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The deterministic Skorohod problem plays an important role in
the construction and analysis of diffusion processes with reflection. In
the form studied here, the multidimensional Skorohod problem was
introduced, in time-independent domains, by H. Tanaka [61] and fur-
ther investigated by P.-L. Lions and A.-S. Sznitman [42] in their cele-
brated article. Subsequent results of several researchers have resulted
in a large literature on the Skorohod problem in time-independent
domains. In this article we conduct a thorough study of the multidi-
mensional Skorohod problem in time-dependent domains. In particu-
lar, we prove the existence of cadlag solutions (x,\) to the Skorohod
problem, with oblique reflection, for (D,I',w) assuming, in particu-
lar, that D is a time-dependent domain (Theorem 1.2). In addition,
we prove that if w is continuous, then z is continuous as well (The-
orem 1.3). Subsequently, we use the established existence results to
construct solutions to stochastic differential equations with oblique
reflection (Theorem 1.9) in time-dependent domains. In the process
of proving these results we establish a number of estimates for solu-
tions to the Skorohod problem with bounded jumps and, in addition,
several results concerning the convergence of sequences of solutions
to Skorohod problems in the setting of time-dependent domains.

1. Introduction. In time-independent domains the Skorohod problem,
in the form studied in this article, goes back to Tanaka [61], who established
existence and uniqueness of solutions to the Skorohod problem in convex
domains with normal reflection. These results were subsequently general-
ized to wider classes of time-independent domains by, in particular, Lions
and Sznitman [42] and Saisho [53]. By imposing an admissibility condition
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on the domain, Lions and Sznitman [42] proved existence and uniqueness
of solutions to the Skorohod problem in two different cases. The first of
the two cases considered normal reflection on domains satisfying a uniform
exterior sphere condition, meaning that the domain is smooth except for
“convex corners.” Moreover, the second case considered smoothly varying
(possibly oblique) directions of reflection on smooth domains. In addition,
for smoothly varying directions of reflection on domains satisfying a uniform
exterior sphere condition, existence and uniqueness results were obtained in
the special case when the oblique reflection cone can be transformed into
the normal cone by multiplication by a smooth matrix function. Saisho [53]
later showed that in the first case considered in [42], that is, for normal
reflection, the admissibility condition is not necessary and can be removed.
Moreover, concerning oblique reflection, that is, when the cone of reflec-
tion differs from the cone of inward normals, we note that in the case of
an orthant with constant directions of reflection on the sides, Harrison and
Reiman [33] found sufficient conditions for the existence and uniqueness of
solutions to the Skorohod problem as well as for continuity of the reflection
map. In this context we also mention that Bernard and El Kharroubi [6]
provided necessary and sufficient conditions for the existence of solutions to
the Skorohod problem in an orthant with constant directions of reflection
on each face. The most general results so far concerning the existence of so-
lutions to the Skorohod problem with oblique reflection in time-independent
domains were derived by Costantini [15]. Costantini [15] proved existence of
solutions to the Skorohod problem for domains satisfying a uniform exterior
sphere condition with a nontangential reflection cone given as a continuous
transformation of the normal cone. Note that this allowed for discontinuous
directions of reflection at the corners. The question of uniqueness of solu-
tions to the Skorohod problem with oblique reflection is, in general, still an
open question and has been settled only in some specific cases. For example,
Dupuis and Ishii [17] obtained uniqueness for a convex polyhedron with con-
stant directions of reflection on the faces assuming the existence of a certain
convex set, defined in terms of the normal directions and the directions of
reflection. Dupuis and Ishii [18, 19] later extended this result to piecewise
smooth domains with smoothly varying directions of reflection on each face.
In addition, we here also mention the work of Dupuis and Ramanan [21, 22]
based on convex duality techniques. In particular, in [22] convex duality is
used to transform the condition of Dupuis and Ishii [17] into one that is much
easier to verify. Before we proceed, we here note that the outline above is
an attempt to briefly discuss relevant previous developments concerning the
Skorohod problem in the form studied in this article. In particular, the study
of reflected diffusion based on Skorohod problems was first introduced by
Skorohod [57] and this approach has, as briefly described, subsequently been
developed in many articles, including [15, 17, 33, 42, 53] and [61]. However,
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we emphasize that the literature devoted to Skorohod problems, their exten-
sions and applications is much larger than what is conveyed above and, in
fact, many more researcher have contributed to this rich field. In particular,
applied areas where Skorohod problems occur include heavy traffic analysis
of queueing networks (see, e.g, [2, 20, 24, 40, 47, 48, 51, 52]), control the-
ory, game theory and mathematical economics (see, e.g., [3, 37, 49, 50, 58]),
image processing (see, e.g., [8]) and molecular dynamics (see, e.g., [54-56]).
For further results concerning Skorohod problems, as well as applications of
Skorohod problems, we also refer to [1, 4, 5, 14, 23, 25, 29, 31, 35, 38, 44, 46]
and [60].

An important novelty of this article is that we conduct a thorough study of
the Skorohod problem, and the subsequent applications to stochastic differ-
ential equations reflected at the boundary, in the setting of time-dependent
domains. To our knowledge, the Skorohod problem is indeed less developed
in time-dependent domains. In particular, a first treatment of the Skorohod
problem in time-dependent domains was given by Costantini, Gobet and El
Karoui [16], who proved existence and uniqueness of solutions to the Sko-
rohod problem with normal reflection in smooth time-dependent domains.
Moreover, existence and uniqueness for deterministic problems of Skoro-
hod type in time-dependent intervals have recently also been established by
Burdzy, Chen and Sylvester [9], Burdzy, Kang and Ramanan [12]. The main
contribution of this article is that we are able to generalize the results in
[15], concerning cadlag solutions to the Skorohod problem with oblique re-
flection, to time-dependent domains assuming less regularity on the domains
compared to [16]. Note also that in [45] we use the results of this article to
construct a numerical method for weak approximation of stochastic differ-
ential equations with oblique reflection in time-dependent domains. Finally,
as in [12], we note, in particular, that reflecting Brownian motions in time-
dependent domains arise in queueing theory (see, e.g., [36, 43]), statistical
physics, (see, e.g., [13, 59]), control theory (see, e.g., [27, 28]) and finance
(see, e.g., [26]). In particular, in future articles we hope to be able to fur-
ther explore the results and techniques developed in this article in several
applications.

To properly formulate the multidimensional Skorohod problem considered
in this article, and our results, we in the following first have to introduce some
notation. Given d > 1, we let (-,-) denote the standard inner product on R4
and we let |z| = (2,2)'/? be the Euclidean norm of z. Whenever z € R?, 7 >
0, we let B.(2) ={y € R%:|z —y| <r} and S.(2) = {y € R%:|z —y| =r}.
Moreover, given D C R E c R?, we let D, E be the closure of D and F,
respectively, and we let d(y, E) denote the Euclidean distance from y € R?
to E. Given d > 1, T'> 0 and an open, connected set D' C R¥! we will
refer to

(1.1) D=D'n{([0,T] x RY),
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as a time-dependent domain. Given D and t € [0,T], we define the time
sections of D as Dy ={z:(t,z) € D}, and we assume that

(1.2)D; # @ and that D, is bounded and connected for every ¢ € [0, 7.

We let 0D and 0Dy, for t € [0,T], denote the boundaries of D and Dy,
respectively. A convex cone of vectors in R?% is a subset I' € R? such that
au+ v el for all a,f € Ry and all u,v €. We let T' =T"(2) =T'(¢,2)
be a function defined on R such that I';(z) is a closed convex cone of
vectors in R? for every z € dDy, t € [0,T]. To give an example of a closed
convex cone, we consider the set C'=Cq = {Ay: A > 0,7 € Q}, where Q is
a closed, connected subset of S7(0) satisfying 71 - y2 > —1 for all v1,7v, € Q.
Given C, we define C* = {au + fv:a,f € Ry,u,v € C'}. Then C* is an
example of a closed convex cone and we note that C* = Cf., where Q*
can be viewed as the “convex hull” of Q on S7(0). Given I' =T'(z), we
let T'}(z) :=T¢(2) N.S1(0). Given T > 0, we let D([0,7],R?) denote the set
of cadlag functions w = wy : [0,T] — R?, that is, functions which are right
continuous with left limits. For w € D(]0, T],R?) we introduce the norm

(1'3) HwHtl,tz = sSup |ws - wr‘
t1<r<s<ts

for 0 <ty <ty <T and, given § > 0, we let

14) D0, T),RY = {w & D(0. T} R sup fuwy — w,-| < 5}

denote the set of cadlag functions with jumps bounded by 4. We denote the
set of functions A = \;: [0,7] — R with bounded variation by BV([0,T],R%)
and we let |\| denote the total variation of A € BV(]0,T],R%).

In this article we consider the Skorohod problem in the following form.

DEFINITION 1.1. Letd>1and T > 0. Let D C R**! be a time-dependent
domain satisfying (1.2) and let I' =T",(z) be, for every z € 9Dy, t € [0,T], a
closed convex cone of vectors in R%. Given w € D([0,T],R?), with wg € Do,
we say that the pair (x, A) is a solution to the Skorohod problem for (D, T, w),
on [0,T7], if (x,\) € D([0, T],R?Y) x BV([0, T], R?) and if (w,z,\) satisfies, for
all t € (0,77,

(1.5) T =wi + A, zy € Dy,
¢t

(1.6) At :/ s d|A|s, vs € TL(z5) d|\|-a.e on U 0D,
0
s€[0,t]

and

(1.7) dIN({t € [0,T]: (t,2;) € DY) =0.
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The main results of this article will be proved for time-dependent do-
mains D C R satisfying (1.2). However, several additional restrictions
will be imposed on D, on the cones of reflection I' as well as on the interac-
tion between D and I'. In the following we will outline these assumptions in
order to be able to properly state our existence result concerning the Sko-
rohod problem with oblique reflection. However, while these assumptions
are introduced quite briefly here, the intuition behind the assumptions, as
well as the implications of the assumptions, is explained in more detail in
Section 3.2 below.

Geometry of the time-slice D;. We let Ny(z) denote the cone of inward
normal vectors at z € 0Dy, t € [0,T]; see (3.11) below for a definition. In
particular, we assume that Ny(z) # @ whenever z € 9Dy, t € [0,T]. Note
that we allow for the possibility of several inward normal vectors at the
same boundary point. Given N;(z), we let N}!(z) := Ny(2) N S1(0). Then the
spatial domain Dy is said to verify the uniform exterior sphere condition if
there exists a radius rg > 0 such that

(1.8) By (z —19n) C ([0,T] x R4\ D;) N (RN D),

whenever z € 9Dy, n € N}(z). Note that B,,(z —ron) is the open Euclidean
ball with center z — rgn and radius rg. We say that a time-dependent domain
D satisfies a uniform exterior sphere condition in time if the uniform exte-
rior sphere condition in (1.8) holds, with the same radius 7o, for all spatial
domains Dy, t € [0,T7].

Temporal variation of the domain. Following [16], we let

(1.9) I(ry= sup sup d(z,Dy)

$,t€[0,T] 2D,

|s—t|<r
be the modulus of continuity of the variation of D in time. In particular,
in several of our estimates related to the Skorohod problem we will assume
that
(1.10) lim [(r)=0.

r—0t

Cones of reflection. Following [15], we assume that

41 - y2 > —1 holds whenever 1,7, € I'} (2) and
(1.11)
for all z € dDy,t € [0,T].

The assumption in (1.11) eliminates the possibility of I" containing vectors
in opposite directions. We also assume that the set

(1.12) GV ={(t,2,7):vy€T(2),2 € DDy, t € [0,T]} is closed.
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The interpretation of the condition in (1.12) is discussed in Section 3.2. In
addition, we need the following assumption concerning the variation of the
cones I'y(z). Let

(1.13)  h(E,F)=max(sup{d(z,E):z € F},sup{d(z, F):z € E})

denote the Hausdorff distance between the sets E,F C R?. Moreover, let
{(8n,2n)} be a sequence of points in R s, €[0,T], 2, € dD;,, such that
limy, 00 Sp = s € [0, 7], limy, 00 2, = 2 € 0Ds. We assume, for any such se-
quence of points {(sy, z,,)}, that

(1.14) lim h(Ts, (2,),s(2)) =0.

n—o0

Interaction between the geometry and the cones of reflection. For z €
0Ds, s €[0,T], and p,n >0 we define

(1.15) as.(p,m) = max  min min min (7, u)
> u€S1(0) s<t<s+1 4y cdD,NB,(z) YEL ()
and
Cs2(p,m) = max max max max (M Y O).
s<ESSHN yedDyNB,(2) 2€DiNB,(2),24y 7ELE () ly — 2
(1.16)

For technical reasons we also introduce the quantity

cs,z(p7 7])
as,z(pa 77))2 \ as,z(p7 7])/2

In the proof of certain a priori estimates for the Skorohod problem, estab-
lished in the bulk of the article, we will consider time-dependent domains
satisfying (1.2) and the uniform exterior sphere condition in time, with ra-
dius rg. In addition, we will assume that there exist 0 < pg < r¢ and 19 > 0,
such that

(1.17) cuslon) =7

(1.18) Sei[%fT] _f as..(po,m0) = a >0,
(1.19) sup sup es.(po,mo) =e < 1.
s€[0,T) z€0Ds

Interpretations of (1.15), (1.16), (1.18) and (1.19) are given in Section 3.2.

Ezistence of good projections. Let 0 < dy <rg, hg>1andlet '=T4(z) =
I'(t,z) be given for all z € dDy, t € [0,T]. We say that ([0,7] x R?)\ D has
the (dg, ho)-property of good projections along I' if there exists, for any
y €RI\ Dy, t €[0,T], such that

(1.20) d(y, D) < do,
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at least one projection of y onto 0D; along I';, denoted ﬂgbt (y), which
satisfies

(1.21) ly — T, ()] < hod(y, Dy).

Concerning the existence and continuity of solutions to the Skorohod
problem, as defined in Definition 1.1, we prove the following two theorems.

THEOREM 1.2. Let T >0 and let D C R be a time-dependent domain
satisfying (1.2), (1.10) and a uniform exterior sphere condition in time with
radius ro in the sense of (1.8). Let T' =T4(z) be a closed convex cone of
vectors in R for every z € ODy, t € [0,T), and assume that T satisfies (1.11),
(1.12) and (1.14). Assume that (1.18) and (1.19) hold for some 0 < py < 19,
no >0, a and e. Finally, assume that ([0,T] x RY) \ D has the (5,ho)-
property of good projections along I, for some 0 < dg < po, ho > 1, as defined
in (1.20) and (1.21). Then, given w € D00/*po/(4h0)) ([0, T, RY), with wy €
Dy, there exists a solution (x,\) to the Skorohod problem for (D,T,w), in
the sense of Definition 1.1, with = € D ([0,T],R).

THEOREM 1.3. Assume that the assumptions stated in Theorem 1.2 are
satisfied and let py be as in the statement of Theorem 1.2. Let w:[0,T] —
R? be a continuous function and let (x,\) be any solution to the Skorohod
problem for (D,T',w) in the sense of Definition 1.1. If x € D ([0,T],R%),
then x s continuous.

In the following remarks we have gathered comments concerning the im-
portance of the assumptions imposed in Theorems 1.2 and 1.3, as well as
comments concerning situations when these assumptions are fulfilled.

REMARK 1.4. Our proofs of Theorems 1.2 and 1.3 rely, as outlined be-
low, on certain a priori estimates proved in Section 4. These estimates are
proved assuming that D C R%*! is a time-dependent domain satisfying (1.2),
(1.10) and a uniform exterior sphere condition in time with radius ry in
the sense of (1.8). Furthermore, to derive these estimates, we also assume
that (1.18) and (1.19) hold for some 0 < pg < 79, 70 >0, a and e and that
([0,7] x RY) \ D has the (&, ho)-property of good projections along T', for
some 0 < &g < po, ho > 1, as defined in (1.20) and (1.21). In particular, we
do not have to assume that I' =T';(z) satisfies (1.11), (1.12) and (1.14) in
order to derive the results in Section 4.

REMARK 1.5. In Section 5 we proceed toward the final proof of Theorem
1.2. In particular, we use the a priori estimates of Section 4 to derive general
results concerning the convergence of solutions to Skorohod problems in
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time-dependent domains. We note that our assumptions on D do not exclude
the possibility of holes in D and Dy, for some ¢ € [0,T]. Nevertheless, the
assumptions on D ensure that the number of holes in D; stays the same for
all ¢ € [0,7] and that these holes cannot shrink too much as time changes.
This observation, Lemma 3.1 below and its proof allow us to conclude the
validity of the conclusion in Remark 3.2, which, in turn, is used to complete
the proofs in Section 5. Simple examples show that the conclusion in Remark
3.2 would not hold if we, for instance, allowed the number of holes in Dy
to change as a function of ¢ and if we, in particular, allowed the holes to
vanish.

