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Abstract

We consider wireless networks that can be modeled by melliptess channels in which all the terminals
are equipped with multiple antennas. The propagation mosletl to account for the effects of transmit and
receive antenna correlations is the unitary-invariaritamyp model, which is one of the most general models
available in the literature. In this context, we introduced a&analyze two resource allocation games. In both
games, the mobile stations selfishly choose their powecatilon policies in order to maximize their individual
uplink transmission rates; in particular they can ignormecspecified centralized policies. In the first game
considered, the base station implements successivedreade cancellation (SIC) and each mobile station
chooses his best space-time power allocation scheme; deregrdination mechanism is used to indicate to
the users the order in which the receiver applies SIC. In #wersd framework, the base station is assumed to
implement single-user decoding. For these two games augbranalysis of the Nash equilibrium is provided:
the existence and uniqueness issues are addressed; taspooding power allocation policies are determined
by exploiting random matrix theory; the sum-rate efficienéyhe equilibrium is studied analytically in the low

and high signal-to-noise ratio regimes and by simulationsiore typical scenarios. Simulations show that, in
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particular, the sum-rate efficiency is high for the type ofteyns investigated and the performance loss due to

the use of the proposed suboptimum coordination mecharsisrary small.
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. INTRODUCTION

In this paper, we consider the uplink of a decentralized ndtwf several mobile stations (MS) and one base
station (BS). This type of network is commonly referred talasdecentralized multiple access channel (MAC).
The network is said to be decentralized in the sense thatesshcan freely choose his power allocation (PA)
policy in order to selfishly maximize a certain individualfsgmance criterion, which is called utility or payoff.
This means that, even if the the BS broadcasts some specifi®iep, every user is free to ignore the policy
intended for him if the latter does not maximize his perfonce criterion.

To the best of the authors’ knowledge, the problem of deaéiméd PA in wireless networks has been
properly formalized for the first time i [1][[2]. Interesgly, this problem can be formulated quite naturally
as a non-cooperative game with different performancer@ifgtilities) such as the carrier-to-interference ratio
[3], aggregate throughputl[4] or energy efficiency [5], [6). this paper, we assume that the users want to
maximize information-theoretic utilities and more pretystheir Shannon transmission rates. Indeed, the point
of view adopted here is close to the one proposed by the autbfo[7] for DSL (digital subscriber lines)
systems, which are modeled as a parallel interference ehaf@j for the single input single output (SISO)
and single input multiple output (SIMO) fast fading MACs lwiglobal CSIR and global CSIT (Channel State
Information at the Receiver/Transmitters) [9] for MIMO (Miple Input Multiple Output) MACs with global
CSIR, channel distribution information at the transmgtéglobal CDIT) and single-user decoding (SUD) at
the receivers; [10],[[11] for Gaussian MIMO interferenceachels with global CSIR and local CSIT and, by
definition of the conventional interference channel [12)05at the receivers. Note that referentel[13] where
the authors considered Gaussian MIMO MACs with neither Q®ITCDIT differs from our approach and that
of [7], [8], [9], [10], [11] because in[[13] the MIMO MAC is seeas a two-player zero-sum game where the
first player is the group of transmitters and the second playéhe set of MIMO sub-channels. The closest
works to the work presented here are [9] and [14]. Althouds fiaper is in part based on these works, it still
provides significant contributions w.r.t. to them, as ekpd below.

In [9], the authors consider MIMO multiple access channets@assume SUD at the BS; the authors formulate
the PA problem into a team game in which each user choosesthie Bhaximize the network sum-rate. In
[14], the same type of decentralized networks is considbte&IC is assumed at the BS. As each user needs
to know his decoding rank in order to adapt his PA policy to mmze his individual transmission rate, a
coordination mechanism has to be introduced: the cooldimatgnal precisely indicates to all the users the

decoding order used by the receiver. The present paperdiifem these two contributions on at least four
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important technical points: (i) when SUD is assumed, the B&g is not formulated as a team game but as
a non-cooperative one; (ii) we exploit several proof teghes that are different frona|[9]; (iii) while_[9] and
[14] assume a Kronecker propagation model vadmmonreceive correlation we assume here a more general
model, the unitary-invariant-unitary (UIU) propagatiomde! introduced by[[21], for which the users can have
different receive antenna correlation profiles. This isfulsen practice since, for instance, it allows one to
study propagation scenarios where some users can be inflisght with the BS (the receive antenna are
strongly correlated) whereas other users can be surroungeshny obstacles, which can strongly decorrelate
the receive antennas for these users; (iv) while the autbiof$4] restricted their attention to either a purely
spatial PA problem or a purely temporal PA problem, we tatides the general space-time PA problem.

