses at the crack
tip in multi-layer woven CFRP composite laminates under tension at cryogenic
temperatures. Cracks are located in the fiber bundles, whose fibers are oriented
perpendicularly to the mechanical load. Two-dimensional finite elements under
generalized plane strain conditions are used to model the plane section of a
laminate. Special elements with exact stress singularity are placed around the
crack tip. Numerical results for the stress intensity factors are obtained and
discussed.

2 Geometry of Cracked Woven Composite
Laminates

The material investigated in this study is a five harness satin (5bHS) woven
composite laminate. The fiber reinforcement is a T8O0H carbon fabric (Toray
Industries, Inc., Japan), and the matrix is a 3633 toughened epoxy resin (Toray
Industries, Inc., Japan). The T800H /3633 5HS woven laminates have been de-
veloped for cryogenic fuel tanks [1]. Figure 1 shows the symmetrically stacked
2N-layer 5HS woven laminates with cracks (N =1, 2, 3, ...) in the Cartesian
coordinate system O-zyz. The generalized plane strain condition is assumed.
The woven composite laminates of thickness 4/ Nh comprise the warp and fill
fiber bundles and the pure matrix, and are of infinite extent in the z-direction.
The thickness of the warp and fill fiber bundles is h, and the width of the fiber
bundles is [. We assume that the undulation angles are § and —#6.

Suppose that the satin woven composite laminates are subjected to the
mechanical mean stress ¢, in the warp direction (i.e. a-direction) and the
thermal load of ® — ®,, where ® is the temperature of the composite laminates
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and ®, is the temperature at the thermal stress-free state. Based on the
experimental observations [4], a sufficiently large tensile stress in the warp
direction leads to crack formation in the fill fiber bundles. In addition, the
cracks initiate at undulations and where the fill fiber bundles are of the greatest
thickness [5]. Thus, internal and edge cracks are located in = +5nl planes
(n=0, 1, 2, ...) of the fill fiber bundles. The lengths of the internal and edge
cracks are 2a and a (a < h), respectively. We consider two cases (Cases 1 and
2), and the crack locations for Cases 1 and 2 are as follows:

Case 1
2(k—1)h < |z] <2(k—1)h+a for odd number of k (k =1,3,5,...)
2kh —a < |z| < 2kh for even number of k (k = 2,4,6,...) [’
(1<k<N),
Case 2
2kh —a < |z| < 2kh for odd number of k& (k= 1,3,5,...)
2(k—=1)h < |z| <2(k—1)h+a for even number of k (k =2,4,6,...) [’
(1< k< N).

The surface layers of the woven laminates with an odd number of N for Case 1
and an even number of N for Case 2 contain the internal cracks, and those of
the woven laminates with an even number of N for Case 1 and an odd number
of N for Case 2 contain the edge cracks.
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Figure 1 2N-layer five harness satin woven laminates with cracks
(N=1,2,3,...).
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3 Temperature-Dependent Material
Properties

The material properties of the 3633 toughened epoxy resin matrix are taken
to be isotropic and temperature dependent. The property data for the 3633
toughened epoxy resin are very difficult to find. Therefore, the Young’s mod-
ulus E)y(P), Poisson’s ratio vy (®), shear modulus Gy (®) and coefficient of
thermal expansion aj (®) of the matrix are assumed to be the same as those of
the bisphenol-A epoxy resin. The subscript M denotes the matrix. The elastic
and thermal properties of the bisphenol-A epoxy resin are approximated by
the exponential functions of temperature [6] using the experimental data [7].

We assume temperature independent properties for the T800H carbon
fiber, and the carbon fiber can be regarded as transversely isotropic material
with Young’s moduli Fr, Erp, Poisson’s ratio virr, shear moduli Gprp =
Grrr, Grrr and coefficients of thermal expansion ayp, arp. The subscript F
refers to the fiber, and the L and T denote the longitudinal and transverse
directions, respectively. The first subscript on Poisson’s ratio vy refers to the
direction of the applied tensile (compressive) stress, and the second subscript
refers to the direction of the contraction (expansion). Only Young’s modulus
Err and coefficient of thermal expansion arr of the T8OOH carbon fiber are
found in published data, and the remaining properties are assumed to be the
same as the T300 carbon fiber properties [8]. A summary of the carbon fiber
properties used in the analysis is given in Table 1.