REMARK 1.6. The assumption that I' = T';(z) satisfies (1.11), (1.12) and
(1.14) is used to complete the proofs in Section 5. In particular, focusing on
Theorem 5.3, which is the convergence result actually used in the proof of
Theorem 1.2, we note that we need to assume (1.14) in order to be able
derive (5.69). We then use (1.12) to complete the argument in the proof of
Theorem 5.3. Note also the difference between (1.12) and (1.14). Assump-
tion (1.12) simply states that if (s, zn,7,) is a sequence such that ~, €
Ty, (2n), 2n € 0Dy, , 5, € [0,T], and if (sn, 2n,7n) — (t,2,7) in R x R x RY,
for some (s,2,7) € R x R x RY, then v € I'4(2), 2 € 9Dy, s € [0,T]. Assump-
tion (1.14), on the other hand, is a statement concerning the convergence,
in the Hausdorff distance sense, of the cones {I's, (2,,)}. Finally, to comment
on assumption (1.11), which was also imposed in [15], we note that (1.11)
is only used in the proofs of Theorems 5.1 and 5.3 and, in particular, in the
verification of (5.51) and (5.52). Assumption (1.11) eliminates the possibility
of I' containing vectors in opposite directions and we have not been able to
complete our argument without this assumption. However, there are articles
dealing with Skorohod type lemmas and reflected Brownian motion; see [14],
in particular, where this assumption is not required. As noted in [14], the
inclusion of vectors in opposite directions can be viewed as a critical case
and [14] considers a related problem in a particular setting in the plane. In
our general case we leave this question as a subject for future research.

REMARK 1.7. For examples of cases when the geometric assumptions
imposed in Theorems 1.2 and 1.3 are fulfilled, we refer to Appendix. How-
ever, we here briefly discuss Theorems 1.2 and 1.3 in the context of convex
domains. In particular, let 7> 0 and let D C R! be a time-dependent
domain satisfying (1.2) and (1.10). Assume, in addition, that D; is convex
whenever ¢t € [0,7]. Let I' =T'4(z) be as in the statement of Theorem 1.2.
Assume that

1.22 lim lim inf inf =a>0
(122 i i 3l 335, o0 = >0

(1.23) lim lim sup sup e;.(p,n) =e<L.
n—=0p=05¢(0,7] 2€0D5
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If D, is convex whenever ¢ € [0,T7], then there exists, for every 0 < dy given,
ho > 1 such that ([0, 7] x R%)\ D has the (g, ho)-property of good projections
along I' as defined in (1.20) and (1.21). In this case the conclusion of Theo-
rem 1.2 is, as can be seen from the proofs below, that given w € D([0,T],RY),
with wg € Dy, there exists a solution (x,)\) to the Skorohod problem for
(D,T',w), in the sense of Definition 1.1, with = € D(][0,7T],R). Moreover, if
w is a continuous function, then x is continuous. In particular, if the time-
slices { D} are convex, then the restrictions, in Theorems 1.2 and 1.3, on the
jump-sizes in terms of Jy, pg can be removed. Moreover, this is consistent
with the results in [15] valid in time-independent domains; see Theorem 4.1
and Proposition 2.3 in [15].

We next formulate a subsequent application of Theorems 1.2 and 1.3 to
the problem of constructing weak solutions to stochastic differential equa-
tions in D with reflection along I'y on 0D, for all t € [0,T]. Given T > 0, we
let C([0,T],R?) denote the class of continuous functions from [0, 7] to R?. In
the following, we let m be a positive integer and we let b: R, x R? — R? and
o: Ry x R4 — R¥™ be given functions which are bounded and continuous.

DEFINITION 1.8. Let d > 1and T > 0. Let D € R%! be a time-dependent
domain satisfying (1.2), let T' = I';(2) be a closed convex cone of vectors in R?
for every z € dDy, t € [0,T], and let 2 € Dy. A weak solution to the stochas-
tic differential equation in D with coefficients b and o, reflection along Iy
on 9Dy, t €[0,T], and with initial condition Z at t =0, is a stochastic pro-
cess (X%% A%%) with paths in C([0,T],R?) x BV([0,T],R?), which is defined
on a filtered probability space (2, F,{F;}, P) and satisfies, P-almost surely,
whenever t € [0,7],

~ t ~ t ~ ~
(1.24) XS’Z=2+/ b(s,Xg’Z)der/ o(s, X2%) dW, + AV,
0 0

~ t ~ ~ ~
(1.25) A% — / Yo dAYE ], 4, € To(X0F) 1.84(0), dIAY e,
0

(1.26) X7 eD;,  dA?|({t€]0,T]: X>% € D;}) =0.
Here W is a m-dimensional Wiener process on (2, F,{F;}, P) and (X%%, A®#)
is {F; }-adapted.

Concerning weak solutions to stochastic differential equations in D with
oblique reflection along 0D, we prove the following theorem.

THEOREM 1.9. Let T >0, D C R4 and T'=T(2) be as in the state-
ment of Theorem 1.2. Let b: Ry x R — R? and o : Ry x R — R¥X™ pe given,
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bounded and continuous functions on D and let 2 € Dy. Then there exists
a weak solution, in the sense of Definition 1.8, to the stochastic differential
equation in D with coefficients b and o, reflection along Ty on dDy, t € [0,T],
and with initial condition Z at t = 0.

We note that Theorem 1.9 generalizes the corresponding results in [15, 16]
and [53]. Furthermore, we note that there has recently been considerable ac-
tivity in the study of reflected diffusions in time-dependent intervals. In
particular, in this context we mention [9-11] and [12] and we refer the inter-
ested reader to these articles for more information as well as for references
to other related articles.

The rest of the article is organized as follows. In Section 2 we first briefly
outline two general and important themes present in the proofs of the results
in this article. The first theme concerns a priori estimates and compactness
for solutions to Skorohod problems and the second theme concerns conver-
gence results for sequences of solutions to Skorohod problems. Second, we
discuss the proofs of Theorems 1.2, 1.3 and 1.9 and we try to point out
the new difficulties occurring due to the time-dependent character of the
domain. This section is included for further reference and, in particular, to
convey some of the ideas to the reader. In Section 3 we introduce additional
notation, outline the restrictions imposed on D and I' and collect a few
notions and facts from the Skorohod topology. There is also an appendix
attached to Section 3, Appendix. In Appendix we state sufficient conditions
for the (g, ho)-property of good projections along I' and we give examples
of time-dependent domains satisfying the assumptions stated in Theorems
1.2, 1.3 and 1.9. Section 4 is devoted to estimates for solutions to the Sko-
rohod problem, with oblique reflection, which have bounded jumps and also
to the corresponding estimates for certain approximations of the Skorohod
problem. In Section 5 we first prove Theorem 5.1, containing a general result
concerning convergence of solutions to Skorohod problems in time-dependent
domains. Furthermore, we establish the somewhat similar result for certain
approximations of the Skorohod problem. The latter estimates are then used
in the proof of Theorem 1.2. The final proofs of Theorems 1.2, 1.3 and 1.9
are given in Section 6. The article ends with the Appendix, discussed above.

2. A brief outline of proofs and our contribution. Concerning proofs,
we note that the arguments in this article follow two general and important
themes which we here, to start with, briefly outline.

A priori estimates and compactness. To explain the a priori estimates,
we let >0, D C R™! and I' =T';(2) be as in the statement of Theorem
1.2, and we let w € D([0,T],R?) with wy € Dy. Assume that (x,)) is a
solution to the Skorohod problem for (D,T',w) such that @ € D ([0,T],R).
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Under these assumptions, we prove (see Theorem 4.2 below) that there exist
positive constants Li(w,T'), La(w,T), Ls(w,T) and L4(w,T') such that

2.1) 2]ty o < La(w, T)|[wlley 1, + La(w, T)l(t2 — t1),
|)‘|t2 - |)‘|t1 < L3(w>T)||w||t1,t2 + L4(va)l(t2 - tl)v

whenever 0 < t; <ty <T. Furthermore, we prove that if W C D([0,T],R?) is
relatively compact in the Skorohod topology and wy € Dy, whenever w € W,
then there exist positive constants LT, LT, LT and LI, such that

(2.2) sup Li(w, T) < LI <00 fori=1,2,3,4.
wew

Convergence results for sequences of solutions to Skorohod problems. The
a priori estimates and compactness result in (2.1) and (2.2) are useful for
proving convergence of solutions to Skorohod problems. To explain this fur-
ther, let {D"}2° be a sequence of time-dependent domains D" C R+ sat-
isfying (1.2) and let {I™}22, = {I'}(2)}22, be a sequence of closed convex
cones of vectors in RY. Assume that {D"}>° ; and {I"}°°, satisfy the con-
ditions stated in Theorem 1.2 with constants that are “uniform with respect
ton” in a sense made precise in Section 5. Let {w"}, with wi € D, be a se-
quence in D([0, T], R?) which is relatively compact in the Skorohod topology
and which converges to w € D([0,T],R?%) with wg € Dy. Furthermore, let D C
R+ be a time-dependent domain satisfying (1.2), let I' = I';(2) be, for ev-
ery z € Dy, t €]0,T], a closed convex cone of vectors in R? satisfying (1.11)
and (1.12). Assume that the sequences {D"}7°; and {I'"}7°, converge to
D and T, respectively, in a sense specified in Theorem 5.1. If there exists,
for all n > 1, a solution (z",A") to the Skorohod problem for (D", I'" w")
such that a7 € D}, for all ¢t € [0,7], and 2™ € D ([0,T],R%), then it fol-
lows, using (2.1) and (2.2), that {(w™,z™, \",|A\"|)} is relatively compact
in D([0,T],R%) x D([0,T],R%) x D([0, T],RY) x D([0,T], R, ). Hence, we are
able to conclude that {(z™, A")} converges to some (z,\) € D([0,T],R?) x
D([0,T],R?) with # € D and we can, in addition, prove that (z,\) is in-
deed a solution to the Skorohod problem for (D,I',w). This result, found in
Theorem 5.1 below, constitutes a general convergence result for sequences
of solutions to Skorohod problems based on the a priori estimates and com-
pactness result in (2.1) and (2.2).

Although Theorem 1.2 does not follow directly from the results outlined
above, we claim that (2.1), (2.2) and Theorem 5.1, stated below, are of
independent interest and may be useful in other applications involving the
Skorohod problem. To start an outline of the actual proofs of Theorems 1.2,
1.3 and 1.9, we note that to prove Theorem 1.2 we use arguments similar to
those outlined above, but in this case we have to construct, given (D, T",w),
an approximating sequence {(D", '™, w™)} such that a solution (z",A") to
the Skorohod problem for (D", I w™) can be found explicitly.
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Proof of Theorems 1.2, 1.3 and 1.9. To discuss the construction of {(D",
' w")} and {(z™,A")} used in the proof of Theorem 1.2, we consider w €
D([0,T],R?), with wg € Dy and with jumps bounded by some constant,
and we now let {7 }2_ define a partition A of the interval [0,77, that is,
O=19<m < --<7n_1<7n=T. Given A, we let

23 A*:: — ,
(2.3) ke{$?§_1}7k+1 Tk

and, given A and w, we define
(2.4) th:wkal whenever t € [1_1,7k), k€ {1,...,N},

and w5 = wr. Then w™ € D([0,T],R?) is a step function approximation of
w. Furthermore, assume that A and w® are such that

(2'5) HwAHTk_LTk +Z(A*) <507

whenever k € {1,...,N}. Recall that J§p is the constant appearing in the
notion of the (dy, hg)-property of good projections. We next define

DA =D

Tk—1"

(2.6)
rd=r, whenever t € [1_1,7;), k€ {1,...,N},

and D% = DT,I‘% =T7. Given w®, D? and I'® as above, we define a pair
of processes (v, \2) as follows. We let

(2.7) 2 =wy, A2 =0 for t €[0,71).

If 22 € DA forsome k € {1,..., N}, then, by the triangle inequality and

Tk—1 Tk—1

(2.8) d(z2 —|—wTAk —w? D—TA}C) <N w7y 7 F UA™) < dp.

Tk—1 Tk—1"

Hence, by the (g, ho)-property of good projections, it follows that if z2  +

Tk—1
w? —w? ¢ DA then there exists a point

Tk Tk—1 Tk’
A

(2.9) T (@D fwd —w® )eap?

) ODE \Tk—1 Tk Tk—1 Tk

: : : : A A A A A
which is the projection of z7, | +wr —wz, | onto Dz along I'Z . Further-
more, if 22 +wS — w5 € D2, then we let
Lo (A A A A A A
Tk _ — —

(2.10) 7T8D$k (mTkﬂ T wy, wTkﬂ) =T, T Wh, T Wy
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Based on this argument, we define, whenever ¢ € |1y, 7%11), k€ {1,...,N —

1},

A A A A
Ty = 7r8DA (ka—l +w7'k - wTk—l)’
(211) A A A A A
)\ =X\, + (zp — (J:Tk*1 +wr, — wmﬂ))'

Finally, we define 22 and A% as in (2.11) by putting k = N in (2.11). By
construction, the pair (z2,\?) is a solution to the Skorohod problem for
(DA, T2, w?). Moreover, using the assumption on the size of the jumps
of w stated in Theorem 1.2, we will be able to make the construction so
that we can conclude that z® € D*o([0,T],R?%). As the next step we then
apply Theorem 4.6 stated below, showing the existence of positive constants
Li(w,T), Lo(w,T), L3(w,T) and Ly(w,T) such that

(2.12) 2% et < La(w, T) [wlley 2 + La(w, T)(U(tz — 1) +U(AY)),
X2y = M2y < La(w, T)[wlley o + La(w, T)(Utz — t1) +U(AY)),

whenever 0 <1 <ty <T. Provided with the estimates in (2.12), we are
then able to prove Theorem 1.2 by means of compactness arguments simi-
lar to those outlined above. Indeed, we construct an appropriate sequence
of partitions {A,}7°;, based on w, such that z%n € D ([0, T],R?) for n
larger than some ng and such that (%", A\%") is a solution to the Skorohod
problem for (DA" A7 w?n) for n > ng. Then, using (2.12), we conclude
that {(w™n, %, A\2n, \)\A |)} is a relatively compact sequence in the Skoro-
hod topology and that {(z7,A\®»)} converges in the sense of the Skorohod
topology to a pair of functions (z, \). Note that an important difference here,
compared to the situation outlined above, is that D® and I'® as defined in
(2.6) are discontinuous in time. To be able to handle this situation, we em-
ploy some additional arguments, similar to the ones in the proof of Theorem
5.1, in order to prove that (x,\) is a solution to the Skorohod problem for
(D,I';w) on [0,7]. This completes the proof of Theorem 1.2. Concerning
Theorem 1.3, we see that this theorem follows immediately from the conti-
nuity of w and (1.10) using the estimates in (2.1). To prove Theorem 1.9,
we argue somewhat similarly as in the proof of Theorem 1.2 and we refer to
the bulk of the article for details.

To conclude, we note that the proof of Theorem 1.2 is more involved com-
pared to the proof of the corresponding result for time-independent domains
established in [15] and that new difficulties occur, naturally, due to the fact
that we are considering time-dependent domains. In the time-independent
case a solution (z,\) to the Skorohod problem for (D,I',w) is constructed
as the limit of a sequence {(z®", \®")}, where (z7, \®") is a solution to a
Skorohod problem based on w”". In this case (z%7, A®") is a solution to a
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Skorohod problem for (D,T',w”"), while in our case (%", A7) is a solution
to a Skorohod problem for (D®",T%" w”"). Hence, in the time-dependent
case we, at each step, also have to discretize and approximate D and I' due
to the time-dependent character of the domain. In particular, the fact that
DA and T27 | as defined in (2.6), are discontinuous in time induces several
new difficulties which we have to overcome in order to complete the proof
of Theorem 1.2.

3. Preliminaries. In this section we introduce notation, collect a number
of preliminary results concerning the geometry of time-dependent domains
and recall a few notions and facts from the Skorohod topology.

3.1. Notation. Points in Euclidean (d + 1)-space R are denoted by
(t,z) = (t,21,...,2q4). Given a differentiable function f = f(t,z) defined on
R x R, we let O, f(t,z) denote the partial derivative of f at (,z) with
respect to z; and we let V, f denote the gradient (0., f,...,0,,f). Higher or-
der derivatives of f with respect to the space variables will often be denoted
by 0,2, f(t,2), 0222, f(t,2) and so on. Furthermore, given a multi-index
B=(B1,...,84), Bi € Ly, we define | 3| = 1+ - -+ 4 and we let &ff(t,z) de-
note the associated partial derivative of f(t,z) with respect to the space vari-
ables. Time derivatives of f will be denoted by 9/ f(t,z) where j € Z;. As in
the Introduction, we let (-, -) denote the standard inner product on R? and we
let |z| = (z,2)'/2 be the Euclidean norm of z. Whenever z € R 7 > 0, we let
B.(2)={yeR¥:|z—y| <7} and S,(z) = {y € R%:|z — y| =r}. In addition,
dz denotes the Lebesgue d-measure on R%. Moreover, given E C R?, we let
E and OF be the closure and boundary of E, respectively, and we let d(z, E)
denote the Euclidean distance from z € R? to E. Given (t,2), (s,y) € R*1,
we let dy((t,2), (s,9)) = max{|z —yl, |t — s|'/?} denote the parabolic distance
between (t,z) and (s,y) and for F C R4 we let d,((t,2),F) denote the
parabolic distance from (t,z) € R¥*! to F. Moreover, for (t,z) € R¥*! and
r >0, we introduce the parabolic cylinder C,(t,2) = {(s,y) € R : |y — 2| <
7, |t — s| < r?}. Given two real numbers a and b, we let a Vb = max{a,b} and
a Ab=min{a,b}. Finally, given a Borel set £ C R™!, we let xx denote the
characteristic function associated to F.

Given a time-dependent domain D’, a function f defined on D’ and a
constant « € (0, 1], we adopt the definition on page 46 in [41] and introduce

| fl1+a,0r = Z sup |02 f]| + sup sup 1f(t,2) ?{(S;;)‘
st (to)eD! (s2)eD\{(t)y [t — s8]

(3.1)

+ Z sup sup ‘aff(tvz)_agf(say)‘
D1 ERED! (sy)eD\ (1)} [dy((t,2), (s,9))]*
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The third term on the right-hand side of |f|i4q,p/ is superfluous for our
purposes, but we include it here for agreement with the theory of partial
differential equations in time-dependent domains (see [45]). Using the norm
|fli4a,ps we let Hita(D') denote the Banach space of functions f on D’
with finite |f]14q,p/-norm.

