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Lefschetz trace formula for open adic spaces
Yoichi Mieda

ABSTRACT. In this article, we discuss the Lefschetz trace for-
mula for an adic space which is separated smooth of finite type
but not necessarily proper over an algebraically closed non-
archimedean field. Under a certain condition on the absence
of set-theoretical fixed points on the boundary, we obtain a
fixed point formula. As an application, we can establish a
trace formula for some formal schemes, which is applicable to
the Rapoport-Zink tower for GSp(4). A partial generalization
of Fujiwara’s trace formula for contracting morphisms is also
given.

1 Introduction

In this paper, we consider the Lefschetz trace formula for open adic spaces over an
algebraically closed non-archimedean field. First recall the Lefschetz-Verdier trace
formula for schemes. Let X be a scheme which is separated smooth of finite type over
an algebraically closed field k, X — X a dense compactification and f: X — X a
k-morphism which induces a proper k-morphism f: X — X. Assume for simplicity
that the fixed scheme Fix f defined by the cartesian diagram

Fixf——X

l ldiagonal
fxid

X— X x X

is discrete. Then, for a prime ¢ which is invertible in k, the alternating sum of the
traces D, (—1)" Tr(f*; HI(X,Qy)) is equal to #Fix f + 3" pc . wicFnm@ixy 10en(f),
where # Fix f is the number of fixed points by f counted with multiplicity, mo(—)
denotes the set of connected components and locp(f) denotes the “local term at
D” (cf. [Fuj97, §1.2]). In particular, if Fix f C X then Y_,(—1)* Tr(f*; Hi(X, Qy))
coincides with # Fix f, which gives a nice fixed point formula.

It seems natural to expect the similar formula for adic spaces. However, there is
an obvious counterexample. Let k£ be an algebraically closed non-archimedean field
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and D! = Spa(k(T), k(T)°) the unit disk. We can compactify it by taking its closure
D! in (AY)*. Consider the isomorphism A' — A' given by 7'+ T + 1, which
induces the isomorphisms f: D' — D' and f: DI — D!, Since Fix f = Fix f = @,
we expect to have Y. (—1)" Tr(f*; H(D', Q;,)) = 0. Nevertheless the left hand side
is equal to 1, and thus the analogue of the Lefschetz-Verdier trace formula do not
hold.

Actually, this phenomenon has already been observed by Fujiwara [Fuj97] and
Huber [Hub01]. Fujiwara proved his topological Lefschetz trace formula under the
condition that there exists no topological fixed point on the boundary. Huber es-
tablished a trace formula for open curves, which says that the alternating sum of
the traces on the cohomology of an open adic curve X is the sum of the number of
fixed points and the contribution at each set-theoretical fixed point on the boundary
X\ X, where X¢ denotes the universal compactification of X. Our main theorem
is also in this line. Here we will give a slightly simplified statement. As above, let k
be an algebraically closed non-archimedean field and ¢ a prime which is invertible in
the residue field of k. Let X be a purely d-dimensional adic space which is separated
smooth of finite type over k, X —— X a dense compactification and f: X — X a
k-morphism which induces a proper k-morphism f: X — X.

Theorem 1.1 Assume that for every x € X \ X, the points x and f(x) can be
separated by closed constructible subsets; namely, there exists closed constructible
subsets Wi and Wy of X such that x € Wy, f(x) € Wy and Wy N Wy = &. Then we
have

Tr(f* RL.(X,Z/("Z)) = #Fix f.
If moreover the characteristic of k is 0, then

2d

D (1) Te(f55 HI(X, Q) = #Fix f.

=0

Since we have no intersection theory for adic spaces yet (at least the author do
not know), we need to clarify the meaning of “the number of fixed points” # Fix f.
The definition is given by using cohomology theory (see Definition 2.6]).

The statement above is similar to [Fuj97, Theorem 2.2.8], but our theorem is
valid for a non-algebraizable case. Our proof is very different from that in [Fuj97];
we use neither formal geometry nor the Lefschetz-Verdier trace formula for schemes.
Our proof is purely rigid-geometric. The first step of our proof is to observe that
why the proof of the Lefschetz-Verdier trace formula in [SGASL Exposé III] cannot
be applied to the case of adic spaces; actually, the only obstruction is the failure of

L L
the Kiinneth formula for push-forward (Rf.F) X (Rg.G) = R(f x ¢).(F X G) (cf.

Remark [B.8). Therefore, our main strategy is to find a suitable isomorphism induced
L L
by the Kiinneth homomorphism (Rf,F) X (Rg.G) — R(f X ¢)«(F X G) by using

the assumption in Theorem [Tl so that the analogous proof as in [SGAS, Exposé
ITI] works. This idea is also useful for finding other trace formulas than Theorem
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[LI For example, we will give another formula for open curves which is very similar
to the formula by Huber, and a partial generalization of Fujiwara’s trace formula
for contracting correspondences to the non-algebraizable case.

The author’s main motivation for this work is to establish the Lefschetz trace
formula which is applicable to the Rapoport-Zink towers. For a classical case, there
are such works by Faltings [Fal94] and Strauch [Str0§]; the former is on the Drinfeld
tower and the latter is on the Lubin-Tate tower. As an application of Theorem
[L.1], we will establish the Lefschetz trace formula for formal schemes (Theorem [A.5]),
which is applicable to the Rapoport-Zink tower for GSp(4) considered in [IM10].
The author has a joint project with Matthias Strauch to investigate the cohomology
of this Rapoport-Zink tower by means of the trace formula in this paper. He also
hopes that there are a few more Rapoport-Zink towers to which our trace formula
can apply.

We sketch the outline of the paper. In Section 2, we will consider the action v* of
a correspondence v on the étale cohomology of adic spaces, and give the definition
of “the number of fixed points” # Fix~. We also show that it is étale local and
compatible with the comparison functor. These properties justify our definition,
though it is cohomological and far from geometric. In Section 3, we will prove
our main theorem. First we discuss the Kiinneth formula for RI', which leads us
to a weaker form of the Lefschetz trace formula (Proposition 3.9). Next we refine
this weaker version by using our assumption on points of the boundary to get our
main theorem. We also remark on the trace formula for open curves. In Section 4,
we prove the Lefschetz trace formula for formal schemes and give some interesting
examples. In Section 5, we give a simple trace formula for a morphism which is
contracting near fixed points. It is a partial generalization of a result of Fujiwara
[Fuj97, Theorem 3.2.4].

Notation Let k be an algebraically closed non-archimedean field (¢f. [Hub96, Def-
inition 1.1.3]) and denote its valuation ring by k. Put S = Spa(k, k). Fix a prime
¢ which is invertible in k% and put A = Z/¢"Z for an integer n > 1.

Every sheaf and cohomology are considered in the étale topology. We simply
write f' for the functor RT f' introduced in [Hub96, Theorem 7.1.1].

2 Correspondences on adic spaces

2.1 Trace maps and Gysin maps

Let X be a purely d-dimensional adic space which is separated, locally of finite
type and taut over S. Assume that X is generically smooth over S, namely, the
dimension of the singular locus Z of X is strictly less than d. We will construct the
trace map Try: H?(X,A(d)) — A for such X.

Note that the complement U of Z is taut [Hub96l Lemma 5.1.4 i)], thus we may
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define the compactly supported cohomology of X, Z and U. By the exact sequence
HX* N (Z,M(d)) — H2(U,A(d)) — H(X,A(d)) — HX(Z,A(d))

and the vanishing H*~1(Z, A(d)) = H?*(Z,A(d)) = 0 ([Hub96, Proposition 5.5.8,
Corollary 1.8.8]), the canonical homomorphism H?4(U, A(d)) — H?¥(X, A(d)) is
an isomorphism.

On the other hand, since U is smooth over S, the trace map Try: H2(U, A(d)) —
A has already been constructed in [Hub96, Theorem 7.3.4]. We will define Trx as
the composite

H2 (X, A(d)) <= H**(U,A(d)) =% A.

Since H!(X,A(d)) = 0 for i > 2d, Trx induces the map RT.(X,A(d)[2d]) — A,
which is also denoted by Try.

Proposition 2.1 Let X, X' be purely d-dimensional adic spaces which are sepa-
rated, locally of finite type, generically smooth and taut over S. Let m: X' — X

T x

be an étale S-morphism between them. Then the composite H*(X' A(d)) —
H2 (X, A(d)) =55 A is equal to Try.

Proof. First assume that X is smooth over S. Then the claim follows from the
characterizing properties of the trace morphisms ((Var 3) and (Var 4) in [Hub96),
Theorem 7.3.4]). In the general case, let Z (resp. Z') be the singular locus of X
(resp. X) and put U = X \ Z (resp. U' = X'\ Z’). Note that we have 71 (U) C U,
for 7 is étale. Thus we have the following commutative diagram:

Tryp

H*(X',A(d)) +—— H>(U',A(d)) ——L—— A

‘ (*) T Tr—1)

H2 (X' A(d)) «—— H* (77 '(U), A(d)) ———— A

[

J/’TF* Trx

H2(X,A(d)) +———— H>(U,A(d)) ———— A.

¢ Tryy

Here the homomorphism (x) is an isomorphism, since the closed subscheme 771(Z) of
X', which is étale over Z, has dimension less than d. Therefore the claim immediately
follows from the diagram above.

Proposition 2.2 Let X be a purely d-dimensional scheme which is separated of
finite type over k and X* = X Xspeck O the associated adic space. Assume that X
is generically smooth over k. Then the composite of the canonical comparison map
H*(X A(d)) — H?(X?*d, A(d)) and Tryaa: H*3(X? A(d)) — A is equal to the
trace map Trx: H?(X,A(d)) — A for X, whose definition is similar to that of
Tl"Xad.
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First we consider the smooth case.

Proposition 2.3 Let f: X — Y be a separated smooth morphism of finite type
with relative dimension d between k-schemes of finite type. Let fad: X3 — yad
be the induced morphism of adic spaces. Denote the natural morphisms of sites
(Xad)gy — Xy and (Y*d)g, — Yg by €. Then the following diagram is commuta-
tive:

e*RfiN(d)[2d] o, A

| |

Rf2A(d)[2d] 4> A.
The left vertical arrow is defined in [Hub96, Theorem 5.7.2].

Proof. By using [SGA4l Exposé XVIII, Lemme 2.2] and [Hub96, Lemma 7.3.5], we
have only to consider the case where X = AY' or the case where f is étale. The
former case immediately follows from the construction of Trj.a ([Hub96, proof of
Theorem 7.3.4]). For the latter case, every morphism is defined by the adjointness
and the commutativity is formal. i

Proof of Proposition[2.2. Let Z be the singular locus of X and put U = X \ Z.
Then, by Proposition 2.3] the following diagram is commutative:

Try

H2*(X,A(d)) +—— H>(U,A(d)) ——— A

| |

H2( X A(d)) <2 H2 (U A(d)) — 2 A
Since the dimension of Z# is less than d, the map (*) is an isomorphism. More-
over, in the same way as Proposition 2.1 we can prove that the composite of

= Trp ac
H2 (X A(d)) «— H2(U A(d)) —2% A coincides with Tryas. Thus we have
the desired compatibility. |

Let X (resp. Y) be a purely d-dimensional (resp. d’-dimensional) adic space which
is separated, locally of finite type and taut over S. Put ¢ = d —d’. Assume X (resp.
Y') is smooth (resp. generically smooth) over S. Let f: Y — X be an S-morphism
between them. Let us denote the structure map of X (resp. Y) by a: X — §
(resp. b: Y — S). By the construction above, we have Try: RajA(d)[2d] — A
and Try: RhA(d')[2d] — A. By the adjointness, these correspond to the maps
Gys,: A — a'A(—d)[-2d] and Gys,: A — b'A(—d')[-2d']. Since a is smooth,
Gys, is an isomorphism ([Hub96, Theorem 7.5.3]). Therefore we have an isomor-
phism b'A(—d')[—2d'] = fla'A(—d')[—2d'] = f'A(c)[2c], and finally we obtain a map
Gys;: A — f 'A(c)[2¢], which is called the Gysin map associated with f. Since
Hom(A, f'A(c)[2c]) = H*(Y, f'A(c)), it gives an element of H2(Y, f'A(c)).
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If moreover f is proper, then f is naturally decomposed as Y f—,> fY) N '¢ ,

where f’ is proper and i is a closed immersion (here f(Y) := (X, f(Y)) is a pseudo-
adic space; c¢f. [Hub96, §1.10]). Thus we have the map

H*(Y, f'A(e)) = ch(f(y ), Rf{ f*'A(c))
By B (F(Y),A(0) = HEy (X, A(0)).

