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ABUNDANT CONFIGURATIONS IN SUMSETS WITH ONE DENSE
SUMMAND

JOHN T. GRIESMER

ABSTRACT. We analyze sumsets A+ B (= {a+b:a € A b € B}) where A and
B are sets of integers, A is infinite, and B has positive upper Banach density. For
each k, we show that A+ B contains at least the expected density of k-term arithmetic
progressions, based on the density of B, in contrast with an example of Bergelson, Host,
Kra, and Rusza. Furthermore, we show that when A is infinite and B has positive upper
Banach density, A + B must contain finite configurations not found in arbitrary sets of
positive density, in contrast with results of Frantzikinakis, Lesigne, and Wierdl on sets
of k-recurrence.

1. INTRODUCTION

A recurring theme in additive combinatorics is that sumsets A + B := {a + b :
a € A,b € B} tend to be more structured than their summands A and B. Bourgain
([12]) demonstrated a striking example of this phenomenon: if A, B C [1,...,N| with
|A| = aN, |B| = 8N, then for sufficiently large N (depending on «, ) A+ B contains an

af(log N)!

arithmetic progression of length approximately e ’* This result was strengthened

and generalized in [13], [25], [32], and [16].

We will be concerned with infinite sets of integers; Section is a glossary of relevant
terminology. R. Jin showed that when A, B C Z both have positive upper Banach
density, A + B must be piecewise syndetic ([27]). This result was strengthened and
generalized in [28],[5],[3], [2], and [23]. A consequence of the main theorem of [5] is
that the density of k-term arithmetic progressions (with certain common differences)
in A+ B is close to the maximum of the densities of A and B. Furthermore, A + B
will contain certain kinds of configurations which are not necessarily present in sets of
positive density. These conclusions holds even when A is assumed to satisfy a weaker
hypothesis than positive density, as shown in [23].

As mentioned above, sets B C 7Z of positive density need not be as structured as
sumsets A + B. In particular, B need not be piecewise syndetic. Nevertheless, classical
and recent results indicate that sets of positive density contain highly structured subsets.
In particular, Szemerédi’s Theorem on arithmetic progressions guarantees that every set
of positive upper Banach density contains arithmetic progressions of every finite length.

Theorem 1.1 (Szemerédi’s Theorem, [34]). Let E C Z with d*(E) > 0. For all k € N,
there exists n € N such that ENE —nNE—-2nN---NE— (k—1)n # 0.
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The methods of [7] show how Furstenberg’s ergodic-theoretic proof ([18]) of Theorem
[L.1l gives a qualitatively stronger conclusion:

Theorem 1.2. For all k,§ > 0, there exists C' = C(k,d) > 0 such that
{n:d(ENE—-—nnE-2nNn---NE—(k—1)n)>C(k,d) —e}
is syndetic whenever d*(E) > 0, > 0.

Naturally one wonders: what are the optimal values of C'(k,d) in Theorem [L.2I7 We
will a give standard example in Section showing that C'(k,d) < 6* for each k > 1.
The following result from [6] shows that C'(k,d) = §* for k = 2,3, and 4, while C(k,d)
is much smaller than ¢ for k > 5.

Theorem 1.3. (1) Let E C Z with d*(E) > 0. Then for all € > 0, the sets
{n:d(ENE—-nnNE-2n)>d(E)?-¢},
n:d"(ENE—-nNE—-2nNE—3n)>d(E)"—¢},

are syndetic.
(2) For alll > 0, there exists E C Z with d*(E) > 0 such that

dENE—-nNE—-2nNE—3nNE—4n) <d*(E)'/2
for all n # 0.

The set Ri(E) :=={n:d"(ENE—-nNE—-2nN---NE—(k—1)n) > 0} has received
considerable study. For instance, it is known that for all k, Ry(E) contains perfect
squares. Sarkézy ([33]), and Furstenberg ([18]) independently proved this in the case
k = 2. For k > 2 this is due to Bergelson and Leibman ([8]). The example E = 4Z shows
that Ry(F) need not contain numbers of the form n? 4 1, as every square is congruent to
0 or 1 mod 4. More generally, a set S C Z is called k—1-intersective if for all E C Z with
d*(E) > 0, there exists n € S such that &*(ENE —nNE—-2nN---NE—(k—1)n) > 0.
Furstenberg ([19]) showed that there is a 1-intersective set S which is not 2-intersective,
while [17] demonstrates the existence of k—1-intersective sets S that are not k-intersective
for all £ > 2. The main theorem from [17] is as follows.