3.2. Geometry of time-dependent domains. We here outline the geomet-
ric restrictions which we impose on the time-dependent domains and cones
of reflections. Concerning D, we first prove the following auxiliary lemma.

LEMMA 3.1. Let T >0 and let D C R be a time-dependent domain
satisfying (1.2) and (1.10) and assume that D satisfies a uniform exterior
sphere condition in time with radius ro in the sense of (1.8). Let

(3.2) I(r):= sup sup d(z,0D;).
5,t€[0,T] 2€0D5
[s—t|<r

Then, 1(r) =1(r) for all v >0 such that I(r) <rq.

ProOF. In the following we let € > 0 be arbitrary and we consider r
small enough to ensure that [(r) < ro. With € and r fixed, we let s,t € [0,T7],
|s —t| <r, be such that

(3.3) L <I(r)<Ii+e where I = sup d(z,dD;).
2€0Dg

Naturally,

(3.4) l]zmax{ sup d(z,0Dy), sup d(z,@Dt)}.
2€0DsN(R4\ Dy) 2€0DsNDy

Assume z € 9D, N (R4 \ D;). Then we immediately obtain

sup d(z,0D;) = sup d(z,Dy) < sup d(z, D) <I(r).
2€0DsN(RI\Dy) 2€0DsN(R4\ Dy) 2€Dy

(3.5)

Assume, on the contrary, that z € D4 N D;. In this case, as [(r) < r¢ and
D, satisfies the uniform exterior sphere condition with radius g, we can
conclude that there exists at least one point y, € 9D; N {z + n) € R%:ny €
Ng(2) N Sx(0),0 < A <o} and obviously d(z,0D;) < |z — y.|. Furthermore,
again applying the uniform exterior sphere condition, we see that z mini-
mizes the distance from y, € 0D; to D,. Hence,

sup d(z,0Dy) < sup |z—y.| < sup  d(y.,Ds)
2€0DsNDy 2€0DsNDy 2€0DsNDy
(3.6)
< sup d(y., Ds) < sup d(y, Ds) <I(r).
yzeaDt yeﬁt
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Combining (3.4)-(3.6), we conclude that I} < I(r). Using (3.3), it is clear
that I(r) <I(r) 4+ € and then, as € is arbitrary, [(r) <I(r). We next consider
the opposite inequality. With € and r fixed, we let s,t € [0,T], |s—t| <7, be

such that

(3.7) ly<I(r)<ly+e where I = sup d(z, D).
zED_s

In this case we have

(3.8) Iy = max{ sup d(z, Dy), 0} = max{ sup d(z,0Dy), 0}
2€D,N(RI\Dy) 2€D5N(RI\ Dy)

and in the following we can assume, without loss of generality, that Iy > 0.
Then, by the uniform exterior sphere condition, and the fact that I(r) < ro,
we see that every point z € Dg N (R?\ D;) can be written as z =y, +n, for
some ¥y, € Dy and some ny € N¢(y.)NS5x(0), 0 < X < rg. Furthermore, there
exists a point Z =y, +n; € 9D, with 0 <A <A <rg. Once again applying
the uniform exterior sphere condition, we see that ¢, minimizes the distance
from Z to dD; and we obtain

sup  d(z,0D;) < sup |z -y
2€DsN(RA\ Dy) 2€DsN(RI\ Dy)
(3.9) )
< sup  |Z—y.| < sup d(Z,0Dy) <I(r).
z€D.N(RI\Dy) Ze€dDs

Combining (3.8)-(3.9), we conclude that I < I(r). Using (3.7), it is clear
that I(r) <I(r) + € and then, as € is arbitrary, {(r) < [(r). This completes
the proof of the lemma. [

REMARK 3.2. Note also that the prerequisites of Lemma 3.1 ensure that
the number of holes in D, stays the same for all ¢ € [0,7] and, in particu-
lar, that these holes cannot shrink too much as time changes. Furthermore,
Lemma 3.1 and its proof allow us to conclude that

(3.10) h(Ds, Dy) = h(Dy, Dy) = h(9D,,OD,)

whenever s,t € [0,T], [s —t| <r, I(r) <rp.

Concerning I', we let T'=T'y(2) = I'(t,2) be a function defined on R+!
such that T'y(2) is a closed convex cone of vectors in R? for every z € 9Dy,
t €[0,7] and we assume that I' satisfies (1.11) and (1.12). To understand
the condition in (1.12), that is, the assumption that the graph G' is closed,
we observe that one motivation for using a cone of reflection, rather than a
single-valued direction of reflection, is to be able to deal with discontinuities
in the direction of reflection. Such discontinuities arise, for instance, in the
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normal direction for a convex polygon. At a point of discontinuity of the
direction of reflection one can use the cone generated by all the limit vectors
(if they exist) of the direction of reflection. For a cone of reflection, the
assumption that the graph G' is closed provides a form of continuity of
the cone. In fact, for a cone of the form I'y(z) = {\y(2),A > 0}, for some
R-valued function v;(z), the assumption that G' is closed is equivalent to
the assumption that the function 74(z) is continuous as a function of (¢, z).
The cone N;(z) of inward normal vectors at z € 9Dy, t € [0,T1], is defined
as being equal to the set consisting of the union of the set {0} and the set

(3.11) {veR¥:v#0,3p >0 such that B,(z — pv/Jv|) C ([0,T] x R?)\ D}.

Note that this definition does not rule out the possibility of several unit
inward normal vectors at the same boundary point. Given N.(z), we let
N} (2) := Ny(2) N S1(0), so that N} (z) contains the set of vectors in Ny(z)
with unit length. Moreover, based on N;(z), we introduce the set

(3.12) GN ={(t,z,n):n € Ny(z),z € dDy,t € [0,T]}.

The spatial domain Dy is said to verify the uniform exterior sphere condition
if there exists a radius 9 > 0 such that (1.8) holds. It is easy to see that
(1.8) is equivalent to the statement that

1
(3.13) (n,y—2) +—ly—2>>0
27‘0

for all y € Dy, n € N} (2) and z € dD;. Moreover, as deduced from Remark
2.1 in [15], the uniform exterior sphere condition in time asserts that N;(z)
is a closed convex cone for all z € dDy, t € [0,7] and that GV is closed.

For z € 0D,, s €[0,T], and p,n > 0, recall the definition of the quantity
as,z(p,n) introduced in (1.15),

as.(p,m) = max  min min min (v, u).
u€S51(0) s<t<s+1yecdDyNB, (z) €L} (y)

The vector u that maximizes the minimum of (y,u) over all vectors v €
I'}(y) in a time-space neighborhood of a point (s,z2), z € dDs, s € [0,T],
can be regarded as the best approximation of the TI'j(y)-vectors in that
neighborhood. With this interpretation as.(p,n) represents the cosine of
the largest angle between the best approximation and a I'} (y)-vector in the
neighborhood. Hence, in a sense, a; .(p,n) quantifies the variation of I' in a
space—time neighborhood of (s, z). For z € 9Dy, s € [0,T] and p,n > 0, recall
the definition of the quantity ¢, .(p,n) introduced in (1.16),

Cs.2(p,m) = max max max max <w v O>.
sSUSSHN yed DN B, (2) 2€DiN B, (2),27y V€T (Y) ly — £



18 K. NYSTROM AND T. ONSKOG

This quantity is close to one if the vectors v € I'}(y), in a time-space neigh-
borhood, deviate much from the normal vectors and/or the domain is very
concave. Hence, in a sense, ¢s.(p,n) quantifies the skewness of I" and the
concavity of D. Note that (1.16) implies

(3.14) (v,2—y) +csz(psm)|y —2[>0

for all y € 0Dy N B,(2), 2€ Dy N B,(2), 2#y and v € I'f (y) with z € 0Dy,
t € [s,s+mn] C[0,T]. This condition exhibits some similarity with the uniform
exterior sphere property (3.13). Finally, recall the definition of the quantity
es»(p,n) introduced in (1.17),

Cs,2(psm)

as,z(pa 77))2 \ as,z(p¢ 77)/2 '

Furthermore, as stated in the Introduction, in the subsequent section we
prove estimates related to the Skorohod problem in time-dependent domains
satisfying (1.2) and the uniform exterior sphere condition in time, with ra-
dius rg. Moreover, to derive these estimates, we also assume that there exist
0 < po <rp and 1y > 0, such that the assumptions in (1.18) and (1.19) hold,
that is,

es,z(pv 77) = (

inf inf a , =a>0,
s€[0,T] 2€0Ds S’Z(po ?70)

Sup  sup es,z(pOanO) =e<l
s€[0,T] 2€0Ds

REMARK 3.3. The function as ,(p,n) is a straightforward generalization
of the function
3.15 a,(p) = max min min (n,u),
( ) (7) u€51(0) yedONB,(2) neNl(y)< )
introduced by Tanaka [61] in his treatment of the Skorohod problem. Here
Q C RY is a bounded spatial domain and N'(y) is the set of unit inward
normals at y € 09. In [15, 42, 53] and [61] the condition
3.16 lim inf =a>0
( ) pg% ZIGI}?Q aZ(p) “
is used to rule out the case of tangential normal directions (see [15] for
equivalent characterizations of domains satisfying this criterion).

REMARK 3.4. The functions ¢, .(p,n) and e, .(p,7n), introduced in (1.16)
and (1.17), are straightforward generalizations of the functions ¢ and e,
respectively, introduced in [15]. Moreover, the related functions ¢ and e, also
introduced in [15], are useful only in the context of convex domains. Hence, as
we here consider general (possibly nonconvex) domains, only generalizations
of the functions ¢ and € are useful. For notational simplicity, we have removed
the tilde in our definition of the generalized versions of ¢ and €.
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Given T > 0, let D C R%*! be a time-dependent domain satisfying (1.2)
and a uniform exterior sphere condition in time with radius r in the sense
of (1.8). Given a point (¢,2) € ([0,7] x RY)\ D in a neighborhood of D, in
this article we heavily use the projection of (¢, z) onto dD along the vectors
in the cone I'. While such projections can be defined in several ways, in this
article we here only consider projections in space along vectors v € I'i(y),
y € 0Dy, onto 0D;. With this restriction, the analysis of Section 4 in [15]
can be used to derive sufficient conditions for the existence of a projection
of a point z € R? \ Dy, onto dD;, along T'y. In other words, we can determine
whether or not there exist, for a given point z € R4\ Dy, a point y € dD; and
a vector v € I'y(y) such that y — z || 7. In particular, it can be understood
when, for 0 < &y <rg, hg >1 and I' =Ty (2) =T'(t,2) given, ([0,7] x R¥)\ D
has the (dg, ho)-property of good projections along I' in the sense defined in
the introduction; see (1.20) and (1.21). We refer to the Appendix, for more
on this, as well as for a discussion of examples of time-dependent domains
satisfying the restrictions imposed in Theorems 1.2, 1.3 and 1.9.

3.3. Cadlag functions and the Skorohod topology. Let T >0 and let x €
D([0,T],R?). Given a bounded set I C [0,7], we let
(3.17) w(z, )= sup |z, — x|
w,rel
Then, using Lemma 1 on page 122 in [7], we see that there exists, for ¢ >0
given, a sequence of points tg,...,t,, such that

(3.18) O=to<ti1<---<t, =T,  @(z,[ti1,t)) <e

In particular, there can only be finitely many points ¢ € [0,7] at which the
jump |z — x4 | exceeds a given positive number. To proceed, in the following
we use the notation and exposition of Chapter 3 in [30]. We let ¢(z,y) =
|z —y| A1 whenever z,y € R? and we let dp([0,T],,y) be the metric on the
space D([0,T],R?) introduced, for the interval [0, 7], as in display (5.2) in
[30]. Then, by Theorem 5.6 in [30], we see that (D([0,7],R%),dp([0,T],,-))
is a complete metric space and the topology on D([0,T],R%), induced by the
metric dp([0,T],,-), is known as the Skorohod topology on D([0,7],R?). Re-
call that if z,y € D([0,T],R?), then dp([0,T],z,y) =0 implies that z; = y;
for every t. Furthermore, if {2"} is a sequence in D([0,7],R%) and z €
D([0,T],R?), then the statement that dp([0,T],2",x) — 0 as n — oo is
equivalent to the statement that there exists {A,} C A (see [30] for the
definition of the space A) such that (5.6) in [30] holds and such that
: n

(3.19) nh_)IrOlOOthlgTut Ty, )| =0.

For a proof of this result we refer to Proposition 5.3 in [30]. Furthermore,
to understand the relatively compact sets in D([0, T, R?), we introduce and
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use a modulus of continuity. In particular, for x € D([0,T],R?) and 6 > 0 we
define the quantity

(3.20) w'(z,8,T)=inf max sup |x, — 2y,

{ti} g u,TE[ti,tiJrl)
where the infimum is taken with respect to all partitions of the form 0=
o<ty < <tp—1 <T <ty, with min; [t; — t;—1| > §. Furthermore, given
W c D([0,T],R%), we let
(3.21) u(W,6,T) = sup w'(w,§,T).

wew

Using this notation, we first quote Theorem 6.3 in [30] which states that
W c D([0,T],R?) is relatively compact in the Skorohod topology if and only
if for every rational ¢ € [0, 7] there exists a relatively compact set A; C R?
such that w; € A; for all w € VYW and such that

(3.22) lim (W, 6, T) = 0.
6—0

Finally, we also note the following. Given &’ > 4, let
(3.23) w'(x,6,8',T)=inf max sup |x, — 2y,

tl} ¢ u,TG[ti,ti+1)
where the infimum is taken with respect to all partitions as above but with
the additional restriction that max; |¢t; — t;_1| < §'. Furthermore, given W C
D([0,T],R%), we let

(3.24) a(W, 8,8, T) = sup @' (w,§,8,T).
wew

Then
(3.25) @' (x,0,8',T)=w'(x,6,T) and paW,8,8,T)=pnuW,sT).

4. Estimates for solutions and approximations to Skorohod problems. In
this section we first prove certain estimates for solutions to the Skorohod
problem for (D,I',w), assuming that D satisfies the assumptions stated in
Theorem 1.2 and that w € D([0,T],R?) with wy € Dg. In particular, we
prove that the modulus of continuity of cadlag solutions to the Skorohod
problem for (D,I',w), with bounded jumps, can be estimated from above
by the modulus of continuity of w and the modulus of continuity /. This
result is derived in two steps. In the first step we prove (see Lemma 4.1
below) a local compactness result which is valid in a spatial neighborhood
of a given boundary point and on a constructed time interval. In the second
step we then prove that corresponding global estimates (see Theorem 4.2
below) can be derived based on the local compactness result. In particular,
Theorem 4.2 is the main result we establish in this context. In Section 4.1
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we derive these estimates for solutions to the Skorohod problem and in
Section 4.2 we establish the corresponding results for approximations to
the Skorohod problem. In particular, given w € D([0,T],R?%) with wy € Dgy
and a partition {Tk}{gvzo, which we denote by A, of the interval [0,7], we
define w?®, DA, T2, 22 and A\* as in (2.4), (2.6), (2.7) and (2.11). Then,
by construction, the pair (a:A,)\A) is a solution to the Skorohod problem
for (D?, T2, w?). In Lemma 4.5 and Theorem 4.6 we prove estimates for
solutions to the Skorohod problem for (D®, T2, w?), which are similar to the
ones established in Lemma 4.1 and Theorem 4.2 for the Skorohod problem
for (D,I',w). We note that the reason for this twofold approach is that since
we are considering time-dependent domains, the condition in (1.10) will in
general not hold for D?.

4.1. Estimates for solutions to Skorohod problems. Given a >0 and e €
(0,1), we define the positive functions K, Ko, K3 and K4 as follows:

2a%e + 2 2a%e + 2
Ki(a,e)= L0 CT 2000 g () = 24 C T2 E A0
(41) a(l—e) a(l—e)
4.1
1+ K 1+ K
Kafae) = HELED e, = L0
a a

In this section we first prove the following two general results for solutions
to the Skorohod problem.

LEMMA 4.1. Let T>0 and let D C R4 be a time-dependent domain
satisfying (1.2), (1.10) and a uniform exterior sphere condition in time with
radius o in the sense of (1.8). Let I' =T't(z) be a closed convex cone of
vectors in RY for every z € 0Dy, t € [0,T]. Assume that (1.18) and (1.19)
hold for some 0 < py <19, 0 >0, a and e. Finally, assume that ([0, T] x R%)\
D has the (8o, ho)-property of good projections along ', for some 0 < 6y < 1o,
ho > 1 as defined in (1.20) and (1.21). Let w € D([0,T],RY) with wy € Dy
and let (x,\) be a solution to the Skorohod problem for (D,I',w). Consider
a fized but arbitrary s € [0,T], such that x5 € Ds, and note that it follows
from (1.18) and (1.19) that there exist 0 < p <rg and n >0 such that

(4.2) sz (p,1) >0,  esa (pin) <L

Then, for 0 <s<t; <ta <T,y,

(4.3) []]t1.e, < Ki(ay €)l|wlley i, + Ko(a, €)l(t2 — t1),
(4.4) Ntz = s < Ks(ase) [wlli iz + Ka(a, 0tz — 1),

where a = as,,(p,n), €= €sq,(p,n). Here 7,, is defined as follows. If there
exists some t such that s <t <(s+n) AT and |xy — xs| +1(t — ) > p, then

(4.5) Top=inf{t:s <t < (s+n) AT, |z —x5| +1(t —5) > p},
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whereas if |vy — xs| + 1t —s) <p for all s<t <(s+n) AT, then
(4.6) Tom=(s+n)NT.