We denote the image of Gys; under this map by cl(f), and call it the cohomology
class associated with f.

Proposition 2.4 In the setting above (we do not assume that f is proper), consider
the following commutative diagram:

Y/L)X/
[, |
Yy — X,

where  and 7' are étale. Then the image of Gys; under the map
7 H2(Y, f'A()) I H2(Y, 7" f'A(c)) = H*(Y, g'A(c))

coincides with Gys,. If moreover the diagram above is cartesian and f is proper, then
the image of cl( f) under the map 7*: H7( (X, A(c)) — HZfy (X', A(c)) coincides
with cl(g).

Proof. First we will prove 7* Gys; = Gys,. Denote the structure map of X' (resp.
Y’) by @ (resp. b'). By Proposition 2.1l and the adjointness, we have the following
commutative diagrams:

Gys,/ Gysy

A———d"'A [—2d] AN—————b'A(—d')[-2d]
m* Gys, H '* Gys, , H ,
A —2d],  mA—— % A (—d)[—2d].

Namely, we have Gys, = 7*Gys, and Gys, = 7’* Gys,. On the other hand, by
the definition, Gys, = f' Gys,'(c)[2¢] o Gys, and Gys, = ¢'Gys,'(c)[2c] o Gysy.
Therefore we have
™ Gys; = 7 f Gys, ' (c)[2c] o 7* Gys, = g'n"* Gys, *(c)[2c] o ™ Gys,
= g' Gys,'(¢)[2¢] o Gysy = Gys,,

as desired.
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Assume that the diagram in the proposition is cartesian and f is proper. To prove
m* cl(f) = cl(g), it suffices to observe the commutativity of the diagram below:

H*(Y, f'Ae)) —— Hify, (X,A(c))

H*(Y', g'N(c)) — H (X' Alc)).

Let Y’ L5 g(Y") 4 X be the factorization of g. Note that the following diagram
is cartesian due to [Hub94, Lemma 3.9 (i)]:

Y/ L} g(Y’) Z—/> X/

y Lo f(v)— X,
For every object L of DT (f(Y), A), it is straightforward to check the commutativity
of the diagram below:

Rfif'L—"— L

lad j J/adj

Rr.m*Rf f*L N Rm,m*L

%Ibase change
R, Rg/m™ f" L

R, Rglg"m* L LN R, m*L.

Setting L = i'A(c) and taking H2(f(Y), —), we obtain the desired commutativityll

Next we will prove a comparison result for the Gysin maps and the cohomology
classes associated with proper morphisms. Let X (resp. Y') be a purely d-dimensional
(resp. d’-dimensional) scheme which is separated of finite type over k. Assume X
(resp. Y') is smooth (resp. generically smooth) over k& and put ¢ = d — d’. Let
f:Y — X be a morphism of finite type over k. Then, by the same way as above,
we may define the Gysin map Gys;: A — f'A(c)[2¢]. If moreover f is proper, we
can also define the cohomology class cl(f) € H?fy) (X, A(c)) associated with f. Let
fad: yad — Xad he the morphism of adic spaces associated with f and denote the
natural morphisms of locally ringed spaces X — X and Y* — Y by . Note
that X2, Y24 and f* satisfy all the assumptions above, thus we may define the
Gysin map Gys;.a, and the class cl( fad) if f is proper.



Yoichi Mieda

Proposition 2.5 The image of Gys; under the map

HQC(Y’ f'A(C)) i) HQC(Y’ €*f!A(C)) % HZC(Y’ fad!E*A(C)) _ H26(Y’7 fad!A(C))
coincides with Gysa.a (for the construction of the isomorphism (), see [MielOb,
Proposition 4.37]). If moreover f is proper, the image of cl(f) under the canonical
map e*: Hj%?y) (X,A(d)) — H?fd(yad)(Xad,A(d)) coincides with cl(f*d) (note that

f(yad) = e=1(f(Y)) due to [Hub94, Lemma 3.9 (ii))).

Proof. First we will observe €* Gys; = Gysaa. Let us denote the structure morphism
of X (resp. Y') by a (resp. b). By Proposition 2.2l and the adjointness, we have the
commutativity of the left diagram below. On the other hand, by the definition of
Gysy, the right diagram below is also commutative.

GyS,; ad e* Gys
A padice A () [—2d)] e A0 B A (—d) 24
J/adj ladj H
bad!Rb!adE*A E*b!Rb!A ﬂ) g*b!A<—d/) [—Qd/]

NIb.c. Nlb.c. Nlb.c.
bad!{;‘*Tr ad!_x

bad!E*Rb!A —>bbad!€*A(—d/) [—2d/], bad!E*Rb!Abe—T;rbbad!e*A(—d’)[—Qd'].
Moreover, it is easy to show that the following diagram is commutative:

et —20 s pod! R A
ladj Tb.c.
' Rbi A =25 b'e* Riy A
By these three commutative diagrams, we have the following commutative diagram:

Gysbad
N ————— A

lb.c.

E*A &) bad!E*A

Namely, we have Gysy.a = €* Gys,. Similarly we have Gys,.a = ¢* Gys,. Therefore,
in the same way as in the proof of Proposition 2.4l we can obtain £* Gys; = GySjad.

Assume that f is proper. To prove e*cl(f) = cl(f®), it suffices to show the
commutativity of the diagram below:

H*(Y, f'A(c)) ——— H?fy) (X, A(c))

H (Y, frUA(¢)) = H i yraay (X, A(c)).
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Put Z = f(Y') and endow it with the structure of a reduced closed subscheme of X.
Then f factorsas Y L5 7 <5 X. As we mentioned above, a closed subset f24(Yad)

of X coincides with Z#4. Therefore, by [Hub96, Corollary 2.3.8], i#d: Z3d «— Xad
induces an equivalence between the étale topos of Z2! and that of f24(Yd). Hence
the diagram above can be identified with the following diagram:

H*(Y, f'A(c)) ——— H*(Z,i'A(c))

J- J-

H2¢(yad’ fad!A(C)) N H2¢(zad’ 'iad!A(C)).

Now we can show the commutativity in the same way as in the proof of Proposition
2.4l This completes the proof. |

2.2 Correspondences

Let X and I' be purely d-dimensional adic spaces which are separated, locally of
finite type and taut over S. Assume that X (resp. I') is smooth (resp. generically
smooth) over S. Let 7: I' — X x ¢ X be a morphism over S and put v; = pr; o7.

Then we may apply the construction in the previous subsection and have the
cohomology class Gys, € H* (T',+'A(d)). Using it, we will define “the number of
points fixed by ~”.

Definition 2.6 Consider the following cartesian diagram in which §: X — X xg¢X
denotes the diagonal morphism:

FivaX

|k

P— 5 X xg X.

Let D be an open and closed subset of Fixy which is proper over .S, and denote the
open and closed immersion D — Fix~y by j. Put jo = 7 o j. Then we have the
canonical maps

H*(D,7'A(d)) 2= H* (Fix~, 1A (d)) — H* (D, j*+4A(d)) = H*(D, jyA(d))
— H2(X, RjojoA(d)) 2% H2 (X, A(d)) = A.

We denote the image of Gys, under these maps by # Fixp~y. If D = Fix~, we write
# Fix~ for # Fixp~.

Remark 2.7 Assume that v is proper. Then # Fix~ can be calculated from cl()
as follows. Denote the inverse image of v(I') under § by Ax N~(I'). Since we are
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implicitly assuming that Fix «y is proper over S, the pseudo-adic space (X, AxNv(I))
is proper over S. Thus we have the following natural maps:

H2 (X % X, A(d) 2 HZ o (XA (D)) — H2(X, A(d)) =5 A.

xMy(I)
The image of cl(y) under these maps coincides with # Fix 7.

Remark 2.8 Obviously the construction of # Fix v is compatible with a change of
A. Namely, if we denote # Fixy for A = Z/{"Z by #mFix~y, then (#mFixy)n>1
gives an element of Z, = lﬁln Z.]0"Z. We also denote it by # Fix~.

Example 2.9 Let f: X — X be a morphism over S. Then v; = f xid: X —
X xg X lies in the situation above. In this case, Fix~; is a closed adic subspace of
X. We simply write Fix f, # Fixp f and # Fix f for Fix s, # Fixp v and # Fix vy,
respectively. Denote the image of v, by I'y; note that it has the natural structure
of a closed adic subspace of X xg X since 7y is a closed immersion.

By the results in the previous subsection, we can prove that the number # Fixp ~y
is étale local and compatible with the comparison functor:

Proposition 2.10 Let v: I' — X xg X be as above and v': I" — X' x¢ X' be
another morphism satisfying the conditions above. Let w: " — I and 7’: X' —
X be étale morphisms over S such that yom = (7' x ') o'. Let D (resp. D') be an
open and closed subset of Fix~ (resp. Fix~') which is proper over S. Assume that
7 induces an isomorphism from D' to D. Then we have # Fixp vy = # Fixp /.

Proof. We have the following commutative diagram:
H*(T,4'A(d)) —5— H*!(Fix v, %y A(d)) — H?(D, joA(d))
H (I, 7" A(d)) = H* (Fix/, 3§ A(d)) — H* (D', jiA(d)).

Thus, by Proposition 2.1l and Proposition [2.4] it suffices to show the commutativity
of the diagram below:

H2 (D, jIA(d)) —— H2(X, RjaiA(d)) —— H2(X, A(d))

- I

H2(D', jiA(d)) — H2(X', RjyjiA(d)) — H2(X', A(d)).

By the commutative diagram

10
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we can construct the map m,: H?*/(D', jiA(d)) — H?*(D, jyA(d)) as the composite
H* (D', joA(d)) = H*(D, mjiA(d)) = H**(D, mjsn"A(d))
— B*(D, mr'jyA(d)) 25 H?(D, jiA(d)).

The commutativity of the following diagram is immediate:

H2 (D, jIA(d)) —— H2 (X, RjaiA(d)) —— H2(X, A(d))

Tm Tw;

H2(D', jiA(d)) — H2(X', RjyjitA(d) — H2(X', A(d)).

Thus it suffices to show that m, o 7*: H*(D,jiA(d)) — H?* (D, j)A(d)) is the
identity map. This map is induced from the composite of jjA 24, R joA =

mm oA 24, Jol\, which is the identity map since Rm, = m is the quasi-inverse of

7* = 7' by the assumption that 7: D’ — D is an isomorphism. Now the proof is
complete. [

Proposition 2.11 Let X and I' be purely d-dimensional schemes which are sep-
arated of finite type over k, Assume that X (resp. I') is smooth (resp. generically
smooth) over k. Let v: I' — X X X be a morphism over k.

For an open and closed subset D of Fixvy := I' X xx,x X which is proper over
k, we can define # Fixp(y) in the same way as in Definition [Z6. Then we have
# Fixpaa (7v21) = # Fixp (7). In particular, if Fixy is proper over k, then # Fix(y%)
coincides with the number of points fixed by 7 in the usual (intersection-theoretic)
sense.