Theorem 1.4. For irrational « € R and k > 2, the set Sy o := {n: n*a mod 1 € (1, 2)}
is k — 1-intersective but not k-intersective.

In particular, for each irrational @ and k > 2 there is a set £ C Z with d*(F) > 0 and
ENE—nNE-2nN---NE—(k—1)n=0for all n € Sy 4.

This article will study the kinds of configurations found in sets of the form A + B,
where A C 7Z is infinite and B C Z has positive upper Banach density. Here is a special
case of our main result, which contrasts sharply with Part 2 of Theorem [[.3and Theorem

T4l

Theorem 1.5. Let A C Z be infinite and let d*(B) > 0. Then for all k € N and all
e > 0, there exist n € N with

(1) d(A+BNA+B-nnA+B-2nNn---NA+B—(k—1)n) > d"(B)* -«
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For all irrational «, there exist n € S,; := {m : ma mod 1 € (1/4,3/4)} satisfying
(1), and the set of such n is syndetic.

In Section [2] we summarize some background and results from ergodic theory. We will
deduce Theorem from Theorem .5 an analogous result about measure preserving
systems. Theorem will be a fairly straightforward consequence of the main result of
[6], together with a classical result of Leon Green (Lemma [2.1]) concerning the spectral
type of nilsystems.

1.1. Stronger hypotheses on A. Supposing both A, B C Z have positive upper Ba-
nach density, the conclusion of Theorem can be strengthened considerably. The
following is implicit in the proof of [5], Theorem I. An explicit proof appears in [23].

Theorem 1.6. Let A, B, C Z. Then for all k € N, e > 0, there exists n € N such that
d'(A+BNA+B—-nnNA+B—-2nNn---NA+B—(k—1)n) > max{d"(A),d"(B)} —e.
In fact, the set of such n is a Bohr set.

Our second result generalizes Theorem to cases where d*(A) = 0,d*(B) > 0,
including some not covered in [23].

Definition 1.7. Let S := (5;),jen be a sequence of finite subsets of Z. We say that S is
nearly equidistributed if for all all but countably many 0 € (0, 27),

1 .
lim — e = .
j=oo |5 gs%

If the above holds for all § € (0,27), we say that S is equidistributed.

Example 1.8. The following S; form nearly equidistributed, but not equidistributed
sequences.

(i) S; ={1,4,9,16,...,5%}.

(ii) S; ={p < j:pis prime}.
The following S; form equidistributed sequences.

(iii) S; =4{27,27 + 1,27 +2,...,27 +j—1}.

(iv) S; = {[1%2], (22, [3°2),..., |7°/%]}.

(v) S = {[V3° — 7] 1 1 <m < n}.
Here |x| denotes the greatest integer less than or equal to .

Example (i) is a special case of Weyl’s theorem on equidistribution, (ii) is due to
Vinogradov, (iii) is classical, (iv) is found in [37], and (v) is found in [II], which has an
extensive bibliography and is otherwise an excellent introduction and reference.

If S = (S))nen is a sequence of sets of integers and A C Z, the upper density of A
relative to S is

, |ANS,|
ds := lim sup
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Theorem 1.9. Suppose that S is a nearly equidistributed sequence, A, B C Z with
ds(A) > 0,d*(B) > 0. Then for alle > 0 and all k € N, there exists n € N such that

d(A+BNA+B—-—nnNA+B-2nNn---NA+B—(k—1)n) >d*(B) —e¢.
In fact, there is a Bohr set of such n.

In the next section we consider these issues from an ergodic-theoretic perspective.

1.2. Acknowledgements. The author is pleased to thank Izabella Laba for financial
support, Izabella Laba and Malabika Pramanik for helpful discussions, and Vitaly Bergel-
son for clarifying the relationship between this work and the work in [7].

2. MAIN RESULTS

Our results about sets of integers will be deduced from corresponding results in ergodic
theory. First we outline some notation, terminology, and background, then we discuss
some special classes of dynamical systems and some special classes of sets of integers.

2.1. Measure preserving systems. A measure preserving system, or M. P. S., is a
quadruple (X, X, u,T), where (X,X,u) is a measure space with probability measure
w, and T : X — X is a map preserving X and g in the sense that 77!X C X and
w(T™'D) = p(D) for all D € X. We will assume T is invertible.