In this context, our main objective is to study the equililoni of two power allocation games associated with
the two types of decoding schemes aforementioned (namé&ha8t SUD). The motivation for this is that the
existence of an equilibrium allows network designers talfmte with a certain degree of stability, the effective
operating state(s) of the network. Clearly, in our contexigueness is a desirable feature of the equilibrium.
As it will be seen, it is possible to prove the existence inhbgames under investigation. Uniqueness is
proven in the case of SUD while it is conjectured for the cas8I€. In order to establish the corresponding
results, the paper is structured as follows. After presgnthe general system model in SE¢. II, we analyze
in detail the space-time PA game when SIC and a corresporadiagination mechanism are assumed (Sec.
M. For this game, the existence and uniqueness of the NEpawsven and the equilibrium is determined by
exploiting random matrix theory when the numbers of anteran@ sufficiently large. Its sum-rate efficiency
is also analyzed. In SeC.V, we analyze the case of SUD shisedecoding scheme, although suboptimal in
terms of performance (even in the case of a network with shagltenna terminals), has some features that can
be found desirable in some contexts: the receiver compléxiiow, there is no need for a coordination signal,
there is no propagation error since the data flows are decodpdrallel and not successively and also it is
intrinsically fair. To analyze the case of the SUD-based R#ng, we will follow the same steps as in Sed. IlI
and we will see that, the equilibrium analysis can be deduited large extent, from the SIC case. Numerical
results are provided in Selc] V to illustrate our theoreta@dlysis and to better assess the sum-rate efficiency

of the considered games. SEc] VI corresponds to the cooolusi

Il. SYSTEM MODEL

We assume a MAC with arbitrary number of useks> 2. Regarding the original definition of the MAC by

[15] and [16], the system under consideration has two comfeatures: all transmitters send at once and at
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different rates over the entire bandwidth, and the trartemsitare using good codes in the sense of the Shannon
rate. Our system differs from [15][16] in the sense that ipldtantennas are considered at the terminal nodes,
channels vary over time and the BS does not dictate the PAieslio the MSs. Also, we assume the existence
of coordination signal which is perfectly known to all thenténals. If the coordination signal is generated by the
BS itself, this induces a certain cost in terms of downlirdasiling but the distribution of the coordination signal
can then be optimized. On the other hand, if the coordinagignal comes from an external source, e.g., an FM
transmitter, the MSs can acquire their coordination sigoiafree in terms of downlink signaling. However this
generally involves a certain sub-optimality in terms ofinblrate. In both cases, the coordination signal will be
represented by a random variable denotedShy S. Since we study thél—user MAC,S = {0, 1, ..., K!} is

a K!+ 1-element alphabet. When the realization is{in..., K'!} , the BS applies SIC with a certain decoding
order (game 1). WheR = 0 the BS always applies SUD (game 2), where all users are ddcahelltaneously
(no interference cancellation). In a real wireless systeenftequency at which the realizations would be drawn
would be roughly proportional to the reciprocal of the chelncoherence time (i.el/T.,,). Note that the
proposed coordination mechanism is suboptimal becauseei dot depend on the realizations of the channel
matrices. We will see that the corresponding performanss i in fact very small.

We will further consider that each mobile station is equippéth n; antennas whereas the base station has
n, antennas (thus we assume the same number of transmittiagrast for all the users). In our analysis, the
flat fading channel matrices of the different links vary fregmbol vector (or space-time codeword) to symbol
vector. We assume that the receiver knows all the channelaaat(CSIR) whereas each transmitter has only
access to the statistics of the different channels (CDITe €quivalent baseband signal received by the base
station can be written as:

H(n)XY (1) + 29(7), (1)

=
=

I
] =

k=1
Whereg,(f) (1) is then,-dimensional column vector of symbols transmitted by uset timer for the realization

s € S of the coordination signall(7) € C"*" is the channel matrix (stationary and ergodic process) of
userk and Z*)(r) is an,-dimensional complex white Gaussian noise distributed/#8, 2I,, ). For the sake

of clarity we will omit the time indexr from our notations.

In order to take into account the antenna correlation effatthe transmitters and receiver, we will assume
the different channel matrices to be structured accordinth¢ unitary-independent-unitary model introduced
in [21]:

Vk e {1,..,K}, H, = V,H,W,, 2)
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whereV; and W, are deterministic unitary matrices that allow one to take itonsideration the correlation
effects at the receiver and transmitter. AEqQ. is ann, x n; matrix whose entries are zero-mean independent

complex Gaussian random variables with an arbitrary profileariances, such that| iy, (i, j)|* = o:led) The

N

Kronecker propagation model for which the channel transfatrices factorizes abl;, = R,ﬁ,/QC:)kT,i/Q is a

special case of the UIU model where the profile of variancegjmrable i.eE|H; (i, j)|? = %‘W, with

for eachk: ©®; is a random matrix with zero-mean i.i.d. entrifg, is the transmit antenna correlation matrix,
R, is the receive antenna correlation matr{ﬂ,E:T) (J)}jeq1,...n,y @nd {d,ﬁR) (4)}ieq1,...n,y @re their associated
eigenvalues. In this paper we will consider thgt = V for all users. The reason for assuming this will be made
clearer a little further. In spite of this simplification, well still be able to deal with some useful scenarios

where the users see different propagation conditions mgeasf receive antenna correlation.

