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Abstract

Algebraic varieties and curves arising in Birkhoff strata of the Sato Grassmannian Gr'® are
studied. It is shown that the big cell ¥y contains the tower of families of the normal rational curves of

all odd orders. Strata ¥2,, n =1,2,3,... contain hyperelliptic curves of genus n and their coordinate
rings. Strata Yan41, n = 0,1,2,3,... contain (2m + 1,2m + 3)—plane curves for n = 2m,2m — 1
(m > 2) and (3,4) and (3,5) curves in X3, 35 respectively. Curves in the strata X2,41 have zero
genus.

1 Introduction

Grassmannian Gr(? is a very important specialization of the universal Sato Grassmannian [I]. The most
known its appearance is due to the connection with the theory of the KdV equation [2 [3]. The present
paper is devoted to the study of the Grassmannian Gr(?) within the framework proposed recently in [4].
The main idea of this approach is to analyze algebro-geometric structures arising in Sato Grassmannian,
in our case in the Birkhoff strata of Gr(?), without any a priori reference to any integrable system.
Recall that Sato Grassmannian Gr can be viewed as the set of closed vector subspaces in the infinite
dimensional set of all formal Laurent series with coefficients in C with certain special properties (see
e.g. [2,[3]). Each subspace WCGr possesses an algebraic basis (wo(2),ws1(z), wa(z),...) with the basis

elements .
Wy, = Z apzk (1)

k=—o0

of finite order n. Grassmannian Gr is a connected Banach manifold which exhibits a stratified structure
[2, 3], i.e. Gr={Jg X5 where the stratum g is a subspace in Gr formed by elements of the form (I)) such
that possible values n are given by the infinite set S = {sq, s1, $2, . .. } of integers s,, with sg < s1 < s2 <
. and s, = n for large n. Big cell ¥ corresponds to S = {0, 1,2,...}. Other strata are associated with
the sets S different from Sj.
Gr(? is the subset of elements W of Gr obeying the condition 22 - W C W [2, 3]. This condition
imposes strong constraints on the Laurent series and on the structure of the strata. Namely, Birkhoff
stratum Xg in Gr(® corresponds to the sets S such that S +2 C S, i.e. all possible S having the form

2 3]
Sm={-m,—m+2,—-m+4,... mm+1,m+2,...} (2)

with m = 0,1,2,.... Codimension of ¥,, is m(m + 1)/2. One has Gr® =, -, Zn.

In this paper, using the properties of the Birkhoff strata Gr(?), we show that the big cell ¥y contains
a maximal closed subspace W, which geometrically is a tower of infinite families of rational normal
(Veronese) curves of all odd orders. It is demonstrated that the strata Xo,, n = 1,2, ... contain subspaces
Wa,, closed with respect to multiplication if the coefficients of Laurent series w,, obey certain associativity
constraints. Geometrically the subspaces Ws, represent infinite families of coordinate rings for the
hyperelliptic curves of genus n. Then it is shown that the strata Y3 and X5 contain (3,4) and (3,5)
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degenerate plane curves respectively. In the strata Yg,,11, m > 2 one has families of (2m + 1,2m + 3)
plane curves of zero genus.

In the second part of this work [5] the tangent cohomology of the subspaces W, and associated
integrable systems of hydrodynamical type will be studied.

The paper is organized as follows. The big cell is discussed in section 2. Stratum Y, is considered in
section 3. Closed subspaces W5 in the stratum X5 and corresponding elliptic curves are studied in section
4. Stratum X3 and associated (3,4) curves are analysed in section 5. Section 6 is devoted to general
strata Yop,, (n = 2,3,4,...). Stratum X5 and the generic strata Xo,4+1, (n = 3,4,...) are discussed in
section 7.