Proof. We denote the natural morphism Fixy — X by =y, the open and closed
immersion D — Fix~ by j, and put jo = 7907. Then the proposition is clear from
Proposition and the following commutative diagrams:

H?(T, 7' A(d)) —2— H2(Fix v, y'A(d)) —— H*(D, j*+'A(d))

6ad*

H2d (Fad, ’yad!A<d)) BNy = ) (FiX ’}/ad, ’yad!/\<d)) Ldy‘) H2d (Dad7 jad*’yad!A<d)),

TI‘X

H*(D, j*+'A(d)) ——— H2(X, RjojsA(d)) —2— H24(X, A(d)) — A

(D%, A (d)) = HE2(X, R g () =" H2 (X, Afd)) =% A
i

11
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Remark 2.12 By Proposition and Proposition 2.I1l we may often calculate
# Fix~y. For example, we can apply the method in [StrO8, §2.6] to calculate the
number of fixed points on some Rapoport-Zink spaces. Since the period space for
a Rapoport-Zink space .# is an open adic subspace of an algebraic variety, we can
use Proposition 2.11] for counting fixed points on the period space. As the period
map from .# to the period space is étale, Proposition enables us to count fixed
points on .Z .

Definition 2.13 In the setting introduced at the beginning of this subsection, as-
sume moreover that 7, is proper. We define the action v* of v on RI'.(X,A) as
follows:

7*: RT.(X, A) LRPC(F,A) —25 RT(T,4A) = RTu(X, RyarbA) 2% RT.(X, A).

Example 2.14 Let f: X — X be a proper morphism over S. Then 7} (cf.
Example [Z9]) obviously coincides with f*.

In the sequel we assume that X and I' are quasi-compact and ~; (and hence 7)
is proper. We will describe v* by means of a compactification of v: I' — X x ¢ X.

Definition 2.15 A compactification of v: I' — X xg X is a triple (X « X, T <
T,7), where X «— X and I' — T are dense open immersions into pseudo-adic
spaces which are proper over S and 7 is a proper S-morphism which makes the
following diagram commutative:

5 X xg X

,

T— X xgX.

| ¢——

For simplicity, we often write 7: I — X xg X for (X — X, < I,7).

Remark 2.16 For a compactification : I' — X xg X, we have ' = 7, 1(X).
Indeed, since 7; is proper, the open immersion I' «— 7, '(X) is proper. On the
other hand, since I is assumed to be dense in T, it is also dense in 7; *(X). Thus
we have I' = %, *(X). In other words, 7; *(X) is contained in 7, *(X).

Example 2.17 Let X — X¢ and [' — I'® be the universal compactifications of
X and I' over S, respectively (cf. [Hub96, Definition 5.1.1, Theorem 5.1.5, Corollary
5.1.6]). Then the morphism 7¢: I'“ — X¢ xg X over S is naturally induced from
v, and gives a compactification of v: I' — X x g X.

If v:T'— X xg X can be extended to a morphism v": I — X’ xg X’ where
X' (resp. I') is an adic space which is partially proper taut over S and contains X
(resp. I') as an open adic subspace, then we can construct another compactification
of 7. Let X (resp. I') be the closure of X (resp. I') in X’ (resp I'") and regard it as
a pseudo-adic space. Then X and I are proper over S and 7' induces a morphism
7: T — X xg X. It gives a compactification of 7. This construction should be
more convenient for practical use.

12



Lefschetz trace formula for open adic spaces

Take a compactification 7: I — X xg X of v and denote the open immersion
X «—— X by j. We denote the open immersions X xg X — X xg X, X xg X —>
X xgXbyjx1l,and X xgX — X xgX, X xg X — X xgX by 1xj. Consider
the natural isomorphisms

~

H2E (X g X, (5 % 1)u(1 x )A(d)) — H (X xs X, (1% j)A(d))

() Y

= H2 (X x5 X, A(d)).

Note that the first isomorphy is a consequence of I' = 7, /(X)) = ¥ 1(X x4 X).

We also denote by cl(vy) the element of H;E%) (X x5 X, (5 x1),(1 x j)1A(d)) that is

mapped to cl(y) by the homomorphism above. Since the projection formula gives
. L . . . L . . .
(G X DIA® (G x 1)u(1x A = (G x Di(A® (5 x 1)*(F x 1)u(1 x 5)A)
= (] X j>!A7
the cup product with cl(y) induces the map
RI'(X xg X, (j x I)A) — RI(X xg X, (j x j)A(d)[2d]).

Proposition 2.18 The map v* coincides with the composite below:

RT.(X,A) = RT(X, jiA) 25 RI(X xs X, pri jih) = RD(X x5 X, (j x 1)A)
290, RD(X x5 X, (j % j)A(d)[2d]) = RT.(X x5 X, A(d)[2d))

GySpr,

RT.(X x5 X, pryA) = RT.(X, Rpry pry A) 2% RTL(X, A).
Proof. We also denote the open immersion I' — T by j. First let us prove the

commutativity of the following diagram:

Ucl(y)

RI(X x5 X, (j x 1)1A) RT(X xg X, (j x j)A(d)[2d))

y ]adj

RT (T, 7*(j x 1)iA) RT(X x5 X, (j x ) Ryy A(d)[2d))

LY
[(T, jiA » RD(T, jiy'A(d)[2d)).

By the adjointness of (5 x 1), and (5 x 1)*, it suffices to show the commutativity of

13
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the following diagram, where 7/ := (1 X j) o 7:

A—2 s (1 x G)A(d)[2d]

J/adj Tad j

o)\ (1 x )1 BRyy'A(d)[2d]

H
RyLA O, Ry A(d)[2d].
Here cl(7y) is regarded as an element of Hom(A, (1 x 7)1A(d)[2d]) by the maps
Hgflr)(X x5 X, A(d)) +— H’y(F)<X x5 X, (1 x j)iA(d))
— H*(X x5 X, (1% j)iA(d)) = Hom(A, (1 x j)iA(d)[2d]).
By the construction, it is obtained by the composite
A Bty A = Ry S5 Ryl A(d) (2] = Rafy' (1 x ) A(d) [2d)
T (1x ) (d) (24,
Since it is easy to see that two maps
Ry4'A = Ryly" (1 x j)ih ™% (1 x i),
RyA'A = (1 x )Ry A 25 (1 x j)iA

coincide, we have the desired commutativity.
Therefore, the composite of

RT.(X,A) = RO(X, jiA) 25 RI(X x5 X,pri jih) = RD(X x5 X, (j x 1)iA)
20, RU(X x5 X, (5 % j)A(d)[2d]) = RT.(X xg X, A(d)[2d)])
coincides with the composite of
RL.(X,A) 25 RD(T, A) &, R, (T,v'A(d)[2d]) = RT.(X x5 X, Ryy'A(d)[2d))
2y RT.(X x5 X, A(d)[2d).
Therefore it suffices to show that the composite of
RT(T', A\) & R, (T,v'A(d)[2d]) = RT.(X xg X, Ryy'A(d)[2d))
G¥Spr,

2y RT(X xg X, A(d)[2d]) —2 RT(X x5 X, prh A)

— RI.(X, Rpry pry A) 2% RI(X, A)

14
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is equal to the composite of

adj

Gys
RT(T, A) —2 RI,(T,%A) = RT.(X, RyabA) 2% RT(X, A).

It is an easy consequence of Gys,, = % Gysprz(d) [2d] o Gys., which can be proved

v
directly from the construction of the Gysin maps. i

3 Lefschetz trace formula for open adic spaces

3.1 Kiunneth formula

Lemma 3.1 Let X be a finite-dimensional pseudo-adic space which is quasi-separated
of weakly finite type over S. Let F be a A-sheaf on X and L a bounded complex of

L L
A-modules. Then we have an isomorphism RI'(X, F ® Lx) = RI'(X,F) ® L.

Proof. We may assume L is a A-module. By [Hub96, Corollary 2.8.3, Corollary
1.8.8], the cohomological dimension of RI" is finite. Therefore, by taking a free
resolution of L, we may reduce to the case where L is a free A-module. Then the
claim holds, since RI' commutes with any direct sum if X is quasi-compact and
quasi-separated ([Hub96, Lemma 2.3.13 i)]). i

Similarly, we can prove the following:

Lemma 3.2 Let X be a finite-dimensional pseudo-adic space which is separated,
locally of +-weakly finite type and taut over S. Let F be a A-sheaf on X and L a

L
bounded complex of A-modules. Then we have an isomorphism RU.(X, F ® Lx) =
L
RT.(X,F)® L.

Proof. Since RI'. has finite cohomological dimension ([Hub96, Proposition 5.5.8,
Corollary 1.8.8]) and commutes with any direct sum ([Hub96, Proposition 5.4.5 i)]),
the proof is exactly the same as the previous lemma.

Corollary 3.3 Let X be a finite-dimensional pseudo-adic space which is separated,
locally of +-weakly finite type and taut over S. Assume that H'(X,A) is a finitely
generated A-module for every i. Then RI'.(X,A) is a perfect A-complex.

In particular, if X is separated of finite type over S and |X| is a locally closed
constructible subset of X, then RI'.(X, A) is a perfect A-complex.

Proof. Since RI'.(X,A) is bounded with finitely generated cohomology, by [SGA4%,
[Rapport], Lemme 4.5.1] it suffices to show that RI'.(X, A) has finite tor-dimension.

L
Let M be a A-module. Then Lemma says RI.(X,A) ® M = RI'.(X, Myx). In

particular, the ith cohomology of RI'.(X, A) (%) M vanishes unless 0 <7 < 2dim X.
This means that RI'.(X, A) has finite tor-dimension.

The latter part follows from the finiteness results due to Huber ([Hub98c, Corol-
lary 2.3], [Hub07, Corollary 5.4]). i

15



Yoichi Mieda

Let X and Y be finite-dimensional pseudo-adic spaces which are quasi-separated
of weakly finite type over S, and denote their structure maps by a: X — S and
b: Y — S. Denote the first (resp. second) projection by pr;: X xg VY — X
(resp. pry: X xgY — Y). Let F be a sheaf on X and G a sheaf on Y. Put

L L
FNXG =pr] F®prsG. Then we have the canonical homomorphism

L L
RT'(X,F)® RI'(Y,G) — RI'(X x5 Y, FXG),
which is called the Kiinneth homomorphism.

Lemma 3.4 If the canonical map
L * * L *
F ® Rpry, pry G — Rpry, (prj F ® pry G)
is an isomorphism, the Kiinneth homomorphism is also an isomorphism.

Proof. By the quasi-compact/generalizing base change theorem ([Hub96, Theorem
4.3.1]), we have Rpry, pry G = RI'(Y,G)x. Then by Lemma [3.4] we have an isomor-
phism

RT(X,F) & RT(Y,G) = RT(X,F & RT(Y,G)x) = RT(X, F & Rpr,, pr; G)

o~

L L
— RT(X, Rpry, (prj F @ pr3G)) = RT(X x5 Y, FXG).

It is easy to see that the isomorphism above is actually the Kinneth homomor-
phism.

Proposition 3.5 In the case F = A, the Kiinneth homomorphism
L L
RT'(X,A) ® RT'(Y,G) — RI'(X x5 Y,AKG)
is an isomorphism.

Proof. Clear by Lemma [3.4] |

Proposition 3.6 Let j: U — Y be a quasi-compact open immersion. If G = jiA,
then the Kiinneth homomorphism

L
RT(X,F) ® RT(Y, j)A) —s BT(X x5 Y, FE jiA)

is an isomorphism.

16
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Proof. By Lemma [3.4] we have only to prove that the natural map

L L
(R pry, pry F) @ sk — Rpry, (pry F @ prj jiM)

is an isomorphism. Put Z = (Y, |Y|\|U]) and denote the closed immersion Z «— Y
of pseudo-adic spaces by i. By the distinguished triangle )A — A — 7, A RN
JiA[1], it suffices to prove that the natural map

L L
(Rpry, pr1 F) ® i»A — Rpry, (pr] F @ pryi,A)

is an isomorphism.
Consider the following commutative diagram whose rectangles are cartesian:

X xgZ 25 X oY 2 x

J/pré J/prQ J/a
] b

A *Y S.

