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ON GENERALIZATION OF KIBLE-SLEPIAN KERNEL
FORMULA

PAWEL J. SZABLOWSKI

ABSTRACT. We study generalization of Kible-Slepian (K-S) expansion formula
in 3 dimensions. The generalization is obtained by replacing in K-S formula
Hermite polynomials by g—Hermite ones. If such replacement would lead to
non-negativity of values for all allowed values of parameters and for values of
variables from certain Cartesian product of compact intervals then we would
deal with generalization of 3 dimensional normal distribution. We show that
this is not the case. We indicate some values of parameters and some compact
set in R3 of positive measure, such that values of the extension K-S formula
are on this set negative. Nevertheless we indicate other applications of so
generalized K-S formula, namely we use this formula to sum certain kernels
built of Al-Salam-Chihara polynomials for cased that were not considered by
other authors. One of such kernels sum up to Askey-Wilson density. Hence
we are able to obtain generalization of 2 dimensional Poisson-Mehler formula.
We also pose several open questions.

1. INTRODUCTION

In 1945 W.F. Kibble [2] and later independently Slepian [I] have extended
Poisson-Mehler formula to higher dimensions, expanding ratio of the standardized
multidimensional Gaussian density divided by the product of one dimensional mar-
ginal densities in multiple sum involving only constants (correlation coefficients) and
Hermite polynomials. The symmetry of this beautiful formula encourages further
generalizations in the sense that Hermite polynomials in the Kible-Slepian formula
are substituted by their generalization. In recent years such nice generalization
of Hermite polynomials was intensively studied. These are so called ¢g—Hermite
polynomials a one parameter family of orthogonal polynomials that for ¢ = 1 are
exactly equal to classical Hermite polynomials. Thus the question is if similar sum
is nonnegative with ordinary ’probabilistic’ Hermite polynomials substituted by
g—Hermite ones for some values of parameter ¢ (say —1 < ¢ < 1) and all values
of correlation coefficients that make variance-covariance matrix positive definite.
It will turn out that not. We will indicate particular values of ¢ and correlation
coefficients such that in 3 dimensions such a sum is negative. Nevertheless we also
indicate that it is worth to study described above sums since we obtain a nice simple
tool to study properties of different kernels involving so called Al-Salam-Chihara
(ASC) polynomials. Kernels built of ASC polynomials were studied by Askey, Rah-
man and Suslov in [4]. These kernels have many applications in quantum physics
in particular in studying different so called g—oscillators. See e.g. [5], [6].
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Kernels obtained by studying described above sums of g—Hermite polynomials
are different then those studied in [4]. Hence we obtain new results related to
important problem of summing kernels. One of this new results is generalization
of Poisson-Mehler expansion formula in the sense that g—Hermite polynomials are
replaced by ASC polynomials. Of course sum is different. Instead of the density of
the measure than makes ASC polynomials orthogonal (classical case) we get density
of measure that makes Askey-Wilson polynomials orthogonal. We also analyze
other non-symmetric kernels built of g—Hermite polynomials and sum them.

The paper is organized as follows. In the next section we introduce all necessary
auxiliary information concerning so called g—series theory, g—Hermite and ASC
polynomials. In the following section we present our main results while less in-
teresting or longer proofs are shifted to the last section. We also include special
section with open problems since not all questions that appeared when studying
this beautiful object we were able to answer.

2. NOTATION AND AUXILIARY RESULTS

Let us introduce notation traditionally used in so called g—series theory. ¢
is a parameter in most cases —1 < ¢ < 1, however in some applications one
considers also ¢ > 1 or ¢ complex and |¢| < 1. Having ¢ we define [0], = 0;

Wy = T+ a+ ot q = Ll = [T (. with ), = L[], =

[n],! S k>0 e
{W , n2k20

It will be useful to use so called g—Pochhammer
0 , otherwise
symbol for n > 1: (alg),, = H;:Ol (1—aq’), with (alg), =1, (a1,a2,...,axlq), =

Hle (ailg),. Often (a|q),, as well as (a1, as,...,ax|q), will be abbreviated to (a),,

and (a1, as,...,ax), , if it will not cause misunderstanding.
It is easy to notice that (¢),, = (1 —¢)" [n],! and that
(@),
M = @@ o "2k20
a 0 , otherwise

Notice that for n > k > 0 we have: [n], =n, [n],! = nl, [}], = (}) (Newton symbol

(v) = o) (all),, = (1 —a)" and [n], =

1 if n>1 n
{04 m20 =11,
1 if n=0
l—a if n>1

To define briefly and swiftly these one-dimensional distributions that later will be
used to construct possible multidimensional generalizations of normal distributions,
let us define the following sets for |¢| < 1:

S(q) =1-2/vV1-¢2/y1-4q,5(1) =R

Let us also define the following sets of polynomials:
-the g—Hermite polynomials defined by

(21) Hn+1(x|Q) = an(xM) - [N]an,1($|q),

for n > 1 with H_1(z|q) =0, Ho(z|q) =1, and
-the so called Al-Salam-Chihara polynomials defined by the relationship for n >
0:

1, (a|0),, =

(2.2) Pot1(zly,p,q) = (x — pyg™) Pa(zly, p,q) — (1 — p*q" )y Pu—1(zly, p, q),
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with Py (zly, p,q) = 0, P (z|y, p,q) = 1.