Notation: The symbol X will always be an abbreviation of the sequence of symbols
(X, X, u, T), similarly Y will always abbreviate (Y,Y,v,5).

If X =(X,X,uT)isa M. P.S., a factor of Xisa M. P. S. Y = (Y, Y,r,S) together
with a map m: X — Y satisfying (i) 77'Y C X, (ii) p(7~'D) = v(D) for all D € Y, and
(iii) Sw(x) = m(Tz) for p-almost every x € X. We write 7 : X — Y to specify that Y
is a factor of X with factor map 7. If 7 : X — Y is one-to-one on a set of full measure,
then we say that 7 is an isomorphism and X and Y are isomorphic.

Every factor Y of X determines a T-invariant o-algebra 7='Y C X, and conversely,
associated to every T-invariant o-algebra B C X, there is a factor Y such that 7=!'Y =
B, up to p-measure 0. Given a factor 7 : X — Y we may abuse notation and write
Y for 771Y. We may then identify L?*(v) with the space of 7~!'Y-measurable square-
integrable functions, and consider the conditional expectation map f + E(f|7~Y), or
f — E(f]Y) with our abuse of notation. When f € L*(u),E(f|Y) agrees with the
orthogonal projection of f on the closed subspace of Y-measurable functions in L?(u).

Supposing m; : X — Y; is a directed collection of factors of X = (X, X, u,T'), we say
that X is an inverse limit of the Y if the o-algebras 7; 'Y; generate X (up to p-measure
0).

A system X = (X, X, 4, T) is called ergodic if u(T~*D) = p(D) implies u(D) = 0 or
u(D) = 1. Equivalently, X is ergodic if the only functions f € L?(u) satisfying foT = f
are constant p-almost everywhere.
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2.2. Taxonomy of measure preserving systems. Here we describe the special classes
of systems we consider in the sequel.

Kronecker systems. If Z is a compact abelian group and a € Z is such that {na :
n € Z} is dense in Z, consider the map R, : Z — Z given by R,(z) = z + . Then R,
preserves the Haar measure m of Z, and (Z, Z, m, R,) is an ergodic M. P. S. Such systems
are called Kronecker systems. Kronecker systems have discrete spectrum, meaning L?(m)
is spanned by the eigenvectors of T' - those functions satisfying foT' = A f for some A\ € C.
The Halmos-von Neumann theorem ([24] or [22]) says that every ergodic M. P. S. having
discrete spectrum is isomorphic to a Kronecker system.

Every M. P. S. X has a maximal factor with discrete spectrum, namely, the factor
corresponding to the o-algebra generated by the eigenvectors of T. If X is ergodic, this
factor is called the Kronecker factor, and is isomorphic to a Kronecker system, by the
Halmos-von Neumann theorem.

Nilsystems. Fix k, and let G be a k-step nilpotent Lie group, and I' C G a discrete
subgroup such that G/I' is compact. Then G/I' has a Borel probability measure u
invariant under the action of G, that is u(g- DI') = u(DT") for every Borel set D C G. If
g € G, we consider the M. P. S. (X, X, 1, T,), where X = G/I', X is the Borel o-algebra of
G/, and T,z = g-x. Such a M .P. S. is called a k-step nilsystem, or simply a nilsystem.

The correlation sequences of nilsystems are particularly nice; the following description
of such sequences is essentially due to Leon Green.

Lemma 2.1. If (X,X,u,T) is a nilsystem with Kronecker factor (Z,Z,m,R,), and
fe L*(n) with E(f|Z) =0, then for all g € L*(n),

lim [ foT1" . -gdu=0.
n—oo
This is a slightly different formulation of what is proved in [I], Chapter 5, and tech-
nically Green’s result does not imply the above statement. A result of Parry ([31]) does
imply the above statement; we outline the deduction of Lemma 2.1l from Parry’s result
in Section [l

A special class of nilsystems is formed by taking repeated group extensions of torus
rotations. If Z = T? is the d-dimensional torus and o € Z is such that {na : n € N} is
dense in Z, then (Z,Z,m, R,) is an ergodic M. P. S. If ¢ : Z — Z is an affine map (a
homomorphism plus a constant) we may form a new M. P. S. (Z x Z, Z®Z,m xm, T, )
where T, 4(2,y) = (x + a,y + ¢(x)). For instance, when Z = T and ¢(x) = 2z + a, we
have 77(0,0) = (na, n’a).