By the quasi-compact/generalizing base change theorem, the base change map
i*Rpry, pri F — i*b*Ra,F and Rpr,, (1 x i)*pri F — *b*Ra,F are isomor-
phisms. Thus the base change map i* R pr,, pri F — Rpr), (1 x i)* prj F is also an
isomorphism. By this, we have

L o
(Rpry, pri F) @i, A 2 i,i* Rpry, prj F — i, Rprh, (1 x )" prj F
L
= Rpry, (1 x 4).(1 x4)" pr] F = Rpr,y, (pr] F @ (1 x i),A)
L
= Rpry, (pr1 F @ pry i),

which completes the proof. |

Corollary 3.7 Let U C X and V C Y be quasi-compact open adic subspaces.
Denote the open immersions U — X, V «—— Y by j, j' respectively. We write
jx1forUxgV «—— X xgVandU xXgY «— X xXgY,1xj forUxgV «— U xgY

L
and X xgV — X xg Y. Since (j x 1)*(juAK j/A) = (j x 1)* prj jjA = (1 x j")iA,
L

we have the canonical morphism j,A X ji/A — (j x 1),(1 x j'),A which is denoted
by 7. Then the map

L
RT(X xgY,j, AR jjA) — RD(X x5 Y, (j x 1).(1 x j')iA)

induced by T is an isomorphism.

17
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Proof. Clear from Proposition and the commutative diagram below:

RT(X x5 Y, A K jiA) — BO(X x5 Y, (j x 1)u(L x 7)iA)

F

RT(U x5 Y, (1 x j)A)

}

L = L
RT(X, j,A) @ RU(Y, jIA) —— RT(U,A) @ RT(Y, j/A). i

IR

Remark 3.8 Unlike the case of schemes, the morphism 7 itself is not an isomor-
phism in general. For example, put U = V = D! and let X, Y be the closure D!
of D! in (A1)2d. Take a continuous valuation | |: k& — R>g on k and consider the
point x of (A)2d corresponding to the valuation

E[T] — Rsg X Z; ZaiTi — max{(|a;|, 1)}

(2

(here we endow R>( x Z with the lexicographic order). Then z lies in the closure of
D! in (A1)2d but does not lie in D! itself. In (A!)2d it has a unique generalization y
which is given by the following valuation:

k[T] — Rxo; ZaiTi — max{|a;|}.

It is easy to see that y belongs to D!.
By the diagonal map (A')* — (A%)*!, we regard = and y as points of (A?)*.

Then z lies in D! xg D! = pr; ' (DY) N pry ' (D) and | y is a unique generalization of
x in (A2)2d. Let j be the open immersion D' — D!, which is quasi-compact. It

L
is clear that (j.A X j{A)z = 0. On the other hand, by [Hub96, Proposition 2.6.4]
and its proof, we have ((j x 1).(1 x j)iA)z = ((1 x j)iA)y = A. Thus 7 is not an
isomorphism.

3.2 Unlocalized Lefschetz trace formula

In the remaining part of this section, we use the same notation as in §2.2t let
v: I' — X xgX be an S-morphism between purely d-dimensional adic spaces which
are separated of finite type over S, and assume that X (resp. I') is smooth (resp.
generically smooth) over S and ~; is proper. Fix a compactification5: T' — X xgX
and denote the open immersion X «— X by j.

As in §2, v defines the element cl(y) of H*(X xg X, (j x 1).(1 x j)A(d)).

— L —
Moreover, by CorollaryB.7), the map H?¢(X xsX, j,AXjA(d)) — H?*I (X x5X, (jx

18
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L
1).(1x7)1A(d)) induced by the canonical morphism 7: j,AKHA — (5 x1).(1xj)A
is an isomorphism. Therefore v defines an element of H 2d(Y XsY, (Ixj)(7x1)A(d))
denoted by [y]. The dlagonal morphism 6: X — X xg X induces the pull-back

map 3" H¥(X x5 X, A K jiA(d)) — H*(X, jA(d)) = H¥(X, A(d)).
Proposition 3.9 In the situation above, we have the equality
Tr(v* RU(X,A)) = Try (3*[7])

The proof of this proposition is similar to that in the scheme case. However, we
will include it for the completeness. Let us consider the following diagram:

RT (X, A(d)[2d]) & RTo(X, A) —— RHom(RT,(X,A), A) & RT,(X, A)

IR

~

RT(X x5 X, j,A K jiA(d)[2d)

~ ~-

5 RL(X xg X, (j x 1).(1 x j)iA(d)[2d)) —>RHom(Rr (X, A), RT (X, A))

RT.(X, A(d)[2d))
Here (%) is the map induced by
RTL(X,A) & RD(X x5 X, (j x 1).(1 x 7)A(d)[2d))
PAOY RP(X xs X, (j x 1hA) & RT(X x5 X, (7 x 1).(1 x )A(d)[2d)
— RT(X xs X, (5 x 1)i(1 x 5)iA(d)[2d]) = RT.(X x5 X, A(d)[2d))

=245 RT.(X,A),

where pr,, is the composite of

RT.(X x5 X, A(d)[2d]) —2"% RT,(X x5 X, pry A) = RTo(X, Rpry prh A)
24, RTL(X, A),

or equivalently, the composite of

RT.(X xg X,A(d)[2d]) = RT.(X, Rpry A(d)[2d]) LN (X, A).

19



Yoichi Mieda

Since RI.(X,A) is a perfect A-complex (Corollary B.3]), we may define the map
Tr: RHom(RIL.(X,A), RT.(X,A)) — A
([SGAG, Expose 1I]). It is a unique map such that the composite

(=23

RHom(RT.(X, A),A) & RT.(X,A) =5 RHom(RT.(X, A), RT.(X,A)) = A

coincides with the evaluation map ev.

By Proposition 218, (*) maps cl(y) to v*. Thus the proposition follows from
the commutativity of the lower part of the diagram above, i.e., the commutativity
of the diagram below:

RD(X xs X, j.A B jiA(d)[2d)) — 5 BRI (X, A(d)[2d)])

|

RI(X x5 X, (j x 1).(1 x j)A(d)[2d]) Trx

I

RHom(RT.(X, A), RT.(X, A))

Tr Y
> A

To show it, it is sufficient to show the commutativities of the upper part and the
outer part of the diagram above. We will divide their proofs into two propositions:

Proposition 3.10 The following diagram is commutative:

RT(X, A(d)[2d]) & RTo(X, A) —— R Hom(RT.(X, A), A) & RT.(X, A)

IR

S — L
RI'(X xg X, j A jiA(d)[2d]) ev

<k

4

TI‘X

4
> AL

RT.(X, X(d) [2d))

Proof. Notice that the composite of the left vertical arrows is nothing but the cup
product. Thus the lemma follows from the next lemma, which is easy to see.

L
Lemma 3.11 Let K (resp. L) be an object of DY (A) (resp. D~ (A)) and ®: K ®
L — A a map. We have a natural map ®': K — RHom(L, A) induced from ®.
Then the following diagram is commutative:

K&L—2% . RHom(L,A)& L

N
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Proposition 3.12 The following diagram is commutative:

RT(X, A(d)[2d]) & RTo(X, A) ——— R Hom(RI'.(X, A), A) & RT.(X, A)

1%

S _ L
RI'(X xg X, j A jiA(d)[2d])

~

RD(X x5 X, (j x 1).(1 x j)A(d)[2d]) — 2 RHom (R (X, A), RT.(X, A)).

Proof. Recall that by the definition the morphism (x) is decomposed as

R (X x5 X, (j x 1).(1 x j)iA(d)[2d]) — RHom(RT,(X,A), RT.(X xg X, A(d)[2d]))
— RHom(RT,(X, A), RT.(X, A)),

where the second arrow is induced from pry, : RT'.(X x5 X, A(d)[2d]) — RT.(X, A).
Hence we may divide the diagram above into two parts:

RT (X, A(d)[2d]) & RTo(X, A) —— RHom (RT.(X, A), RT(X, A(d)[2d]) & RTo(X, A))

o

~

S _ L
RT(X xg X, j. A X jiA(d)[2d])

1%

L

RT(X x5 X, (j x 1)*(1 x j)iA(d)[2d]) —— RHom (RI.(X, A), REC(X xs X, A(d)[2d]))

and

RT (X, A(d)[2d)) & RT.(X,A) » RHom (RT.(X,A), A) = RT.(X,A)

(t) l

RHom (RT.(X,A), RT (X, A(d)[2d]) © RT,(X, A)) X285 RHom(RT(X, A), RT.(X, A))

RHom (RT.(X, A), RTo(X xs X, A(d)[2d])).
Here (t) is induced from

RTL(X, A) ® RU(X, A(d)[2d])) & RTW(X, A) 2% RIL(X, A(d)[2d]) & RT.(X, A).
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Let us prove the commutativity of the former. By the adjointness, this is equivalent
to the commutativity of the following:

L L Uid L
RT.(X,A) @ RT'(X,A(d)[2d]) ® RT¢(X,A\) ——— RT.(X, A(d)[2d]) ® RT.(X,A)

id ®(Uo(pr] ® pr3))

~

L S _ L
RI'.(X,A) ® RT'(X xs X, j, A X jiA(d)[2d])

1%

Uo(pr] ® pr3)

RT,(X,A) & RT(X x5 X, (j x 1)«(1 x 5)1A(d)[2d)) LB R s X, A(d)[2d).

It easily follows from the associativity of cup products.

Next we will prove the commutativity of the latter. The triangle is commutative,
since the trace map for a smooth morphism is compatible with base change. By the
adjointness, the commutativity of the rectangle is equivalent to that of the following:

L L L L
RT.(X,A) © RT (X, A(d)[2d]) ® RTo(X,A) — RT.(X,A) @ RHom(RT.(X,A),A) @ RT.(X,A)

lU@id lev@id

RT.(X, A(d)[2d]) & RTo(X, A) Eal L RT(X, A).

Since it is obtained from the diagram in Proposition B.I0 by taking tensor products
with R[.(X, A), it is commutative.

Now the proof of Proposition is complete.

3.3 Localization

Let the notation be the same as in the previous subsection. In this subsection, we
will prove the main theorem in this paper, whose statement is the following:

Theorem 3.13 Assume that for every z € T'\ T, the points 7,(z) and 7,(z) can be
separated by closed constructible subsets; namely, there exists closed constructible
subsets Wy and Wy of X such that 7,(z) € Wy, 7,(z) € Wy and Wi NWy = &. Then

we have

Tr(fy*; RT.(X, A)) = # Fix~.

Remark 3.14 The condition in Theorem BI3 implies that 7~ '(Ax \ Ax) = &,
thus Fixy = Fix7. In particular, Fix~y is proper over S and # Fix~y makes sense.
Note also that Ax Ny(I") = Ax N7(T'), which will be used in the proof of Theorem
B.13
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Remark 3.15 The underlying topological space | X| of a pseudo-adic space X which
is proper over S is spectral. Indeed, it is quasi-compact, quasi-separated and locally

pro-constructible in the locally spectral space (X)_ (cf. [Hub93, Remark 2.1 (iv)]).
Therefore, a subset W of X is closed constructible if and only if X \ W is quasi-
compact open (cf. [Hub93| Remark 2.1 (i)]).

We will begin the proof of Theorem B.I3l It suffices to compare the right hand
side of Proposition with # Fix~. The idea is to localize (or refine) the isomor-
phism

— — L o~ — —
H*(X xs X, j. AR jA(d)) — H* (X x5 X, (j x 1).(1 x j)iA(d))

used in the previous subsection. Although the element cl(y) lies in the local coho-

mology Hi?f) (X x5 X, (j x 1).(1 x j)1A(d)), the map

H2L (X x5 X, JuA K jA(d) — H2 (K x5 X, (% 1.(1 % j)iA(d)

(T 3(T)

is not necessary an isomorphism (cf. Remark B.8). Thus we will slightly enlarge the

closed subset F(I') so that the morphism above becomes an isomorphism. For the
precise statement, see Proposition [3.20.
Before doing it, we need some preparation.