-the Chebyshev polynomials of the second kind defined by the relationship for
n>1

22U, () = Upy1 () + Up—1 (2),
with U_; () =0, Up (z) = 1.
. T— n/2

Notice that H,, (z|1) = H, (z), Hy, (2]|0) = U, (¢/2) and P, (x|y, p,1) = H, <\/%) (1-p?) / 7
where H,, (x) denotes so called 'probabilistic’ Hermite polynomials i.e. monic poly-
nomials that are orthogonal with respect to measure with density exp(—x2/2)/v/2m,
below we will show that

Py (xly, p,0) = Up (2/2) = pyUn—1 (2/2) + p*Up—2 (2/2).
Polynomials (Z1]) satisfy the following very useful identity originally formulated

for so called continuous g—Hermite polynomials h,, (can be found in e.g. [I12] Thm.
13.1.5) and here below presented for polynomials H,, using the relationship

23) ) = (1= 0" 1, (2 1
min(n,m)
@ Gl o) = [j ] q H Ul s 010

One can find also in the literature (e.g. [I1], [9]) the following useful formula:

(25)  Hupm (@) migm)<—1>ﬂ‘q@> o q ] Ul ) Hoy )

that was originally formulated for so called Rogers-Szegd polynomials defined by:

n

(26) W) =3 |7 o

j=0 W/da
that are related to continuous ¢g—Hermite polynomials by
hn (z]g) = "W, (e7]g)

with = cos#. To simplify notation let us introduce the following auxiliary poly-
nomials of order at most 2.

(2.7) e (ylg) = (1+¢%)* = (1 = @)yd",
(2.8)
vk (@ly, p.q) = (1= p°¢*")? = (1 = @)pg" (1 + p*¢* )xy + (1 — 9)p*(2* + v*)¢°
It is known (see e.g. [8]) that g—Hermite polynomials are monic and orthogonal

with respect to the measure that has density given by:

2.9 x 2”|q) I
defined for |g| < 1, z € R, We will set also
(2.10) I (z|1) = \/;_W exp (—2%/2) .
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Similarly it is known (e.g. from [I0]) that {P, (x|y,p,q)},~_; are monic and
orthogonal with respect to measures that for ¢ € (—1 1] have density:

00 o) yp )
27‘(\/7”0 x2|q Uk (zly, p,q) st

defined for |¢| <1, |[p| < 1,z € R, y € S(g). For ¢ =1 we set

1 7 — o)

It is known (see e.g. [12] formula 13.1.10) that for |¢| < 1:

(2.11a) fen (zly,p,q) =

(212) sup | Hy (2lq)| < Wa (1lg) (1 - )"/
z€S(q)
where W), is given by (2.6]).
We will need also the polynomials {By, (|q)},~_; defined by the following 3-
term recurrence: -

(2.13) Bni1 (ylg) = —¢"yBn (ylg) + ¢" " [n], Bn1 (ylq);n > 0,
with B_1 (y|¢) = 0, By (y|qg) = 1. One can show (see e.g. [I0]) the B, (z|1) =
1 4if n=0Vv2
i"Hp (iz) and By, (z|0)=¢ —z if n=1
0 if n>2
Further facts concerning g-Hermite and Al-Salam-Chihara polynomials are col-
lected in the following Lemma

Lemma 1. Assume that 0 < g < 1, |p|,|p1l,lp2]l < 1, n,m >0, z,y,2z € S(q),
then

i) Hn (21g) = Yo [1] 0" " Hni (yIfJ) Py (z]y, p,q)

i) ¥n > 1: Po(xly, p,q) = Yo [1] 2" Brk (yla) Hn (2lq) ,
i—o [ Bu—j (xlq) H; (z]q) = 0,

) Jy Ho (ol Fo a1a) v el o = { |

0 when n#m
n],! when n=m
0 when n#m

) [s(q) P 21y, 0,0) P (2ly, p,0) fon (xly, p,q) dx = (). [n],! when n=m

v) fs( ) Ho (2]g) fon (2ly, p,q) dz = p" Hy (yla)
vi) [s(q) fczv( Y, p1,0) fen (Ylz, pa, @) dy = fon (|2, p1p2,0)

vit) Yool oy Ha (2lg) Ha (yla) = fo (ely.p,q) /fx («la).
viti) For |t],]q| < 1:

= (9 e = (@ ()%
convergence is absolute, where W; (x|q) is defined by (2.6).