THEOREM 4.2. Let T >0, D C R 7, T =T4(2), 0< pg < rg, 0o >0,
a, e, & and hg be as in the statement of Lemma 4.1. Let w € D([0,T],R%)
with wy € Dy and let (x,\) be a solution to the Skorohod problem for (D,T',w).
Moreover, assume in addition that x € DP([0,T],RY). Then there exist pos-
itive constants Li(w,T), Lo(w,T), Ls(w,T) and Ly(w,T) such that

(4'7) ||$Ht1,t2 < Ll(w7T)||w||t1,t2 + LQ(va)l(tQ - tl)v
(4'8) |)‘|t2 - |)‘|t1 < L3(w>T)||w||t1,t2 + L4(va)l(t2 - tl)v
whenever 0 < t1 <ty <T. Furthermore, if W C D([0,T],RY) is relatively

compact in the Skorohod topology and satisfies wg € Dy, whenever w € W,
then there ezist positive constants LT, LY LY and L1, such that

(4.9) sup Li(w, T) < LI <00 fori=1,2,3 4.
weW

REMARK 4.3. Versions of Lemma 4.1 and Theorem 4.2, valid only in
the setting of time-independent domains, are proved in Lemma 2.1, Theo-
rems 2.2 and 2.4 in [15]. Our contribution is that we are able to establish
similar results when D C R is a time-dependent domain. Furthermore,
concerning related results in the setting of time-dependent domains, we note
that if D is an Ho-domain and if T'y(z) = {\y(2), A > 0}, for some 51(0)-
valued continuous function v;(z) such that

(4.10)

el () > 2

inf
2€0D¢,t€(0,T
then a version of Theorem 4.2 is proved in Theorem C.3 in [16]. Note also

that if D is an Hs-domain, then there exists a unique unit inward normal,
nt(z), at z € 8.Dt, te [O,T]

REMARK 4.4. Unlike in the statements of Theorems 1.2, 1.3 and 1.9, we
need not assume that I" satisfies (1.11), (1.12) and (1.14) in the prerequisites
of Lemma 4.1 and Theorem 4.2. This remark also applies to Lemma 4.5 and
Theorem 4.6 stated below.

Proor orF LEMMA 4.1. To simplify the notation, we in the following
let a=as.,(p,n), c=csz. (p) and e = ez, (p,n). Moreover, we let u be a
unit vector such that

(4.11) {(yr,u) = a
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for all v, € T'L(y), y € D, N By(xs) and r € [s,7,,] C [s,(s +n) AT]. The
existence of such a vector follows from the definition of as . (p,n). Using
properties (1.5)-(1.6) in Definition 1.1, we see that

t3
(4.12) (a1, =) = (wy = wny) + [ ) A,
ti*' S——
>a
for any 0 <s <t; <ty <7,,. Based on (4.12), we deduce that
1
(4'13) |)‘|t2 - ‘)“H <

a(‘wb - wtl‘ + |xt2 — Ty |)

Furthermore, again using properties (1.5)—(1.6) in Definition 1.1, we also see
that

ts 2
‘th - '1‘151‘2 = <wt2 — Wy + /+ Vr d|)‘|7’>
t
(4.14)

ts 2 ts
g = P+ ([l ) 42 [ =)
t

t) 1

whenever 0 < s <t; <ty <7,,. Note that the integrand in the last term in
this display can be rewritten as

(wtz - wt17’7?“> = (wtz - wr77r> + (wr - wt177r>

rt
= <wt2 _wr77r> + (xr - $t1777“> - <</+ ’Yud‘)\‘u>77r>-
t

1

(4.15)

In particular, combining (4.14) and (4.15), we see that

ty
|xt2 - $t1|2 = ‘th - wtl‘2 + 2/+ <wt2 - wT”YT> d‘)“r

ty

ts ty 2
(4.16) w2 [ M=, + ( /. ww)
tl tl

rt

= [ mani) o paxi.

We now intend to derive bounds from above for all integrals in (4.16). To
do this, we first note that the first integral on the right-hand side of (4.16)
is bounded from above by

t+

tg 3
(4.17) 2/+ (wiy — Wy, ) d|A]r < 2/+ lwy, —wy| d| A
t

1 tl
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To find an upper bound of the second integral in (4.16), we must take into
account that, due to the fact that our domain is time-dependent, x;, might
not belong to D,. Recall that we are assuming that N,(y) # @ for all y €
oD, r€[0,T], and, given r € [0,7], y € R\ D,., in the following we denote
a projection of y onto 9D, along N, by Wg[)r (y). Furthermore, whenever
y € D, we let Wéngr (y) =y. Using this notation, and the definition of 7,,, we
see that

(4.18) |7T(J9V]§T(a:tl) — x| <z, — x| +10r—11) < p.

Equation (4.18) implies that ”gﬁ,« (zt,) € By(x5) NOD, C By(z5) N D,. Next,
writing

(419) <x7‘ - xt177T> = <x7’ - Wévlrjr (mt1)777‘> + <7T;]9V1T)T (mh) - xt1>77’>>

and using the fact that x, € B,(x,) N 9D, a.e. when d|A|, # 0, together with
a version of (3.14), we deduce that

(4.20) (2 — 705 (w4,), ) < clwr — whp, (20,)| < clwr — @4, |+ cl(r — ).
Furthermore,
(4.21) (mhp, (@) = wey,ye) < Impp, (x0,) — 2y | < Ur — ).

Using the estimates derived above, we conclude that the second integral in
(4.16) has the upper bound
t+

ty 3
2 / 2y — 20y 7) AL < 2¢ / 2y — 0| AL
it it

(4.22)
+2(c+ D)l(t2 — t1)(|A\le, — [Ale)-

Next, we use Lemma 2.1(ii) in [53] and rewrite the third integral in (4.16)

as
t2+ 2 t2+ rt
</ 'Yrd|)\|r> :2/ <</ ’Yu(mu)d‘)\‘u>>7r>d‘)\‘7‘
tf tF tf

1
= > PO = L)%

t1<r<ts

(4.23)

=1

Based on the last display, it is clear that and the third and fourth integral
in (4.16) reduce to the term

(4.24) — 3 (A= AL

t1<r<ta
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Putting the relations (4.16)—(4.24) together, we obtain
t ts
iy = wrldlA), + 26 [ for = AN,
tl

o 2 o 2
2 =
[Tty — o, |7 < |wiy — wyy | +2/+
t
(4.25) '
= > (Al = A=)+ 2(e+ Di(ta — 1) (A, — [Aley)-

t1<r<ts

If we now combine (4.25) and the properties (1.5)—(1.6) in Definition 1.1,
we first get

5 i
o = 02 < oy = w2 [ ey = [ dN ]+ 2 [ oy = AN
tl tl
y
(4.26) o [0 =) di = 3 (A~ 2
] t1<r<ta

+2(c+ DItz = t1) (Al = [Aler),

and then, again using Lemma 2.1(ii) in [53] as well as the fact that 0 <¢ <1,
we conclude that

ts ty
|wy, —wy| d|A], + 2c/t+ |wy — wy, | d| A,
1

|xt2 _th1|2 < ‘th _wt1‘2 +2/+
t
(4.27)

1
+e([My = [Aley)? +2(c + 1)I(t2 = t1) (Al — [A]e,).
Relation (4.13) and the inequality in the last display yield

2(c+1) ¢ c+1 ¢
ol < (1+ 2D SNl +2( S22+ 5 el sl

2(c+1)

C
(4.28) + 5l e, + Ltz = to)l[ler o

2(c+1)

+ Uta —t1)[|wlley 2o

In addition, combining (4.13) and (4.25), we obtain

2 2(c+1) 2%
ol eo < (1 2 )bl + 2 ol ol + Zol
(4.29) ( ) ( )
2(c+1 2(c+1
+ =tz = t)[alles o + ———Ut2 = tr) [wlles to-

The inequalities (4.28) and (4.29) can both be written on the form

( ) AH$H§1,t2 - BHthhb ||w||t1,t2 - CHwHt21,t2 - D||th17t2 - DHwHtl,tQ < 0>
4.30
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where the positive constants A, B and C are easily shown to satisfy the
condition A+ B =C in both cases. We claim that

C D
(431) 2l e < S0l s+ -
Indeed, suppose, on the contrary, that
A D
(432) 0wl < Sl = 5

Then, by (4.32),

Allzllf, 1, = Bllzlles ol wler ¢ = Cllwll?, 1, = Dl e, = Dllwlley ey

A D A D\?2
>MWE@+BWM@<7ﬂNmQ+5>—C&ﬂﬂMm—5>
(4.33)

A D
~ Dl o+ D~ Gl s + 3 )

B A B 24 A
=mmmm@ )+mmmmﬁﬁu————9=o
—_——

S C c'c C
:c—g—A:O :A+g—c:0

Obviously (4.33) contradicts (4.30) and, hence, the claim in (4.31) is proved.
To complete the proof of Lemma 4.1, we first note that (4.28) implies

C D
H$Ht1,t2 < ZHwHU,tQ + Z
1+2(c+1)/a+c/a? 2(c+1)/a
4.34 = —(ta —t
( ) 1—0/&2 HwHt17t2+ 1—0/&2 (2 1)
a?+2ac+2a+c 2a(c+1)
= o [wlles e + — 35—tz = ta),

and that (4.29) implies

C D 1+2/a 2(c+1)/a
s Iz ller e < S llwllene. + 1—20/anHtl’t2+ 1 —2c/a (t2 —t1)
' a+2 2c+1)
= oalwlle e, + ——— "tz —ta).

From the definition e = WZ/Q we know that if a/2 < a’, then we can set

c=a’e in (4.34) and obtain

2 3 2 3
a® + 2a’e + 2a + a“e 2a°e + 2a
< —(to — ¢
) 2l 2, < 1 =) wle b + 21 —¢) (t2 —t1)
_a—|—2a26—|—2+ae 2a2%e + 2

— Ity —t
a(l —6) ||w||t17t2 + a(l —6) ( 2 1)7
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whereas if a/2 > a?, then we can set 2c = ae in (4.35) and obtain

a—|—2 ae+2
(4.37) ] 20.45 < [wl]ly,e2 + a(l—e)

“a(l—e)

Hence, in either case, we arrive at

I(ty —t1).

a+2a%e 4+ 2+ ae 2a%e + 2+ ae
4.38 < - -
( ) Hx||t17t2 = a(l — 6) HwHtlb + a(l — 6)

l(ta —t1),

and the proof of estimate (4.3) is complete. Finally, we note that estimate
(4.4) now follows directly from (4.3) and (4.13). This completes the proof of
Lemma 4.1. 0O

PrOOF OF THEOREM 4.2. We first note that the assumptions stated
in Theorem 4.2 ensure that there exist some a >0 and 0 < e < 1 such that
sz, (po,mo) > a and es 5 (po,mo) < e for all x5 € ID;, s € [0,T]. Next we
recursively define two sets of time-points {7;} and {T}}. In particular, we
let Ty =Ty = 0 and define, for i > 0, Tiy1=T if z, € Dy for all t € [0,T] and

(4.39) Tipy =inf{t:T; <t <T,z, € dD;},

otherwise. Similarly, for ¢ > 0, we let Ti+1 = (Tix1 +m0) AT, if |2p — 27y, | +
I(t —Tiy1) < po for all ¢t such that T; 11 <t < (Tj41+m0) AT, and

(4.40) Tip1 =nf{Tip1 <t < (Tiy1+n0) AT :|xe— 27, |[+U(E=Tit1) > po},

otherwise. Using (1.10) and the fact that x is a right continuous function, it
follows that Ty, 1 < Tj;; for all i > 0. Moreover, using (4.39)(4.40), we can

apply Lemma 4.1 to any pair of time points (¢1,t2) such that T; <t; <ty <T;
and obtain

2]ty 1 < Ki(a,e)|wlle ¢, + Kala,e)l(ta —t1),
(4.41)
|/\|t2 - |/\|t1 < K3(a7€)||w||t1,t2 + K4(a7€)l(t2 - tl)v

whenever T; <t} <ty < TZ where K7, Ko, K3 and K4 are defined as in
Lemma 4.1 based on a and e introduced above. Next, we want to find a
similar estimate whenever TZ <t <ty <Tiqyq. If TZ =T;11, we are done and,
hence, we assume that TZ < Tit1. In that case x; € Dy for all TZ <t<Tiy
and, as a consequence, the changes in x and w coincide on this time interval.
Finally, considering the case T; < t; < TZ <ty <Tjt1, we have

|xt2 - xt1| < |wt2 - w’f“i‘ + ‘x’fz - xTi—‘ + |xTi— — Tty |7
(4.42)
[Alts = Mo < (Al = A=) 4 (Al = [Als)-
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The terms |zj— — x4, | and [A|;— —[A[¢, in (4.42) can be handled using (4.41).
Regarding the terms |z g, — l‘;—| and [Alz — [A[4- in (4.42), we can, since
|z g, — :L‘Ti_\ < po, use (3.14) and the definition of the Skorohod problem to
first conclude that

2
ws, = wp- * = |24, = 2= I + Iz, (Al = A7)

= 2wq, —wp-) v, (Mg, = (A=)

(4.43) ) )
> Jag, = wp- P+ (Mg, = Al
=2¢, 7.(po, o)z, — - (N7, = Al
Then
|wy, — wp— ?>(1- ¢y 1, (P05 10)) 27, — 2 °
(4.44) Z

+ (L =c, 7, (p0,m0))(1Ml7, = |Alz-)%,
and, as (as 4(po,1m0))? Vasy(po,m0)/2 < 1, for all y € dDs, s € [0, T], we obtain

Cop, T (Po,Mo)

C.. A.(p()v 770) <
Zg, L (aﬂwa. qu (p077]0))2 V a$T~ ,Ti (PO:UO)/2
(4.45) l Z

=€y 1, (po,m0) <e.

Combining the estimates in (4.44) and (4.45), we arrive at

1 1
g, — x| < |wp, = wi- | < —==|wy, —wp-|,
' ‘ 1- c:tTivTi (pO) ‘ ‘ 1-e ' ¢
(4.46) )
Al = Alj- < ﬁmﬁ —wp-|.
Introducing the notation
1
KlzKl(a,e)—i-l—i- 1 y KQZKQ((I7€),
—e
(4.47) )
Ks=Ks(a,e) + , Ky=Ky(a,e),
3 3( ) \/1T€ 4 4( )

we can use the deductions in (4.41)—(4.46) to conclude that
[ ]ley.2, < K lJwllty e, + Ka2l(ta —t1),

(4.48)

‘)“tz - ‘)“h < K3HwHt1,t2 +K4l(t2 _tl)y
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whenever T; <t; <ty < T;+1. We now intend to make use of the estimates
in (4.48) to complete the proof of Theorem 4.2. Note that above we have
constructed a set of time-points {Tz}f\i gl, where M is so far undetermined,
and

(4.49) 0:T0<T1<"'<TM<T:TM+1.
If M >1, let

0<t1 <u<r<ty<T, Thor <u<Ty, T, <r <Tyy1, h—1<0.
(4.50)

Then, using (4.48), we have

v
|2y — x| < (M A 1)(Ky|[wlley 1, + Kal(tz — 1)) + Y oz, — Tr-l,
i=h
(4.51) '

Al = PMlu < (M 4+ 1)(Kalwl|e, g, + Kal(ta = 1)) + Y [Alr; = Al
i=h

Moreover, arguing exactly as in the deduction of (4.46), we obtain

1
|oT, — 2| < lwr, —wp-|,
v i \/Te i i
(4.52)

1

(Alz = [Alp- < ﬁmﬂ — wp-|,

whenever 1 <i < M + 1. Hence, to complete the proof of Theorem 4.2, we
have to estimate M. To do this, we consider W C D([0,7],R%), which is
assumed to be relatively compact in the Skorohod topology and for which
wo € Dy whenever w € W. We shall prove that the M introduced above is
bounded for every such set W. To do this, we use the notation introduced
in Section 3.3 concerning the Skorohod topology. In the following let ¢" be
a fixed number such that

(4.53) & =min{ng,d'} where ¢’ is such that 1(§") < po/(2(K2 +1)).

Note that the existence of ¢’ follows immediately from (1.10). Using the
definition of ¢’ and the fact that W C D(]0,7],R%) is relatively compact in
the Skorohod topology, we see, by (3.22) and (3.25), that

(4.54) lim (W, 6,8',T) = 0.
6—0

In particular, using (4.54), we can find a 0 < § < ¢’ such that for every w € W

there exists a partition {tj}jj\/io, in general depending on w, such that

(4.55) 5<‘tj+1—tj‘<(5/ fOl"jE{O,...,M—l}
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and

(4.56) max sup  |wy, —wy| < =—

0STSM—=Luyreft;ty41) 2Ky

We claim that none of the intervals {[t;,¢;41)} in this partition can contain
more than one point from the sequence {7;}. To prove this, we suppose, on
the contrary, that there exist ¢ and j such that t; <T; <T;11 <tj;1. Then,
by construction,

(4.57) tj <T; < Tz < Ti—f—l < tj_|_1.
We intend to estimate |z — 27|+ I(T; —T;). We first note that if |z, — 27, |+
1(t—T;) < po for all t such that T; < ¢ < (T; +no) AT, then T = (T; +no) AT.