Lemma 3.16 Let U and V be quasi-compact open subsets of X. Then the map

— — L — —
RFUXS\/(X Xg X,j*A&le) — RFUXS\/(X Xg X, (] X 1)*(1 X j)lA) induced by'T
is an isomorphism.

Proof. By easy observation, we have
. L . 4/ L .,/
(A A [ v = G AR A,
(G 1010 31N |y 2 (% 1.1 % 5")A,

where j' (resp. j”) is the open immersion UNX <« U (resp. VNX — V). Hence
we have

_ _ L L
RUywsv(X x5 X, juAR jiA) = RT(U x5 V, LA B 5'A),
RUpwov (X xs X, (j x 1).(1 x j)iA) = RT(U x5V, (' x 1).(1 x j")iA).

Note that U N X and V N X are also quasi-compact, since X is quasi-separated.
Therefore by Corollary 3.7, the canonical map

L
RI(U x5V, jiAR j'A) — RL(U x5V, (5" x 1).(1 x j")iA)

is an isomorphism. Now the proof is complete. |
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Corollary 3.17 Let Uy,...,Uy,,U],..., U} be quasi-compact open subsets of X

— — L —
and put V' = Ui~ U; xsU]. Then the map RI'y (X xgs X, jiAXKj'A) — RI'y (X xg
X, (j x 1).(1 x y)1A) induced by 7 is an isomorphism.

Proof. Recall that the underlying topological space of U; x g U is equal to pry *(U;)N
pry '(U]). Therefore, for every subset I C {1,...,m}, we have (,.,;U; xs U =

(Mier Ui) xs (Nye; Uf)- Then an easy Mayer-Vietoris argument we may reduce to

the case where m = 1, which is already proven in the previous lemma. |

Corollary 3.18 Let V C X xg X be an open subset of the type in the above

. . L
corollary. Put W = (X x5 X)\ V. Then the map Rl'w (X Xs X, j.A X jA) —
RTw (X xs X, (j x 1)«(1 x jhA) induced by T is an isomorphism.

Proof. Clear from the distinguished triangle

RTy(X x5 X,—) — RI(X x5 X, —) — RIw(X xg X, —)

and Corollary B.I7. |

Corollary 3.19 Let Wy, ..., W,,,W{ ... ,W! be constructible closed subsets of X

— — L —
and put Z = Ui~ Wi xsW/. Then the map R z(X xs X, j,AKjA) — RTz(X x5
X, (7 x 1)«(1 x j)1A) induced by T is an isomorphism.

Proof. In the same way as in the proof of Corollary [3.I7, we can reduce to the case
where m = 1. This is the special case of Corollary B8 since W; xg W] is the

complement of (W{ xg X) U (X xg W) (c¢f Remark B.15). i

Now assume the condition in Theorem .13l Then, for every y € F(T)\ (X x5X),
there exist closed constructible subsets W, and W, of X such that y € W, x5 W,
and W, "W, = @. Since 3(I) \ (X x g X) is closed and W, x s W} is constructible in
X x5 X, we may choose finitely many Wy xs W7, ..., W, xgW/ among {W, xs Wy}
so that they cover J(T') \ (X xg X). Indeed, if we endow X xg X with the patch
topology, F(T') \ (X xg X) becomes compact and W, Xg W, becomes open (cf.
Remark B.15], [Hoc69, §2]).

Put Z = |2, W; xs W/. The following proposition is crucial for the proof of
Theorem B.I3}

Proposition 3.20 The map

__ _ L _ __
R y07(X x5 X, AR IA) — RT= g0, (X x5 X, (§ x 1).(1 x j)A)

induced by T is an isomorphism.
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Proof. Put V = (X xg X) \ Z. By the distinguished triangle
RU2(X x5 X, ~) — Rl 3,(X x5 X, =) — R~z (V. (=)lv) =

and Corollary B.19] it suffices to show that the map

L
RU5m) 2 (V, (JAK j!A)‘V) — RI5p)\ (V, ((F x 1)«(1 x j)!A)|V)
is an isomorphism. By the assumption on Z, 7(T') \ Z has an open neighborhood

L
VN (X xgX) on which 7: j,AXK A — (j X 1).(1 x j)A is an isomorphism. Thus
the map above is also an isomorphism. |

— L
7(f)UZ(X xs X, j.AX j1A(d)) as the image of
cl(7) under the composite of following maps:
H2E (X ) X, A(d)) =2 H2S (X x5 X, (% 1).(1 % j)A(d))

7(T)
— H25,,(X x5 X, (7 % 1).(1 % j)iA(d))

— — L
— H25 (X xs X, AR jIA(d)).

We define the element [y]7 of H?24

By the definition, the image of [y]7 under the natural map

H2 (K x5 X G ARGAW) — H(X x5 X, 1A K jiA(d)

coincides with []. B B
Since Ax N Z = @&, we have A+ N (F(I') U Z) = Ax N(T"). Therefore ¢ induces
the maps

_ _ L
H*(X x5 X, LA B GAD)) 5 HE oy (K 3A() = BE oy (X, A)).

We denote the image of [y]z under the maps above by & ([7]2).

Lemma 3.21 The image ofd ([]z) under the canonical map Hidxm(r) (X,A(d)) —
H2(X, A(d)) coincides with & [4].

Proof. Clear from the following commutative diagram:

_ _ L
12 (X s X GA B GA() — (X x5 X, 1A B jA(d)

Hici(ﬁ'y( )(7,j|A(d)) >H2d (7,]|A(d))
H3 () (X, A(d)) H2 (X, A(d)). I

25



Yoichi Mieda

Lemma 3.22 The image of cl(y) under the map ¢*: Hi?r)(X xg X,A(d)) —
H2 (X, A(d)) coincides with & ([7]z).

Axnyy
Proof. Clear from the following commutative diagram:

Ixxgx 5*

—_— H200 (X x5 X, A(d)) ——— HX 0y (X, A(d))

| |

‘XXSX 2d

. _¥ , 5
HZE (X xs X, (G x D« (L M) —5 HEL e (X s XoA(d) —— HE () (X A(d))

FT)uz
‘X d

_ L 3* .
H?(if)uz(x xs X, j« A K jIA(d)) ” Hidxﬁ'v(l“) (X, 5:A(d)) =~ ? HZXVW(F) (X, A(@)).

Proof of Theorem[313. By Remark 27 # Fix~ is the image of cl(y) under the
maps

H2y (X x5 X, A(d) == HR ey (X AW)) — H2(X,A(d) =2 A

By Lemma B2T and Lemma B2 it coincides with Trx (3 []). Therefore by Propo-
sition 3.9, we conclude that # Fix~y = Tr(y*; RT'.(X, A)).

Remark 3.23 So far, we considered the case of torsion coefficient. However, at
least when the characteristic of k is 0 (¢f. [Hub98al, Theorem 3.1]), we may obtain
the Lefschetz trace formula for ¢-adic coefficient simply by taking projective limit.
For the definition of # Fix~ for the /-adic case, see Remark 2.8

3.4 Lefschetz trace formula for open adic curves

In this subsection, we will establish a Lefschetz trace formula for quasi-compact
smooth adic curve by using the same idea as in the proof of Theorem B.13 Let
X be a l-dimensional quasi-compact adic space which is separated and smooth
over S, and j: X —— X¢ the universal compactification over S. It is known that
0X = X°\ X is a finite discrete set ([Hub0l, Lemma 5.12]). In particular, every
x € 0X is a constructible closed subset of X°.

Let f: X — X be a proper morphism over S and f¢: X¢ — X¢ the induced
morphism. Since f is proper and X is dense in X¢ we have (f¢)7}(0X) = 9X.
We will use the notation in Example 2.9. Assume that Fix f is proper over S; thus
# Fix f can be defined. Put 0X™ := {z € 0X | f¢(x) = z}. For x € 0X™, we will

define “the contribution from z” in the Lefschetz trace formula for X.
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Definition 3.24 Put IV = I'yU|J, .y (f(x) xgx). Since x is a closed constructible
subset of X¢ the natural map

H2 (X% x5 X%, j,A & A1) — HZ (X xg X°, (j x 1).(1 x j)A(1)
is an isomorphism (c¢f. PropositionB3.20). We denote by [f]s the element of HZ (XX g
X, g\ élé)j!/\(]_)) that is mapped to

cl(yy) € HE (X x5 X, A(1)) = H (X x5 X¢ (5 x 1).(1 x 7)iA(1)),
On the other hand, since Fix f is proper over S, it is a closed subset of X¢.
Therefore we have Axe NI" = Fix f I [] _,yax © as a topological space, and thus

HZXCHF’(Xcvj!A(l)) = HEQ‘ixf(Xcvj!A(l)) @ @meaXﬁX Ha%(Xcaj'A(l)) For z € aXﬁxv
we define loc(z) as the image of [f]s under the composite of

HE2 (X x5 X0 AR GAD) 05 B (X4, 5A(D))

= Hi (X 5A(1)) & @ HZ(X 3A (1)) — H2Z (X 5iA(1))

rcoXfhix

—s H?(XC,jiM(1)) = H2(X, A(1)) =2 A,
where 0¢ denotes the diagonal morphism for X°.

The following is our Lefschetz trace formula for adic curves:

Theorem 3.25 In the setting above, we have

Te(f RT.(X,A)) = #Fix f+ > loc(x).

redXfix
Proof. Tt is easy to see that the image of [f]s under the composite of
]]-4 C\*
HE (X xs X% 5, AR A1) 25 B2 (X9 5iA(1))
= HE, (X 0A0) © @ HI(XCHAL) — Hiy (X0 3A(1))

rcoXfix

— H2(X, jiA(1)) = H2(X, A1) =5 A

is equal to # Fix f (cf. the proof of Lemma [3.22)). Therefore, the theorem immedi-
ately follows from Proposition [3.91 |

Remark 3.26 The formula in Theorem [3.4]is very similar to Huber’s trace formula
for open curves ([Hub01, Theorem 6.3]). However, the definition of his local term is
different from ours; that is given by purely algebraic manner and depends only on
the homomorphism induced on the valuation ring corresponding to x € 9X*. The
author expects that these two local terms coincide, and will consider this problem
in his future work.
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4 Lefschetz trace formula for formal schemes

In this section, we deduce a Lefschetz trace formula for formal schemes from Theorem
BI3l For formal schemes, we will use the same notation as in [MielOb, §4]. Let us
recall some of them.

Let R be a complete discrete valuation ring with separably closed residue field
and k an algebraic closure of the fraction field F' of R. Put § = Spf R. Let X
be a quasi-compact special formal scheme which is separated over §. Then we can
associate X' with the adic spaces t(X),, t(X), and t(X')5. The adic space t(X), is an
open adic subspace of ¢(X') consisting of analytic points of ¢(X). It is quasi-compact.
The adic space t(X), is the “generic fiber” of ¢(X'), which is locally of finite type,
separated and taut over Spa(F, R). The adic space t(X )7 is the base change of t(X),
from Spa(F, R) to S = Spa(k, k™). Note that ¢(X), and ¢(X); are not necessarily
quasi-compact. In the sequel, we write X, X, and X5 for ¢(X),, t(X), and t(X)s,
respectively. On the other hand, we denote the special fiber of X (resp. X) by X
(resp. Xj).

Let 7 be a finite set equipped with a partial order and {V,}a.7 a family of
closed formal subschemes of X, indexed by 7. We put Y, = t(Va)a = t(Va) X¢1) X.
We assume the following;:

Assumption 4.1 i) X, =], . Ya

ii) Fora € T, put Y(o) = Ya\Uﬁ>a Y. Then, for o, f € T with a # 8, Y)Y (5) =
.

Example 4.2 Let X be a scheme which is separated of finite type over Spec R and
{Ya}aeT a family of closed subschemes of the special fiber X of X. Assume the
following conditions:

i) Xy = Uyer Y
ii) For @ € T, put Yy = Yo \ UpsqYs. Then, for a,8 € T with a # 3,

iii) There exists the unique maximal element oq in 7.