2 Big cell

The principal stratum ¢ for which S = {0,1,2,...} (called also big cell) is a dense open set and it has
codimension zero[2} [3]. It possesses a canonical basis (pg, p1,p2, ... ) where

. H
pi(z):zl—kzz—:, 1=0,1,2,... (3)
k>1

with arbitrary H}.
Accordingly to the approach proposed in [4] we first look for a subspace Wy C X closed with respect
to multiplication. Similar to the big cell in the general Gr one has

Lemma 2.1 Laurent series (3) obey the condition z>Wy C Wy and the equations

pi(2)pk(2) = Y Chymi(2) (4)

1>0
if and only if

H2n:0, i:172,3,...7n:071727"'7

3

HZP =0, i=1,2,3,...,n=0,1,2,...

and

n—1

2m41 _rp2(mAn)+1 Z 2m+1 pr2(n—s)—1 _

Hz(k+n)+1 H2k+1 H2s+1 H2k+1 =0,
s=0

k—1
2m—+1 2n+1 2m—+1 rr2n+1 .
HG oy + Hy o+ ) Hy T H ) =0
1=0
The constants le-k are given by
21 l
0271,2771 = 6m+n7
2041 _ 5l 2m4-1
02n12m+1 - 5m+n + HQ(rZ—l)—l7 (7)
21 _ sl 2n+1 2m+1
Cony12mi1 = Oy + Hy( Ty + Ho Ty g
and pan = p2° = 22", n > 0.

An immediate consequence of this lemma is given by the following

Proposition 2.2 The subspace Wy C X with the elements of the form w = 3", a;p;(z) with arbitrary
a; and n > 0 and parameters H. obeying the constraints (@) and the condition z*Wy C Wy is closed with
respect to multiplication Wy - Wy C Wy. It is a mazximal closed subspace in the big cell. This subspace Wy
is an infinite dimensional associative commutative algebra with unity po = 1.



The last statement follows from the equivalence of equations (@) to the associativity conditions
> C5Ch = C3Cy =0 (8)
S

for the structure constants CJl-k.
Relations () written explicitly, i.e.

P2nP2m = P2(m+n)>

n—1
D2nP2m+1 = P2(m+n)+1 T Z 2;?;1]92(71 s)—1s (9)
s=0

2n+1 2m+1
P2n+1P2m+1 = P2(m+4n41) + E 2s5+1 P2(m—s) + E 2s+1 P2(n—s)>
s=0

imply that
22 :p% — 2H11,
ps =p1® —3H|p1,

15 (10)
ps =p1° —5H p® + 5 2 H p,
or equivalently
A=pi® —2H], P2n+1 = an(A)p1 (11)
2 n H21(nfs)+1
where A = 2% and a,,(A\) =[], | A — Tt
Similar to [4] one can treat A, p1,ps, ... as the affine coordinates. So one has the following geometrical
interpretation of the subspace Wj.
Proposition 2.3 Big cell ¥y contains an infinite-dimensional algebraic variety I'y with the ideal
(A= pt + 20, 5,057, (12)

where 17(12) = pan+1 — a(N)p1 and the variables H,]C obey the constraints [@). This variety Ty is an infinite
tower of infinite families of rational normal (Veronese) curves of all odd orders.

Formulas (I0) represent a canonical parameterization of rational normal curves (see e.g. [0]). For instance,
the curves defines by the first two equations (I0) is the classical twisted cubic in the three-dimensional
space with the coordinates (A, p1, ps). ‘

There is an infinite set of independent variables among all Hj constrained by conditions (). A natural
set of independent H,g is given by Hi, Hi, H2, .. ..

It is also easy to see using ([I)that the ideal 152) contains singular “hyperelliptic” curves of genus
zero given by the equations

Pint1 = (A + 2H] o (V). (13)

Infinite family of algebraic varieties described in Proposition2.3]is in its turn the algebraic variety in the
affine space with coordinates p;, (i =1,2,3,...) and H}, (j,k =1,2,3,...) defined by the quadrics

k

J
ik =pipk —Djk — D Hips—> Hfp, =0 (14)
s=0 s=0

and equations (@]).