However, using (4.53) and (4.55), it is clear that neither T; = (T; + 1) nor

T; =T can occur. Hence, we can assume that T} is given by (4.40) and, as a
consequence, that

(4.58) 25 — 25| + 1T = T0) > po.
But on the other hand, using (4.48), we first see that

|2 — 2|+ T —T;) < Izl 7, + I(T; —T;)
(4.59) A
< Killwlg, 7, + (K2 + 1)U(T; = T),

and then, using (4.53), (4.55) and (4.56), we deduce

(4.60) o4 — wr,| + 1T — T)<K1ﬁ+(K2+1)l(5’)<po,
1

which contradicts the assumption t; <T; <T;11 <tj41. Hence, none of the
intervals {[t;,t;41)} in the partition can contain more than one point from
the sequence {T;} and, in particular, we conclude that

T
(4.61) M<<+1.
Combining (4.51), (4.52) and (4.61), we see that
[l 0o < (M + D) (K Jwlley 4, + Kal(ta = 1)) + Mzy, — 20|

1

T T
< (3 + 2> (K llwlley b, + Kal(ta —t1)) + (3 + 1) ﬁ”wntl’”

T 1 T
< K; 5-1—2 +\/17T6 g-i-l ||w||t1,t2

T
+ Ky <g + 2)[(752 — 1),

(4.62)
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and, similarly, that

T 1 T
s =y < (Ko (5 +2) + <= (5 1) ol
T
+ Ky <g + 2>l(t2 —t1).

The deductions in the last two displays complete the proof of Theorem 4.2.
O

(4.63)

4.2. Estimates for approximations to Skorohod problems. LetT >0, D C
R and T' =T'(2) satisfy the assumptions stated in Theorem 4.2. In this
section we derive estimates for approximations to the Skorohod problem for
(D,T,w). In particular, given w € D([0,T],R?) with wg € Dy and a partition
{7}, of the interval [0, T, which we denote by A, we define w™ as in (2.4).
Recall that A* was defined in (2.3). Furthermore, in the following, we will
assume that (2.5) holds whenever k € {1,..., N}. Based on the assumption
in (2.5), we define D®, ', 2 and A® as in (2.6), (2.7) and (2.11). Then,
by construction, the pair (a:A, )\A) is a solution to the Skorohod problem for
(DA, T2, w?). In this section we prove the following results.

LEMMA 4.5. Let T >0, D CR, vy, T =Ty(2), 0< pg <79, 10 >0,
a, e, 09 and hg be as in the statement of Theorem 4.2. Given a >0 and
e €(0,1), let the functions K1, Ko, K3 and K4 be defined as in (4.1) and
let w € D([0,T],RY) with wy € Do. Let A= {m;}1_, be a partition of the
interval [0,T)], let w™ be defined as in (2.4) and assume that (2.5) holds.
Given A and w™, let DA, T2, 22 and \® be defined as in (2.6), (2.7) and
(2.11). Consider a fized but arbitrary s € [0,T], such that x5 € D2 Then,
for 0<s<t; <ty<tt (wA, 2, /\A) satisfies the estimates

p0,M0°’
(4.64) 123|612 < K1 (a,€)||wlley e, + K2(a,e)(U(t2 — t1) + 1(A)),
(4.65) (X3 = [A2]s, < Ka(a,e)l[w]]e, 5 + Kala, ) (U(t2 — t1) + 1(A")).
Here TPAO’T]O is defined as follows. If there exists some t such that s <t <

(s+m0) AT and |xP — 22| +1(t — 5) + 1(A*) > po, then

(4.66) T2

pomo = 0E{t:s ST < (s+m0) AT, |2 — 2| +1(t —5) +1(A") 2 po},

whereas if |z — x| +1(t — 8) +1(A*) < po for all s <t < (s+m) AT, then

(4.67) =(s+n)AT.

A
7—Po »110

THEOREM 4.6. Let T >0, D C R 1y, T'=T4(2), 0< pg <o, no >0,
a, e, 0g and hg be as in the statement of Theorem /.2. Given a >0 and
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€ (0,1), let the functions Ky, Ko, K3 and K4 be defined as in (4.1) and
let w € D([0,T],RY) with wy € Do. Let A= {m;}}_, be a partition of the
interval [0,T], let w™ be defined as in (2.4) and assume that (2.5) holds. Let
A be such that I(A*) < po/(4(K2(a,e) + 1)) and let

&' = min{no, 6’} where &' is such that
(4.68) .
1(0") +1(A%) < po/ (2(K2(a,e) + 1))

Given A and w®, let D®, T2, % and \* be defined as in (2.6), (2.7)
and (2.11). Moreover, assume that ™ € DP([0,T],R%). Then there exist
positive constants L1(w,T) , Ly(w,T), L3(w,T) and Ly(w,T), independent
of A, such that

2%l 0 < La(w, T)[[wlley 2 + La(w, T)(U(t2 — t1) +U(AY)),

(4.69) . .
N2y = M2 < La(w, T)[[wller o + La(w, T)(I(t2 = t1) +U(AY)),

whenever 0 <t; <ty <T.

Proor orF LEMMA 4.5. Naturally, the proof of this lemma is similar
to the proof of Lemma 4.1 and, thus, we only describe the main differences
compared to the proof of Lemma 4.1. First we note, by the assumptions on
D and the construction of D? based on D, that there exists a unit vector
u such that

(4.70) (v u) >a

for all /2 € T2 (y), y € DA N By, (x5) and r € [S,TpAomo] C[s,(s+mo) A

T]. We also note that if ¢; € [rj,7;11) and tp € [7%, Tp+1), for some j, k €
{0,...,N —1}, then \mé —xﬁ| =0if j =k and otherwise \mé —xﬁ| = |;1:TA,c -
x%\ Now, using the fact that (z°,\?) solves the Skorohod problem for
(DA, T2, w?), we conclude, in analogy with (4.12), that
A A A A £ A A
(4.71) <l‘t2 — a:tl,u> = (wtg — wtl,u> —|—/ (v, u) dINZ,
T N—_——

t
1 >a

forany 0 <s<t; <ty < TpAOmO, where ’yrA = FTA’I(y) for some y € 8DTA. Based
on (4.71), we obtain
1
A A A A A A

(4.72) A e = ATy < = (lwgy —wi |+ [, — 2y )-
Furthermore, arguing as in the proof of Lemma 4.1, we derive

A A A A t;" A A A A

o~ o = w2 [ (wh — w2 A,
1
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t;r A A A A t2+ A A ?
@.73) w2 [ ab—adoy o+ ([Tt an,)

t t

SN

1

rt
/ 'YuAd‘)‘A‘u)errA>d|)‘A|r-
t1t

As in the proof of Lemma 4.1, we have to find upper bounds of all integrals
in (4.73) and, naturally, particular attention has to be paid to the second
integral, as fz:ﬁ might not belong to D—TA. For y € aDtA, t €[0,7], we let
NA(y) denote the set of inward normals at y € D/ and given r € [0, 7],
y € RY \ﬁ in the following we denote a projection of y onto OD2 along

N2 by WBDA( ). Furthermore, if y E DA then we let WBDA(y) =y. Using

thls notation, and the definition of TpO noe We see that
A
(4.74) \WBDA (x) — 22 <oy — 2| +1(r — t1) +1(A%) < po.

Equation (4.74) implies that 7T8DA (28) € By (z2) N OD2 C Bpo( AN DA.
Arguing as in (4.19)—(4.21), we then deduce that

NA Np
<$7~A - WaBA(qjtl) Tr > < C|.1‘ 7r8DA(xﬁ)|
(4.75)
< ca? —l‘t1|—|—cl(?”—t1)+0l(A*)
and that

NA
(4.76) (mypa (ai)) - xtAl7’Yr><|WaDA($ﬁ) i SUr—t) +1(A"Y).

Using the estimates derived above, we conclude that the second integral in
(4.73) has the upper bound

t
(4.77) 2(;/+ |22 — 2 [ AN +2(c+ 1) (1t — t1) + LA (A2 1, — A2
tl
Equipped with (4.77), the proof of Lemma 4.5 can now be completed fol-
lowing the lines of the proof of Lemma 4.1. [J

PrOOF OF THEOREM 4.6. Proceeding as in the proof of Theorem 4.2,
we first recursively define two sets of time-points {72} and {T/2} in order
to use Lemma 4.5. In particular, we let TOA = T2 =0 and define, for i >0,
T4, =T if 2f € D for all t € [0,7] and

(4.78) TR, =inf{t: T2 <t <T,z € D},



34 K. NYSTROM AND T. ONSKOG

otherwise. Similarly, for i > 0 we let T8 = (T3, +m0) AT, if |2 —af ||+
It —T4,) +1(A*) < po for all t such that TS, <t< (TS5, +no) AT. More-
over, if the latter is not the case, we then define T 1 to equal

nf{T2, <t < (T2, +m0) AT:Jaf — o, |41t~ TA) +U(A%) > po).
(4.79)

We can then repeat the argument in (4.41)—(4.48) to conclude that
(450) 122 0 < Kllwlleg e + Ko (U2 = 1) + U(AT)),
A2t = A3 < Kallwlley e + Ka(l(t2 — 1) +1(AY)),

whenever T2 < t; <t, < T/ ,. Furthermore, we note that the M in (T Mt
is so far undetermined and, as in (4.51)—(4.52), we derive

2% 1,22 < (M A+ DK [wlley 2, + Ko (I(t2 —t1) +1(A7)))

1 M
YT 2 e e

IA2e = Aoy < (M 4 1)(Ks|wlley e, + EKa(U(t2 — t1) + U(AY)))

s St g

whenever 0 <t <ty <T. To complete the proof of Theorem 4.6, we can
now proceed as in the proof of Theorem 4.2 and conclude that M <T/§+1,
where ¢ is given in the proof of Theorem 4.2. This completes the proof of
Theorem 4.6. [

(4.81)

5. Convergence and approximation of Skorohod problems. In the first
subsection of this section we prove the general convergence result for se-
quences of Skorohod problems (see Theorem 5.1 stated below) referred to
in Section 2. Then, in the second subsection we explicitly construct, given
(D,T',w), an approximating sequence {(D",I'",w™)} and, for each n, an ex-
plicit solution (z",A\") to the Skorohod problem for (D", I'" w™). We then
prove that the constructed sequence {(z"™,A")} of solutions converges to a
solution to the Skorohod problem for (D,T",w).

5.1. Convergence of a sequence of solutions to Skorohod problems. Let
T >0 and let D c R be a time-dependent domain satisfying (1.2). Let
I' =T'4(2) be a closed convex cone of vectors in R for every z € 9Dy, t € [0, 7]
and assume that I' satisfies (1.11) and (1.12). Let {D"}>°, be a sequence
of time-dependent domains D" C R and let {I™}2, = {I'?(2)}>2, be
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a sequence of closed convex cones of vectors in R%. Let w € D([0,7],R%)
with wg € Dy and let {w"} with wj} € D¥ be a sequence of cadlag functions
converging to w in the Skorohod topology. Assume that there exists a solu-
tion (z™,A") to the Skorohod problem for (D",I'",w™). Then in Theorem
5.1 we prove, by making appropriate assumptions on D, I', {D"}>° , and
{I'"}>,, that if D™ — D and I' — I in the sense defined in Theorem 5.1,
then (z™, \") converges to (z,A) and (z,)) is a solution to the Skorohod
problem for (D, T, w). However, to state Theorem 5.1, we need to introduce
some additional notions and notation. In particular, in the following we let
ay , and ef , be defined as in (1.15) and (1.17) but with respect to (D", I'™).
We assume that D", for n > 1, satisfies the uniform exterior sphere condition
in time with radius rg, independent of n, and that there exist 0 < pg < rg
and 79 > 0 such that, for all n > 1,

5.1 inf inf a”,(po,m0) = an >0,
(5.1) séfé,ﬂzégz)gas’z(po ) =a

(5.2) sup sup e (po,m) = en < 1.
s€[0,T] z€0D?

Furthermore, we let

(5.3) ln(r)= sup sup d(z,Dy),
S,tG[O,T] zeﬁ?
[s—t|<r

and we assume that

(5.4) lim supl,(r)=0.

r—0t p>1

Note also that if we define I,,(r) as in (3.2) but with D replaced by D", then
Lemma 3.1 and (5.4) imply that

(5.5) lim suply,(r) =0.

r—=0t p>1

Moreover, we assume that there exists R > 0 such that D} ¢ B(0,R) and
D, C B(0,R), for all n > 1 and ¢ € [0,T], and we let

(5.6) R =2 sup supmax{diam(D}"),diam(Dy)},
tel0,T] n

where diam(D}"), diam(D;) are the Euclidean diameters of the spatial re-
gions DP and Dy, respectively. Recalling that the set G was introduced in
(1.12), we here also introduce, for n > 1,

(5.7) G ={(s,2,7):7 €T} (2),2 € 0D}, s € [0, T},
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and we let, whenever ¢ € (0,77,

Gy =G" N ([0,] x Bgr(0) x S1(0)),
5.8
9 G? =G N ([0,t] x Br(0) x S1(0)).

In the following we need to measure the distance between the sets Gr and
G’ and, hence, we introduce an appropriate Hausdorff distance for subsets of
[0,7] x Br(0) x S1(0). In particular, we let, given (s, z,7) € [0,7] x Br(0) x
51(0) and (§,2,'Ay) S [O,T] X BR(O) X 51(0),

(5.9) E((s,2,7),(8,2,%)) = s = 8|+ |z = 2| + |y = 4

denote the (Euclidean) distance between (s, z,7) and (8, 2,%). Furthermore,
based on E, we define, given Fy, F» C [0,T] x Br(0) x S1(0) and (s, z,7) €
[0,T] x Bgr(0) x S1(0), the distances E((s,z,7),F1), E((s,z,7),F») and
E(Fy,F5) in the natural way. Furthermore, for F| and Fy as above, we
introduce a Hausdorff distance between F} and F5 as

H(Fy, F>) =max{A, B},
(5.10) A=sup{E((s,z,7),F2):(s,2,7) € F1},
B = sup{E((5,2,7), F1): (5,2,9) € By},
In the following we say that G7 converges to G if
(5.11) H(G}F,Gr)—0 as n — 0o.

Imposing the assumptions on D, T' stated above and assuming (5.11), we
can, for example, ensure that if {(s,,2,)} is a sequence of points in R4+,
€[0,T], z, € 9D, limy, o0 5, = 5 € [0,T], lim,, o0 2, = 2 € ODs, then

(5.12) lim A(TY (2,),[s(2)) = 0.

n—0o0
To see this, we consider, for {(s,, 2,)} and (s, 2) given as above, (s,, 25,75, ) €
Grp and (s,2,7s) € Gr. Given (sy,2n,7s,) € G7, we let (3n,2,,7; ) € Gr

be a point on Gr which minimizes the distance, as defined in (5.9), from
(Snaznv’y?n) to GT' Thenv

Ve = Vsl < E((sn:2n,75,)5 (8, 2,75))
(5.13) < E((sns2n:75,)5 (80, 205 98,)) + E((8n, 20,32, (5, 2,75))
< H(Gr,G7) + E((8n:2n,75,), (5, 2,75))-
Hence,

(5.14) W, (20),Ts(2)) < H(Gr,Gr) + R,
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where
R, = max{A,, B,},

(5-15) A =sup{E((8n, 2n, 75, ), {(s, 2, Ts(2))}) : 95, €T5, ()},
By = sup{E({(5n, 20, ', (20))}, (5, 2,75)) 175 € Ts(2) .

As, by assumption, Gp is closed, we can now first conclude that R, — 0
as n — oo, and then we find, using (5.11), that A(I'} (2,),I's(2)) = 0 as
n — oo. This completes the proof of (5.12). We are now ready to formulate
our convergence result.

THEOREM 5.1.  Let T >0 and let D C R*! be a time-dependent domain
satisfying (1.2). Let I =T4(2) be a closed convex cone of vectors in R for
every z € 0Dy, t € [0,T], and assume that " satisfies (1.11) and (1.12). Let
{D"}>° | be a sequence of time-dependent domains D™ C R satisfying
(1.2) and a uniform exterior sphere condition in time with radius ro in the
sense of (1.8). Let {I'™}>° | ={T}(2)}52, be a sequence of closed convex
cones I'™ =T7(2) of vectors in R for every z € D}, t € [0,T]. For all
n>1, D™ and T™ satisfy (5.1) and (5.2) for some 0 < pg < rg, no >0,
an, €n and, moreover, ((0,T) x R%)\ D" has the (8o, hg)-property of good
projections along T'™, for some 0 < dy < po, ho > 1. Assume that inf, {a,} >
0, sup,{en} <1 and (5.4) hold. Regarding the convergence D™ — D and
I'" =T, assume that

(5.16) lim sup h(D},D;)=0,
N0 ¢e0,T)
(5.17) lim sup h(0D},0D;) =0,
N0 0,7

and, with Gt and GI. defined as in (5.8), that
(5.18) G converges to Gr in the sense of (5.11).

Let w"™ € D([0,T],RY) with w} € Df and assume that there exists a so-
lution (z™,\") to the Skorohod problem for (D™, I™ w™) such that z™ €
Dro(0,T],RY) for all n > 1. Assume that {w"} is relatively compact in
the Skorohod topology and that {w™} converges to w € D([0,T],R?). Then
{(z™, A™)} converges to (z,\) € D([0,T],RY) x BV([0,T],R?) and (x,)) is a
solution to the Skorohod problem for (D,T,w) with x € D ([0,T],RY).

REMARK 5.2. We note that the formulation of Theorem 5.1 contains
several subtle points. First, we do not have to assume that the elements in
the sequence {I'"}>° , satisfy (1.11), (1.12) and (1.14). The reason for this
(see Remark 4.4) is that Theorem 4.2 holds, with constants independent
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of n, for each element in the sequence {(w",z",A")} even without these
assumptions. Second, we only have to impose very modest restrictions on D
but, as can be seen in the proof below, we have to assume that I' = T'y(z)
satisfies (1.11) and (1.12).