Denote the completion of X along Y,, by X and put YV, =Y, xx X for each a € T.

Then X and {Va }ae7\ (a0} Satisfy the assumption above. Indeed, we have the natural
morphism of locally ringed spaces (X, Ox) — X\Y,, (¢f. [Hub94, Remark 4.6 (iv)])
such that the inverse image of Y,, \ Y,, is equal to Y.

Let us consider an isomorphism f: X =5 X over S. We also denote the induced
isomorphism X = X by the same symbol f. The induced isomorphisms X, = X,

and X5 = X7 are denoted by f, and f5, respectively. We will make the following

assumption on f:
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Assumption 4.3 There exists an order-preserving bijection f: T =5 7 and a

system of constructible open (resp. closed) subsets {Y,(n)},>1 (resp. {YS(n)}n>1)
of X for each v € T satisfying the following:

i) Yo(n+1) CY2(n) C Yy(n) for every n > 1.

i) Nyz1 Ya(n) = Yo
iii) f(Ya(n)) =Yy (n) and f(Y7(n)) = Yy, (n) for every a € T and n > 1.

)

iv) f(a) # a for every a € T.

Remark 4.4 Later we will give some conditions for the existence of {Y,(n)},>1 and
{Y2(n)}yn>1 in Assumption A3l In fact, one of the following is sufficient (Proposition

I8, Proposition A19):

— For every a € T, the isomorphism f: X =+ X induces an isomorphism of

formal schemes Y, =, Vi(a)-

— For every a € T, the isomorphism f: X =+ X induces a set-theoretic bijection

Y, =, Y¢(a). Furthermore, for every ideal of definition Z of X, there exists an
integer N > 1 such that f¥ =id (mod Z).

Now we can state our Lefschetz trace formula for X:

Theorem 4.5 In addition to Assumption and Assumption [4.3, assume that
X is locally algebraizable ([MielOb, Definition 3.18]) and X, is partially proper
and smooth over Spa(F, R). Then RI'.(Xz, A) is a perfect A-complex, Fix fz (cf.
Example[2.9) is proper over S and we have

Tr(fy; RTo(X5, A)) = # Fix f.

In order to prove this theorem, we need some preparations. First we observe the
finiteness of the cohomology of Xz.

Proposition 4.6 Let X be a quasi-compact special formal scheme which is locally
algebraizable and separated over S. Then H!(Xz, A) is a finitely generated A-module
for every i. Thus RI'.(X7, A) is a perfect A-complex by Corollary [3.3. More gener-
ally, let L be a locally closed constructible subset of X. Then H'(Lz, A) is a finitely
generated A-module for every i, and R (L, A) is a perfect A-complex.

Proof. We way assume that X is algebraizable. First we consider the case where
L is a quasi-compact open subset of X. Then there exists an admissible blow-up
X’ — X and an open formal subscheme Y’ C X" such that L = t(U'),. Since U’
is algebraizable (cf. [Mie07, Lemma 7.1.4)), replacing X by U’, we may assume that
L = X. Moreover we may assume that X is affine, and thus pseudo-compactifiable
(¢f. [MielObl Definition 4.21 i), Example 4.22 i)]). Therefore, by [MielObl Theorem
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4.32], we have H!(X7 A) = H'(Xea, RUx A). On the other hand, by [MielOD,
Proposition 3.20], R¥y A is constructible, and thus H!(X,eq, R¥x ) is a finitely
generated A-module. Hence H(X7, A) is also finitely generated, which concludes
the proof for a quasi-compact open L.
A general L can be expressed as L\ L, where L; and Ly are quasi-compact open
subsets of X with L; C Lo. Thus the proposition follows from the exact sequence
H!(Loz, A) — HY((L2 \ L)y, A) — H N (Lyz,A). |

M
Now we use the notation in Assumption (1.3

Lemma 4.7 For every a € T, {Yo(n)}n>1 (or {Y.(n)},>1) form a fundamental
system of open neighborhoods of Y,, with respect to the patch topology of X.

Proof. Let U be a subset of X containing Y, which is open in the patch topology.
We will find n > 1 such that Y,(n) C U. By Assumption A3]ii), X \ U is covered
by {X \ Ya(n)},>1. Since X \ U is compact and X \ Y,(n) is an open subset of
X with respect to the patch topology, there exists an integer n > 1 such that
X\U C X \Y,(n). In other words, Y,(n) is contained in U. i

The following construction is crucial for the proof of Theorem

Lemma 4.8 We can find an integer n, > 1 for each o € T satisfying the following
conditions:
— For every a € T, ng = ny(a)-
— Fora € T, put Uy, = Y3 (na)\Upsq Y5 (ns) and Wy, = Y3 (10)\Upsq Ya(ns+1).
Then we have U,NUg = @ for every o, 8 € T with o # 3, and W, NWy(o) = @
for every a € T.

By the assumption, Y°(n) is an open subset of X with respect to the patch
topology. Therefore, the lemma is reduced to the following:

Lemma 4.9 Let X be a compact topological space. Let T be a finite set equipped
with a partial order and {Y, }o.7 a family of closed subsets of X indexed by T. Put

Yia) = Yo \ U, Y and assume that Y, NY(s = @ if a # 8. Let f: T =5 T be
an order-preserving bijection such that f(a) # « for every o € T. Assume that we
are given a fundamental system of open neighborhoods {Y,(n)},>1 of Y, for each
a € T such that Y,(n+ 1) C Y,(n) for every n > 1. Then, for every integer N > 1
we can find an integer n, > N for each a € T satisfying the following conditions:
— For every a € T, ng = ny(a)-
— Fora € T, put Uy, = Ya(na) \Ugs, Ya(np) and Vo, = Yo (na) \Ugs, Ya(ns +1).
Then we have U, NUg = & for every o, 3 € T with a # 3, and Vo, N V(o) = @
for every a € T.
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Proof. Use the induction on the cardinality of 7. If T is empty, then the lemma
is clear. Assume that 7 is non-empty. Take a maximal element g of 7 and put
To ={f™(w) | m € Z}. Note that every element of 7y is maximal.

Consider an element («, ) of Tg x T such that § £ «. As Yj is contained in
]_[72 5 Y(y), Yo = Y(q) does not intersect Yz by the assumption. Since X is compact,
two closed subsets Y, and Yz can be separated by open neighborhoods. Thus we
can find an integer n > N such that Y,(n)NY3(n) = @. Since there are only finitely
many such elements («, 5), we can take n > N such that Y,(n) N Yz(n) = @ for
every a € Tp and § € T with 8 £ a. Put n, = n for every o € Tp.

Put X' = X\U ez Ya(na+1), T =T\ To, Y5 = X'NYs and Y4(n) = X'NY4(n)
for 3 € T'. Note that f induces an order-preserving bijection 7/ —» 77, which is

also denoted by f. Then, these satisfy the assumptions in the lemma. Therefore, by
the induction hypothesis, we can find n, > n,, for each a € 7’. We will observe that
{na }aeT satisfies the conditions in the lemma. The first condition 1, = ny(q) is clear
from the construction. For the second condition, put U, = Y, (na)\User 550 Y5(75)
and V, = Y (na) \ Uger goa Ya(ns +1) for o € T'. Then,

v\ U Yan) = (Yatna) VU Yema) )\ U Vo)

v€To BET,f>a ~eTo
= (Yama)\ U s\ U Yl
BET,B>a v€To,v2a
=Yama)\ J Yo(ns) = Ua.
BET B>

The second equality follows from Y, (n,) N Y,(n,) C Ya(na,) N Yy(ne,) = @ for
v € To with v # a. Similarly, we can check that V! =V, for a € T".

Let us take o, € T with o # § and prove U, NUz = @. If o, B € T,
Ua NUs = Ya(na,) NYs(ng,) = @ since 8 7 a. If @ € Ty and § € T, then
Uy NUs = Ya(na) N (U \ U, e Y(n,)) = @. The case where a € 7" and 8 € Ty
is similar. Finally if o, 8 € T, then U, NUg C U, N Uz = @ by the induction
hypothesis.

Let us take v € T and prove V, N Vyy = &. If a € Ty then V, N Vi) =
Yo (Nag) N Yi(a)(Na,) = @ since a and f(«) are disjoint elements in 7. If a € T”
then Vo, N Vi) = VN Vf’(a) = & by the induction hypothesis.

Now the proof is complete. |

Fix {na}aer as in Lemma B8 and put W = |, o7 Yy (na), Xo = X \ W. By
Assumption €3] iii), we have f(WW) =W and f(X,) = Xo.

Proposition 4.10 We have Tr(f; RU.(Xg, A)) = Tr(f5; RT(Xog, A)).

Lemma 4.11 Let L, L' be locally closed constructible subsets of X such that
f(L) =L, f(L') = L' and L’ is an open subset of L. Put L" = L\ L'. Then
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we have
Tr(fz; RUc(Lg, A)) = Tr(fa; RUe(Li, A)) + Tr(fa; RTo(Ly, A)).

Proof. First note that RI'.(Lg, A), RU.(L;;, A) and RT'.(L7, A) are perfect A-complexes
by Proposition [£.6] and the traces make sense.

Let j: (Xg, L) — (Xg, Ly) and i: (Xg, L) — (X5, L) be the natural im-
mersions of pseudo-adic spaces. Consider the filtered sheaf F = (F1F = jA C
A = FyF). We have a natural morphism f;F — F of filtered sheaves, which
induces a morphism fx: RU.(Ly, F) — RU.(Ly, f3F) — RU.(Ly, F) in the fil-
tered derived category of A-modules (cf. [I71, Chapitre V]). It is easy to see that
the morphism on gr® (resp. gr!) induced by J5 coincides with the pull-back map
f5 on RT.(Ly,i.A) = RU(Lg, A) (vesp. RU.(Lg, jA) = RUc(Li, A)). Therefore the
equality follows from [[lI71, Corollaire 3.7.7, Remarque 3.7.7.1]. i

Proof of Proposition[/.10. By Lemma 1T}, it suffices to show Tr(f;; R (W5, A)) =
0. Take a maximal element oy of 7 and put 7o = {f"(a0) | m € Z}, Wy =
Uaer, Yo (1) = Tlaer, Uar  Obviously RI.(Woz,A) = @acq, RUe(Uag, A) and
f(Wo) = Wy. Since f(Us) = Usy and f(a) # a by Assumption B3 iv), it is
immediate to see Tr(fy; RI.(Woz, A)) = 0.

Put W' = W\Wy and T" = T\Ty. Then Tr(f5; RU.(Wy, A)) = Tr(f5; RU(W7, A))
by Lemma [Tl If 77 is non-empty, take a maximal element «; of 7' and put
Ti = {f"() | me€Z}, Wi = Uper, Ya(na) \ Wo = [1,cr, Ua- In the same way
as above, we can prove that Tr(f3; RT.(Wiz,A)) = 0. Put W” = W'\ W;. Then
Tr(fa; RU(Wr, A)) = Tr(f; RU(Wy, A)) by Lemma LTI (note that W, is closed

in W'). We repeat this procedure to obtain Tr(f5; RI'.(Wz, A)) = 0. i

Next lemma ensures that we may apply Theorem B.I3 to X .