The fiber bundles are considered as transversely isotropic unidirectional
T800H /3633 composites. The composite cylinder assemblage (CCA) model
[9] is used to predict the elastic and thermal properties of the fiber bundles
EP(®), EZ(®), vip(®), GLp(®) = GFL(®), GEr(®), af (®), a7 (®) in terms
of the bundle constituent properties and the fiber volume fraction in the fiber
bundles V. The superscript B denotes the fiber bundle.

Table 1 Elastic and thermal properties of carbon fiber

Errp Erp VLTF Grrr Grrr aLfp arp
(GPa) (GPa) (GPa) (GPa) (107%/K) (1079/K)
294 40.0* 0.26* 24.0* 14.3* —0.56 10.0*

* Property data for the T300 carbon fiber [§]
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4 Finite Element Analysis

The constitutive equations in terms of stress-strain relationship are given as

U;ms(% Z) ] Cllé(cb) 0125((1)) 0165((1)) S;xx&(x, 2) - 5m0§(®)
Uzzé(xa Z) = 0125(@) 0225(@) 0266(CI)) €zz6($7 Z) - €zz05(q’) )
Opz6(, 2) Cio5(®)  Ca65(P)  Cogs(P) 26425(, 2) — 2€4.05(P)

(0 =w, f, M), (1)

where 0,.6(2, 2), 0..5(2,2), 0u.6(x,2) are the stress components, €,.s(x, 2),
€..6(%, 2), €s.s(, 2) are the strain components, C115(P), Cias5(P), ..., Cees(P)
are the components of the stiffness matrix and €,,05(®), €..06(P), €r205(P)
(0 =w, f, M) are the initial strain components. The subscripts w and f refer
to the warp and fill fiber bundles, respectively. The initial strain components
are given in Appendix A.

Due to symmetry conditions, we consider only the region 0 < z < 51/2,
0 <z < 2Nh. Let uy(z,2) (i =z, 2z, § = w, f, M) be the displacement
components. The boundary conditions at x = 0 for the kth lamina (1 < k£ < N)
occupying the region 0 < x < 51/2, 2(k-1)h < z < 2kh may be stated as
follows:

Case 1
Odd number of k (k =1, 3, 5, ...)

0u2f(0,2) = 0, 2(k—1)h<z<2k—1)h+a,
ur(0,2) = 0, 2(k—1Dh+a<z<((2k—-1)h, (2)
Urn(0,2) = 0, (2k—1)h <z <2kh,
0uep(0,2) = 0, 2(k—1)h <2< (2k—1)h, )
Oraw(0,2) = 0, (2k—1)h < z < 2kh,
Even number of k (k = 2, 4, 6, ...)
Ur(0,2) = 0, 2(k—1)h <z <(2k—1)h,
ur(0,2) = 0, (2k—1)h <z<2kh—a, (4)
0227(0,2) = 0, 2kh —a <z <2kh,
0ow(0,2) = 0, 2(k—1)h <2< (2k—1)h, )
0.25(0,2) = 0, (2k—1)h <z < 2kh,
Case 2
Odd number of k (k =1, 3, 5, ...)
Urn(0,2) = 0, 2(k—1)h <z<(2k—1)h,
uzr(0,2) = 0, (2k—1)h <z<2kh—a, (6)
0u2r(0,2) = 0, 2kh—a <z < 2kh,
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Orow(0,2) = 0, 2(k—1)h <z < (2k—1)h, (7)
0.2£(0,2) = 0, (2k—1)h <z < 2kh,
Even number of k (k =2, 4, 6, ...)
0.2f(0,2) = 0, 2(k—1)h<z<2k—-1)h+a,
ur(0,2) = 0, 2(k—1Dh+a<z<((2k—-1)h, (8)
U (0,2) = 0, (2k—1)h <z < 2kh,
0.2£(0,2) = 0, 2(k—1)h <z < (2k—1)h, ()
Oeew(0,2) = 0, (2k—1)h <z < 2kh.
The loading conditions are as follows:
Case 1
Odd number of k (k =1, 3, 5, ...)
Upw(DL/2,2) = wulk, 2(k—1)h <z < (2k—1)h, (10)
u(5l/2,2) = ul, (2k—1)h < z < 2kh,
Even number of k (k = 2, 4, 6, ...)
ue(51/2,2) = ul, 2(k—1)h <z < (2k—1)h, (1)
Uz (Dl)2,2) = ul, (2k—1)h <z < 2kh,
Case 2
Odd number of k (k =1, 3, 5, ...)
ur(51/2,2) = ul, 2(k—1)h <z < (2k—1)h, (12)
Uz (5l)2,2) = ul, (2k—1)h < z < 2kh,
Even number of k (k =2, 4,6, ...)
Urw(DL/2,2) = wl, 2(k—1)h <z < (2k—1)h, (13)
U (5l/2,2) = ul, (2k—1)h <z < 2kh,