2
i) Vr,y € S(q) : 0< C (y,p,q) < fCN((‘ﬁq’;q) < (( =

Wi (1g) 1 W2t (1)
Z (Lg)t' 272 (gt ()

Proof. ii) was proved in [I0]. i) is proved in [I3] (formula 4.7) for polynomials
h, and @, (x]a,b, q) related to polynomials P, by the relationship Q. (z|a,b,q) =
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n/2 2
ii). iii) and iv) are known (see e.g. [12]) for polynomials h,, and @,,. v) and vi) can
be found in [8], but its particular cases in different form were also shown in [7]. vii)
is in fact famous Poisson-Mehler formula which has many proofs. One of them is
in [12] the other e.g. in [3]. viii) see Exercise 12.2(b) and 12.2(c) of [12]. ix) was
proved in [16] (assertion vii) of Proposition 1). O

b, ) However one can also derive it easily it from

Let us remark, following [16], that

fen ylz, py,q) fon (2|2, pas q)
fCN (y|Z, P1P2; Q)

is the density of measure that makes re-scaled Askey-Wilson (AW) polynomials for
some complex values of parameter (related to y, py, 2z, py, for details see formula
(2.5) of [16]). We will call it AW density.

As mentioned in the Introduction the main subject of this paper is the gener-
alization of Kibble-Slepian formula. It rather difficult to express in its generality
formula expanding ratio of the non-degenerated multidimensional Gaussian density
divided by the product of its one dimensional marginals in the multiple series (in
fact involving n(n + 1)/2 ( n being the dimension) fold sum of Hermite polyno-
mials of one variable with coefficients that are powers of off diagonal elements of
variance-covariance matrix.

We will analyze only generalization of its three dimensional version. It is simple
to express and general enough to expose interesting properties and applications.
Namely we will analyze the following function

(214) fAW(I|y7p17Z7p27Q) =

3
(2.15) fap(x1, 22, 23]p12, P13: Pa3, @) = HfN (zilq)
i=1
p p P
(2.16) x Z 12 23 13] Hiyj(21]q) Hjtr (x2|q) Hitr (23]q)
7,7, k>0
af L pia pi3 5
where |p15], [p13],[pas] <land A=det | pp 1 pyg | = 142p12p13023 — Pl
P13 Paz 1

— p33 — p33 => 0. Notice that
(2.17) A=(1- P%z)(l - 033) —(p15— 012023)27

and similarly for other pairs of indices (1,2) and (2, 3).

The above mentioned assumptions concerning parameters pjo, py3 pog Will be
assumed throughout the remaining part of the paper. Similarly we will assume
that x; € S(q), ¢ = 1,2,3 unless otherwise stated. Besides from assertions viii)
ix) of Lemma [Il it follows that all considered in this paper series for |¢| < 1 are
absolutely convergent, hence we will not repeat this statement unless it will be
necessary.

Let us immediately observe that when ¢ = 1, that is when H, (z|q) is sub-
stituted be H, (z) and fy (z;) = exp (—z?/2) /v/2, then by Kibble-Slepian for-

L pia pi3
mula (see e.g. [1I] Example 2)) for n = 3 and matrix o =| p13 1  po3 |,

P13 P23 1
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fap (x1, %2, 3]p12, P13s P23, 1) 18 the density of normal distribution

0 1 pi2 pis
N O, P2 1 po
0 P13 P23 1

Let us present some immediate remarks concerning properties of fsp.

Remark 1. i) fS(q) fS(q) fS(q) fap (x1, %2, 3| P12y P13s P235 @) dT1dT2dTs = 1,
ii) fs(q)xs(q) fap (21,2, 3|p12, P13, Pa3, @) dx1dT2 = fiv (23]9) 5
Js(ayx st xs(a) Hn (#110) Hm (22]q) f3p (21,22, 33112, P13, pas, q) dwsdrrdas
- 0 if n#m
—{pamu if m=n
iii) fs(q fap (21,22, ¥3|p19, P13 P23, 4) dx3 = fon (21|22, P12, q) f (22]q)
Js(@) xSt x5(q) T13D (21, %2, 23]p12, P13, Pags @) dwrdwadas =0,
x%ng (21,2, 23] p12, P13+ P23, @) dT1dz2dzs = 1 and again similarly

and similarly for other pairs (1,3) and (2, 3)

S(q)xS(q)xS(q
for the remalmng indices 2 and 3.

iv) If additionally p 5 = py3 = 0, then fsp (1, x2, 3|p12, P13, P23, q) =
fen (x1|xe, pra, @) fn (x2|q) fn (x3]q) and similarly for other pairs (1,3) and (2, 3)

Proof. In all assermons we apply assertion iii) of Lemma [, the fact that Hy (z|q)
=z and Hj (z) = 2% — 1 and also formulae (Z.4)) and assertion v) of Lemma [Il 1V)
follows directly from assertion vii) of Lemma [Tl

As it follows from the above mentioned Remark fsp is a serious candidate for a
3 dimensional density. To analyze its properties deeper we will need the following
Lemma.