Lemma 4.12 i) The adic space X is a quasi-compact open adic subspace of X,.
In particular, Xo5 is smooth, separated of finite type over S.

ii) For x € X5\ Xo7, there exists a closed constructible subset W, of Xz such that
(W) "W, = @.

iii) The closed adic subspace Fix f; of X5 is contained in Xoz. In particular,
Fix f = Fix(fy]x,,) is proper over S and # Fix f = # Fix(fy|x,.,)-

Proof. 1) Since X is a spectral space and W is a closed constructible subset of X, X
is a quasi-compact open subset of X. On the other hand, Xo C X \ ,c7 Yo = X,
by Assumption .111). Thus X, is a quasi-compact open subset of X,,.

ii) As ¢ € Wi = [{,e7 Uasi € Uner Wayg, there exists a € T such that z € W, 5.
By Assumption d.3]iii), we have Wo7 N fr(Waz) = Waiz N Wiz = @ (we use the
second condition in Lemma [])). Since W, is a closed constructible subset of X,
W5 is a closed constructible subset of X.

iii) Clear from ii) and Proposition 2100 i
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Proof of Theorem[4.5 Since X7 is partially proper and taut over S by the assump-
tion, the closure m of Xo7 in X7 is proper over S. By Lemma A12]1), ii), we can
apply Theorem B.I3 to Xo; — Xo5. Together with Proposition and Lemma
[4.12]iii), we can conclude

Tr(f%; RPC<Xﬁ7 A)) = Tr(f$|Xoﬁ; RPC<X0,W7 A)) = # FiX(fﬂXo,ﬁ) = # Fix fﬁ' I

Remark 4.13 At least when the characteristic of & is 0, we can deduce from The-
orem the analogous result for ¢-adic coefficient simply by taking projective limit
(cf. [MielObl, proof of Corollary 4.40]).

Next we discuss the existence of systems of neighborhoods in Assumption [4.3]
Let f: X — X and {),}ae7 be as in the beginning of this section, and f: T — T

a bijection (we do not need to take the order on 7 into account). We want to find
a system of open constructible subsets {Y,(n)},>1 and that of closed constructible
subsets {Y.’(n)},>1 satisfying i), ii), iii) in Assumption 3l To construct them, we
introduce a “tubular neighborhood” of a closed formal subscheme ) of X.

Definition 4.14 Let Y be a closed formal subscheme of X and Z be an ideal of
definition of X. We will define the subsets Y (Z) and Y°(Z) of X = t(&X), as follows.
First assume that X = Spf A is affine. Then ) is defined by an ideal J of A. Put
I =T(X,Z) and

Y(Z) = {x € X | max|f(z)| < max|g(x)[},

Y(Z) = {o € X [ max|f(x)] < max|g(z)|}.
Note that maxse;|f(2)| = maxi<;<m|fi(z)| for every system of generators fi,..., fi
of J; in particular max;e ;| f(x)| exists. Similar for maxe/|g(z)|.

Obviously we can globalize the construction by patching, and get Y (Z) and Y°(Z)
for the general case.

Proposition 4.15 The subset Y (Z) is open in X and Y°(Z) is closed in X. These
are constructible subsets in X.

Proof. We may assume that X = Spf A is affine. Let J C A be the defining ideal of
Y and put I =I'(X,Z). Take a system of generators fi,..., f, (resp. g1,...,9n) of
J (resp. I). Then, noting that X = {z € t(X) | max;<j<n|g;(x)| # 0}, we have

U R(fh---’fm"gl’---agn)’ X\Y°(Z)= XN U R(gla-ﬁ-,gn»

1<j<n 9 1<i<m

where R(—) denotes a rational subset of ¢(X) = Spa(A, A). Since every rational
subset is quasi-compact and open, Y (Z) and X \ Y°(Z) are quasi-compact open
subsets of X. This completes the proof.
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The following two lemmas are clear from the definition:

Lemma 4.16 For an ideal of definition Z of X', we have the following:
i) Y(Z") c Y°(Z") C Y(Z") for every n > 1.
i) Vi=t()a=),> YI").

Lemma 4.17 Let f: X’ — X be an adic morphism over S and put Y' =) xx X’.
For an ideal of definition Z of X, put I = (f"'Z)Ox. Then f: X' :=t(X'), — X
induces a map from Y'(Z') to Y (Z).

Now we can give fairly simple conditions for existence of systems of neighbor-
hoods in Assumption (4.3

Proposition 4.18 Assume that the isomorphism f: X =+ X induces an isomor-

phism of formal schemes Y, = V() for every a € T. Then there exists a system

of constructible open (resp. closed) subsets {Y,(n)},>1 (resp. {YS(n)}n>1) of X
satisfying i), ii), iii) in Assumption [L3

Proof. Let T be the maximal ideal of definition of X" (it exists since X is noethe-
rian) and put Y,(n) = Y,(Z"), Y2(n) = Y2(Z") for each « € T and n > 1. By
Proposition 15 Y, (n) (resp. Y2(n)) is a constructible open (resp. closed) subset
of X. Moreover, by Lemma [.T6], {Y,,(n)},>1 and {Y7(n)},>1 satisfy the conditions
i), i) in Assumption 3] Finally, the condition iii) follows from Lemma 1T, since
7 is preserved by the isomorphism f. |

Proposition 4.19 Assume that the isomorphism f: X =4 X induces a set-theoretic

bijection Y, = Yy for every a € T. Assume moreover that for every ideal of

definition Z of X, there exists an integer N > 1 such that f¥ =id (mod Z). Then
there exists a system of constructible open (resp. closed) subsets {Y,(n)}n>1 (resp.
{Y2(n)}n>1) of X satisfying i), ii), iii) in Assumption [L3

First we will show:

Lemma 4.20 Assume that the isomorphism f: X = X satisfies the latter condi-

tion in Proposition [4.19. Then, for every constructible subset V' of X, there exists
an integer N > 1 such that f¥(V)=1V.

Proof. Replacing f by its power if necessary, we may assume that f induces the
identity on the underlying space of X'. Therefore we may assume that X is affine.
Moreover, we can reduce to the case where V' is a rational subset of ¢(X). Now the
lemma is clear from [Hub93, Lemma 3.10].
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Proof Proposition[{.19 Take an ideal of definition Z of X.

Let us decompose T into f-orbits 7; I1---117,,. Fix an element «; € 7; for each
1 <i<m;then T; = {f(a;) | 7 € Z}. For a € T; and an integer n > 1, put Y,(n) =
ﬂjezfj(ai):a f1(Ye, (")) and Y3 (n) = ﬂjeZ,f}'(ai):a J7(Y;,(Z")). By the previous
lemma, these intersections are essentially finite. Therefore, Y, (n) (resp. Y.2(n)) is a
constructible open (resp. closed) subset of X. By the assumption f(Y) = Y}() and
Lemma [L.16, {Y,(n)},>1 and {Y2(n)},>1 satisfy the condition i), ii) in Assumption
B3 On the other hand, f(Ya(n)) = Yy@)(n) and f(Y;(n)) = Yj ) (n) are clear from

the construction. Now the proof is complete. |

We finish this section by two examples of Rapoport-Zink spaces.

Example 4.21 Let O be a complete discrete valuation ring with finite residue field
F,. Denote the completion of the strict henselization of O by O and the fraction field
of O by F. Fix an integer d > 1 and denote by X a formal O-module over F, with
O-height d (such X is unique up to isomorphism). For an integer m > 0, X,,, denotes
the universal deformation space over O of X with Drinfeld m-level structures. For
the precise definition, see [Str08, §2.1] for example. Recall that Xj is isomorphic to
Spf O[[T, ..., Ty_1]] and the natural morphism X,, — X, is finite. In particular,
X, is special over Spf O and its generic fiber X,, = t(X,,), is partially proper over
Spa(F’ , (’5) Moreover, it is known that the morphism X,, — X, induced on the
generic fibers is étale. Therefore X, is smooth over Spa(ﬁ’ , (5)

More generally, we can associate to a compact open subgroup K of Ky = GL4(O)
the formal scheme Xy (cf. [Str08, §2.2]). Put K,, = Ker(GL4(O) — GL4(O/m™))
for an integer m > 1, where m denotes the maximal ideal of O. Take m > 0 such
that K,, C K; then Xk is defined as the quotient in the sense of invariant theory of
the action of the finite group K/K,, on X,, (the action of K C Ky on X, is given
via the Drinfeld level structures). It is easy to see that X is special over Spf O and
its generic fiber Xy = t(Xx), is partially proper and smooth over Spa(ﬁ’, (5)

Let D be the central division algebra over F' with invariant 1/d. The formal
scheme X is endowed with a right action of the subgroup of GL4(F') x D* consisting
of elements (g, h) such that vg(det g) + vp(Nrdh) = 0 and gKg~' = K, where vp
denotes the normalized valuation of F. We would like to explain that we can use
Theorem 5] to calculate the trace Tr((g, h)*; RT'o(Xk5, A)), under the assumption
that g K consists of regular elliptic elements of GL4(F') and that h is a regular elliptic
element in D*.

For an integer m > 1, let S,, be the ordered set of O/m™-submodules of
(m~™/0)?% which are direct summands. Put S/, = S,,, \ {0, (m~™/0)4}. For each
I € S,,, we can construct the closed formal subscheme Yy of A, 5 (cf. [Miel0Oal Def-
inition 4.1]); roughly speaking, it is the locus where the universal Drinfeld m-level
structure vanishes on I. More generally, for an compact open subgroup K of Kj,
we put Sk = (K/K,;,)\Sn and Sy = (K/K,;,)\S,,, where m > 1 is an integer with
K,, € K. We endow them with the induced partial orders. For I € Sk, we can also
define the closed formal subscheme Y; of Xk, so that Y{;) = Y7 \ UI’eSK,I’>I Yo,
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where Y7 denotes t()r),, coincides with the boundary subset 9; Mk in [Str08|, Para-
graph 3.1.1]; in fact, we can take ) as the closed formal subscheme defined by pg in
[Str08, Proposition 3.1.3 (i)] (note that the partial order on Sk in [Str(8] is the in-
verse of ours). However, the author could not find any natural moduli interpretation
of y[.

Now we can easily see that the family of closed formal subschemes {Y;}cs; sat-
isfies Assumption [.Jl On the other hand, we can define the action of g on Sj as in
[Str08| p. 914]. Since we are assuming that gK consists of regular elliptic elements,
we have I # g~ 'I for every I € Sj.. Moreover, it is easy to see that the action of
(g,h) maps Y7 onto Y,-1; at least set-theoretically (cf. [Str08, Lemma 3.2.2 (ii)]).
Since (g, h) is regular elliptic, the action of (g, h) on Xk satisfies the second condi-
tion in Proposition by the first part of the proof of [StrO8, Proposition 3.2.4].
Therefore, by Proposition .19} the action of (g, h) on Xk satisfies Assumption A3]
Finally, it is known that X is algebraizable ([Str08, Theorem 2.3.1]). Hence all the
assumptions in Theorem are satisfied and we obtain

Tr((g, k)" RT (XK, A)) = #Fix(g, h).

This recovers a result [Str08, Theorem 3.3.1] of Strauch. Recall that the right hand
side has been calculated in [Str0O8, Theorem 2.6.8], and as a consequence of the
trace formula above, we can get a purely local proof of the fact that the (-adic
cohomology of the Lubin-Tate tower (X,,)mn>o realizes the local Jacquet-Langlands
correspondence ([Str08, Theorem 4.1.3]).

The advantage of our proof is that it does not require algebraization of the action.
The proof of [StrO8, Theorem 3.3.1] uses careful approximation of the action of (g, h)
by an algebraizable morphism (cf. [StrO8, Proposition 3.2.4 (ii), §5.2]), and it seems
difficult to extend that method to the non-affine case.

Example 4.22 Let p be a prime. For a compact open subgroup K? of GSp,(A>P)
and an integer m > 0, let Sh,, r» be the Shimura variety over Z,~ = W(F,) intro-
duced in [IMI0L §4]; namely, it is the moduli space parametrizing polarized abelian
surfaces with KP-level structures outside p and Drinfeld m-level structures at p. Let
S, be the ordered set of direct summands of (Z/p™Z)* whose ranks are greater than
1 and put S}, = S, \ {(Z/p™Z)"}. Fix a perfect alternating bilinear form on Z;
and denote the subset of S, (resp. S),) consisting of coisotropic direct summands
by S (resp. S/°'). Then, as in Example £.2T] we can define the closed subscheme
ﬁm,[ﬂ’,[[] of Shy, xr = Shy, g ®Zpoon for I € S,, (¢f. [IM10, Definition 5.1]). It is
known that every Fp-rational point of Yy, g» = %m, K [(z/pmz)4) corresponds to a
supersingular abelian variety (note that the definition of Y;,, x» here is different from
that in [IM10], but they coincide up to nilpotent elements; see [IM10, Lemma 5.3
iii)]).