[1l. SUCCESSIVEINTERFERENCECANCELLATION

When SIC is assumed at the BS, the strategy of kser{1,2, ..., K}, consists in choosing the best vector
of precoding matrice®;, = (Q,(fl), Q,(f), . Q,(f{!)) whereQ,(j) =E [X,gs)gl(f)ﬂ}, for s € S, in the sense of
his utility function. For clarity sake, we will introduce ather notation which will be used in the remaining
of this section to replace the realizatierof the coordination signal. We denote By the set of all possible
permutations ofK elements, such that € P, denotes a certain decoding order for theusers andr(k)
denotes the rank of usérc K andr~! € Py denotes the inverse permutation (ize:! (7 (k)) = k) such that
7~1(r) denotes the index of the user that is decoded with raakiC. We denote by, € [0, 1] the probability

that the receiver implements the decoding order Py, which means thatz pr = 1. At last note that there

TEPK
IS a one-to-one mapping between the set of realizationseo€dlordination signa$ and the set of permutations
P, i.e.£: S — Py such that{(-) is a bijective function. This is the reason why the indegan be replaced
with the indexr without introducing any ambiguity or loss of generality.eTector of precoding matrices can

be denoted byQ = (Ql(f)> » and the utility function can be written as:

SV

QR Qo) = Y p-R7(Q), Q7)) (3)

TEPK
where

RV(Q", Q") =Elog, 1+ pHQVHY +p Y HQVHY| ~Elogy [T+ >~ HQVHI| (4)
ek ek
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with p = andIC = {¢ e K|n(¢) > n(k)} represents, for a given decoding orderthe subset of users
that will be decoded after usér Also, we use the standard notatietk , which stands for the other players
than k. An important point to mention here is the power constraimier which the utilities are maximized.
Indeed for usek € {1, ..., K}, the strategy set is defined as follows:

ASIC = {Qk - (Q,ﬁ“’)ﬂepK | vreP,Q =0, 3 pr(@Q) < ntﬁk} . (5)

TEPK
In order to tackle the existence and uniqueness issues feln Bquilibria in the general space-time PA game,

we exploit and extend the results from Rosen| [17], which wk bviefly state here below in order to make
this paper sufficiently self-contained.

Theorem 1:[17] Let G = (K, { Ak }reic, {ur }rex) be a game wherdl = {1,..., K} is the set of players,
Ay, ..., Ax the corresponding sets of strategies and..., u; the utilities of the different players. If the following
three conditions are satisfied: (i) eael is continuous in the all the strategies € A;,Vj € K; (i) each uy
IS concave ing;, € Ag; (i) Aj,..., Ax are compact and convex sets; thérhas at least one NE.

Theorem 2:[17] Consider theK-player concave game of Theorém 1. If the following (diadignstrict

concavity) condition is met: for alk € K and for all (a,a}) € A} such that there exists at least one index
K

j € K for whichd); # df, Z(gg —a))" [Vaur(a),a' ) — Va,ur(al,a” )] > 0; then the uniqueness of the
NE is insured. =

In the space-time power allocation game under investigatite obtained results are stated in the following
theorem.

Theorem 3: [Existence of an NE] The joint space-time powdwcation game described by: the set of
playersk € {1,2}; the sets of actions4?'C and the utility functions:}'°(Qx, Q_x) given in [3), has a Nash
equilibrium.

Proof: It is quite easy to prove that the strategy séfs“ are convex and compact sets and that the utility
functionsu}'°(Qy, Q_x) are concave w.r.Q; and continuous w.r.t. t¢Qy, Q_x) and by Theorerfil1 at least
one Nash equilibrium exists. For more details, the readeeferred to AppendikA. |

Theorem 4: [Sufficient condition for uniqueness] If thedeling condition is met

K
> 3 {@ - Q) (Vo u QL QL) — Vruf Q1. Q7)) b > 0 (6)
TEPK k=1
r _ (o™ n_ (o™ sIC / /
for all @, = (Qf )WGP Q= (Q} )WGP € AYC such that(Q), ..., Q) # (Q/,....Q%), then the

Nash equilibrium in the power allocation game of Theotdm 8rigjue.
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This theorem corresponds to the matrix generalization efdiagonally strict concavity (DSC) condition of
[17] and is proven in AppendixIB. To know whether this coratitis verified or not in the MIMO MAC one

needs to re-write it in @ more exploitable manner. It can beckéd thatC expresses as = Z prTr Where

TEPK
for eachr € Pk, T, is given by:
T. = YT " Q) [V m R ")~ Vm R o
s Z I k‘ ) Q(W) (Q 7Q k ) Q(W) (Q Q—k; )
- EZTI‘ {pr*l(r)(QS:)1 ry Q( 7)1(71))H L(r)
r=1 « _1
(m)’ H ()’ H
(I  PH () Qe By + 0 z;lH“(s)le(s)was)) - (7)
—17
()" (M) yH
(I +pHﬂ- 1(7‘)Q7r 1(r) — 1(r —l—p ZIHW 1 Q7r 1(s) Hnl(s)> }
s=r+
K K -1 K -r
= E) Tr(AM" — A (I +)° A§”>’> - (I +) A,@”)
r=1 s=r s=r
(m)" _ () H (m)" _ (™) yH
where A, pr](,‘)Qﬂ,l(r)Hrl(r), A, pHrl(,‘)er(r)Hrl(r) and the users have been ordered

using their decoding rank rather than their index.
Theorem 5: [A sufficient condition for DSC] If for any posdidefinite matricesA;, B;, A; # B;, i €
{1, ..., K} we have that

fonfp) ) e

then the DSC condition is met: > 0.
It turns out that the trace inequalitly] (9) always holds foy df et for any positive matrices.