If p is a polynomial of degree d, this construction may be iterated, as shown in [19], to
obtain an ergodic system on Z? such that T™(0,...,0) has p(n)a as its last coordinate.
It is known that the resulting system (Z¢, 224, m? T) is actually a d-step nilsystem, see,
for instance [9].

Weakly mixing systems. A system X is said to be weakly mixing if the only eigen-
functions of T" are constant almost everywhere. Furstenberg ([18]) showed that X is
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weakly mixing if and only if for all ¥ € N and all f € L?(u),

N_l‘/f,foT”.foTzn ..... foT(k_l)"dN_</fd’u>k‘:O’

=M

i 1
N—ign—mo N-—-M

or equivalently that for all € > 0,
k
d*{n: ‘/ffoT”foTzn ..... foT(k—l)ndIu_ (/fd,u> } >5} =0.

Bergelson ([4]) extended this characterization to show that X is weakly mixing if and
only if for every k and every k — 1-tuple of polynomials pq, ..., pr_1,

d*{n: \/f.fon(").fonW ----- FoTr gy _ (/fdu)k\ >5} —0.

Rigid systems. A system X is called rigid if there is an increasing sequence {n;} ey
satisfying lim,, o f o T™ = f weakly for all f € L?(u). There are weakly mixing, rigid
systems X, and with the appropriate topology on the set G of invertible Lebesgue-
measure preserving transformations of [0, 1], the set of weakly mixing, rigid systems is a
dense G in G. See [36] for details. The existence of such a system leads to the following
examples, showing that our main theorem is sharp in one sense.

Example 2.2. Let X be a rigid, weakly mixing M. P. S., D € X, and p; : Z — Z,i =

1,...,k polynomials. For all ¢ > 0, there exists A C Z such that Dy = |J,c,T°D
satisfies p(Da) < p(D) + £/2. Since X is weakly mixing, we have
k-1
d{n: p(Dan (T Ds) > p(Da) +} = 0.
i=1

In particular, the above set of integers is not syndetic.

2.3. Sets of integers. Here we summarize the various properties of sets of integers
recently studied; the terminology is mainly to describe the sets of differences n when the
intersection d*(ENE —nnN---NE — (k—1)n) is large, if £ C Z is a set with some
special structure.

For S C Z, the upper Banach density is the number d*(.S) := limp; o0 SUP N ey w.
A set S C Z is called syndetic, if one of the following equivalent conditions holds: (i)
there exists a finite F' C Z such that '+ S = Z, (ii)) SN R # () whenever R is a set

containing arbitrarily long finite intervals.

R is called thick if R contains intervals of every finite length, and S is called piecewise
syndetic if S = 5" N R where S’ is syndetic and R is thick.

Examples of syndetic sets are given by certain dynamical systems. A topological
system (X, T) is called minimal if X contains no closed T-invariant subset. For such
(X,T), the set {n : Tz € U} is syndetic whenever U C X is open and x € X. When
viewed as topological systems, Kronecker systems and nilsystems are minimal, and the
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sets of entry times arising therefrom have distinguished properties. Following [5], S C Z
is called a Bohr set if there is a Kronecker system (Z,2Z,m, R,) and a set U C Z such
that {n : na € U} C S. Following [5], S is called piecewise Bohr if S = SN R, where S’
is Bohr and R is thick.

Following [26], S is called Nil-Bohr if there is a nilsystem Z = (Z,2,uz,T) and an
open U C Z and x € X with {n: T"x € U} C S, and S is called piecewise Nil-Bohr
if S = 5" N R where S’ is Nil-Bohr and R is thick. If Z is a k-step nilsystem, then
“Nil-Bohr” may be specialized to “Nilg-Bohr.”

A special class of Nil-Bohr sets is given by polynomial orbits of Kronecker systems:
if Z is a Kronecker system and p : Z — Z is a polynomial with p(0) = 0, then for all
neighborhoods U of 0, the set R,y := {n : p(n)a € U} is a Nil-Bohr set (see [9]).
Furthermore, the intersection of finitely many such R, is again an Nil,-Bohr set. This
leads to the following multiple recurrence result for Kronecker systems.

Theorem 2.3. Let (Z,Z, m, R,) be a Kronecker system, and let py,...,px_1:7Z — 7 be
polynomials of degree at most d. For all D C Z and all € > 0,

{n:u(DND—=p(n)anD —py(n)an---ND—p_q1(n)a) > u(D) —e}
1s Nilg-Bohr.