where u is the uniform displacement in the z-direction induced by the mechan-
ical and thermal loads. For the case of the woven laminates with an infinite
number of layers (N = 00), we only need to consider the repeating unit defined
by 0 <z < 50/2, 0 < z < 2h and symmetry conditions are imposed on the
top surface of the repeating unit (z = 2h).

The loading case considered in this study is dominated by the opening
mode of deformation (Mode I). Therefore, only the Mode I stress intensity
factors K are studied. The definitions of the stress intensity factors Ky at the
tips of the fill fiber bundle cracks give
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Case 1
Odd number of k (k =1, 3, 5, ...)

lim 27 {z — 2(k — 1)h — a}]"? 0,07(0, 2), (a < h),
K = z—{2(k—1)h+a}™ (14>
lim  (2m)Y2{z — (2k — 1)h}* 020w (0, 2), (a=h),
z—{(2k—1)R} T

Even number of k (k = 2, 4, 6, ...)

Z_)(%}ﬁrhn Y {27(2kh —a — )}1/2 02£(0, 2), (a < h),
he za{(%ir?l)h}*(QW)l/z {(2k - 1)h - Z}w Uxxw(()? Z)a (& = h)a (15>
Case 2
Odd number of k (k =1, 3, 5, ...)
Z_}(%}ﬁrhn_a)i {27 (2kh — a — 2)}'/* 022£(0, 2), (a < h),
he za{(%}cr?l)h}*(QW)l/Q {(2k - 1)h - Z}w Uxxw(()? Z)a (& = h)a (16>

Even number of k (k = 2, 4, 6, ...)

lim 27 {z — 2(k — 1)h — a}]"? 0,27(0, 2), (a < h),
K| = z—{2(k—1)h+a}™ (17)
lim  (2m)Y2{z — (2k — 1)} 020w (0, 2), (a=h),
z—{(2k—=1)h}T

where w is the order of stress singularity at the interface tip of the crack, and
the w values can be determined using the analytical method [10] (Appendix
B). Using the crack opening displacement, Eqs. (14)—(17) can be rewritten as

Case 1
Odd number of k (k =1, 3, 5, ...)

_ [ eV 2k = Dh+a— 2} P ug(0,2), (a<h),
. { ()2t {2k = Dh— 2}y (0,2), (a=h), D
(2(k—1)h <z<2(k—1)h+a),
Even number of k (k = 2, 4, 6, ...)
B (2m)Y 21" (2 — 2kh + a) " ?u,4 (0, 2), (a < h),
Ko = { (22 L= — (26— )h) D uy(0,2), (a=h), Y

(2kh — a < z < 2kh),
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Case 2

Odd number of k (k =1, 3, 5, ...)

K (2m)Y2u* (2 — 2kh + a) " ?u,4(0, 2), (a < h), (20)

I (2m) 27 {2 = (2k = DR} uyy(0,2), (a=h),
(2kh —a < z < 2kh),

Even number of k (k =2, 4,6, ...)

K = (2m)Y 2 {2(k — 1)h—|—a—z}_1/2 uzf(0,2), (a<h), (21)

2m)Y2u* {(2k — 1)h — 2}7(17“’) uz(0,2), (a=h),

(2(k—1)h <z<2(k—1)h+a),

where p* is the constant (see Appendix C).