Lemma 1: [Trace inequality] For any positive definite maéscA;, B;, A; # B,;, i € {1,..., K} we have

that . | .
iﬂ{(AiBi)KZZ:Bj) (ZZ:AJ-) ]}>0. (9)

The proof can be found in [27], fokK = 2, and in [28] for arbitraryK > 2.
Determination of the Nash equilibriunm order to find the optimal covariance matrices, we proceethé
same way as described in [9]. First we will focus on the optigigenvectors and then we will determine the

optimal eigenvalues by approximating the utility funcoander the large system assumption.
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Theorem 6: [Optimal eigenvectors] For all € K, Qi € A%IC there is no loss of optimality by imposing

the structureQ; = (Qx™)rep,, QI = WP (MWW, in the sense that:

sIC sIC
QR U (Qr, Q-k) = Qe up (Qk, Q-k);
k % k k

where SPIC = {Qk = (Qu™)pep, € ASC|IQW = W PP WH } s € S, model from [R) andP®) =
Diag(P™(1),..., P (n,)).
The detailed proof of this result is given in Appenfik C. Thesult, although easy to obtain, it is instrumental
in our context for two reasons. First, the search of the aptinprecoding matrices boils down to the search of
the eigenvalues of these matrices. Second, as the optingenweictors are known, available results in random
matrix theory can be exploited to find an accurate approxanaif these eigenvalues. Indeed, the eigenvalues
are not easy to find in the finite setting. They might be founicgisiumerical techniques based on extensive
search. Here, our approach consists in approximating theestin order to obtain expressions which are not
only easier to interpret but also easier to be optimized.\hre eigenvalues of the precoding matrices. The key
idea is to approximate the different transmission rateshigjr targe-system equivalent in the regime of large
number of antennas. The corresponding approximates caouvel fto be accurate even for relatively small
number of antennas (see e.@.,/[L8][19] for more details).

Since we have assuméd, = V, we can exploit the results in [R0][21] for single-user MIM&annels,
assuming the asymptotic regime in terms of the number ofnalten, — oo, n; = oo, = — . The

corresponding approximated utility for uskris:

BCUP ek mere) = Y vl (P, PT) (10)
WEPK
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where

(7T ™ ™ 1 ™ . ™ .
RO®PPT) = — Y S log, (1+ (N + )pED 7)) +
" rek Uy =1

Wzlogz( b Y iaf(i’j)‘;gﬂ(j))

=1 N(W) + Dy ek Uk} I=1

S .

" ZEIC(")U{k} j=1

oy S logs (1+ NP ()60 ) -

ZEK(W) 7j=1

n—TZlog2 (1 N Z Zagz j % )

(11)

o Z Z(ngF WT )logy e

ZEIC(") j=1

WhereN,E”) ]IC(” | and the parameteré andd( )( J) V5 e{l,...,m}, k € K, m € Pk are the solutions
of:

vie{l,.. nt}ee/c U{k}
s 1 - ou(i,j
VP G) = T o )m
n . ™
T S e 2 2 elbmaT(m) 12)
rekVu{ky m=1
5 () (V™ + V)P ()
¢ 14 (N™ L1 ,P™ (i~ 5y
+ (N, +DpB ()" ()
and gb@’”(j), wé’r)(j), Vje{l,...,n:} andw € Pk are the unique solutions of the following system:
Vie{l,...,m}ee kK™ :
.. 1 ouli,j
Cbé)(]) = N(W) Z( )
R DD S orlism)om) (13)
Telc(”)m 1
N(W) PW)( )
TZJ(W)( _ k. Py U
¢ 14 N, p( )
+ Ny pP ()b ()

The corresponding water-filling solution is:

1 1

PONE(j) = :
In 21, Ag N}gﬂ)p,yl(:) ()

(14)
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10

where )\, > 0 is the Lagrangian multiplier tuned in order to meet the poearstraint:
+

= 1 1 —
2 2P|y @ | e

nE€P j=1 nde N oy ()
Note that to solve the system of equations given above, weisathe same iterative power allocation algorithm

as the one described inl[9].

At this point, an important point has to be mentioned. Thetexice and uniqueness issues have be analyzed
in the finite setting (exact game) whereas the determinatfathe NE is performed in the asymptotic regime
(approximated game). It turns out that large system appratds of ergodic transmission rates have the same
properties as their exact counterparts, as shown recentli23], which therefore ensures the existence and
uniqueness of the NE in the approximated game.