3 Stratum X

The stratum X; is the lowest stratum different from the big cell and it corresponds to m = 1 and
S={-1,1,2,...}. Due to the absence of zero order element wy the canonical basis is of the form

pi(z) =2+ Hy+ > ,f i=1,2,3,... . (15)
k>1

Lemma 3.1 A set Wy of Laurent series ({I3) obey the condition z*> - Wy, C Wy and the equations

=> Chplz G k=1,2,3,... (16)

1>1
if and only if the parameters H,]C satisfy the constraints

HYPr 4 HYHZ = 0,

j—
H§<k+j>“ T H§’““H§j+1 + ZH%JAH?(J - =0,

20+1
1=0
2k+1 25 ry2k+1 2(k+j)+1 25 ry2k+1 2k+1 2k+1 ry2(j—s)—1
H 2(j+1)+1 + H, JH21+1 - H21+1 - HOJH2I+1 H2(l+_])+l ZH25+1 H21+1 =0, (17)
Hg(k+a+l) + H§k+1H§J+1 + ZHg(k—s)Hsng + ZH2(J s)szfill -0,
s=0
k—1 j—1
2j+1 2k+1 2j+1 772k+1 2j+1 2k+1
H, 2(1+k)+1 + H, 2(1+5)+1 + ZH%HH 2(l-s)—1 ZH2(l+k)+1 ZH2(H‘J)+1 0
s=0 s=0
and
C3t oy =0y + Hy'8f + HZ*6L,
20+1 l 2 2%k 51 2k+1
O3 har =054k + Ho 0 + HEMOS + HIGH, (18)
20+1 _pr2k+1gl 2j+1
Coittony1 =Hy 05 + Hy? S,
21 _ 5l 2j+1 2k+1
C3jt1,2k+1 =04 py1 T H2(Jl+k)+1 +Hyo 4
The analysis of the constraints () gives
H?" =0, n,i=1,23,... (19)
and
H" = —(—H)", n=123,..., (20)
i.e.
pan(2) = 22" — (=HZ)", n=123,.... (21)
For the elements py, 41 one instead has
pe =p1° — 2H;py,
2
ps =p1® — 3Hyp1* — (3H{ — 3H}) )p1, (22)

Similar to the big cell one has a subspace W7 in X1 closed with respect to multiplication which algebraically
is an infinite-dimensional commutative associative algebra A; with the structure constants given by (8]
in the basis (IH). Geometrically W; is an infinite tower of families of rational normal curves of all odd
orders passing through the origin p; = ps =p3 =---=0.



The fact that for the stratum ¥; one has results which are similar to those for big cell is not that
surprising. Indeed, taking into account the relations (7)), namely

9H! — H2 + HY* =0,  H3+ H/H?+ HLH! =0 (23)

and the formula 1)), i.e. po = 2% + HZ, one can rewrite equations ([22)) as
22 =(py — HY)? — 28}, o
ps — Hy =(p1 — Hy)® — 3H; (p1 — Hp).

In the variables
pr=p1—Hy,  Ps=ps—H; (25)
the equations ([24)) the first two equations (II]) for the big cell. It is a direct check that in the variables
Pr=pr—HE,  k=1,2,3,... (26)

all equations (22)) coincide with equations ([II]) for the big cell.
Thus the result for the stratum ¥; and big cell are connected by a simple change of variables (28]).
Similar situation take place for other strata 3, with odd m.

4 Stratum X, and elliptic curves

For the stratum Yo with S = {—2,0,2,3,4,...} the positive order elements of the canonical basis are
given by

H?

=1 E —k

Po + ok
E>1

_ . H
D :zJ+H11z+ZZ—,§, k,j=2,3,4,....
E>1

Analogue of the Lemmas 2.1] and B.1] is given by
Lemma 4.1 A set Wy of Laurent series (27) obey the equations

pi(2)pk(z) = Y. Chp(z) (28)

1=0,2,3,...

and the condition 2°Wy C Wa is satisfied if and only if

H?" =0, k=-1,1,2,3,..., n=0,1,2,...,
2n+1 (29)
H; =0, nk=1,23,...
and
e+l (n—s)
2m+1 2(m+n)+1 2m—+1 pr2(n—s)+1 __
Hz(k+n)+1 - H2k+1 - Z H2s+1 H2k+1 =0,
s=—1
- (30)
2m—+1 2n-+1 2m—+1 rr2n+1 _
Hy i1 T Hotmiry+1 T Z Hylo Hy Ty = 0.
s=—1
Constants le-k are given by
022£L,2m :5£n+na
0227lz+21m 1 :5571 n + H27:l+_1 —1
2m+ + 2An—1)—1 (31)