Lemma 2. Let us denote 7y, 5, (z,ylp,q) = 27 [Z] 1 Hiym (#]q) Hitr (ylq) . Then

(218) FYm,k ('Iv y|pa q) = ’Y0,0 (Ia y|P7 Q) Q?TLJC ('Iv y|pa q) ’

where Qm.n s a polynomial in x and y of order at most m + k.

Further denote Cy, (2, y|py, pa, p3:0) = 2io [1] P77 P4Qu—isi (2, ylp3.4) -
Then we have in particular

i) Qe (2,ylp,q) = z::<1r¢>[}Sﬂks@m>nﬁ4ﬂypqv<%mﬂ,
i) Cr (%,Y]p1, P2, P3: ) = D ury [] n—s (yla) Ps (z|y, ps, q) p} p1ps/p2)s/ (3),

"5 (
iii) In particular v, o (x,9,|p,q) = Yo.0 (9, |p,q) P (ly, p,q) / (p* ) for all
z,y € S(q) and g € (—1,1).

Proof. Assertions i) and iii) are proved in [16]. Thus we will present the proof of
11) We have C (I y|plap27p3aq) -

Zh[hl@Z“@wmm%%m»xm>www%mm%ﬂ=
S0 (2] Homs (0la) Pe (aly, p300) / (03), 5o (3] (= 1)7q D4 p 7 ) =
>0 [2] Ha—s (yla) Ps (aly, p3, q) p1 ™~ sz/(pg) S [5], (=174 (1 /) =
Yoo [4] Hus (yla) Ps (x Iy P3:9) PL°P3 (plpg/pz) /(p§) . On the way we have
used the following identity (a), = >, [} } 2)ai. d

We get immediate observations:
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Corollary 1. For all n > 1 we have: _
i) Py (:vly pea) = (r%), o 1], (=)' a@ Hos (ala) P (w0, ) / (6°),
i) [g() Pn (zly.p,0) fon (ylz. p, q)d (%), Hn (2lq) -
iti) C (w y|p2p37p27p37Q) = py Hy (z]q)

Z"U) Oﬂ (Iay|plaplp35p37 )_pln (y| )
v) Cn (2,911, 2,0, 0) =320 [1] P17 " P3Hn—s (yla) Hs (zlg) , Cn (2,10, py, p3, )

= py Pu (2ly, p3,9) / (03), > Cn (z, ylpl,O 03,q) = Py Pu (ylz, p3,9) / (3),,

Proof. 1) see Corollary 2 of [16] . ii) We use previous assertion and assertion iv)
of Lemma [I iii) We have (prg/pQ) = (pg)s, hence C), (x,y|paps, Pay P3:9) =
P8 > a0 ) JHn—s (yla) Ps (z]y, p3, @) p3 =" = pi Hy (w]q) by assertion i) of Lemma

. 1 ' B O
@ iv) (p1ps/pip3)s = { 0 z; z> 0

quence of the assumptions that p; = 0 or p; = 0. The third one follows the fact that

03 (p193/p2)y = T3y (p2 — ¢~ p1ps) » which for p, = 0 is equal to (—1)° ¢(2) pi p3.
Then we apply assertion i) of this Corollary. O

v) First two statements are direct conse-

3. MAIN RESULTS

Applying Lemma [2] to function f3p we have the following Proposition

Proposition 1. i)
(3.1) J3p (1,22, 23]p19, P13, P23, 0) = fon (x3]21, p13,q) [N (21lq) fn (22]q)

1
X Z WHS (UC2|Q) Cs ($17$3|p1279237p137 Q) )

$>0 q’
similarly for other pairs (1,3) and (2,3),
i)
(3.2)
fsp (w1, T2, 3|p195 P13, P23, 1) = fon (z1]ws, pr3, @) fon (w3]T2, pe3, q) N (22]q)

pia 013P23/P12)s
Z ERCARCARE

(21]23, p13: @) Ps (22|73, p23, q) »
similarly for other pairs (1,3) and (2,3).
Proof. Lengthy proof is shifted to section O

As an immediate corollary we have the following formula:

Corollary 2.

(331|3337P137 q) Ps (I2|:133,p23, q)

- Piz (P13P23/P12) s
Z H (Pls) (P23) b

fCN (331|3327P127 q) 913 (P12P23/P13)
kP (z1|22, p12, @) Pr (23|22, po3, q) -
fCN (w1]xs, py3, ) [ ] -(Pu)k(st)k - %
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Proof. From assertion ii) of the Proposition [[] we get

s s
P12 P13P23/P12)
P($1|$37P137Q)P (I2|I3ap235q):
Z[S] Pl3 (023)5 ’ ’

fon (1|2, pr2, @) fon (z2|Ts, pag, @) N (23]9) P13 (P12P23/ P13,
E P (21]32, pra, @) Pr (w3]22, pa3, q) -
Ton ealzs, prosd) Fon (aslea. puond) T (2216) 2t o () (ke (411729120 P sl s )