Nash Equilibrium efficiencyin order to measure the efficiency of the decentralized nétwor.t. its cen-

tralized counterpart we introduce the following quantity:

NE
SRE = Jemm ¢ (15)

sum

where SRE stands for sum-rate efficiency; the quarify, represents the sum-rate of the decentralized network
at the Nash equilibrium, which is achieved for certain cksiof coding and decoding strategies; the quantity
Csum CoOrresponds to the sum-capacity of the centralized netwalich is reached only if the optimum coding
and decoding schemes are known. Note that this is the cadbddviIAC but not for other channels like the
interference channel. Obviously, the efficiency measurentreduce here is strongly connected to the price
of anarchy [[24] (POA). The difference betweSRE and POA is subtle. In our context, information theory
provides us with fundamental physical limits on the socielfare (network sum-capacity) while in general no

such upper bound is available. In our case, the sum-capiacifiven by:

K
_ H
Coum =, BB o B8 [0 D HeHE o
with
A = L(Qy, ., Qo) Wk € C, Q> 0,9, = QF Tr(Q) <Py} (17)

In general, it is not easy to find a closed-form expressiomefSRE. This is why we will respectively analyze
the SRE in the regimes of high and low signal-to-noise raé8bNR), and for intermediate regimes simulations
will complete our analysis. It turns out that the SRE tend4 ia the two mentioned extreme regimes, which

is the purpose of what follows.
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11

In the high SNR regimewherep — oo, we observe from{12) thaﬁé”) (j) — m Under this condition, it

is easy to check that by setting the derivativepfw.r.t. Pk(f) (j) to zero, we obtain that the power allocation
policy at the NE is the uniform power aIIocatkIl"l,(f)’NE = P,.I, regardless the realization of the coordination
signal S. Furthermore, in the high SNR regime, the sum-capacity lisexed by the uniform power allocation.
Thus, we obtain that the gap between the NE achievable stararal the sum-capacity is optim&8RE = 1

for any distribution ofS.

T

In thelow SNR regimgwherep — 0, from (12) we obtain thaié”) (j) — 0and thatryé’r) () = mz o(i, 7).

i=1
By approximatingln(1 + x) ~ x whenx << 1, the power allocations policies at the NE are the solutidns o

the following linear programs:

N N

omax Y8 S aRT )Y o)
P (D hi<ign, j=1 | pr€Px i=1 (18)
st. > > PG) < Py
j=1 wePg
given by:
- n Py, if j =arg max Zak(i,m)
Z pwplg )’NE(J') = tsmsne i . (19)

mePx 0 otherwise
The optimal power allocation that achieves the sum-capasitequal to the equilibrium power allocation,
P =2 cr. pﬂPl(f)’NE(j) Thus, the achievable sum-rate at the NE is equal to the deettaupper bound
and thusSRE = 1 for any distribution ofS. In conclusion, when either the low or high SNR regime is
assumed, the sum-capacity of the fast fading MAC is achievede NE although a sub-optimum coordination

mechanism is assumed and also regardless of the distnbotithe coordination channel.

IV. SINGLE USERDECODING

In this section the coordination signal is deterministiartrely Pr[S = s] = d(s), § being the Kronecker
symbol) and therefore the amount of downlink signalling B& needs in order to indicate to the MSs that it is
using SUD can be made arbitrary small (by letting the fregyeat which the realizations of the coordination
signal are drawn tend to zero). In this framework, each uaend optimize only one precoding matrix. Indeed,
the strategy of user € K, consists in choosing the best precoding ma@ég) =E [X,EO)K,EJOW}, in the sense
of his utility function obtained with SUD:

P(Q, Q) = Elog [T+ pH, QU HY + oS HQVH) | —Elog|T+ S HQUH/|  (20)
o+ ik
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12

. The strategy set of usérbecomes

AP = {al” = 0.q = " 1(Q”) < n Py} (21)

It turns out that the equilibrium analysis in the game withC5tan be, to a large extent, deduced from the
game with SIC. For this reason, we will not detail the coroespng proofs. The existence and uniqueness
issues are given in the following theorem.

Theorem 7: [Existence and uniqueness of an NE] The spacerpaliseation game described by: the set
of playersk € K; the sets of actionsA?YP and the payoff functions?VP( 20),Q§];) given in [20), has a
unique Nash equilibrium.

To prove theexistenceof a Nash equilibrium we also exploit Theoréin 1 and the fouwressary conditions
on the utility functions and strategy sets can be verifiedgishe same tools as described in Apperidix A.

Uniqueness of the Nash equilibriutrdere we can specialize Theorém 4, which is the matrix extensf

Theoreni 2. When the strategies sets are not sets of pairstiéesebut only sets of matrices, the diagonally strict

concavity condition in[{6) can be written as follows. ForQﬂO),, Q,(f)" € ASUD such tha(Q\”)", ..., Qgg)’) £
@Q",...,.QY":
K " ’ ’ ’ " "
¢ = Ym{@ - ) [Voru @ Q") - Voo (@, Q") } (22)
k=1
Now we can evaluaté and obtain that:
K , , K B -1 K ) —1
¢ = Yms | pHiQ - o H{| <I+pZHZQ2‘” H?) - (HPZHeQéO’ Hf)
k=1 /=1 /=1
= Tr{(A - A"[(A")" —(A)']},
(23)

which is strictly positive for allA" # A", A" = 0, A" = 0 after [27] applied wheri = 1. This result can be

applied here since we have

K
A =1+py HQHI
(=1

K
" 0 1"
A" =1+, HQ HI.
=1
Determination of the Nash equilibriurAs for the optimal eigenvectors of the covariance matrieesfollow

the same lines as in AppendiX C. In this case also there is $8@ db optimality by choosing the covariance
matricesQ,(f) = WkP,E/,O)W,f, whereW,, is the same unitary matrix as inl (2) al®j, is the diagonal matrix

containing the eigenvalues Q,io).
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Here also we further exploit the asymptotic results for tH&1Kd channel given in[20]]2[1]. The approximated

utility for user k is:

K n
PP PY) = Zzlog21+KpP V) w()+
" k= 1j5=1
1 &
— 3 log, 1+—Zzak235k —
i3 b =1 j=1
K n:
—ZZ’Yk )0k (4) logy e—
" k= ly 1 (24)
—Zzlogz 1+ (K — 1)pP (j)e (1)~
Z;ﬁky 1
n—zlogz ZZUZZJW
" =1 é;ékj 1
122@ )e(j) logy e
l#£k j=1

where the parameterg,(j) andé,(j) Vj € {1,...,n}, k € {1,2} are solution of:

i

Vie{l,...,nm},keK:
, 1 & or(i,j
W) = g
T ST S g m)de(m) (25)
/=1 m=1
| KpP" (j)
519(]) 0), . N
1+ KpP ()7 (5)
and oy (4), ¥e(4), V5 € {1,...,n;} are the unique solutions of the following system:

/

Vie{l,...,n:}, 0 € K\ {k}:

NP N Y
=y (K_ill)ntz Z o (i, m)yy(m) (26)
r#k m=1

(K = 1)pP” (j)
L+ (K = 1)pP” ()60 ()
The corresponding water-filling solution is:

O),NE( ) = 1 1

P! -
F In2n, A Kpye(j)

(27)
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N +
: : . : . 1 1

where)\; > 0 is the Lagrangian multiplier tuned in order to meet the pomnstralnt:E [ =

j=1

In2n, N, Kpy(j)
n Py.
In what the efficiency of the NE point is concerned, we alredgw that the SUD decoding technique
is sub-optimal in the centralized case (SUD does allow thevar& to operate at an arbitrary point of the
centralized MAC capacity region) and it is impossible toctethe sum-capacit¢s,,, even if the high and low

SNR regime are assumed.

V. SIMULATION RESULTS

In what follows, we assume the regime of large numbers ofremae. From[[9],[[20],[[21], we know that
the approximates of the ergodic achievable rates in the pistin regime are accurate even for relatively small
number of antennas. For the channel matrices, we assumednedker modeH;, = R,lg/QG)kT,i,/Q mentioned
in Sec[l, where the receive and transmit correlation masR ., T, follow an exponential profile characterized
by the correlation coefficients (see e.q.,1[25].1[26])}= [r1,72] andt = [t1,t2] such thatR(i,j) = r,'f_jl,
Tx(i,j) = t',f_ﬂ. By assuming that the receive antenna is a uniform lineaygtdLA) and knowing that, when
the dimensions of Toeplitz matrices increase they can beoappated by circular matrices we obtain that all
the receive correlation matricd®;, can be diagonalized in the same vector basis (i.e., the éobigisis). Thus
the considered model is included in the UIU model that weistlidvhereV, = V.

Fair SIC decoding versus SUD decodirtgrst we compare the results of the general space-time PAegam
considered in Se€_1ll, where SIC decoding is used at thevegeand the game described in Secl IV, where
SUD decoding is used. Fig] 1 depicts the achievable sumatatiee equilibrium as a function of the transmit
power P, = P, = P, for the scenariov, = n, = 10, r = [0.5,0.2], t = [0.5,0.2], p = 3dB. In order to have a
fair comparison we assume that= % (on average each user is decoded second half of the time wieis S
assumed). We observe that, even in this scenario, whichiveaght to be a bad one in terms of sub-optimality,
the sum-rate obtained with the first game is very close to thm-sapacity upper bound. Also, the sum-rate
reached when the BS uses SUD is clearly much lower than theratenobtained by using SIC.

SIC decoding, comparison between the joint space-time BAlanspecial cases of spatial PA and temporal
PA. Now we want to compare the results of the general space-thnwith the two particular cases that were
studied in [14]: the spatial PA, where the users are forcalltcate their power uniformly over time (regardless
of their decoding rank) but are free to allocate their powerdhe transmit antennas; the temporal PA, where