Highly accurate stress intensity factors can be obtained by placing special
singular elements around the crack tip. The singular triangle element con-
structed by Stern [11] is used to obtain the proper displacement field near the
interface tip of the crack. The surrounding nonsingular elements are six- and
eight-node isoparametric elements.

5 Numerical Results and Discussion

The woven geometry of the 5HS woven laminates is determined by the pa-
rameters [ = 4h/3tanf and d = [/8. From the geometrical parameters of the
actual T800H /3633 5HS woven laminates, the undulation angle is estimated
to be = 9.0 deg. The value of a fiber volume fraction in the fiber bundles
VB is taken as 0.85, corresponding to that of actual T800H/3633 5HS woven
laminates. The fuel tanks in the space vehicles contain cryogen such as liquid
hydrogen or oxygen, at very low temperatures like 20 K for liquid hydrogen,
and, hence, the temperature ® = 20 K is considered. The stress-free temper-
ature ®; is assumed to be 453 K [12]. The finite element code was verified
by comparing the results for the stress intensity factors of transverse cracks
in unidirectional glass fiber reinforced polymer composite laminates with the
theoretical results [13].

Figure 2 shows the normalized stress intensity factors K/ Ky of the cracks in
the first layer (k =1, N = 1, 2, co) under pure thermal load (i.e. ¢f, =0 MPa)
at 20 K as a function of crack length to fiber bundle thickness ratio a/h for Case
1. The stress intensity factor results are normalized by Ko = E,(Ps)a(Ps)
®,(7h)Y/2. The thermally induced stress intensity factors in the first layer
increase with the increase in N. The stress intensity factors first increase,
reach a peak and then finally decrease with increasing a/h. This characteristic
behavior occurs because the warp fiber bundles are significantly stiffer in the
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loading direction than the fill fiber bundles, and this feature leads to a crack
arrest. Also, the positions of the peaks in the stress intensity factors for N =
1, 2, oo are different. This implies that the interaction with adjoining layers
influences the crack behavior. Figure 3 depicts the corresponding results for

1.2

1.0f-

0.8

0.4

0.2 .

Figure 2 Normalized stress intensity factors Kj/Kj vs. crack length to fiber
bundle thickness ratio a/h for k = 1 under ¢, = 0 MPa at 20 K (Case 1).
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Figure 3 Normalized stress intensity factors Ki/Kj vs. crack length to fiber
bundle thickness ratio a/h for k = 1 under ¢}, = 100 MPa at 20 K (Case 1).
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the normalized stress intensity factors K7/ K, under mechanical load (i.e. ¢, =
100 MPa) at 20 K. It is found that the stress intensity factors under combined
mechanical and thermal loads are larger than those under pure thermal load.
The dependence of the stress intensity factors on the crack length becomes
large, when the woven laminates are subjected to combined loads. Figure 4
contains plots of the normalized stress intensity factors Kj/Kj of the cracks in
the first layer (k = 1, N = 1, 2, co) under mechanical load at 20 K against a/h
for Case 2. The stress intensity factors initially increase and then decrease as
a/h increases in the same fashion as those for Case 1. For Case 2, the stress
intensity factors for N =1 are larger than those for N = 2, co. Also, the values
of the stress intensity factors for Case 2 and N = 1 are higher than those for
Case 1 and N = 1, 2, co. These reveal that the edge cracks play an important
role in the fracture behavior of woven composites. In Figure 5 the normalized
stress intensity factors Kj/Kj of the cracks in the surface layer (k = N, N =
1, 2) under mechanical load at 20 K are plotted as a function of a/h for Cases
1 and 2. The numerical results for the stress intensity factors of the cracks in
the surface layer exhibit similar trends for the stress intensity factor variation
with a/h to those of the cracks in the first layer. The stress intensity factors
of the internal and edge cracks for N = 2 are larger than those for N = 1.
Also, the stress intensity factors of the edge cracks are larger than those of the
internal cracks. Therefore, as noted above, it is important to understand the
edge crack behavior in the woven composite laminates. This result is in accord