Note that a (piecewise) syndetic set S remains such after removing a set of upper
Banach density zero: S\ A is (piecewise) syndetic if d*(A) = 0. We say that S is almost
Bohr (or almost Nil;-Bohr) if S = 5"\ A, where S’ is Bohr (or Nil,-Bohr), and d*(A) = 0.

2.4. The correspondence principle. Furstenberg ([18]) established a general principle
relating finite configurations in sets of positive density to measure preserving systems.
We use a version of this principle from [6], modified slightly to deal with sumsets.

Proposition 2.4 (cf. [6], Proposition 3.1). Let B C Z. Then there is an ergodic M. P. S.
X = (X,X,u, T) with D € X satisfying p(D) = d*(B) and

(T DsNT™™DyN - -NT ™ Dy) <d(A+B-—mNA+B—-nyN---NA+B—ny)
where Dy = J,es T°D, for all finite A C Z and all ny, ..., ny € Z.

Proof. Following [6], let X C {0,1}% be the orbit closure of 1z under the shift T,
where (Tz)(n) = z(n+1). Let D = {x € X : 2(0) = 1}, and repeat the steps of [0],
Proposition 3.1 with Dy = (J,c4 T%D replacing D, noting that the indicator function
1p, is continuous. O

2.5. Sets of k-recurrence and k-intersective sets. As presented in [I8], [I7], a set
S C Z is called a set of k — 1-recurrence if for every M. P. S. X, and every D € X with
pu(D) > 0, there exists n € S such that

wWDNT"DNT*DN---nT-*YD)>0.

Similarly, S is called k — 1-intersective if for all B C Z with d*(B) > 0, there exists n € S
with
d(BNB—nNB-2nNn---NB—(k—1)n) > 0.
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It is shown in [21] that for all k, the k — 1-intersective sets are exactly the sets of k — 1-
recurrence, so in the sequel we speak only of sets of k — 1-recurrence.

We may consider more general forms of recurrence. Let py,...,pr_1 : Z — Z be
functions, and write p’ := (p1,...,pr_1). Call a set S C Z a set of p-recurrence if for
every M. P. S. X and every D € X, there exists n € S such that u(D N T~"D N
TPMpDA... AT P D) >0, and call p' recurrent if N is a set of p-recurrence.

Some variations on this definition will be useful. Call S a frequent set of p-recurrence
if for every M. P. S. X and all D € X with u(D) > 0, the set of n satisfying u(D N
TPrMDAT-PMDA...AT P D) > 0 has positive upper Banach density.

Finally, call S a set of p-recurrence for Kronecker systems if S satisfies the definition

of “set of p-recurrence” with “M .P. S. ” replaced by “Kronecker system.”

Theorem 2.5. Let p; : Z — 7 be polynomials, i = 1,..., k — 1. Suppose that S is a set
of frequent p-recurrence for Kronecker systems. Then for all ergodic M. P. S. s X, all
D € X, all infinite A C Z, and all € > 0,

R {n M(DAQT pi(n DAﬂT pa(n DAﬂ ﬂT_pk(n)DA)>,u(DA)k_€}

is almost Nil.-Bohr where r = deg(p), where Dy =
0. If the p; are linear, then R. is almost Bohr.

T°D, furthermore, d*(SNR.) >

acA

It will be more convenient to consider functions rather than sets, so we reformulate
Theorem as follows.

Theorem 2.6. Let p; : Z — Z be polynomials, 1 = 1,...,k — 1. Suppose that S is a
frequent set of p-recurrence for Kronecker systems. Then for every ergodic M. P. S. X,
f:X— [O 1], infinite A C Z, and all € > 0, there exists a finite A’ C A such that

/fA’ - Jar O Tpl fA’ o Tp2(n) ''''' fA’ O Tpk*l(n) d,u > (/ fd,u) — 5}

is almost Nil.-Bohr, where r = deg(p), where fa = |A—l,‘za€A,f o T~ If the p; are
linear, then R is almost Bohr. Furthermore, d*(S N R.) > 0.

Theorem 2.5 follows from Theorem 2.6 by taking f = 1p, and noting that 1p,, > far

whenever A’ C A.
From Theorem 2.5 and Proposition 2.4 we deduce the following combinatorial corollary.