the users are forced to allocate their power uniformly oweirtantennas but they can adjust their power as
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a function of the decoding rank at the receiver. [Flg. 2 regmesthe sum-rate efficiency as a function of the
coordination signal distribution parameter [0, 1] whenn, = n, = 10, r = [0.3,0], ¢t = [0.5,0.2], p = 4dB,
P, =5, P, = 50. We observe that the three types of power allocation paliperform very close to the upper
bound. What is most interesting is the fact that the perfoiceaof the network at the equilibrium is better by
using a purely spatial PA instead of the most general spawe®A. This has been confirmed by many other
simulations and illustrates a Braess paradox: althoughséte of strategies for the space-time case include
those of the purely spatial case, the performance obtaintdtea\NE are not better in the space-time case.
SIC decoding, spatial PA, achievable rate regitm.Fig.[3, we observe that the rate region achieved at the
NE of the space PA as a function of the distribution of the dowtion signap for the scenario, = n; = 10,
r =0.4,0.2], t =[0.6,0.3], p = 3dB, P, =5, P, = 50. It is quite remarkable that in large MIMO MACs, the
capacity region comprises a full cooperation segmentijkisthe SISO MACs. The coordination signal precisely
allows one to move along the corresponding line. This shdwsreélevance of large systems in decentralized
networks since they allow to determine the capacity regiboestain systems whereas it is unknown in the

finite setting. Furthermore, they induce an averaging g&fighich makes the users’ behavior predictable.

VI. CONCLUSIONS

Interestingly, the existence and uniqueness of the Nasiiilg@qum can be proven in multiple access channels
with multi-antenna terminals for a general propagationncieh model (namely the unitary-invariant-unitary
model) and the most general case of space-time power alacsthemes. In particular, the uniqueness proof
requires a matrix generalization of the second theorem &EeR®17] and proving a trace inequality [28]. For
all the types of power allocation policies (purely tempdpal, purely spatial PA, space-time PA), the sum-rate
efficiency of the decentralized network is close to one whihi§ assumed and the network is coordinated by
the proposed suboptimum coordination mechanism. Quiggisurgly, the space-time power allocation performs
a little worse than its purely spatial counterpart, whiclsgn evidence a Braess paradox in the types of wireless
networks under consideration. One of the interesting esiteis of this work would be to analyze the impact of
a non-perfect SIC on the PA problem. Indeed, the effect opggation errors could then be assessed (which

does not exist with SUD).
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APPENDIX A
A. Concavity of the utility functions?'©

Let us focus on usek € K. We want to prove that}'“(Qg, Q_x) is concave w.r.tQ,, € A7C. We observe
that the termk\™(Q\™, Q")) in () depends only o®\™ andQ"™) and not on the covariance matric@s”,
Q(_le for any other possible decoding rutec Px \ {r}. Thus, in order to prove that}!°(Qy, Qi) is strictly
concave W.rt. toQ, = (Q,(f))ﬂepk, it suffices to prove thaR,(c’T)(Q,i’r),Q(f,z) is concave w.r.t.Q,(f) for all
m € Pg.

To this end, we study the concavity of the functiffi\) = R,(C’T)()\Q,(f)/ + (1 - )\)Q,(f)”) over the interval

[0, 1] for any pair of matrices{Ql(f)/, ff)”). The second derivative of is equal to:

_ —1
L) = —ETr |p*HY (I+kaQ,(f)”HkH + PAHAQUHE +p Y HZQ?)Hf) H,AQ!"
L tek™

—1
<H | 1+ pH, QU HI + ) HAQUHY +p > H,Q{VHY! ) H,AQL"
teki™

— —ET[AAQ"AAQ™]

-1

with A = p?Hj! (I + oH QW HE + pAH,AQMHY + > HzQéw)Hf) H,,, which can be proven
ek

to be a Hermitian positive definite matriAQ,(f) = Q,(f) - Q,(f) also a Hermitian matrix, and = .

2L = —ETr[AY2AQWAV2A2AQIM AV
— _ETyBB7] <0 ’

with B = A12AQ{W A1/2,

B. Continuity of the utility functions}'®

Considering the Leibniz formula, the determinant of a xatein be expressed as a weighted sum of products
of its entries. Knowing that the product and the sum of cargirs functions are continuous, we conclude that
the determinant function is continuous. Also, it is well lwrothat the logarithmic function is a continuous
function. Thus, for anyr € Py, the functionR,(f)(Q,(f),Q(_’T,z) is nothing else but the composition of two
continuous functions which is also continuous w.(r(nlg”),Q(jrg). This suffices to prove that%IC(Qk,Q_k)

is continuous W.r.t(Qg, Q_x).
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C. Convexity of the strategy set§'®

In order to prove that the sed{IC is convex, we need to verify that, for any two matric@®,,Q;) €
APC x AFIC, we have:

aQ; + (1 - a)Q € A,

for all a > 0.

For anyQ,,Q, € A,(CSIC), the matricesQl(f) are Hermitian which implies the&Q,(f)/ + (1 - a)Ql(f)N are
also Hermitian matrices, for alt € Py.

Furthermore, for an;Q}f, Q}; € AEIC, we have thaQ,(f)/, ff)” are non-negative matrices which implies
thataQ,(f)/ +(1 - a)Q,(f)” are also non-negative matrices, for alk P .

Finally, knowing that the trace is a linear application wednghat:

S peTr (0@ + (1 - a)Q”") =

TEP

=a ) (@) + (1) Y pTr(Q)

TEPy TEPy
< aniPy + (1 — a)n Py,

= ntﬁk .