2.0———————————

1.6

1.2

0.8

Case 2

K(/K,
T T T I T T T I T T T I T T T I T T T

k=1
o . = 100 MPa
L | L | L | L |
0 0.2 0.4 0.6 0.8 1.0

a’h

Figure 4 Normalized stress intensity factors Ki/Kj vs. crack length to fiber
bundle thickness ratio a/h for k = 1 under ¢}, = 100 MPa at 20 K (Case 2).
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with the experimental observations on damage development mechanisms in
T800H /3633 5HS woven laminates at cryogenic temperatures [14].

The normalized stress intensity factors Kj/K| at the crack tip located at
the warp/fill interface (a/h = 1.0) in the first layer (k =1, N = 1, 2, o0) are
listed in Table 2 for Cases 1 and 2 under o, = 0, 100 MPa at 20 K. The stress
intensity factors are normalized by K = E, () (®s)®m/2h®. The order
of stress singularity w at the tip of a crack located at the warp/fill interface is
0.3681. Except for the edge crack (Case 2, N = 1), the stress intensity factors
increase as increasing /N. The values of the normalized stress intensity factors

R R B
20l

1.5

K/K,

1.0

0.5

Figure 5 Normalized stress intensity factors Kj/Kj vs. crack length to fiber
bundle thickness ratio a/h for k = N under o, = 100 MPa at 20 K
(Cases 1 and 2).

Table 2 Normalized stress intensity factors Ki/Kj for k = 1
under o, = 0, 100 MPa at 20 K (Cases 1 and 2)

N 1 2 00

Ki/K;j Casel oi,= 0MPa 2362 2404 4.786

rxr

or. =100 MPa 3.091 3.143 5.603

Case2 o3, = 0MPa 4.630 2.292 4.786

rxr

or. =100 MPa 5.520 2.956 5.603
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Table 3 Normalized stress intensity factors K/ K for k = N
under o7, = 0, 100 MPa at 20 K (Cases 1 and 2)

N 1 2

Ki/K; Casel of, = 0MPa 2362 5.146

Trr

o =100 MPa 3.091 5.995

Case 2 of = 0 MPa 4.630 2.479

Trr

o =100 MPa 5.520 3.194

K;/K| at the interface tip of the crack in the surface layer (k = N, N = 1,
2) are tabulated in Table 3 for Cases 1 and 2 under ¢}, = 0, 100 MPa at 20
K. For the same value of NV, it is clear that the stress intensity factors of the
edge cracks are larger than those of the internal cracks. For both the internal

and edge cracks, the stress intensity factors for N = 2 are larger than those
for N = 1.

6 Conclusions

The cryogenic singular stresses at the crack tip in multi-layer woven CFRP
composite laminates with temperature-dependent material properties under
tension are examined by using a finite element method. The stress intensity
factors depend on the crack type and the number of layers, and the crack arrest
may occur when the cracks approach the interfaces between two orthogonal
fiber bundles. Also, the edge cracks are important in the cryogenic fracture
behavior of the woven laminates. The present results are expected to offer
a basic understanding of the cryogenic fracture behavior of woven laminates
which will be used in cryogenic storage systems.
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Appendix A

The initial strain components €,,05(®), €..05(P®), €r205(P) (6 = w, f, M) in-
volved in Eq. (1) are given by

52206(q))
2€x206(q))

|: €xz05(®)

[ @) - g @) enol®) - (@)

170 (P) — VTTw(CD)éEyyO(CD) — 77u(®)} ’

|7

(0 =w),

Ly (@) = L v () {cn(®) = < ()

e2p(®) - Vyzf(@){o%yo(@) — £y ()} ’

(A.1)

e (®) — v (P){eyy0(P) — en(®)}
en(®) — VM(CD){Syyo(@) —en(®)} |

where the superscript —1 represents the matrix inverse and [T] is a transfor-
mation matrix given by

cos? 6 sin? 6 cos @ sin 6
sin? 6 cos? 6 —cosfsinf
—2cosfsinf 2coshsinh cos?f —sin’b

(A.2)