Corollary 2.7. Let p; : Z — Z be polynomials, i = 1,...,k — 1. Suppose that S is

a frequent set of p-recurrence for Kronecker systems. Then for every set B C Z with
d*(B) > 0,

R.:={n:d"(A+ BNA+B—pi(n)NA+B—py(n)N---NA+B—p;_1(n)) > d*(B)*—¢}

is almost Nil.-Bohr, where r = deg(p). If the p; are linear, then R is almost Bohr.
Furthermore, d*(S N R) > 0.
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We can deduce Theorem by noting that for each irrational a, S, N R is syndetic
whenever R is a Bohr set; this follows from Weyl’s theorem on equidistribution, or from
the topological recurrence methods in [19]. Removing a set of upper Banach density 0
will not affect syndeticity, so the conclusion remains even when R is almost Bohr.

Remark. The systems of polynomials (py, . .., px_1) for which N is a set of recurrence are
characterized in [10]

2.6. Questions.

2.6.1. Optimality. Can Theorem be improved? Although Example shows that
R :={n:d*(A+ BNA+B—-nn---NA+B—(k—1)n) > C}
is not necessarily syndetic for C' > d*(B)*, our methods do not resolve the following.

Question 2.8. If A, B C Z, with A infinite, d*(B) > 0, and ¢ > 0, does there exist
n € N with

d(A+BNA+B-nnNA+B-2nn---NA+B—(k—1)n)>d(B) —e?

If not, can d*(B) be replaced by some quantity larger than d*(B)* to obtain an affirmative
answer?

Similarly, if X is an ergodic M. P. S. and D C X with u(D) > 0 and A C Z is infinite,
does there exist n € N, with

W(DANT"DyNT Dy ---NT-F "D y) > (D) — e?

2.6.2. Generalizations to Z%. For S C Z¢, one can define the upper Banach density
d*(S) := limps—s00 SUP yeza W, where I, is the cube [0, M]?. Many of the results
about sumsets in Z generalize naturally to sumsets in Z%, as in [28] and [3]. Similarly,

Szemerédi’s theorem generalizes to this setting, as shown [20]. Our main result, however,
breaks down under the naive generalization to Z? : for all [ € N there exists B C Z? with
d*(B) > 0 and A C Z? infinite with

&' (A+BNA+B—(n,m)NA+B—2(n,m)NA+B—3(n,m)N A+ B—Ad(n,m)) < %d*(B)l

for all (n,m) € Z? with m # 0: take the example By from and let B =7 x By, A=
Z x {0}.
In this example we still have

d'(A+B—-(n,00nA+B—-2(n,0)N---NA+ B —4(n,0)) =d"(B)
for all n € Z, which raises the following question.

Question 2.9. Are there infinite sets A, B C Z? with d*(B) > 0 such that for all
(n,m) € Z*\ (0,0)

d*(A+ BAA+B—(n,m)N A+ B—2(n, m)N A+ B—3(n, m)N A+ B—A4(n, m)) < %d*(B)?

If so, can the exponent 5 be improved?
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The matter of optimal recurrence in Z¢ is still under investigation; for configurations
of 3 points in an arbitrary set of positive density, the best known results are due to Q.

Chu ([15]).

2.7. Characteristic factors. If p; : Z — Z,©» = 1,...,k — 1 are polynomials and
X = (X,X,pu,T)is a M. P. S. with f € L?(u1), consider the correlation sequence

I(fin) = /f cfoTri . forn) L. foTPe—1 qy.

For a given ergodic X, there is a factor Z = (Z,2Z,r,5) of X such that the sequences
I;(f;n) are largely unaffected by replacing f with E(f|Z). Furthermore, Z is an inverse
limit of nilsystems.

Proposition 2.10 ([6], Corollary 4.6, cf. [30]). Let X be an ergodic M. P. S. and let
D1y Pt : L — 7 be polynomials. Then there is a factor Zo of X such that

(2) d*{n - |I;(f;n) = I;{E(f|Z);n)| > e} =0
for all e > 0. Furthermore, Z is an inverse limit of nilsystems.

The combination of the above theorem with the following lemma is essentially the
proof of Theorem 2.5

Lemma 2.11. Let Z be an inverse limit of ergodic nilsystems, with Kronecker factor Z,
and let A C Z be infinite. If f € L*(u) is orthogonal to L*(Zy), then there is a sequence
{an }nen of elements of A such that

1 N
Nhi’%oﬁ;for%zo

in L*(p).