21 _ sl 2n+1 2m—+1 2n+1 rr2m—+1 gl
C2n+172m+1 _5m+n+1 + Hz(m—l)+1 + HQ(nfl)Jrl + HZTHZTT 0,

+ (H2P H 4 BT HETY) 6



which imply

P2nP2m =P2(m+n)>
n—2

P2nP2m+1 =P2(m+n)+1 + Z k+1 p2(n k)—
k=-1

m
P2n+1P2m+1 =P2(m+n+1) + Z szgillpﬂm k) + Z H22k+1 P2(n—k)
k=—1 k=—1

L,y (I e )
and pan = 227, n > 0.
As a consequence, one has
Proposition 4.2 The stratum ¥o contains a mazximal closed subspace Wy with elements of the form
w= Z a;pi(z) (33)
i=0,2,3,...

with arbitrary n and a; and parameters H} obeying the constraints (29), (30) and such that z>Wy C Wh.

The relations (28) readily imply that all p;(z) are generated by two elements 22 and p3.
Using ([B2) one can show that the set of independent relations (28] is given by

22 N34 2H3 02 ¢ (2H312 + 2H§) A+ 2H3  H? + 2H3 (34)

and

n—2
Pan+1 = (An_l - Z Hi(flz)l)\l) b3 (35)

i=0
This relation is obtained obtained using iteratively the formula

D2nt+1 = AP2p—1 + qu_lp& (36)

Proposition 4.3 Subspace Wy is an infinite-dimensional commutative associative algebra with the basis
1, p2, p3, P4, ... isomorphic to C[X,p3]/Cs

where
Cs = p32 — A3 — 2H3 )2 — (2Hil2 + 2H§) \— (2H?  H? + 2H3). (37)
Proof Associativity follows from the fact that the conditions (29) and (B0) are equivalent to the condition
YoooonCy= > CiCy o Gk1r=023,. .. (38)
5=0,2,3,. 5=0,2,3,...

for the constants C'Jl-k given by (E{ZI) O
Treating now X, ps, ps and Hj as affine coordinates one has the following geometrical interpretation
of the subspace Ws.

Proposition 4.4 The subspace Wy is an infinite dimensional algebraic variety I'y in the affine space
with coordinates pj, (j = 2,3,4,...), H}, ( =3,5,7,..., k=—1,1,3,5,...) defined by the intersection
of quadrics

j+k—1
fik = DjPk — Djt+k — Z Clepi(z) =0 (39)
1=0,2,3,.
and quadrics (30). An ideal I® of this variety is
I® = (C, 12,182 1) (40)

where 152, | = pont1 — (,\n Ly pr2n=i)= 1/\1)



Since Wa ~ C[A,p3]/Cs one can view I'y as the infinite family of coordinate rings of the elliptic curve
Cs = 0 parameterized by the variables Hj obeying the conditions ([29) and (30). Analyzing these
conditions one concludes that there is an infinite set of independent variables among all H i, for example
H3, H} H3 HS,....

It is a direct check that the curve Cs = 0 has genus one. So the stratum X, contains an infinite family
of elliptic curves parameterized by H3,, H}, H3.

The ideal I contains singular hyperelliptic curves of all orders and of genus 1 given by

n—2 2
P = ()\"1 -3 H2(1"_l)_1)\i> (X“ +2H3 N2 + (2H§12 + 2H§) A+ 2H3 HP + 2H§’) (41)
1=0

5 Stratum X3: (3,4) curves of zero genus

Next case corresponds to S = {—3,—1,1,3,4,5,...}. Due to the absence of elements of orders zero and
two positive elements of the canonical basis are given by

j Hy
P1 :Z+HO+Z?,

E>1
B , 42
=2+ HY 2+Hj+zﬂf | =3,4,5 "
pj == 2% 0 Zk, J=9,% 9, .. .
E>1
Since p1? has the order two a closed subspace can be generated only by the elements ps, p4, ps, . . ..
Lemma 5.1 A set W3 of Laurent series p;(z), j = 3,4,5,... obey the equations
pi(p(z) = Y. Chm(z), k=345, (43)
1=3,4,5,...
and the condition 2°W3 C Ws if and only if
pj =+ B, L H], 25, (44)
H?, + H}?HY, — H{ ™ =0, (45)
Hj + H?}*Hy =0
and
H61+2H8H§2_H322H32_H322:O, (46)
32 3 2774 4 774
H;"—-H°,"Hy —H-,H; =0.
Proof Let us begin with the condition 22"W3 C W3. One has
22 (2) = 22T 4 Y 24 (47)