PROOF OF THEOREM 5.1. As {w"} is relatively compact in the Skoro-
hod topology, we first note that Theorem 4.2 can be used to conclude the
existence of positive constants Ly, Lo, L3 and L4, independent of n, such
that

(5.19) ||xn||t1,t2 < LlenHtl,tQ + Laln(t2 — 1),

[N ey = A" [ty < Lal|w"[lsy 0, + Laln(t2 — 1),
whenever 0 <t; <ty <T. As {w"} converges to w € D([0,T],R?), we also
see, using (5.4) and (5.19), that {(w", ™, A\",|A\"|)} is relatively compact in
D([0,T],R%) x D([0,T],R?) x D([0, T],R?) x D([0,T],R;). Furthermore, we
know that z} € D» for all ¢t € [0,7], n > 1. Hence, {(z",\")} converges to
some (x,)\) € D(0,T],R%) x D([0,T],R%). We intend to prove that (z,\) €
D([0,T],R%) x BV([0,T],R?) solves the Skorohod problem for (D,T",w) and
to do this, we have to prove that

(5.20) A e BV([0,T],R%),
and we have to verify that
(5.21) (D,I';w) and (x,\) satisfy properties (1.5)—(1.7) in Definition 1.1.

We begin by verifying (1.5) in Definition 1.1. To do this, we first note,
using the convergence properties of the Skorohod topology and the fact that
(™, A\") solves the Skorohod problem for (D™, I'™ w"), that

(522) T =W + At

for all points of continuity and, hence, since w, z and A are cadlag functions,
that (5.22) holds for all ¢ € [0,7]. Hence, to verify (1.5) in Definition 1.1,
it only remains to ensure that x; € D; for all ¢ € [0,7]. To do this, we first
note, using Proposition 5.3 and Remark 5.4 in Chapter 3 of [30], that there
exists a sequence {f,} such that

tn —t, x?n — T4, l‘?y_l — Ty,
(5.23)
AL = A, A= = A as n — oo.

Furthermore, using the triangle inequality, (1.10), (5.16) and (5.23), we ob-
tain

d(wy, Dy) < |z — Ty |+ d(x?n,D—gl) + h(D—gl,D—gn) + h(D; , Dy)
(5.24)

§\xt—m?n|—I-h(D—gz,Dgn)—l—l(\fn—tD—>0, as n — 0o.
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This proves that x;, € D, for all ¢ € [0,7] and, hence, we have verified that
(wy, ¢, \¢) satisfies (1.5). We next prove (5.20), that is, that A € BV([0, T], R%).
To do this, we use an argument similar to the proof of Theorem 3.1 in [15],
but, as described below, our argument is more subtle due to the fact that we
consider sequences (D", T w™) where, in particular, D™ is time-dependent.
Recall that with R as introduced in (5.6), we have
(5.25) sup sup |zy| <R, sup |z < R.

n te[0,T) t€[0,T)]
Let G, Gy and G7 be as in (5.7) and (5.8). By the prerequisites of Theorem
5.1 (see Remark 5.2), we have that G is closed. We next define a positive

measure p" on [0,7] x Br(0) x S1(0) by setting, for every Borel set A C
[O,T] X BR(O) X 51(0),

T
(5.26) u"(A) :/o xanaz (s, 5,75 ) dIA"[s,

where 4" € I (27) is as in (1.6)—(1.7) for the solution (2", A\") to the Sko-
rohod problem for (D", I w™) and x AnGy, is the characteristic functions

for the set AN G7. We then first note that
(5.27) A"y = 1" (GY) whenever t € [0, 7.

We also note that the support of p™ is contained in G7. in the sense that
p"(A) =0 whenever A C [0,7] x Br(0) x S1(0) is such that ANG} = 2.
Using this, and the fact that (1.6) holds for A", we see that (5.27) implies
that

(5.28) A} :/ ydp" (s, z,7) whenever ¢ € [0,77].
[0,t]x BR(0)xS1(0)

Next, using (5.4), (5.19), (5.27) and the fact that {w"} converges to w €
D([0,T],R%), we conclude that

(5.29) sup u"(G7p) < oo,

n
which implies that {x"} is a compact set of measures, on [0,7] x Br(0) x
S51(0), in the sense of the weak*-topology. Therefore, by the Banach—Alaoglu

theorem, we can conclude that {u"} converges in the weakx-topology to a
measure g such that

(5.30) 1([0,T] x Br(0) x $1(0)) < co.

Moreover, since (z",\") converges to (z,\) in the sense of the Skorohod
topology, we obtain, using (5.28), that

(531) )\t :/ ’Ydu(SwaY)
[0,t]x BR(0)xS1(0)
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for all t € [0,T] such that A\; = A\;—. However, as both sides of (5.31) are right
continuous, (5.31) holds for all ¢t € [0,7"]. Having proved (5.31), we see, also
using (5.30), that A is of bounded variation and, hence, (5.20) is proved. We
next claim that

(532) )‘t :/G ’yd/.L(S,Z,’)/),

that is, we claim that the support of the measure p is the set G in the sense

that if A C[0,7] x Br(0) x S1(0) is such that AN Gy =@, then u(A4)=0.

To see this, we let (8,2,%) € [0,7] x Br(0) x S1(0) \ Gr and we see, as Gt is
closed, that if we define, for n > 0, B((3,2,%),n) :=={(s, z,7) : E((s,2,7), (8, 2,9)) <
n}N[0,T] x Br(0) x S1(0), then there exists 19 > 0 such that B((s, 2,%),2n0) N

G = . Recall that E is the distance function introduced in (5.9). Further-
more, the above setup implies that E(B((S,2,%),m0), Gr) > no and since

(5'33) E(B((‘é?é?ﬁ)vnO)vG’?“) > E(B((‘é?é?;y)vnO)vGT) - H(GT,G%),

we can use the assumption in (5.18) to conclude that there exists ng € N
such that

(5.34) E(B((5,2,%9),m0), GT) > 10/2

for all n > ng. In particular, B((8,2,%),m0) N G’ = @ for all n > ng. Hence,
w*(B((8,2,%9),m0)) =0, for all n > ng, and u(B((S,%,7),m0)) =0 by the
weaks*-convergence of u" to u. This completes the proof of (5.32). Having
proved (5.20) and (5.32), we see that

t
(5.35) At = / Vs || whenever t € [0,7]
0

for some S7(0)-valued Borel measurable function 7, and, to prove (1.6), we
have to prove that v € I'}(z,) for all s € [0,T]. To prove this and to verify
(1.7), we consider the following two cases:

Case 1. t€[0,T] is such that x; — z;- # 0,
(5.36)
Case 2. t€[0,T] is such that x; — z;— = 0.

Case 1. Note that Case 1 occurs for an at most countable set of jump
times of x. Moreover, in Case 1 it is enough to prove that

(5.37) At — A= # 0 implies that z; € 9D, and that A, — M- € T'y(x).

We first note, as we are assuming Ay — Ai— # 0, that [A7 — AL |>0 for n
sufficiently large; see (5.23) . Furthermore, since (2", A") solves the Skorohod
problem for (D™, I w™), we have that

(5.38) xp €0DF, AL — XL eI} (a7 ).
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Combining (5.5), (5.17), (5.23) and (5.38), we obtain
d(x¢,0Dy) < |z — a7 [+ d(af , 0D} )+ h(0D ,0D;,) + h(dDy, ,0D;)
539 S\a:t—a:?n|—|—h(8Dgl,8Dgn)+lA(|fn—t|)—>O as n — oo.
Hence, using (5.39), we can, since 0D, is closed, conclude that
(5.40) xt € ODy.
We next recall that the set G, defined in (1.12), is, by assumption, closed.
Furthermore, arguing as in (5.39), we first see that
d(Ae = X, Do) < [(Ae = A=) = (A, = A)[+d(Af — AL TR (2F))
(5.41) + (L7 (27 ), De(2))
<A = AR T+ A= = AL [+ A (2F), Te(20)),

and then, letting n — oo, it follows, using (5.12), that d(At — A\—, T¢(z¢)) = 0.
Applying the fact that the set G' is closed, we can therefore conclude that
(54.2) At - At— S Ft(l‘t).

This concludes the proof of (5.37) and, hence, we have verified (1.6)—(1.7)
in Case 1.

Case 2. To verify (1.6)—(1.7) in Case 2, we first see, by combining (5.32)
and (5.35), that

t
(5.43) / Vs d|A|s :/ ydu(s,z,7) whenever t € [0,7].
0 Gt

We next introduce a measure v on [0,7] by setting
(5.44) v([0,t]) = u(Gy) whenever ¢ € [0,77].

Combining (5.43) and (5.44), it is clear that v(]0,t]) =0 implies |A|; =0,
showing that |A| is absolutely continuous with respect to v. To simplify the
notation, in the following we let, for k € N,

1
(5.45) Qi = {(t,z,v) eGr: inf (jt—s|+(|z—xs|A|z—x4-]) > —}.
s€[0,T) k

Then, using Theorem 1.2.1(iii) in [32], the fact that p(U) <lim, ,ou™(U)
for all open sets U and the fact that x}' converges either to x; or z;—, we
can conclude that

pn({(t2,7) €Griz# a2 # 14— })
(5.46) = lm p(Q) < lim lim 4" ()

—0 n—00

1
< lim lim Mn<{(t,z,7) €Gr:|z—a}| > ﬂ}) =0.
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If x; = x;~ € Dy, then, since z € 9D, for all (¢,z,v) € Gp, we deduce that
z #x¢ and z # x;—. Hence, using (5.44) and (5.46), we first see that

(5.47) v({t€[0,T]:2¢=x4—,x1 € Di}) =0,

and then, by the absolute continuity of |A| with respect to v, we can conclude
that

(5.48) IN({t €[0,T]: 2 = 2, 2; € Dy }) = 0.

In particular, (5.48) proves (1.7). Hence, it only remains to prove that s,
as defined in (5.35), satisfies 75 € T'} () for all s € [0,¢] and ¢ € [0,T]. From
(5.43) and the fact that (5.46) implies that

(5.49) p({(s,z,7) € Gyizg =x #2}) =0,
we deduce that

/ Vs d|Als =/ Ydp(s, z,7)
{s€l0t]: zs=a _} {(5,27)€G: z=ws=1  }

(550) :/ / ’Yp(57$57d7) dV7
{s€[0,]: xs=2,} JTL(2s)

whenever t € [0,T]. Note that the last equality in (5.50) follows from the
definition of v in (5.44). Here p(s, x5, -) is a measure on the Borel o-algebra of
S1(0), concentrated on T'(x,) for dv-almost all s € [0,7] such that z, =z,
and p(-,-, A) is a nonnegative Borel measurable function for every Borel set
A. Then, since |\| is absolutely continuous with respect to v, the Radon—
Nikodym theorem asserts the existence of a nonnegative Borel measurable
function f such that

f(s)vs =/ Yp(s, 2, dry),
I'l(zs)

(5.51)
dv-a.e. for all s € {s €[0,t]: 25 =2, }.

From the assumption in (1.11) we deduce that f is strictly positive. Thus,
by the convexity of I's(z) and the absolute continuity of |A| with respect to
v, we conclude that

(5.52) s €Tl(xy), d|M-a.e. for all s € {s € [0,t]:xs=x,-}.

In particular, (5.52) verifies the second part in (1.6) and, hence, the proof
in Case 2 is also complete.

Having completed the proof of Cases 1 and 2, we conclude that the proofs
of (5.20) and (5.21) are complete. Hence, to complete the proof of Theorem
5.1, we only have to ensure that x € D (]0,7T],R). However, this follows
from the assumption that 2™ € DP([0,T],R) for all » > 1 and from the fact
that ™ — z in the Skorohod topology. [
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5.2. Convergence of a sequence of solutions to approximating Skorohod
problems. Let T >0 and let D C R4 be a time-dependent domain sat-
isfying (1.2), (1.10) and a uniform exterior sphere condition in time with
radium r( in the sense of (1.8). Let I' =T4(z) be a closed convex cone of
vectors in R? for every z € Dy, t € [0,7T], and assume that I satisfies (1.11),
(1.12) and (1.14). Assume that (1.18) and (1.19) hold for some 0 < py < 79,
no >0, a and e. Finally, assume that ([0,7] x R?) \ D has the (dg, ho)-
property of good projections along I', for some 0 < dy < pg, hg > 1 and let
w € Do/4Npo/ (4h0))([0, T1],R?) with wg € Dg. The purpose of this subsection
is to construct a sequence of solutions to Skorohod problems which approxi-
mate the Skorohod problem for (D,I',w). Based on this sequence, in the next
section we conclude the existence of a solution (z,\) to the Skorohod prob-
lem for (D,T,w), in the sense of Definition 1.1, with 2 € D0 ([0, T], R?). This
will then complete the proof of Theorem 1.2. To proceed, we let n € N, n > 1,
and we let {e,} be a sequence of real numbers which tends to 0 as n — oo.
Then, for each n, we can find a partition A,, = {T]?}}LV;O of the interval [0, 77,
that is, 0 =73 <7{' <--- <7y _; <7y =T, such that (5.53)-(5.56) stated
below hold. In particular,

(5.53) lim A =0 where Aji= e Thp1 = Th>

and, for some ng > 1,
* . 50 £0
g, + 185) <mind 2, 20
(5.54)
whenever n > ng, k €{0,..., N, — 1}.

Furthermore, we define w®» = th", t€10,7T], as

(5.55) win = W, an whenever t € [/, 73/, 1),k € {0,..., N, — 1},

and w%” =wr, so that

w e pleofin/ el (o, 7], RY),
(5.56) o
wOA" €Dy and dp([0,T],w™"  w) < .

In particular, w™ € D([0,T],R?) is a step function which approximates w
in the Skorohod topology. Given A,, and w®", we define D®" and T'®" as
in (2.6). Furthermore, to obtain a more simple notation, from now on we
write w”, D™ and ' for w®", D" and I'®». Then, given w™, D™ and T™
as above, we next define a pair of processes (2", \"") as follows. Let

(5.57) xy = wp, A =0 for t € [0,7").
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If m’;‘}ll € DZZL—I for some k € {1,...,N,}, then, by the triangle inequality
and (5.54),
(5.58) cl(a:”n_1 —I—w’;‘g —wln ,Dﬁ}?) <|lw"™|[zp_ 2+ UAT) < do.

Tk Tk—1
Hence, by the (g, ho)-property of good projections, it follows that if :1:?]? o
n o ,.n n . . _
Wit — Win ¢ D, then there exists a point
(559) ﬂ-aD:}? (.’,1;'7.1?71 + 'LUT]? — le?—l) I~ 8DTI?,

which is the projection of m’;‘}ll + wﬁg — w%il onto 8D’;‘I? along I'rn. Fur-

thermore, if 27 4wl —wln € D2, then we let
k—1 k 1 k

T
Fn
(5.60) Tk (2l +wln —wln )=2ln +wlh —wl
’ 8D:£L Th1 T Tio1/ T TR T Tt
Based on this argument, we define, whenever ¢ € 7', 7, 1), k € {1,..., N, —
1},
I,
n __ k n n n
Ty = WBD:}I? (xfg_l + wT]? - wﬂ-’?_l)a

(5.61)

AP =AM+ (@ — (2wl —win ),
and, finally, we define 27 and A7 using (5.61) by simply setting k = IN,, in
(5.61). Note that in this way we have xﬁg_l € Dﬁg ) for all k€ {1,...,N,}.

Next, again using the (&g, ho)-property of good projections, we see that

n

Tn
|2 —afn | < ‘Waﬁgg (@ +win —wln ) —(2fn  Fwin —win )

+ [win —win |

< ho(lw”[lzp, mp +1(AR)) + 1w [lp,

£0 do
< ho| — — .
< 0<2h0>+ 1 = ro

Hence, z" € D ([0, T],R?). Using this notation, we next prove the following
theorem.

THEOREM 5.3. Let T >0, D C R 1y, T'=T4(2), 0< pg <o, o >0,
a, e, 0g and hg be as in the statement of Theorem 1.2. Let w be as in
the statement of Theorem 1.2 and let w™, D™, I'™, ™ and A" be defined
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as above for n > 1. Then (z™,\") is a solution to the Skorohod problem
for (D™, T™ w™) and z™ € D([0,T],R?) for all n > ng for some ng € N,
Moreover, {(z™,\")} converges to (x,\) € D([0,T],R%) x BV([0,T],R%) and
(xz,\) is a solution to the Skorohod problem for (D,I',w). Furthermore, x €
D ([0, T, RY).

REMARK 5.4. Note that for Theorem 5.3 we, in contrast to in Theorem
5.1, also need to assume (1.14) in order to be able complete the proof [see
(5.69) below].

PROOF OF THEOREM 5.3. (2™, \") is, by construction, a solution to the
Skorohod problem for (D™, I, w") and the statement that 2™ € D ([0, T], R?)
for all n > nyg, for some ng € N, is proved in (5.62). Next, using Theorem 4.6,
we can conclude the existence of some positive constants L (w, T), Lo(w, T),
Ls(w,T) and Ly(w,T) such that

(5.6 2™ e o < Li(w, T)|wlley 1 + La(w, T) (Ut — t1) + L(AL)),
Nty — [Ny < La(w, T)[|wlley 1 + La(w, T)(U(t2 — t1) + L(AL)),

whenever 0 <ty <ty <T. In particular, note that by choosing ng suffi-
ciently large we can ensure, using (5.53), that I(A}) < po/(4(K2(a,e) + 1))
and that (4.68) holds for all n > ng. Hence, Theorem 4.6 is applicable.
Based on (5.63), we can now argue as in the proof of Theorem 5.1. In par-
ticular, as {w"} converges to w € D([0,T],R%), we see, using (5.63), that
{(w™, ™, A", |A\|")} is relatively compact in D([0,T],R%) x D([0,T],R%) x
D([0,T],R?) x D([0,T],Ry). Furthermore, we know that x7 € D,, for all
t€[0,T], n > 1. Hence, {(z",\")} converges to some (z,\) € D([0,T],RY) x
D([0,T],R?). We intend to prove that (x,\) € D([0,T],R%) x BV([0,T],R?)
solves the Skorohod problem for (D,I',w) and, to do this, we have to prove
that

(5.64) A e BV([0,T],R%),
and we have to verify
(5.65) properties (1.5)—(1.7) in Definition 1.1.