Proof. We use the following fact: if (z,)nen is a bounded sequence of vectors in a
Hilbert space such that x,, — 0 weakly, then there is a subsequence (z/,),en such that
iy 3 S, ] = 0

By Theorem 21 lim, o0 [ foT™ - gdu = 0 for all g € L?(p). In particular, we can
choose a sequence of elements {a/,}>°; of A with lim, o [ f o T % - gdu = 0 for all
g € L*(p), and a subsequence {a, }nen of {a, },en such that limy_ Zivzl foT— =0
in norm. U

Lemma 2. 11]leads immediately to a proof of Theorem 2.6] specialized to inverse limits
of nilsystems.

Theorem 2.12. Let Z be an inverse limit of ergodic nilsystems, f : Z — [0,1]. Let
D1y Pe—1 - L — Z be polynomials such that N is a set of p-recurrence, and let A C Z
be infinite. Then for all e > 0, there exists a finite A’ C A with fa = ‘qu Yogen foIT ™

such that i
{n: I(fasn) > (/fd,u) _
is Nil.-Bohr, where r = deg p.
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Proof. First note that we can assume that Z is actually a nilsystem, since we can
approximate f in L?(u) by functions which are measurable with respect to some nilsystem
factor of Z. Applying Cauchy-Schwarz and the triangle inequality, we see that |I5(f) —
I5(g)| < 0 whenever ||f — gl|12(,) < /2F.

Let Zy = (Z1,21,m1, Ry) be the Kronecker factor of Z. Write f = g + h, where
E(g|Z1) = 0, and h is Z;-measurable. By Lemma 2.TT] there exists a sequence {a, }nen
of elements of A satisfying limy_cc + ZnNzl goT ™ =0in L*(u). Let A’ = {a, : 1 <
n < N} for some N satisfying ||%Zg:19 oT~% = 0| < e/2k. Then far = gar + ha,
where ||ga|| < €/2k. Thus

(3) [ I5(far;n) — I(ha;n)| < e/2

for all n. Since hus is Z;-measurable, we can interpret I;(ha;n) as Iﬁ(ilA/;n), where
ha i Zy — [0,1] is measurable, and ha (TP 2) = h (2 + pi(n)a). Thus

(4) Iﬁ(ilA'; n) = /EA’(Z> : ilA’(Z +pi(n)a) - EA’(Z + pe-1(n)a) dp.

Since p is a recurrent set of polynomials, we know that, for every neighborhood U of
0 € Zy, the set

{n:pi(n)aeUfori=1,... k}
Is Nil,-Bohr. For a sufficiently small neighborhood U, p;(n)a € U implies that the integral

in (@) is at least f(hAr)kd,u—a/Z Since f(hAr)kd,u > ([ ha d,u)k = (ffd,u)k, equations
@) and (@) imply the desired conclusion. O

Proof of Theorem [2.6. Let X be an arbitrary ergodic system, let " be a polyno-
mial vector as in the hypothesis, and let Z be the factor of X guaranteed to exist
by Proposition 2101 Let f : X — [0,1], let h = E(f|Z), and choose A" C A so
that R := {n : Iz(ha;n) > (ffd,u)k — ¢/2} is Nil,-Bohr, as Theorem allows.
By @), |Iz(ha;n) — I5(fa;n)| < € on a set R = R\ E, where d*(£) = 0. Hence

I;(far,n) > (ffdu)k forn e R.
By hypothesis, the given set S is a frequent set of p‘recurrence, so d*(S N R) > 0, and
d*(SNR') >0, as was to be shown. Since R’ is almost Nil,-Bohr, we are done. O

3. PROOF OF THEOREM

Given an M. P. S. (X, X, u, T'), we consider the correlation sequences [ foT™-g. By
Herglotz’s theorem, one can write

/fOTn'gd,u:/€27rin9dO'(9)

where o is a complex measure on T. The eigenvalues of T' correspond to the atoms of o,
so that o is atomless whenever f is orthogonal to all eigenfunctions of T

The following variation on Wiener’s lemma establishes estimates on 6(n) : [ > do(6).
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Lemma 3.1. Let o be an atomless complex measure on [0, 1], and suppose that S =
(S;)jen is a nearly equidistributed sequence of finite subsets of Z. Then for all e > 0,

ds{n :|o(n)| > e} =0.
The proof is essentially the same as the proof of Wiener’s lemma when S; = {1,...,j}.