In W3 there is no element which contains the term of order one. Hence, with necessity H3)_; = 0 for all
n=123,... and n=3,4,5,..., ie.

_ . . H
pj(z):zJ+H12z2+H3+ZzT{?, j=3,4,5,... . (48)
n>1

Then considering the product par41p; one has

poksr (2)p(2) = 22 ol (49)



The terms of the order z%, i > 3 can be represented as a superposition of p3, pa, ..., pok+j+1 giving the
constants CJl-k while the coefficient in front of z should vanish. Hence HJ, =0 for all k =1,2,3,.... So

pj=2 +H 22+ H]  j>3. (50)
The coefficients H?. 5 and Hg are not all independent. Indeed, the relations

2*p3 =ps + H® ,pa,
22py =pe + H*pa,
2'ps =p7 + H?,ps + Hipa,

imply
H®, — Hy + H®,H*, =0,
H§ + H?,Hy =0,
HS, — HE + H*,” =0,
H§ + H*,Hy =0, (52)
H™,+H?,HS, + H}H!, =0,
H{ + H?,H§ + Hy Hy =0,

and so on. The relations (52) are the lowest members of the relations (#5]). Using these relations, one
can express all H? ,, H} with j =5,6,7,... in terms of H3,, H3 and H,, H{.
Furthermore, the vanishing of the coefficients in front of 22 and z° in the relation

2
ps? — (p6 +2H3 )ps + H3, pa + 2H§p3) =0 (53)
is equivalent to the conditions
HS, —2H3,H®, — H3,’H*, =0,
\ . (54)
H$ — H3" —2H®,Hy — H?,"Hy = 0.

Finally taking into account (52)), one gets the constraints ([@6]). So there are only two independent param-
eters among all coefficients H”, and Hj. The simplest choice is to take H3, and H%, as independent
variables. At last, the direct calculation gives

Cly =64y + HF 0L, + HESL + H )6y o + HJOL + H ,HF o84 O (55)
An immediate consequence of the Lemma [5.1] is given by

Proposition 5.2 The stratum X3 contains the subspace W3 closed with respect to multiplication Wy -
Ws C Ws. Elements of W3 have the form w = 23;3 a;p;(z) with arbitrary n and a; and p; of the form

with H? ,Hj obeying the constraints and .The subspace W3 is an infinite-dimensional
2> 1410 ying D
associative and commutative algebra Az with the basis [[4]) and structure constants (33).

A geometrical interpretation of W3 is provided by

Proposition 5.3 The subspace W3 can be viewed as the two parametric family of algebraic varieties
defined by the relations

pipk — Y Clhapt = pipk — (pj-i-k + H*ypjio + HEpj + H ypioss + Hipi + Hfgﬂfgm) =0. (56)
I



The ideal of this family contains the plane (3,4) curve (in the terminology of [7]) defined by the equation

pa® —p3t + 4 H3 paps® — (3 HY, -2 H§22) ps’pa— (—4 HY + 2 H? ) HY,) ps®

- (3 Hi+ AHSHS, + H3," + HE22H32) pa? — (4 3, H3 + 8 H3  HE — 2 13,14’

G HYH y — 2 H, 2 ) popy — (=3 HOHy + 6 HY® — 6 HYH2 ,HY 5 + 2 H2 )" 1]

w13, HY ) HfQS) P32 — (—3 HY —om¥ms,” —omd, HiH*, — 213, HA (57)
+3HLHY + 2P HY ) — S B HG + 2 BRHE ) py — (—4 H — 4 12,1

VO HIHAHY ) — AHSHAH® ) + 6 HE H3 H*, + 2 HAH3 )04, + 2 HAHB, H,

—2 HIHE, 1Y, — 2 HYH, ) pa = 0,

where H2 5, H3 ,H*, and H{ obey the constraints {{6). The (3,4) curve (57) have zero genus.