The proof of (5.64) and (5.65) follows along the lines of the proof of (5.20)
and (5.21) in Theorem 5.1 and we shall only outline the main differences
between the proofs. To start with, the statements in (5.22) and (5.23) remain
true. However, the argument in (5.24) has to be changed. In particular, in
this case we see, using (5.23) and (5.53), that

d(xt,E) <|z; — l‘?n| + h(D—g/D—fn)

(5.66) i
+1(|tn, —t]) +1(A)) =0 as n— oo,
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which, since D; is closed, proves that z; € Dy, for all t € [0,T]. Hence, we
have verified that (wy, z¢, \¢) satisfies (1.5). Next, arguing as in (5.25)—(5.35),
using (5.63) to conclude (5.29), we can conclude that (5.64) holds and that

t
(5.67) N\ :/ Vs d|A| s :/ ydu(s, z,7) whenever ¢t € [0,7]
0 Gt

for some S1(0)-valued Borel measurable function ~,. Hence, to prove (1.6),
we again have to prove that v, € I'l(z,) for all ¢ € [0,T]. As in the proof of
Theorem 5.1, we consider Case 1 and Case 2. In fact, Case 2 can be handled
exactly as in the proof of Theorem 5.1 and hence shall only discuss the proof
of Case 1. To prove Case 1, we first see that the statements in (5.37) and
(5.38) can be repeated and, arguing as in (5.66), we obtain

(5.68) o .

+1(|tn, —t]) +1(A)) =0 as n — o0o.

Hence, since 0Dy is closed, we can conclude that x; € 9D;. To proceed, we
deduce as in (5.41) that

(5:69) d(Ar = A=, Te(we)) < |Ae = AP |+ (A= = N+ AR (7)), e (1))

Obviously the first two terms on the right-hand side in (5.69) tend to zero
as n — o0o. Concerning the third term, we first note that there exists, for n
large enough, some integer k(n) such that

(5.70) P (f ) =T (2 ).

k(n) \ Tk(n)

Hence, as [t, — Tl?(n)| <I(A}), we can conclude, using (5.23), that Thm) ¢

as n — 0o. Moreover, as xﬁn( = x} , we can also use (5.23) to conclude that
k(n n

" — x as n — oo. In particular, based on these conclusions, it follows

k(n

fror(n) (1.14) that also the third term on the right-hand side in (5.69) tends to
zero as n — oo. Hence, having proved that d(A; — \,—,T';(x;)) =0, the proof
of Case 1 can now be completed as in Theorem 5.1.

Having completed the proof of Cases 1 and 2, we can conclude that the
proofs of (5.64) and (5.65) are complete. Hence, to complete the proof of
Theorem 5.3, we only have to ensure that = € D ([0, 7], RY). However, again
this follows from the fact that 2™ € D ([0, T],R?) for all n > ng and from
the fact that 2™ — = in the Skorohod topology. [

x

6. Proof of Theorems 1.2, 1.3 and 1.9.

ProoOF¥ OF THEOREM 1.2. Theorem 1.2 now follows immediately from
Theorem 5.3. [
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PROOF OF THEOREM 1.3. Using Theorem 4.2 and (1.10), we see that

Jim oy, — x| < lm 2l

(6.1) < lim (Ly||wl|¢; #, + Lol(t2 — t1]))
to—t1
< 1 —_ = U.
<0+ Ly lim (|2 —t1]) =0
This proves that x is continuous. [J

PrROOF OF THEOREM 1.9. Let W be a m-dimensional Wiener process
on a filtered probability space (Q,F,{F;}, P) and in the following let W,
t € [0,T], be a continuous path of W. We define, for n € N, n>> 1, k €
{0,1,...,27 — 1},

‘D? = DkT/2”7
(6.2)
Iy = Tyr/on whenever t € [kT/2",(k+1)T/2"),

and DF = Dp,I'7 =T'r. Furthermore, we recursively define three processes
X=X}, Z"=Z]" and A" = A}, for t € [0, 7], in the following way. Let

(6.3) Xy =2, Z§ =2, 0 =0,
and let, for k€ {0,1,...,2" — 1},

n T
Zer1yr2n = Zirjon + Q_nb(kT/QnanT/%)

(6.4) + o (kT/2", Xy jon ) Wik 1yr/20 — Wir)jan),

r n
n _ (k+1)T/2 n n n
X(p41)T/2n = TOD (o 41)7/2m (Xirjon + Zles1yr)2n — Zir)an)-

We here have to make sure that X&, )T /2n is well defined. To do this, we

note that, either XI?T/Q" + Z&+1)T/2n - ZI?T/% € D?k+1)T/2n or XI?T/Q" +
Zes1yrjom — Z,?T/Qn c R4\ D?kJrl)T/Z"’ In the first case we identify the pro-
jection with the point itself, whereas, in the latter case, we have to assert the

existence of appropriate projections onto 8D?k +1)T/2n However, assuming

XI?T/QH € DZT/Qn, we see that

d(Xirjon + Zies1yryon = Ziirjans Dies1yryon)
(6.5)  <UT/2")+|Z{s1yr/on — Zizjon]

<UT/2") + (T/2") (sup[b]) + (sup o)) Wiy 1yryn = Wiranl-
D D
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Hence, since W; is a continuous path, there must exist some ng € N such
that

(6.6) d( Xy jon + Zier1yrson — Zirjans Dips1yrjan) < do,
whenever n >ng and k € {0,1,...,2" —1}. By (6.6) and the (do, ho)-property
of good projections, it follows that the projection Wg(kH)T/ "

n
D(k+1)T/2"( kT/2m +

Z&H)T/Z" — ZI?T/Qn) is well defined, for n > ng , whenever X7 +Z7

kT /27
ZI?T/Q” cRY \ D?k+1)T/2n' Furthermore, using the definition of Z(nk-+1)T/2n in
(6.4), we also see that
1 Ziayzyon = Zipjan] SUT/27) + (T/2") (sup b))
D
(6.7)

+ (sup 011 ) Wiy 1yr/2n = Wiryor |
D
and, hence, once more using that W; is a continuous path, we can ensure
that
(i) Z"e D(50/4/\Po/(4h0))([07T]’Rd),
(i)  ho(1Z" Ik /2, (kr1yT/2n + UAL)) + 12" k1 /2n (k411727 < PO,
whenever n >ng and k € {0,1,...,2" —1}. We next let, for k € {0,1,...,2" —

1},

(6.9) Alesnyryon = Nerjon + X(ip1)jon — Xirjon = Zikgryryon + Zirjon-
Finally, we define, for kT'/2" <t < (k+1)T/2", k€ {0,1,...,2" — 1},
(6.10) Xi' = X jan s Zi" = Ziipjon s A} = A yan-

Then, by arguing as in the proof of (5.62), using (i) and (ii) in (6.8), we can
conclude that

(6.11) X" eDr([0,T],RY)  whenever n > ny.
Furthermore, using the definitions above, it is clear that
t t
(6.12) Z[‘:é—k/ b(s, X)) ds—i—/ o(s, X)dWs —e"(t),
0 0
where
n T
(6.13)  sup |e"(t)] < (sup |b|> =4 (sup Hau) sup Wy — Wy
te[0,7] D /2 D 0<s<I<T,
|s—t|<T/2n

By construction, (X™ A™) solves the Skorohod problem for (D™ I Z")
and using Theorem 4.6, we can conclude that there exist positive constants

(k+1)T /27—
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ﬁl(Z,T), EQ(Z,T), ﬁg(Z,T) and [:4(Z,T), independent of n, for n > ng,
such that
(6.14) 1X™ ler 02 < L1(Z, D) Z oy 0 + L2(Z,T) (Ut — 1) + U(T/2")),
A"y = ("o, < La(Z, D) Z 1 + La(Z,T)(Ut2 — t1) + U(T/2%)),
whenever 0 <t; <ty <T and n > ng. Hence, the sequence {(Z", X" A")}
is relatively compact in the Skorohod topology and we can conclude, by the
construction of Z™ and (6.12)-(6.13), that also the sequence {(W,Z", X",
" ™)} is relatively compact in the Skorohod topology. In fact, as this argu-
ment can be repeated for each continuous path of Wy, it follows, by consider-
ing convergent subsequences if necessary, that the sequence of vector valued
processes {(W,Z", X™, A", ")} defined on (2, F,P) converges in law to a
stochastic process (W, Z, X, A,0). Furthermore, using the Skorohod represen-
tation theorem (see, e.g., [7] and [30]), there exists a complete probability
space (£, %) P) and versions {(W”,Z”,f(”,]\”,é”)} and (W, Z,X,A,0) of
{(W,Zn, X", A" &)} and (W, Z, X, A,0) on (€, F, P), such that {(W", 2",
X", A" ")} converges to (W,Z,X,A,0) P-almost surely. Moreover, using
Theorem 5.3 and the fact that (X " A”) solves, P-almost surely, the Skoro-
hod problem for (D", T, Z"), it follows that (X A) solves, P-almost surely,
the Skorohod problem for (D,T,Z). In particular, (X, A) € D([0,T],R?) x
BY([0,T],R%) and

(6.15) Xi=2+Zi+ Ay,
~ t ~ ~
©16) A= [ ndil 2 el(R)NS1(0), diikac,
0

(6.17) X, €Dy,  dA({te[0,T]:X;€Di})=0
holds P-almost surely whenever ¢ € [0,7]. We next want to verify that

t t
(6.18) 7= / b(s, X.) ds + / o(s, X.) dW,
0 0

holds P-almost surely whenever ¢ € [0,7]. Indeed, using (6.12) and (6.13),
we can, following [15], simply quote Theorem 2.2 in [39], which in our
case states that since {(o(s, X7), W)} converges to (o (s, X), W) P-almost

surely whenever s € [0,7],

t t
/ o(s,X?)dW! converges to / o(s,Xs)dWs,
0 0

(6.19) .
P-almost surely,

whenever ¢ € (0,77, as n — oo. This proves (6.18). Now let 5% and %}t” be
the o-algebras generated by {W,:s <t} and {W} :s <t}, respectively. We
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next prove that W is a m-dimensional Wiener process on the filtered prob-
ability space (Q, ha {%) }, P). To obtain this, we first note that the o-algebra
generated by {W” W” s >t}, for t € 0,7, is independent of 5’% Fur-
thermore, since W" — W P-almost surely, it follows that the o- algebra gen-
erated by {W, — W;:s>t}, for t € [0,T7, is independent of 7. In particular,
{Wt t€[0,T]} is a martingale with respect to {,%) .t €[0,7]} and P. Now
let W[ = (W," Lo SV and Wy = (WL, .. ™). Then, using essentially

the same argument as in (6.19), we also see that W™iW™J — WiWi, P-
almost surely, for all 7,5 € {1,...,m}, and, hence, as above, we can con-

clude that {W;W; — dijt:t €[0,T1}, with d;; being the Kronecker delta, is
a martingale with respect to {%i :t€[0,T]} and P. By the Lévy character-
ization of Wiener processes (see, e.g., Theorem I1.6.1 in [34]), we can thus

conclude that W is a m-dimensional Wiener process on (Q,%J ,{.%)t}, P). To
finally conclude that (X,A) is a weak solution in the sense of Definition
1.8, and hence to complete the proof of Theorem 1.9, it only remains to
prove the existence of a version of X on (Q,%J , ]3), denoted X, such that
X €¢([0,T],R%), P-almost surely. However, using standard arguments, we
first note that there exists a version of Z on (Q, ¥ ) P), denoted Z, such that
7€ C([0,T],R%), P-almost surely, and such that (X,A) solves, P-almost

surely, the Skorohod problem for (D,I‘,Z). Furthermore, by (6.11), it is
clear that X € D ([0, T],R?). Hence, by Theorem 1.3, X is continuous P-
almost surely. This completes the proof of Theorem 1.9. [J

APPENDIX: GEOMETRY OF TIME-DEPENDENT DOMAINS

Concerning the (dp, ho)-property of good projections along I', the follow-
ing result follows immediately from Theorem 4.1 in [15].

LEMMA A.1. Let T >0 and let D C R be a time-dependent domain
satisfying (1.2) and a uniform exterior sphere condition in time with radius
ro in the sense of (1.8). Let T' =T4(z) be a closed convex cone of vectors
in R? for every z € ODy, t € [0,T) and assume that T satisfies (1.11) and
(1.12). Assume that there exists a continuous map Q:GY — R? such that

Q(t,z, N (2)) =T(2) for all z€ 0Dy, t € [0,T],
(A1) Q(t,z,\v) = AQ(t, z,v)
for all \>0,v € Ny(z),z € OD¢, t € [0,T].
Moreover, assume that

s o Q00 = Q] < o,
te[0,T],2€0D; vVEN; (2)
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(A.2)

te[o,”}ﬂfeaDt ”51\7‘11%) v-Q(t,z,v) :=q>0.
Let
(A3) s = o1~ I @TQP)

J/IQI
1= Vi @/IRI?

Then ([0,T] x RY)\ D has the (89, ho)-property of good projections along T.

Note that in Lemma A.1 we have that ¢/||Q|| <1, 0 <dp <19 and hg > 1
by construction. To continue, given 1" > 0 and D as above, we say that D is
a H1+q-domain if we can find a p > 0 such that, for all zg € 90Dy, to € (0,77,
there exists a function (¢, 2), ¥ € Hi+a(Cp(to, 20)), with the properties

DnN Cp(to, Zo) = {1/}(t, Z) > 0} N Cp(to, Zo),
(A4) dD N Cy(to, 20) = {2(t, 2) =0} N Cy(to, 20),

. f vz t7 >O
(t,z)eaDHr%cp(1,,0720)| (L, 2)|

for all (¢,2) € (0,T) x R%.

LEMMA A.2. Let T >0 and let D C R4 be a time-dependent domain
satisfying (1.2) and a uniform exterior sphere condition in time with radius
ro in the sense of (1.8). Assume, in addition, that D is a Hiye-domain
for some o € (0,1]. Let I' =T(z) be, for every z € 0D, t € [0,T], a closed
convex cone of vectors in R with the specific form {\y;(z): X > 0}, for some
S1(0)-valued function v¢(z) which is uniformly continuous, in both space and
time, and satisfies

A. = inf inf .
(A.5) B tel[%’T]Zéth<%(2),nt(z)> >0
Then D satisfies (1.18) and (1.19) and

(A.6) I(r) < Lr® whenever r € [0,T]

for some 0 < L < 0o and with & = (1+ «)/2 € (0,1].

PROOF. By the uniform continuity of v;(z) in space and time, it is clear
that the variation of 44(z) can be made arbitrarily small on temporal neigh-
borhoods. Following Proposition 2.5 in [15], it therefore immediately follows
that criteria (1.18) and (1.19) are satisfied for some 0 < pg < and 79 > 0.
Hence, it remains to prove (A.6) and we note that it suffices to prove (A.6)
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for small values of 7. Let z € R? be arbitrary and let z; € 9Dy be such that
|z — z5| = d(z,0D;). We now claim that

(A7) z— zs || ns(zs)

or, in other words, that z — z; and n4(zs) are parallel. To prove this claim, we
can assume, without loss of generality, that z; = 0. As D is a time-dependent
domain of class Hj+q, We can assume the existence of a function ¢, with
property (A.4), such that {¢(s,y) =0:y € B,(0) N 0D}, where B,(0) is
a (spatial) neighborhood of the origin with the radius p as given in the
definition of H;4,-domains. We consider the minimization problem

(A.8) “min |z —yl%

y€B,(0)NOD;
Then, as the minimum in (A.8) is realized at the origin, we see that z =
AV1)(s,0) for some Lagrange multiplier A. Obviously, this proves (A.7).
Next, by Lemma 3.1, we see that, for r < p A rg,

(A.9) l(r)= sup supd(z,D;)= sup |z — 2]
5,t€[0,T] 2D, 0<s<t<T
[s—t|<r [s—t|<r

for some z, € 9D, z; € 0D, such that
(A.10) 2 — 2s || ms(2s)

and |z — 25| < p Arg. Furthermore, employing once more the fact that D
is a time-dependent domain of class Hj+q, we conclude the existence of a
function v, with the property (s, zs) = 1(t, z:) = 0, which is continuously
differentiable in space. Taylor expanding 1 up to the first order in spatial
coordinates, we obtain, by the H,-regularity of 1,

1/}(tvzt) - 1/}(8728) = 1/}(tvzt) - ¢(57zt) + @D(S,ZQ - ¢(57Z5)
(A.11) =U(t,2) = (s, 20) + (2 — 25, V(s 2s))
+ Oz — 2z5|1T).