Proof of Theorem[1.9. Let (X,X, u,T) be an ergodic M. P. S. with Kronecker factor
7:X = Z=(Z2m,R,), and let D € X. Let (5;)jen be a nearly equidistributed
sequence, and let A C Z with ds(A) > 0. We will show that D4 :=J,.4, T~ *D contains
a set of the form 77!(K), where K C Z and m(K) > pu(D). Thus,

u(DaNT™MDyN---NTT™Dy) >m(KNK —njaNK —nganN---NK —ng_a)

The conclusion then follows from the fact that the map Z*~* — R given by (z1,. .., z5_1) —
mKNK—-—zNK—2zN---NK —z,4) is continuous in (z1,..., 2x).

Write f = 1p, and write f = g+h, where g = E(f|Z),h L L*(Z). We will estimate 1p,
from below, noting that for all finite A" C A, fa := ﬁ Y owear JoT™* < 1p, (pointwise).
In particular, if f; is a weak limit of the averages fas, then f; < 1p,. We will show

that some weak limit f satisfies fo(z) > 0 for some z € 7= }(K), where K C Z with
m(K) > (D).

Now h is orthogonal to the eigenfunctions of T, so for a given ¢ € L?(u) we can write

/hOTn'¢,dM:/€27rin9dO'

where ¢ is an atomless complex measure on [0, 1]. Choose a subsequence (.57);en from S

so that lim;_, |ﬁgjj‘ = ds(A), and write A; for ANS}. By Lemma 3] we have that for
all € > 0,

ds{n \/hoT"-qsdu} >ef =0,
SO
1
lim — /hoT‘“wﬁduzO.
j=oo |4 [;Aj
By a diagonalization procedure, we may now pick a sequence a,, of elements of A so that
(i) Iimy_eo & SN hoT =0 (weakly in L2(u)).
(ii) fo :=lmy_oo = Zivzl foT % exists in L?(u).
Since f is nonnegative and bounded above by 1, so is fy, and [ fo,dp > [ fdp = p(D).
Hence fj is positive on a set of measure at least p(D). By (i) and the splitting f = g+ h,

the limit f; is measurable with respect to 7~!(Z). We may now take K = {x : fo(x) > 0}.
U
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4. APPENDIX.

Let G be a nilpotent Lie group, and let I' be a discrete subgroup of GG such that
X := G/T" is compact. Let 7 € G, and let T : X — X be the translation TzI' = 72T,
which preserves the natural projection of Haar measure p on X. Suppose that 7' is
ergodic. We want to show that when f is orthogonal to the eigenfunctions of 7', then
(X, X, p1,T), then lim, oo [ foT" - gdu = 0 for all g € L*(n). We derive this as a
corollary of the following result.

Theorem 4.1 (cf. [31], Theorem 3). Let H be a connected, simply connected nilpotent
Lie group, with I' C H a discrete subgroup and X := H/T' compact with Haar measure
w. Let A : H — H be a unipotent automorphism and a € H. Suppose that the map
S X — X given by ShI' = aA(h)T" is ergodic. Then the operator given by f +— foS
has countable Lebesque spectrum in the orothocomplement of the space spanned by the
eigenfunctions of S. In particular if f is orthogonal to the eigenfunctions of S, then
[ foS™ gdu— 0 asn— oo.

Here “unipotent” means the map B(h) := A(h)h™! satisfies B"(h) = eg, for some n
and all h.

Assuming G is as above, Let G° be the connected component of GG. Passing to the
universal cover of G°, we may assume G° is simply connected. When X is connected,
we have G = G°T', so 7 can be written as ty, where t € G° and v € I'. Also G/T" =
G°/(I' N G°). Writing

Tal = tyal’ = tyay'T,
we can consider 7" as an action on X’ := G°/(I' 1 G°). This action has the form zI" —
tAzD', where A is a unipotent automorphism of G° (note that all inner automorphisms of
a nilpotent Lie group are unipotent). We can apply Theorem [.T]to obtain our conclusion.

In general, X may not be connected, but X will have finitely many connected com-
ponents X1, ..., X, which are permuted by 7. In this case, the map 7" : X; — X, will
be ergodic, so we may apply the above argument to 7"". A simple argument then shows
that the desired conclusion holds for T" as well.
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