7]-

The elastic properties of the warp fiber bundles Er,(®), Ery,(P), vire(P),
vrr(®) and fill fiber bundles E, ¢ (®), Eyr (D), vy (P), vy.r(P) are given as
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Ery(®) = By (®) = Ep (®),
Ery(®) = E,(®) = E£(®),
VLTw(CD) = Vyzf(q)) = VELB;%“((;E)))? ey (cp) (A 3)
vrrw(®) = VIL?T(CD) = 2G$T(®§T J
B EF(®) 5

where the subscripts x, ¥ and z denote the three axes of the Cartesian co-
ordinate system. The thermal strains 7 ;,,(®), &7, (®), er,;(®) = L (P),
0y (@), 1,(P) are

* B
€lrw(®) = A)SOCL(Qﬁ)dgba

o
Fru(® = [ af(o)do,

® B
= | af(0)do,

@ = [ aulods

The uniform strain (i.e. constant in the z-z plane) in the y-direction e,,0(®P)
can be found from the condition:

// Tyyw (T, z)dxdz+// Oyyf(, z)dxdz—l—// oyym (T, 2)dxdz
Qu Q; Qur

Qu + Qf + Qu

= 0’
(A.5)
where Q5 (6 = w, f, M) denote the regions of the warp fiber bundles, fill

fiber bundles and matrix, respectively. The stresses o,,s(x,2) (0 = w, f, M)
can be written as:
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Bra(®){en(®) — hra(#)} + F v (@)010(, 2
+vrrw (P)orre(z, 2), (0 = w),
omal,2) = § Byg(B)eol®) = by (8)) + EL vy (B)0ss (2.2
+Vyzf(q))o-zz’f(x’ 2)7 (6 = f)7
Eni(®){eyyo(®) — 3,(2)}
+un (P {opars (x, 2) + 02 (2, 2) }, (0 =M),
(A.6)

where o1, (2, 2) and oy, (x, 2) are given by:

[ OLLw(T, 2) ] _ lCOSQQ sin?  2cosfsinf ] {Umu,(x,z)

orrw (T, 2) sin?f cos’ —2cosfsinf Ozl 2) ] - (A7)
Ozzw (.77, Z)

Appendix B

The order of stress singularity at the interface tip of the crack is determined
by the roots of the following equation:

AW) =0, (B.1)

where A(w) is an 8 x 8 square matrix and |A(w)| is the determinant of the
square matrix A(w). The 8 x 8 matrix A(w) is given by

Aw) =

[ Al,l(w) ALQ(L«)) Al’g(W) A174(W) 0 0 0 0 1
Ag’l(w) AQQ(L«)) Ag’g(W) AQA(CL)) 0 0 0 0
A371(w) A3’2(w) A&g(b«)) A3’4(w) 0 0 0 0
A471(w) A4’2(w) A473(W) A4’4(w) 0 0 0 0
A571(w) A5’2(w) A573(W) A5’4(w) A5’5(w) A576(w) A5’7(w) A578(W) ’
A6’1(w> Aag(&)) A633(W> A674(w) A675(W) A6’6(w> A677(W) Aﬁ}g(&))
A7’1(a}) A772(w) A7,3(w) A774(w) A775(W) A7,6(w) A777(W) A7’8(W)