S=

Now we use the fact that: fon (v2|s, pog, @) fN (23]0) = fon (zs3]v2, pa3,9) fn (22]q) -
O

Corollary 3. i) If p1g = pi3pag then
f3p (w1, %2, 73|p13023, P13, P23, 1) = fon (1|3, p13, ) fon (23|72, pas, @) N (22]q) -

@)If pry = p13pas then
(3.3)

3
P
E [S] '(p%ngg) P ({E1|$2,p13p23,q)PS (3:3|3:2,p23,q) =
s>0 VU4 s

fen (!E1|$C37P137(J)
fen ($1|$27P13023aQ)

iii) If p1o = 0 then

— (—1)5 (s )013023 21l 2ol
(34) ; [ ] (plg) (p23) Py ( 1| 3,P13:4 )PS ( 2| 3ap235q)
fen (z1]2, p13,9) Pl

= Hy, (21]q) Py (x3]72, pag, q)
fon (@rles, pra,q) g) (K], (93 v

Proof. 1) We use Corollary[lland deduce that Zs>0 o, s (221q) Cs (21, 23]py19, Po3s P13, Q)

=2 >0 [S]Q!Hs (z2lq) Hs (z3la) = fon (z3]w2, pa3, @) / fn (23]q) or we notice that

(P13P23/P12)s When piy = pygpss is equal to 0 for s > 1.
ii) We use equivalent form of (8.2) that is

fap (1,22, 23]p12; 135 P23, 0) = fCN (z1]72, P12, @) fon (w223, pa3, @) fn (73]q)

Z pis P12023/P13)5P

] (p ) (p ) (331|1172,l713a )Ps(333|3327P237‘I)
—o 12 23

apply assumption, observing that then (p;5093/p13), = (p§3)s and using the asser-
tion i) of this corollary.

iii) We use the fact that p3, (p13023/p12)s = [17=1 (P12 — 4" " p13pas) Which for py,
=0 equals (—1)° ¢'TFs71ps.ps. and the fact that Ps (z]y,0,q) = Hs (z|q). O

We have also the following remark concerning ordinary probabilistic Hermite
polynomials
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Remark 2. We have

\/(1 - P%s)(l - Pgs) —(p12 — 013/’23)2
(1- P%a)(l - 933)

s — y L1 — Pral X9 — Poal
% Z ' (0122 5/0213023) —— H, 1 P132 3 H, 2 P232 3
s—0 5(1 - p13) (1 - p23) Vv 1-— P13 Vv 1-— Pas

-1 -1

1 L pia pis 1 P13P23 P13 T
= exp —5[ T3 T2 X3 ] Pz 1 pas — | P13P23 1 P23 Z2
P13 P2z 1 P13 P23 1 3

Proof. Follows (B.2) and the following facts: P, (z|y,p, 1)/ (p*[1), = Hy < L0y ) /(1— pz)n/2

L pi2 pis , , )
sdet | pro 1 pog | = (1= pi3)(1 — pa3) — (P12 — p13pes)” and
P13 Pog 1 )
T1|T3, , 1 T3|T2, , 1 To|l) = X
fon (wils, pro, 1) fon (z3]2, p23, 1) [ (22]1) Ve
. 1 P13P23 P13 T1
exp(—3 [ T1 T2 I3 ] P13P23 1 P23 T2 |). 0
P13 P23 1 3

We have also the following observation concerning Askey-Wilson density.

Remark 3. Following observation (ZI4) and assertion vii) of Lemma [Il we deduce

that fex(Eytepadlentioltarad) — £,y (x50, pig, @2, pass q) Askey-Wilson den-

sity. Hence we have the following expansion of AW density:

3
P
faw (@3]@1, pr3, @2, pa3) = fon (3]@2, pa3, q) Z [ 3 Py (w1]@2, pr3pas, @) Ps (23|22, pa3,0)

5>0 S]q! (pT3033),

which is an analogue of Poisson-Mehler expansion formula interpreted as one di-
mensional expansion given in vii) of Lemma [Il This result has been obtained by
other methods in [I7].

As far as general properties of function f3p we have the following formula that
expresses function C), in terms of g—Hermite polynomials.

Proposition 2. Yn > 1:

—

n/2|
1 wln| [2k P1oP P13P
Cy (21, 3|p125 P23s P13:4) = W Z (—1)kq(2) {%} {k] [k]qlplfzplf3pg3 ( 2 13) < D
n q q k k

13)n p—o P23 P12
"X - 2k] ;[ prap : Pi3p
> [ : } Phs (ﬂqk) phy (qu) H; (21]q) Hn—26—i (w3]q)
=0 vy P23 i P12 n—2k—i

Proof. Lengthy proof is shifted to section O
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Let us remark that when p;3 = pj2p93 then
Ln/2]

o > 0k ] e () (),

C (3317333|P127P237P12P23aQ) =735 32
" (p%2p%3)n k=0

n—2k n — ok . )

_Z% [ . Lpé3 (p120"), Pl "2 (534"),,_op_; Hi (z1]) Hyor—i (23]q)
i—

the formula obtained in [16] in the context of Askey-Wilson polynomials.