Proof By direct calculation with the use of polynomial form (44) of p;. O

Comparing the results of this and previous section, one observes an essential difference between the
geometrical properties of the subspaces W5 and W3. This is due to the quite different form of the Laurent
series belonging to W; which is the consequence of a different situation with elements of the first order in
z. Namely, though in both cases W; does not contain the element p;(z), The absence in W3 of the terms
of order z in p;(z) leads to a strong constraints leading to the polinomiality of p;(z).

We note also that due to the presence of the element pg = 1 of zero order in Wy one has 22 € W,
while 22 ¢ W3. As a consequence, for instance, one can choose p3, ps and z%p3 as the generators of the
algebra As instead of ps, ps and ps.

A way to avoid the polinomiality of all p;(z) € W3 would be to relax the condition W5 C Ws. Since
22 is not an element of W3 it would be natural not to require that the product of z2 and an element of
W3 belongs to W3, but instead to require that z2W3 C 3. The presence of the element p;(z) in X3,
allows us to avoid immediate constraints on p;(z) followed from the relations of the type [7) and (Z9).
for instance, instead of the conditions (BI) one gets the following ones

2*p3 —ps — H3opy = Hip1,

(58)
2%py —ps — H yps = Hip1,

and so on. In virtue of the equations of this type one obtains an infinite set of relations for H ]i Computer
analysis strongly indicates that these conditions again lead to the constraint H = 0, k = 1,2,3,...,

j=3,4,5,..., ie. to the polinomiality of all p;(z).
6 Strata X,,. Hyperelliptic curves of genus n
Stratum Yo, with arbitrary n is characterized by S = {—2n,—2n+2,—-2n+4,...,0,2,4,...,2n,2n +

1,2n+ 2,...}. So it does not contain, in particular, n elements of the order 1,3,5,...,2n — 1 and the
positive order elements of the canonical basis are given by

HO
Do :1+ZZ_:7

k>1
oozt HI
pj :Z]+ZHJ_2IC—122]€+1+ZZ_:7 j:25476a"'a2n_27 (59)
k=0 k>1

n—1 i
4 . o’
p; =2 +ZH1%7122’€+1 +Zz—,§ j=2n,2n+1,2n+2,2n+3,... .

k=0 E>1

In this case one has



Lemma 6.1 A set Wa,, of Laurent series [59) obey the condition z*Wa,, C Way, and equations
Z kpl (60)

if and only if

HP™ =0, m=0,1,2,..., k=—-2n+2,-2n+4,...,-2,0,1,2,3,..., (61)
H =0, m=0,1,2,... k=—-n,—n+1,-n+2,...
and
2j+1 2+k)+1 2j+1 772(k—s)—1
H (Jl+k)+ Hyy Z H2g+1H21+1 =0,
o . (62)
2j+1 2k+1 2j+1 772k+1 2k+1 772 +1 2j+1 2k+1 _
Hylg + Hygr gy + > Hyy Hyg "y + > Hy v Hyl oy +ZH2§+1H 1 =0
Rewriting equation (60) separately for p; with even and odd j, i.e.
P2jP2k =P2(j+k)>
k—1
D2jD2k4+1 =P2(j+k)+1 + Z H25+1p2(k s)—1s
_ k
D2j+1P2k+1 =P2(j+k+1) T Z Hy i pagims) + Z H3lH pagi—s) (63)
-1 -1 -1 —s—1
2j+1 772k 2j+1 2k
+ Z Z H2;+1H22Tilp 25+T+1)+ Z Z H2;+1H22Tilp 2(s+r+1)
s=—nr=—n s=—mn r=0
—r—1
2j+1
+ Z Z H2gjrrl szfj:llp 2(s+r+1)s
r=—n s=0
one concludes that
2\m
DP2m =(2 )
2m =(2) , (64)
P2m+1 :a()‘)an-i-lu m:n+17n+27"'7 A=z
for suitable a(A) € C[\]. Moreover
Dot = A" wph =0 (65)
k=0
where the coefficients uy can be obtained from
n+l n—k—1
Pongr = A+ 2ZH2"n“s G D D HRHHA (66)
k=—n s=0
Thus, one has
Proposition 6.2 The stratum Xq, forn = 2,3,4,... contains mazximal subspace Wa,, closed with respect
to multiplication with elements of the form
w = Z asp AP + Z bat+1 (A)p2r+1 (67)
k>0 k>n

with parameters H i obeying the constraints (61]) and (62).