L Asi(w) Asa(w) Ass(w) Asa(w) Ags(w) Aselw) Asz(w) Agsw) |
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in which
App(w) =X (=177, Ap(w) = Ay (=1)7%,
Apg(w) = Agpa (—1)7%, Arg(w) = Agpa (—1)7%,
Agi(w) = Apzp1 (=1)7, Agp(w) = Aapn (—1)7%,
Aga(w) = Apzp2 (=1)7, Agu(w) = Aapa (—1)7%,
Az (W) = gzt Az a(w) = iaczwla
Aj 3(w) = Azzw2, Az 4(w) = Apzwa,
As1(w) = Mgt As2(W) = Mau1,
Ayz(w) = 771102: Aga(w) = Nzw2s
Asi(w) = zfl (€)™ Asp(w) = A (Cp) 7,
AE) 3(&)) zf2 (Cf?) ) ASA(W) = )\z_fQ (sz)—w,
As5(w) = zwl (Cu1)™ Assw) = =Aswr ()™,
As 7((")) Azw2 (CwQ) -, A578 (w) = :)‘sz_(CwQ -,
Ng1(w) = xzfl (€)™ Dea(w) = Aazp1 (Cr) 7,
Ng3(w) = xzfz (Cr2)7™  Dealw) = Aazypa (Cr2) ™,
Ags(w) = aczwl (Cuw1)™s De6(w) = = Azt (Cur) ™,
A6 7(&)) :tsz (Cw2) A6,8 (w) = )\xz1£2 (C 2 —w’
Az (w) =151 (Cr1)' Y, Ara(w) =71 (91)1‘”,
Arg(w) = a2 (Cr2)' ™ Aga(w) =T 50 (Cpa)' ™,
Ars(w) = =Nowt (Gu1)' ™ Ar(w) = —Tw1 (o) ™,
Arz(w) = —Nsuw2 (%2) T Arg(w) = Mg (Cu2) '™,
Ag1(w) = Nap1 (Cr1)' 7, Agp(w) =T, (Qfl)l‘“,
Ag3(w) = mefa (Cr2)' ™, Agalw) =Tupa (Cr2)' ™,
Ags5(W) = =Newt (Cu1)' ™, Ags(w) = T (Cur)' ™,
Ag7(w) = —Tw2 (Cu2)' ™, Ass(w) = —Tauz (Cuz) ' ™

(B.3)

In Eq. (B.3), the overbar represents the complex conjugate and A,y ;, A.5;,
Auzorj (0 =w, f;j =1, 2) are given by

)‘xé’j = 0125/(Cl>)n25/j + 0115’(¢))C5’j 77:v5’j7
Aoy = Coog (P25 + Crog (P)Corj Nasjs ¢ (0 =w, f; j=1,2). (BA4)
)\:tz&’j = 0666/((1))(<6’j Nesrj + 7715/]-),

C(?,j (0" =w, f; j=1, 2) are the roots of the following equation:

Coos (P) + Coeer ()G {Choe (®) + Coger (P) } Cs

{Chas (®) + Coo (D)} Gy Coor (@) + Crag (B)G | 0, (6" =w, f).(B.5)
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Values of 165, 0.5 (8’ = w, f; j =1, 2) can be found, satisfying the following
equation:

Coos (@) 4 Coss (P)C5;  {Chas (P) + Coss (P)} (o ] [ Nws' ]
{Chas(®) + Cossr ()} Corj Coesr () + Crazr (P)C5 N25'

- [8] (@ =w, f; j=1,2). (B6)
Equation (B.6) now determines, for each root (s, the ratio of the components
7715’]'7 77z6’j'
Appendix C
The constant p* in Egs. (18)—(21) is given by

Coor(P)

Wopey O
"7 2Cunl @i+ ) h
66w K1+ Wk B
B sin(7w) - (a=h),
where
VH(®P) = 2Gu(P) {Vawf (P) + vy (P)Viays ()} / By (D), (C.2)
i Y1+ B)xiz — ¥ (14 Ba)xu
' X11X22 — X12X21 ’
(C.3)
iy = Y+ B)(xe2 — xa2) =75 (14 Ba) (xa1 — x11)

X11X22 — X12X21

X1 = {(1 4 3;)Go(®) = 26;} = 2{1 — vy (@)} (1 + ;) Go(P) (1 +;), }

X2j = Vi {(1 4 585)Go(®) — 2} = 2{1 — v4(®)} (1 + B;)Go(P)(1 + v5),

(] =1, 2)
(C.4)
Co2u(®)7} — Coou(®) .
a ClZw((I)) + C66w((1)) ’ (j a 1’ 2>7 (05)
Go(@) = Sl ) (.6)

~ Cep (@)’
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and ”y]? ( =1, 2) are the roots of the following characteristic equation:

Clyons (@) Cligns(P)7" + { iz ()2 + 2C12 (@) Cigous (®) — Ci1( ) Crzus (®)

72

—f-OHw(@)CGGw(CD) =0.
(C.7)

—
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