As stated in the introduction the problem of non-negativity of the function f3p
for all allowed values of ¢ and p’s has negative solution. Above we indicated that if
P12 = P13Peg (or similarly for some other pair of indices) then f3p is positive for all
—1<¢<1andxi,x2,23 € S(q) . Now we will indicate some another relationship
between p’s and ¢ so that for some values of x1, z2,z3 € S (q) fsp is negative.

We have the following Theorem

Theorem 1. Assume q # 0. Let p1o = qpy3pes , then there exists a set S C
S (q) x S(q) x S(q) of positive Lebesgue measure such that for all (x1,z2,23) € S,
fsp is negative.

Proof. Let us take pj; = qpygpy3 and consider [B.2), then piy (p13pas/pra)s =

1 if s=0
—(1=q)piapas if s=1
0 if s>1

Hence f3p (w1, 2, 23]p19, P135 P23; q) = fen (z1]zs, P13> q) fen (953|$27P237 q) I (w2|q) (1—
(1 = q)p13pas(T1 — p1373) (72 — pogws) /(1 — P%3)(1 - P%3))) Thus the sign of f3p is

the same as the sign of (1—(1—)pyfaa (1 —r578) 22 — paa3)/ (1— ) (1— £35)))
or equivalently if for all 1, z2, 23 € S (¢) and |p13], |pe3] < 1 and

(1= pis)(1 = pds) = (1 —q)°pi3p33
which comes from positivity in (217) we have
(1- P%3)(1 - P§3) > (1= q)p13pas(T1 — p1323)(¥2 — po3ws).
Since y; ¥ V1 —qz; € [-2,2] this inequality reduces to the following :
(3.5) (1- 9%3)(1 - 933) > p13P23(Y1 — P13Y3) (Y2 — P23y3)

Let us select y1 = 2p;3 and y2 = —2p,5. The inequality now takes a form
(1= pis) (1 — p3s) = plap3s(4 — uj3)-
Now it suffices take pis, p33 = 0.6, 1 > ¢ >1/3 and y3 < 4 — 2 on one hand get
1\2
(=)= = 16> (1-3)
and on the other to get

(1= p2a)(1— ) = (1 = 6 =< 64— (4~ 3)) < phapha(d — 13

Since function is continuous in 1, x2, x3 thus there exists a neighborhood of points

(2013/ (VT =, 2py3//T = q,2y3//T = q) such that this function is negative. [

As a corollary we get the following fact.
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Corollary 4.

(3.6) fen (123, p13, ) 1— (1 — q@)p13pas(1 — prgzs) (w2 — P23$3))
fen (@122, 4p13p23: 9) (1= pts)(1 — p33)

> pis (1 - a°p3s)
" L TN, (- ) (ke 0Prapa @ P (wliz: 2 ).
0 q’ s

s=

Proof. Follows the (3.2) and the fact that for pio = gpi3pas P53 (P12P23/P13)s =

s 2
i3 (qug) and further that ((qus)) = 11—_qu23. O
P33 23

fon (I1|I379131¢I)

Remark 4. Notice that we can take gp;3p,3 instead py3p,3 in (3.3) getting 5

cn (21]22,9p13P23,9)

= E:O:o %Ps (21|22, qp13Pas, @) Ps (x3]T2, pag, q) . Hence the positivity
[S]q,(q p13923)s

conditions for kernels of the form > as (py, po) Ps (21|22, p1, q) Ps (23]T2, P2, q)
are quite subtle. Besides comparison of (8:3)) and (B8] can be the source of many
interesting kernels involving Al-Salam-Chihara polynomials. In particular for p;,
= ¢"py3pa3 we have

fon (w1]s, p13,q) iq p13p23( k)j

fen (1|z2, % p13p23,q J: [J P13) (p23)j

P; ($1|$37P137CI) P; ($2|$37P237CI)

00 s k 2

P13 (q 023)

- [s ] (¢2kp? ) Py (1171|172,qkp13P23aQ) Py (z3|2, pa3, q) -
0

q P13923) (P%B s

s=

4. OPEN PROBLEMS

(1) Consider K-S formulae for higher (than 3) dimensions. Can it be nonneg-
ative for all allowed values of parameters p and all values of variables form
S(q)?

(2) Our counterexample does not work for ¢ = 0. Hence is K-S formula non-
negative for all allowed values of parameters p all values of variables form
[-2,2]?

(3) What about cases p;5 = ¢¥p13p95 for k > 1. Do we get non-positivity for
all k > 1 or there are some for which it is nonnegative?