10



Proposition 6.3 The subspace Wa, is the infinite-dimensional commutative associative algebra As,
isomorphic to C[\, pani1]/Cans1 where X = 2% and

Cons1 = Phpyr = A" = Z upA® =0 (68)
k=0

and uy, are given by (606)

Proof Associativity of the algebra As, is the consequence of the equivalence of the constraints (GII) and
([62) and the associativity conditions

> CiCl=) CiCj, (69)
for the constants C’;k defined in (@0Q) i.e.

21 _ ¢l
Cljok =054k

241 _ 5l 2j+1
Coji1,o6 =054k + Hyp g

-1 -1
20 sl 2j+1 2k+1 2j+1 pr2k+1 5l
Cojak =05k + Hyl; oy oy + Hyg "y + Z Z Hyo  Hy 5 0 g (sqr g1 (70)
s=—n—1r=—n—1
—1 —s5—1 -1 —r—1
2j+1 pr2k+1 5l 2541 772k 1 <l
+ Z Z H2g+lH2r+1 6—2(s+r+1) + Z Z H2g+1 H2r+1 6—(s+r+1)'
s=—n—1 r=0 r=—n—1 s=0
O
Interpreting A\, pan+1,P2n+s,--. as the local affine coordinates we first observe that the equation

Cont1 =0 (71)
defines a hyperelliptic curve of genus n. It is parameterized by 2n + 1 arbitrary quantities Higjl'il,
H?348 0 HIYTY Lo, HIPEL. Their variation generates an infinite family of hyperellliptic curves.

One has

Proposition 6.4 The subspace Wa, in 3o, is an infinite-dimensional algebraic variety I's,, defined by

the relations (G60),(€1), (62), (63). Its ideal is

g1 = (Cont1, g oy (72)

where lé?rz_,’_l = pomt1 — Cm(AN)Pant1, m=n—+1n+2,n+3,....

In other words the variety I'g, is the intersection of the cubic Cs,4+; = 0 and infinite set of algebraic
curves lg:,z_H, m=n+1n+2mn+3,.... One can easily see that the ideal I, contains higher order
hyperelliptic curves but all of them have genus n.

Thus stratum X, is characterized by the presence of the plane hyperelliptic curves Ca, 41 of genus n
in the closed subspace Wa,,. This is due to the presence of n gaps (elements p1(2), ps(z),..., Pan—1(2))
in the basis of Wa,,. The fact that for hyperelliptic curves (Riemann surfaces) of genus n one has n
(Weierstrass) gaps in a generic point is well known in the theory of abelian functions (see e.g. [g]).
Probably not that known observation is that these gaps and consequently the properties of corresponding
algebraic curves are prescribed by the structure of the Birkhoff strata Y, in Gr(?). In different context
an appearance of hyperelliptic curves in Birkhoff strata of Gr(?) has been observed in [A.
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7 Strata Xo,.1

Stratum Xo,41, n = 2,3,4,... is characterized by S = {-2n—1,-2n+1,...,-1,1,3,...,2n+ 1,2n +
2,...}. So, the positive order elements of the canonical basis in Xa,1 are of the form
pi(z) =27 + HY 272 + HI ,27 7% + +HJ+Z:—,Qc j=1,3,....2n—1
E>1
. (73)
E>1

Closed subspaces in Yo, 41 have different structure for different n. In order to see this let us begin with
Y5. In this case the elements (Z3]) of the canonical basis are