As ng(zs) = %, it follows from (A.9)—(A.11) that

‘(zt — Zs, vz¢(57 Zs)>|

—|—

I(r)= sup |z —=zs|= sup
) 0§s§t§T| d 0<s<t<T |V21(s, 25)|
[s—t|<r [s—t|<r
(A.12) .
_ _ (e
S sup |w(tvzt) ¢(Sazt)| + sup O(‘Zt Zs| )
o<s<t<T  |V20(s,zs)] o<s<i<T |V2(s,2)|

[s—t|<r [s—t|<r
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Furthermore, for small r, we can assume, without loss of generality, that for
some ¢ > 0 independent of (s,z;) we have |V (s, zs)| > d. Hence, by the
Hito-regularity of ¢» and the definition of I, we see that

(A.13) 1(r) < e L@t /2 ()i,

provided 7 < p A rg. Finally, since I(r) — 0 as r — 0, there exists € > 0 such
that if r <e, then e~ 1(r)® < 1/2. Combining these facts, we conclude that

(A.14) I(r) < LrletD/2
for some constant L. Hence, (A.6) holds with & = (a+1)/2. O

REMARK A.3. In the following let CI} and CZ be spaces containing all
functions with bounded derivatives up to orders one and two, respectively.
Consider a bounded spatial domain Q C R? which is Cbl—smooth and satis-
fies a uniform exterior sphere condition. Moreover, assume that the cone of
directions of reflection I'(z) has the specific form {Ay(z):\ > 0}, for some
S1(0)-valued function ~y(z) which is continuous and satisfies

(A.15) Bi= Zie%fﬂ('y(z),n(z» > 0.

Then Proposition 2.5 in [15] states that the time-independent counterparts
of criteria (1.18) and (1.19) are satisfied. Furthermore, Theorem 4.5 in [15]
states that the time-independent counterparts of (1.18) and (1.19) are also
satisfied for piecewise C}-smooth domains € if the function v(z) is uniformly
continuous on each face of 0f) and satisfies some nondegeneracy and con-
sistency criteria. Finally, we also mention Theorem 4.6 in [15] which states
that unique projections may be found if 2 is a piecewise Cg—smooth domain
and if y(z) is Lipschitz continuous on each face of 02 and satisfies some
other nondegeneracy and consistency criteria.

Acknowledgments. The authors would like to express their sincere grati-
tude to several anonymous referees for their valuable comments and sugges-
tions, which have resulted in considerable improvement of the results and
presentation of this article.

REFERENCES

[1] ATAR, R., BUDHIRAJA, A. and RAMANAN, K. (2008). Deterministic and stochastic
differential inclusions with multiple surfaces of discontinuity. Probab. Theory
Related Fields 142 249-283. MR2413272

[2] ATAR, R. and Dupuis, P. (1999). Large deviations and queueing networks: Methods
for rate function identification. Stochastic Process. Appl. 84 255-296. MR 1719274

[3] ATAr, R. and Dupuls, P. (2002). A differential game with constrained dynamics
and viscosity solutions of a related HJB equation. Nonlinear Anal. 51 1105
1130. MR1926618


http://www.ams.org/mathscinet-getitem?mr=2413272
http://www.ams.org/mathscinet-getitem?mr=1719274
http://www.ams.org/mathscinet-getitem?mr=1926618

54

[4]

[5]

[6]

[7]

[8]

[9]

(10]

K. NYSTROM AND T. ONSKOG

Bass, R. F. and Hsu, E. P. (2000). Pathwise uniqueness for reflecting Brown-
ian motion in Euclidean domains. Probab. Theory Related Fields 117 183-200.
MR1771660

BeENJAMINI, 1., CHEN, Z.-Q. and ROHDE, S. (2004). Boundary trace of reflecting
Brownian motions. Probab. Theory Related Fields 129 1-17. MR2052860

BERNARD, A. and EL KHARROUBI, A. (1991). Régulations déterministes et stochas-
tiques dans le premier “orthant” de R"™. Stochastics Stochastics Rep. 34 149-167.
MR1124833

BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley, New
York. MR1700749

BorkoOwskI, D. (2007). Chromaticity denoising using solution to the Skorokhod
problem. In Image Processing Based on Partial Differential Equations (X.-C.
TAI ET AL., eds.) 149-161. Springer, Berlin. MR 2424226

BurDzY, K., CHEN, Z.-Q. and SYLVESTER, J. (2003). The heat equation and reflected
Brownian motion in time-dependent domains. II. Singularities of solutions. J.
Funct. Anal. 204 1-34. MR2004743

BurDpzY, K., CHEN, Z.-Q. and SYLVESTER, J. (2004). The heat equation and re-
flected Brownian motion in time-dependent domains. Ann. Probab. 32 775-804.
MR2039943

Burpzy, C., CHEN, Z.-Q. and SYLVESTER, J. (2004). The heat equation in time
dependent domains with insulated boundaries. J. Math. Anal. Appl. 294 581—
595. MR2061344

Burpzy, K., KANG, W. and RamaNaN, K. (2009). The Skorokhod problem in a
time-dependent interval. Stochastic Process. Appl. 119 428-452. MR2493998

BurDzY, K. and NUALART, D. (2002). Brownian motion reflected on Brownian mo-
tion. Probab. Theory Related Fields 122 471-493. MR 1902187

BurDzY, K. and ToBY, E. (1995). A Skorohod-type lemma and a decomposition of
reflected Brownian motion. Ann. Probab. 23 586-604. MR 1334162

COSTANTINI, C. (1992). The Skorohod oblique reflection problem in domains with
corners and application to stochastic differential equations. Probab. Theory Re-
lated Fields 91 43-70. MR1142761

CosTANTINI, C., GOBET, E. and EL Karoul, N. (2006). Boundary sensitivities for
diffusion processes in time dependent domains. Appl. Math. Optim. 54 159-187.
MR2239532

Durpuis, P. and IsHir, H. (1991). On Lipschitz continuity of the solution mapping
to the Skorokhod problem, with applications. Stochastics Stochastics Rep. 35
31-62. MR1110990

Durpuis, P. and IsHil, H. (1993). SDEs with oblique reflection on nonsmooth domains.
Ann. Probab. 21 554-580. MR1207237

Dupuis, P. and IsHir, H. (2008). Correction: “SDEs with oblique reflection on non-
smooth domains.” Ann. Probab. 36 1992-1997. MR2440929

Duruis, P. and RAMANAN, K. (1998). A Skorokhod problem formulation and large
deviation analysis of a processor sharing model. Queueing Systems Theory Appl.
28 109-124. MR 1628485

Duruis, P. and RamMaANAN, K. (1999). Convex duality and the Skorokhod problem.
II. Probab. Theory Related Fields 115 197-236.

Dupuis, P. and RaMANAN, K. (1999). Convex duality and the Skorokhod problem.
1. Probab. Theory Related Fields 115 153-195.


http://www.ams.org/mathscinet-getitem?mr=1771660
http://www.ams.org/mathscinet-getitem?mr=2052860
http://www.ams.org/mathscinet-getitem?mr=1124833
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=2424226
http://www.ams.org/mathscinet-getitem?mr=2004743
http://www.ams.org/mathscinet-getitem?mr=2039943
http://www.ams.org/mathscinet-getitem?mr=2061344
http://www.ams.org/mathscinet-getitem?mr=2493998
http://www.ams.org/mathscinet-getitem?mr=1902187
http://www.ams.org/mathscinet-getitem?mr=1334162
http://www.ams.org/mathscinet-getitem?mr=1142761
http://www.ams.org/mathscinet-getitem?mr=2239532
http://www.ams.org/mathscinet-getitem?mr=1110990
http://www.ams.org/mathscinet-getitem?mr=1207237
http://www.ams.org/mathscinet-getitem?mr=2440929
http://www.ams.org/mathscinet-getitem?mr=1628485

SKOROHOD PROBLEM IN TIME-DEPENDENT DOMAINS 55

Duruis, P. and RamaNan, K. (2000). An explicit formula for the solution of certain
optimal control problems on domains with corners. Teory Probab. Math. Statist.
63 33-49. MR1870773

Dupuis, P. and RAMANAN, K. (2000). A multiclass feedback queueing network
with a regular Skorokhod problem. Queueing Systems Theory Appl. 36 327-349.
MR1823974

Duruis, P. and WiLLiams, R. J. (1994). Lyapunov functions for semimartingale
reflecting Brownian motions. Ann. Probab. 22 680-702. MR1288127

EL Karoul, N., KapoubpJiaNn, C., PArpoux, E., PENG, S. and QUENEZ, M. C.
(1997). Reflected solutions of backward SDE’s, and related obstacle problems
for PDE’s. Ann. Probab. 25 702-737. MR1434123

EL Karoul, N. and KaraTzas, I. (1991). Correction: “A new approach to the
Skorohod problem, and its applications”. Stochastics Stochastics Rep. 36 265.
MR1128498

EL Karoul, N. and KARATZAS, 1. (1991). A new approach to the Skorohod problem,
and its applications. Stochastics Stochastics Rep. 34 57-82. MR1104422

EL KHARROUBI, A., BEN TAHAR, A. and YAACOUBI, A. (2002). On the stability
of the linear Skorohod problem in an orthant. Math. Methods Oper. Res. 56
243-258. MR1938213

ETHIER, S. N. and Kurtz, T. G. (1986). Markov Processes: Characterization and
Convergence. Wiley, New York. MR838085

FrRANKOWSKA, H. (1985). A viability approach to the Skorohod problem. Stochastics
Stochastics Rep. 14 227-244. MR800245

FRIEDMAN, A. (1982). Foundations of Modern Analysis. Dover, New York. MR663003

HARRISON, J. M. and REIMAN, M. I. (1981). Reflected Brownian motion on an
orthant. Ann. Probab. 9 302-308. MR606992

IKEDA, N. and WATANABE, S. (1989). Stochastic Differential Equations and Diffusion
Processes, 2nd ed. North-Holland Math. Library 24. North-Holland, Amsterdam.
MR1011252

KANG, W. and WiLLIAMS, R. J. (2007). An invariance principle for semimartingale
reflecting Brownian motions in domains with piecewise smooth boundaries. Ann.
Appl. Probab. 17 741-779. MR2308342

KONSTANTOPOULOS, T. and ANANTHARAM, V. (1995). An optimal flow control
scheme that regulates the burstiness of traffic subject to delay constraints.
IEEE/ACM Transactions on Networking 3 423-432.

KRUK, L. (2000). Optimal policies for n-dimensional singular stochastic control prob-
lems. 1. The Skorokhod problem. SIAM J. Control Optim. 38 1603-1622 (elec-
tronic). MR1766432

KRUK, L., LEHOCZKY, J., RAMANAN, K. and SHREVE, S. (2007). An explicit formula
for the Skorokhod map on [0,a]. Ann. Probab. 35 1740-1768. MR2349573

Kurtz, T. G. and PROTTER, P. (1991). Weak limit theorems for stochastic integrals
and stochastic differential equations. Ann. Probab. 19 1035-1070. MR1112406

KUSHNER, H. J. (2001). Heavy Traffic Analysis of Controlled Queueing and Commu-
nication Networks. Appl. Math. 47. Springer, New York. MR 1834938

LIEBERMAN, G. M. (1996). Second Order Parabolic Differential Equations. World
Scientific, River Edge, NJ. MR1465184

Lions, P.-L. and SzZNITMAN, A.-S. (1984). Stochastic differential equations with
reflecting boundary conditions. Comm. Pure Appl. Math. 37 511-537.

MANDELBAUM, A. and MAssey, W. A. (1995). Strong approximations for time-
dependent queues. Math. Oper. Res. 20 33-64. MR1320446


http://www.ams.org/mathscinet-getitem?mr=1870773
http://www.ams.org/mathscinet-getitem?mr=1823974
http://www.ams.org/mathscinet-getitem?mr=1288127
http://www.ams.org/mathscinet-getitem?mr=1434123
http://www.ams.org/mathscinet-getitem?mr=1128498
http://www.ams.org/mathscinet-getitem?mr=1104422
http://www.ams.org/mathscinet-getitem?mr=1938213
http://www.ams.org/mathscinet-getitem?mr=838085
http://www.ams.org/mathscinet-getitem?mr=800245
http://www.ams.org/mathscinet-getitem?mr=663003
http://www.ams.org/mathscinet-getitem?mr=606992
http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.ams.org/mathscinet-getitem?mr=2308342
http://www.ams.org/mathscinet-getitem?mr=1766432
http://www.ams.org/mathscinet-getitem?mr=2349573
http://www.ams.org/mathscinet-getitem?mr=1112406
http://www.ams.org/mathscinet-getitem?mr=1834938
http://www.ams.org/mathscinet-getitem?mr=1465184
http://www.ams.org/mathscinet-getitem?mr=1320446

K. NYSTROM AND T. ONSKOG

MARIN-RUBIO, P. and REAL, J. (2004). Some results on stochastic differential
equations with reflecting boundary conditions. J. Theoret. Probab. 17 705-716.
MR2091557

NysTROM, K. and ONskoG, T. (2010). Weak approximation of obliquely reflected
diffusions in time dependent domains. J. Comput. Math. 28 579-605.

RaMANAN, K. (2006). Reflected diffusions defined via the extended Skorokhod map.
Electron. J. Probab. 11 934-992 (electronic). MR2261058

RaMANAN, K. and REIMAN, M. I. (2003). Fluid and heavy traffic diffusion lim-
its for a generalized processor sharing model. Ann. Appl. Probab. 13 100-139.
MR1951995

RAMANAN, K. and REIMAN, M. I. (2008). The heavy traffic limit of an unbalanced
generalized processor sharing model. Ann. Appl. Probab. 18 22-58. MR 2380890

RAMASUBRAMANIAN, S. (2000). A subsidy-surplus model and the Skorokhod problem
in an orthant. Math. Oper. Res. 25 509-538. MR 1855180

RAMASUBRAMANIAN, S. (2006). An insurance network: Nash equilibrium. Insurance
Math. Econom. 38 374-390. MR2212535

REIMAN, M. I. (1984). Open queueing networks in heavy traffic. Math. Oper. Res. 9
441-458. MR757317

ROBERT, P. (2003). Stochastic Networks and Queues, French ed. Appl. Math. 52.
Springer, Berlin. MR 1996883

SAISHO, Y. (1987). Stochastic differential equations for multidimensional domain
with reflecting boundary. Probab. Theory Related Fields 74 455-477. MR873889

SAISHO, Y. (1988). Mutually repelling particles of m types. In Probability Theory
and Mathematical Statistics (Kyoto, 1986). Lecture Notes in Math. 1299 444
453. Springer, Berlin. MR936019

SAISHO, Y. (1991). On the equation describing the random motion of mutually re-
flecting molecules. Proc. Japan Acad. Ser. A Math. Sci. 67 293-298. MR1151341

SAISHO, Y. (1994). A model of the random motion of mutually reflecting molecules
in RY. Kumamoto J. Math. 7 95-123. MR1273971

SKOROHOD, A. V. (1961). Stochastic equations for diffusion processes with a bound-
ary. Teor. Verojatnost. © Primenen. 6 287-298. MR0145598

SONER, H. M. and SHREVE, S. E. (1989). Regularity of the value function for a
two-dimensional singular stochastic control problem. SIAM J. Control Optim.
27 876-907. MR1001925

SouvcaLuc, F. and WERNER, W. (2002). A note on reflecting Brownian motions.
Electron. Comm. Probab. 7 117-122 (electronic). MR1917545

TAKSAR, M. I. (1992). Skorohod problems with nonsmooth boundary conditions. J.
Comput. Appl. Math. 40 233-251. MR1170903

TaNAKA, H. (1979). Stochastic differential equations with reflecting boundary con-
dition in convex regions. Hiroshima Math. J. 9 163-177. MR529332

DEPARTMENT OF MATHEMATICS
AND MATHEMATICAL STATISTICS
UMEA UNIVERSITY
SE-901 87 UMEA
SWEDEN
E-MAIL: kaj.nystrom@math.umu.se
thomas.onskog@math.umu.se


http://www.ams.org/mathscinet-getitem?mr=2091557
http://www.ams.org/mathscinet-getitem?mr=2261058
http://www.ams.org/mathscinet-getitem?mr=1951995
http://www.ams.org/mathscinet-getitem?mr=2380890
http://www.ams.org/mathscinet-getitem?mr=1855180
http://www.ams.org/mathscinet-getitem?mr=2212535
http://www.ams.org/mathscinet-getitem?mr=757317
http://www.ams.org/mathscinet-getitem?mr=1996883
http://www.ams.org/mathscinet-getitem?mr=873889
http://www.ams.org/mathscinet-getitem?mr=936019
http://www.ams.org/mathscinet-getitem?mr=1151341
http://www.ams.org/mathscinet-getitem?mr=1273971
http://www.ams.org/mathscinet-getitem?mr=0145598
http://www.ams.org/mathscinet-getitem?mr=1001925
http://www.ams.org/mathscinet-getitem?mr=1917545
http://www.ams.org/mathscinet-getitem?mr=1170903
http://www.ams.org/mathscinet-getitem?mr=529332
mailto:kaj.nystrom@math.umu.se
mailto:thomas.onskog@math.umu.se

	1 Introduction
	2 A brief outline of proofs and our contribution
	3 Preliminaries
	3.1 Notation
	3.2 Geometry of time-dependent domains
	3.3 Càdlàg functions and the Skorohod topology

	4 Estimates for solutions and approximations to Skorohod problems
	4.1 Estimates for solutions to Skorohod problems
	4.2 Estimates for approximations to Skorohod problems

	5 Convergence and approximation of Skorohod problems
	5.1 Convergence of a sequence of solutions to Skorohod problems
	5.2 Convergence of a sequence of solutions to approximating Skorohod problems

	6 Proof of Theorems 1.2, 1.3 and 1.9
	Appendix: Geometry of time-dependent domains
	Acknowledgments
	References
	Author's addresses