(4) Numerical simulations suggest that for say p;5, = 0 one can find ¢, p;3, pas,
x1, 22,23 € S(g) such that one of the kernels (and consequently both)
given in ([B4) is negative. What would be the proof of this fact? More
precisely what would be range of parameters g, p;3,py3 and subset A C
S (q)3 of positive Lebesgue measure such that for x1,z,x3 € A the kernel
is negative.

(5) What about cases |p15] > p13093 ?
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5. PROOFS

Proof of Proposition[dl i) We apply assertion i) of the Lemmalto (213]) and (216))
and remembering that 7o o (2, ylp, q) = fon (zly, p,q) / fx (x]q) we get:

3

Plaph P
fap (z1, 2, 23|p12, P13 P23, 4) = HfN (zilg) Z %Hﬁ-k (22]q) Z %Hzﬂ (21]q) Hivk (23]q)
Pl 2o VIR = !

= fon (@1les, p1s. @) fn (w3la) f (zal) 3 [f]’l‘f"[’,jf Hj i (21) Qyx(r, 73013, )
7,k>0 q’

Now changing order of summation and substituting j +k — > s, j— > k we get
f3p (‘TlaIQaI3|pl2ap13ap23a q) = fon (xs|z, prs, @) fv (@1]q) fv (22]q)

X Z ' H, (22)q) C ($17$3|P127P2370137‘J)-
s>0 q

ii) We apply (28). Then

J ki
P12P23P
Z [7;12.72313'HHJ (w1|q) H. Jtk (z2q)

3
fsp (@1, 22, 23]p19: P135 P23, @) = EfN (wila) IREVIRALIN

i,5,k>0
H H (1" ) i (wsq) Hin (wsla) =
n>0
3 [ee) ()pn pn %) pj
In (@ilg) > (—1)"qle) 22228 A - 212
Hoteio 2 25 1
p 7np1 n
S T i (@210) Hi (12l0) Hi (o1l) B (22l
1=n k=n q’
3 o) n n ©O° ]
H (:]q) Z(_l)n q(g) P23P13 Pi2
i=1 n=0 [n]q' 7=0 [‘]]q'

oo oo

p p

XE E 2]23 13 H ;[;3|q) it ($1|(]) ($3|Q) j+n+k ($2|(])
0 k=0

i=

Now we use quantities: v, 1, (z,y|p,q) = 2272, ﬁ;!HHm (lq) Hi+k (ylq) and apply
[218) and assertions iii) of Lemma 2l We get then

3 © ' n
") P3ap
fsp(@1, 22, T3]p12, P13, P23, 4) = HfN (:|q) Z (-1)" q(z) 23 1'3
i=1 n=0 q
(o]
Z 70 g (23,1113, ) Yo, ns (X3, 02023, ¢) = fon (w1]xs, pi3; @) fon (2|23, pa3, q) [ (3]q)
:0
P23P13 p{z
n
x Z Z 2 2 Pn+j ($1|$3,p13,q) Pn+j ($2|w3,p237q) =

(p13)n+j (P23 )n+j
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fon (171|173,Pl3aQ) fon (I2|3337P237‘I) In (x3]q)

o0
XZ 5 Ps (21|23, p13, 0) Ps (22|73, p23, q)
s:O L(pts)s (P33),

x Z {S} (_1)q(;‘) (P13pa3)” piz " = fon (x1las, pi3, @) fon (x2|T3, pags @) fv (23]q)

Z Pl3P23/P12)

= L(pt3),s (P33)

2 P (z1|3, p13, @) Ps (22|23, pa3, q) -
O

Proof of Proposition[@ We start with Cy, (2, ylp1, pa, p3,0) = 21— [7] /17" P5Qu—isi (2,lps.q)

=Yoo [a] JHn—s (yla) Ps (zly. p3, ) P75 (p1p3/p2) / (P3), and apply assertion

ii) of Lemma [Tl

n
n - P12P
Ch (%1, 23]p12: P23, P13, 1) = Z s *Hy—s (23]q) p3s —2-13) P, (z1]23, p15.9) / (0%3)5
s=0 s q P23 s
1 <[n P1op
n—s s 12M13 2 s
= Pis “Hn—s (z3]q) p3s <—> Py (21|23, p13,q) (p134°),,_
(p%?))nsgo _S]q o P23 /s ’ ( )" °
1 1 S

- -7’L n—s S P12P s s s—1
= Do, | P Has (l0) p3s (—1;2313) (P1ad®), o> u P33 Bs—i (3]q) Hi (z1q)
s q

ns=0*- -9 =0

1 &[n —~[n—i] ,_, s ( Pr2p . s—i
= Z | Hi(z1]q) Z [ _ z] Pz “Hn—s (x3|q) p33 (M> (P154°),,_ P15 Bs—i (3]q)
q s

n =0 L"44q o=i L° P23

1 n .n n—i . o P1ap o .
= 7 S Hi(ale) xZ[ } prs T Hy i (w3]q) pay? (M> (p134™7),_;_; PisBj (x3]a)
13/n j=o L"1q j=0 q P23 Jitj