ThusaQ,, + (1 — a)Q;, € AJIC and the set is convex.

D. Compactness of the strategy set$'“

To prove that the strategy sets are compact sets we use thtddacdn finite dimension spaces, a closed and
bounded set is compact.

First let us prove thatd}'“ is a closed set. We define the functign A}'C — [0, n, Py], with

Q)= p1x(@Q).

TEPK

We see thay(-) is a continuous function and that its image is a compact ansl tfosed set. Knowing that
the continuous inverse image of a closed set is closed, welunhaﬂthal‘fliIC is closed.

Now we want to prove that the sgt?'C is a bounded set. We associate to the tuple of mat(iQ:,(Cg)),repK

the following norm||Qy[| = [ > 1Q\™ |2 where]|.|| is is the spectral norm of a matrix.
TEPK

172 = \fmax{Aqum g (D}
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Since for allQ;, € AY'C, Q,(f) is a non-negative, Hermitian matrix we have that:
max{)\QS) (), < TT(Q,(:)) < o0,

and thus:

19712 = \ fmax{Aqeoz ()}, = /max{Aqe ()}, < o,

In conclusion the associated nofi®y|| < co.

APPENDIX B

We suppose that there exist two different equilibrium stgt profiles: (Qy, Q_;) € A€ x A%C and
(Qr, Q&) € A€ x A€, such that(Qx, Q_1) # (Qx, Q_x). Then the condition given in the theorem,
C > 0 is met for the particular choice ¢iQ}, Q' ;) = (Q, Q_x) and (Q/, Q") = (Qx, Q_).

By the definition of the Nash Equilibrium, the strategié%, k € K, are the solutions of the following

maximization problems:

max_ ug(Qp, Qi)

QreAFC

Thus, Qy, satisfy the following Kuhn-Tucker optimality conditions:

1) Qi € AJ'C, which means that:

QY =@Q)" = 0 vrePx
prTr(Q](:)) < ntﬁka
TEPK

2) There exist\; > 0, and the following Hermitian non-negative matrices of rankf)(”), for all 7 € Pk,

such that:
Ak [ Z prf(Q/(:)) —mPp| = 0
TEPK
(@ QL") = 0 ,VrePx,
3)

V1 € Pk :
VQL")uk(Qm Q1) = pelil-— ‘T’gr)
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Having assumed tha(@k,ﬁ_k) is also a Nash Equilibriur‘rﬁk, with k& € K are the solution of:

max uk(QkJ Q—k)a

leASIC
and thus@k satisfy the following Kuhn-Tucker optimality conditions:

4) Q€ APIC, which means that:

QV=@QM" = o V€ Py
S T(Q) < Py,

TEPK

Y

5) There exisﬁk > 0, k € K and the following non-negative, Hermitian matrices of ranIdA),(f), for all

m € Pk such that:

k [ > pTr( QYY) =Pyl = 0

TEPK
(@™ Q™) - 0 ,VrePk,

6)

V€ Pk
VQ(,:)UIC(Q/C’ Q1) = pMI— ‘T)/(:)

Using the third and the sixth optimality conditions, the dibion given in [6) becomes:

K
¢ = 3 Y {p @) + P AT (Q) — A THQ[Y) — pe M TH(Q[) -

TEPK k=1
Q7 8{") - Tr Q7 B(”) + TH(QY B[ + T Q"B }

> paTr(Q)") — Py | + A }
From the other four K-T conditions, we obtain that all tharteron the right are negative and thtis< 0. But

TEPK

Z pﬂTr(Q](:)) - ntﬁk

TEPK

K
S {xk
k=1

< 0.

this contradicts the diagonally strict concavity conditiand so the Nash Equilibrium is unique.

APPENDIXC

We want to prove that there is no optimality loss when refitigcthe search for the optimal covariance

matrices toQy, € A}'C such thatQ,(f) = WkP,(f)W,?, for all m € Px. Let us consider uset € K. We have
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that:
arg _max up(Qp, Q)
k k
= arg_max § > peElogy |1+ pHQH[ +p 3 HQVH/!
QreA} TEPK ZEIC;”)

= arg max > peElog, |1+ pVE,WEQU W, HIVI 1 p N VAW QW A/ VY
L EASIC
TEPK Ze]cgcﬂ') )

= arg max § 3 pellogy [T+ W QW] +p Y- HW]I QWY

TEPK Zelcl(cﬂ')

= arg max Elog, (I + I:IX(W)I:IH—F H/WH (W)W 3y
ngeAiIC ez/c:(” 82 PRERS ok ngc;” Wi QW H,

(28)
where we denoted wittK,(f) = W,{?Q,(C”)Wk. Knowing that the utility function is concave w.r.t. the new
defined matrice§(l(f), and the channel matri¥l;, has independent entries, we can directly apply the results

given in [22] to prove that annulling the non-diagonal esgriof X,(f) can only increase the values of the

functionsE log, [T+ pH X\ HE + p > H,W! Q"W/,H|. In conclusion the optimal matric&s." are
ek
diagonal, that we will denote wit[P,(:). The spectral decomposition of the optimal covariance icegrare:

Q™ = w,PIW,
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