Hl
=2+ Hy+ )
k>1 Z

HY
3 3,2 k
p3=z"+H>yz —|—HO Z_k (74)
k>1

J
p; =2 + H) 2* + H 2 +HJ+Z—,5 i=5,6,T,....
k>1

It is easy to see that the maximal closed subspace W5 in Y5 is the subspace with the basis (ps, ps, pe, - - - )-

Lemma 7.1 A set Wy of the Laurent series ps,ps, pg, ... obey the equations
pi(pe(z) = Y Cpm(2) (75)
1=3,5,6,...
and the condition z?°Ws C Ws if and only if H},JC =0,j=3,56,..., k=1,23,..., i.e. all p; are
polynomials and H}, k = —4,—2,0 obey the constraints
HY=0 H°,=H, H°,=H3,,
HS=—-H  HS,=—2H3H®,  HS,=-H3) (76)

The proof of the polynomiality of p;(z) is exactly the same as for W5 (Lemma [5.1). The constraints
([T6) follow from equations (75]) and the condition 2°W5 C Ws. For instance one has z%p3 = ps, 2%ps =
p7 + H ,pg etc. . The constants Cék are given by

2 2 2
Oj’k = 5;—1—19 + Z H1255l25+k + ZHEQS(SIQS—H‘ + Z H125H52r6l2(r+s)5 ja k > 3 (77)
s=0 s=0 s,7r=0

where, for sake of compactess, we use H3, = 0. As a consequence of this lemma one has

Proposition 7.2 The stratum X5 contains a mazimal subspace Wy closed with respect to multiplication
Ws - W5 C Ws. Elements of Ws have the form w = Zi:B 56.7... a;p;(z) with arbitrary a;, n and HJ_4,
H’ ,, H} obeying the constraints (53).

Algebraically Ws is an infinite-dimensional commutative associative algebra As of polynomials with
the structure constants given by (77). Geometrically W is the infinite algebraic variety I's defined by the

equations (79) and (53).

First equations of the set of equations (3] are

p3® =ps + 2H? yps + 2Hps,
2
psps =ps + 2H? yp7 + H? ) pe + +2H{3ps,

12



and so on. So the algebra Ajs is generated by ps, ps and pr.
It is not also difficult to show that an ideal of the variety I's contains the family of plane (3,5) curve

2 2
ps® — p3° + 2 H3 ps®ps — H2, paps® + 2 Hops* — 2 Ho H? yp3’ps — HY p3® =0 (79)

parameterized by two variables H2, and Hj. Due to the polinomiality of p3 and ps in z, the genus of
of curve (79) is obviously equal to zero. The ideal of the varieties contains another rational plane curve
given by

2 3 4
p6® = ps® + 6 H ypsps’ + 14 H2y"ps*pg” — (=6 H — 16 H2," ) ps*pe® — (—16 HEH, — 9 H?,") ps*pe
- (—10 H3H3,” — 2 Hi;") ps® + 2 H pe* + 8 H3 H? ,pspe® + 10 H3 > H3? pspe>

3 322 3 4 4 5
- (—14H§ —4H®,"H} )p53p6+20H03 H?,ps* + Hy pe® + 2 Hy H,pspe® + 8 HY ps® = 0.

(80)
The stratum Y5 exhibits the main features of higher strata 34,,—1, (m = 1,2,3,...). The maximal
closed subspaces Wy,,—1 have the basis (p2m+1,P2m-+3; - - - Pam—1,Pam, Pam+1s - - - ) while the stratum
Yam+1, (m=1,2,3,...) have the basis (P2m+1, P2m+3, - - - » Pam—1, Pam+1, Pam+2, - - - ) With the respective

pj. Then one can demonstrate an analog of the Lemma [Tl for ¥4,,41 which in particular says that all
p;j(z) are polynomials in z obeying the equations

l

together with certain constraints on H i L

Consequently one has closed subspaces Wyy,+1 in ¥4, +1 which algebraically are commutative and
associative algebras and geometrically they represent families of algebraic varieties I'4;,+1 defined by the
equation (BI)). Ideals of the varieties I'4pn41 contain plane (2m + 1,2m + 3) curve

pamTd —pimti 4 =0, m=1203,... (82)
of zero genus.
Properties of these rational curves will be discussed elsewhere.
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