And further using formula

n

L(n+m)/2] "
Hp, (w|Q) B, ($|Q) = (—1)”(1(2 |:

ntm—al i
:| |: . :| [Z]q'q ( )Hn+m—2i (:E|q)7
q q

, (3 (3
=0

proved in [16] (assertion i) of Lemma 2) we get

n
Cn (IlaI3|P12a023a013a = [ ] i (w1]q) %

n—1i .
n—1 P12P i+j j j (3
{ . ] Py JP§§”< - 13) (P350™7), . Pls(~1)7q®)
—oLJ P23/ itj

L2
k) g *ORH,
ST o 5l
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Now keeping in mind that [i]q = 0 for j < k we split first internal sum into two

sums : one form 0 to |(n —i)/2] and second from [(n —%)/2] + 1 to (n — ).

n L(n—i)/2] .
n—i] a—icj ivj [ Pr2P : .
ZH i@l x (Y { . ]plg 7 piyy” (M) (P2sa™), o, Phs(=1)7g®)
q q i+j

)n =0 =0 J P23
g .
i

n—i—=k k(i
[ } [k],'q RO=R) Hyy o (23]q)
k=0 q q

(n—1) R

=1 n—i—j it+j [ P12P i+j j i (2

+ { . } P12 Jngj (M) (P%gq ﬂ)n,i,j P]13(_1)Jq(2)
j=Ln—0)/2) 41 “ P23 /it

! Jjl [n—i—k G
Kl 1g—kG—k H, i
> [kH k L[ lota ok (2510))

We have further after changing the order of summation.

Cn (%1, 23]p12: P23, P13, ) = Z[ } i (21]q)
" =0 q
L(n—i)/2]

x(
k=0

L(n—i)/2] ) [n—i—Fk|!
—k(j— ] j ) n—i—j & P12P 1+7
X E q kI k)leg(_l)Jq(;) E ] |P12 ]P2-§]< b 13> (0%3(] +J)n7i7j
i+

[n—1] !

W T == 2 e (sla)

=k j— k] [n—i—j P23
[(n—i)/2] n—i |
+ ! H,—i—o (z3]9)
l;) (K], —1—2k] !
(n=?) [n—i—k]!
~ : Iy (=1)iq —k(j—k) ( )p o i— jszrj <P12013> p2aqttI )
Z =kl n—i— ], e P23/ iy (Prsd™),ic,

Jj=l(n=i)/2]+1

Sl o

" 1=0
L(n—d)/2] n—1i !
X ( —1 Hy—i—2p (73]q)
= (K], n — i — 2k] !

(n—1) .
n—i—=k _ —i—7 4 P12P 1+7
X Z { . ] (1) g FG—F) ()Pl P12 JPzJ?:J <—12 13) (pisq +J)n—i—j)
7 q P23 i+j
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Hence
Cn (wl,x3|p12,p23,p13, = Z |: :| £L'1|q)
n =0 q
[(n—4)/2] n—i !
x (-1)"q(3) A phsHo i ok (w3]g)
pors (K], — i — 2k] !
n—i—k .
n—i—k n—i—k—s 1 s [ P12P i s
X Z [ s ] (=1)° q( )P13pl2 i P2§k+ (M> (P%gq i )n_i_k_s
5=0 q P23/ itk+s
So
Colonaaloiz pisopsnd) = a3 || il
n =0 q
[(n—1)/2] [n—i] !
A n—i,! ; P12P13
<Y (1)) T o (aal) (2222
kZ:O [k]q! [n—i-— 2k]q! s P23/ ki

n—i—k

n—i- k— P12P13 ;
X Z [ ] (~1)°a®) pisplts 4 g (%;Bq”’“) (pRsg™ ), . .
q S

Now we use formula 3% (—1)" q3) mq (a); b (abg’), . = (b),, proved in ([16])

(assertion ii) of Lemma 1) with a = pl;—zpmq”k, b = py3pa3/p12 getting
n
Cn (z1,23|p12, P13, P23, 1) = [ } i (21]q)
im0 L'Jq
L(n—i)/2] “) n—i ! . prop ‘ p1op
x (—1)*q2 ! praphs Hi—op (23]q) (—12 13) ply 7k (—12 23)
kzzo [k]q! [n—i-— 2k]q! o P23/ ki - P12/ n—k—i

Finally change the order of summation and using on the way an obvious property
of (a),, = (a); (aqj)n_j forevery 0 < j<n

/2]
1 nln 2k P12P13 P12P23
Cr (21, 23]p12: P13, P23 1) = 75— D (—qu(“’)[ } [ ] ], paplsph (
125 P13 P23 (0%), Z ok] [ k], 12023P13 \ © e/,

n—2k [n _ 2]€] |

% : a’_ pi (p12p13qk) pn7i72k (913P23qk) H; (21|q) Hy—2n—i (23]q)
; [”—Z—Qk]q![l]q! N\ pog i 2 P12 n—i—2k e

O
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