Let Sh;, x» be the closed subscheme of Shy, x» defined by the quasi-coherent
ideal of Ogy,, ., consisting of elements killed by p' for some integer [ > 0. Put

o/ <IN / o/ <IN / /
Shm,KP = Shm,K” X Shp, xp Shm,KW Shm,Kﬂ,m = Shm,K",[I} X Shyp, p Shm,Kﬂ and Ym,Kﬂ =

36



Lefschetz trace formula for open adic spaces

Yon kv Xsh,, o Shy, gp- Then, by [IMI0, Lemma 5.3, proof of Proposition 5.7] the
family of closed subschemes {ﬁ:n Ko,(1)}Iesso satisfies the conditions in Example 4.2l
Let us denote the completion of Shy, g» (vesp. Shy, ) along Yy, kv (vesp. Y, i) by
(Shvap)me,Kp (resp. (Sh;%Kp)?Yr;,Kp)'

Let .# be the Rapoport-Zink space fvor GSp(4) considered in [IM10] and M, be

as in [IM10}, §3.2]. The formal scheme .4, is endowed with the action of GSp,(Z,) x
J(Qp), where J is an inner form of GSp,. By the p-adic uniformization theo-

rem of Rapoport-Zink, there is a GSp,(Z,)-equivariant morphism 6,, k»: My —>
(Shy,, Kp)7Y , which induces an open and closed immersion .#,,/I" — (Shy, x»))y.

for some dlscrete subgroup I of J(Qp) ([IM10, Theorem 4.2]). Put //me =
M, X Sh,, g Shy, k7 (175 M = My Xsn Sh, x» and My = My Xsh

=/

Sh, kv [1]- As mentioned in [IM10, proof of Proposition 5.10], //me is preserved by

the action of J on M,,. On the other hand, it is easy to see that the defining ideal of
M), in My, consists of elements of O, which is killed by p' for some integer [ > 0.

m,KP m,KP

Therefore the actions of J on (///un’m and //Z ! are naturally induced. Moreover, we
have an open and closed immersion .7, / F — (Shm Kxe)) IY! e It is also easy to
observe that t(.#)), coincides with ¢(.Z,,),.

Now it is easy to see that the formal scheme .Z/ /", a family of closed formal

subscheme {(///u,;’m/l“}fesgoi and the action of (g,7) € GSp,(Z,) x J(Q,) where gK,,

consists of regular elliptic elements of GSp,(Q,) and j normalizes I" satisfy all the
assumptions in Theorem [4.5l Indeed, Assumption 1] has already been observed.
Assumption follows from [IM10], Proposition 5.15], Proposition and the fact
that if gK,, consists of regular elliptic then g='I # I for every I € S’ (otherwise
gK,, intersects a proper parabolic subgroup). Since every irreducible component
of (%m)red is projective over F, ([RZ96, Proposition 2.32]), Y,, x» and Y LK Are

proper over Fp and thus //Z,;L /T is partially proper over Spa(Qpe, Zy~). Hence we
get the formula

Tr((g.4)"s RE(t(An)y /T, A)) = #Fix(g, ).
The author expects that the right hand side can be calculated in the similar way as

in [Str08, §2.6], and plans to work this out in a forthcoming paper.

5 Lefschetz trace formula for contracting mor-
phisms

5.1 Statement

In this section, we generalize Fujiwara’s trace formula for contracting morphisms
([Fuj97, Theorem 3.2.4]) to rigid spaces which are not necessarily algebraizable.
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Let X be a purely d-dimensional adic space which is proper and smooth over S.
For a closed adic subspace Y of X and € € |k*| C R, we can construct the open
tubular neighborhood Y (g) and the closed tubular neighborhood Y°(¢) (¢f. [Hub98¢,
§2.6], in which Y (g) is denoted by T'(¢) and Y°(e) by S(¢)). If Y is defined by
fi,oo oy fm € T(X, Ox), then Y(e) (resp. Y°(¢)) is given by {z € X | |fi(z)| < ¢}
(resp. {z € X | |fi(x)] < €}). Note that Y(¢) and Y°(¢) are constructible and
Y = ﬂee‘kx‘ Y(e).

Let f: X — X be an S-morphism. We will use the notation in Example 2.9
We denote the set of connected components of Fix f by mo(Fix f). It is a finite
set since HY(Fix f, A) is a finitely generated A-module. Therefore every element of
mo(Fix f) is open and closed in Fix f.

Definition 5.1 Let D be a connected component of Fix f. We say that f is con-
tracting near D if there exists a strictly decreasing sequence (g,,),>0 in |k*| converg-
ing to 0 such that f(D(e,)) C D(en41) for every n > 0.

If f is contracting near every connected component of Fix f, we say that f is
contracting near its fixed points.

The goal of this section is the following theorem:

Theorem 5.2 Assume that the characteristic of k is equal to 0 and f is contracting
near D € my(Fix f). Then we have

# Fixp f = x(D, A),
where we put x(D,A) = Tr(id; RT'(D, A)).

This theorem will be proved in §5.3] The following corollary is immediate from
Theorem and Proposition 3.9t

Corollary 5.3 Assume that the characteristic of k is equal to 0 and f is contracting
near its fixed points. Then we have

Tr(fRO(X,A) = Y x(D,A).

Demp(Fix f)

In particular, if every fixed point of f is isolated, the right hand side is equal to the
number of the fixed points.

5.2 Lefschetz trace formula for proper pseudo-adic spaces

In order to prove Theorem [5.2] we need a variant of Proposition B.9for a pseudo-adic
space which is proper but not necessarily smooth over S. In this subsection, let X
be a finite-dimensional pseudo-adic space which is proper over S. We assume that
H(X,A) is a finitely generated A-module for every integer i; then RT'(X,A) is a
perfect A-complex (Corollary B.3)).
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Let f: X — X be an S-morphism. Since RI'(X,A) is a perfect complex,
the trace Tr(f; RI'(X, A)) makes sense. Our purpose is to express this trace by a
cohomology class analogous to [y] in Proposition 3.9

First we will construct an analogue of cl(7).

Definition 5.4 Since pr, oy, = id, we have ngf (X x5 X,pryA) = HO(X,A). We
denote by cl(f) the element of Hgf (X xgX,pry A) that corresponds to 1 € HO(X, A)
under the isomorphism above.

Remark 5.5 If X is purely d-dimensional and smooth over S, then HIQf (X Xg
X, pry A) = HI%?(X x g X, A(d)) and by this isomorphism cl(f) corresponds to cl(vy)
in §2.

The following is an analogue of Proposition 2.8, whose proof is similar:

Proposition 5.6 The map f*: RI'(X,A) — RI'(X,A) coincides with the com-
posite of

RD(X,A) 25 RD(X x5 X, A) 229 RD(X xg X, pryA) = RD(X, Rpry pry A)

adj

— RI'(X,A).
Next we will establish an analogue of Corollary 8.7l Denote the structure mor-
L
phism of X by a: X — S and put Kx = a'A. Let 7: Kx XA — pry A be the
L
base change map Kx XA = pria'A — prha*A = pry A.
Proposition 5.7 The map 7 above induces an isomorphism
L o~
RT(X xg X, Kx X A) — RT'(X x5 X,pry A).
L
Proof. By Proposition B.5, the Kiinneth morphism RI'(X, Kx) ® RI'(X,A) —
L

RT'(X xg X, KxXKA) is an isomorphism. On the other hand, we have isomorphisms
RI(X x5 X,pry A) = RI'(X, Rpry, pry A) = RT(X, a'Ra.A) = RT'(X,a'RT(X, A))

L L
(%) RI(X,d'A® RI(X,A)x) (g) RT(X,a'A) ® RT(X,A)
1 2

— RI(X, Kx) & RT(X, A).

L
For (1), note that the natural map a'A ® RI'(X,A)x — a'RI'(X, A) is an isomor-
phism. This is an easy consequence of the fact that RI'(X, A) is a perfect A-complex.
The isomorphy of (2) is due to Lemma B.11
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It is easy to see that this isomorphism fits into the following diagram:

RI(X, Kx) ® RT(X, \) == RT(X, Kx) ® RT(X, A)

E f

L T
RD(X xg X, Ky BA) — RO(X x5 X,pry A).
This completes the proof. |

L
Definition 5.8 Let [f] be the element of H°(X xg¢ X, Kx X A) that corresponds
to cl(f) by the isomorphism in Proposition 5.7l

Proposition 5.9 We have Tr(f*; RT'(X,A)) = Adjy(6*[f]), where Adjy denotes
the natural adjunction map H°(X, Kx) — A.

Proof. By Proposition B.6] it suffices to show the commutativity of the lower part
of the following diagram:

~ L
RI(X, Kx) ® RT(X, A) —— RHom(RI(X,A), A) & RT(X, A)

R

~

L
RU(X x5 X, Kx X A)

s( RT(X x5 X, pry A) —2— RHom(RI(X, A), RT(X, A))

Tr

i
<

Adjx

RI(X, Kx)
where (%) is given by

prj Uid

L
RT(X,A) ® RT'(X xg X,pry A) —— RI'(X xg X, pry A)

adj

— RI(X, Rpry, pry A) =% RI(X, A).

As in the proof of Proposition [3.9] we can prove the commutativities of the upper
part and the outer part of the diagram above.

We can apply the technique in §3.3] to calculate Adjy (6*[f]):

Lemma 5.10 Let U be an open adic subspace of X which is purely d-dimensional
and smooth over S, and Y an closed constructible subset of X contained in U.
Assume that f(X) C Y. Then we have Adj(6*[f]) = # Fix f|v.
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Proof. First note that Fix f|y = Fix f since Fix f C Y. Therefore the adic space
Fix f|y is proper over S and # Fix f| makes sense.
In the same way as Corollary B.19, we can deduce from Proposition [5.7] that the

L
map Rly . x (X X5 X, Kx ®A) — Rly, x(X xg X,pry A) is an isomorphism.
Consider the following commutative diagram:

HP (X xs X, pry A) ——— HP (U x5 U,A(d))

| l

HY x (X x5 X, pry A) —— H?,dXSU(U xs U, A(d))

[=23

L
HSO/XSX(X Xs X7 KX X A) H32/d><sU(U Xs U7A<d))

5* i
HY(X, Kx) - » H3 (U, A(d))
HO(X, Ky)< HZ(U, A(d))

Adjx Try

A A.

It is easy to see that the image of cl(f) € HIQf (X x5 X, pry A) under the composite
of the arrows in the left column is equal to Adjy(6*[f]). On the other hand, by
Remark [5.5] the image of cl(f) under the top horizontal arrow is cl(f|y). Since the
image of cl(f|y) under the composite of the arrows in the right column is # Fix f|,
we get the lemma.

5.3 Proof of Theorem

We go back to the notation introduced in §5.11 Let D be a connected component of
Fix f and assume that f is contracting near D. Take a strictly decreasing sequence
(En)n>0 in |k*| converging to 0 such that f(D(e,)) C D(enq1) for every n > 0.
Take a sequence (g/,),>0 in |k*| such that ¢, > &/, > ¢,4, for every n > 0. Then
we have f(D°(e,)) C f(D(en)) C D(ent1) C D°(e)) C D(el)) C D°(g,). Fix an
integer n > 0. The pseudo-adic space D°(e,) := (X, D°(¢,)) is proper over S and
H(D°(g,),A) is a finitely generated A-module ([Hub98d, Corollary 2.3], [Hub07,
Corollary 5.4]). Hence we may apply Proposition to D°(g,). Moreover, we can
also apply Lemma .10 to D°(e),) C D(e),) C D°(e,). Summing up, we get the
formula Tr(f*; RI'(D°(e,), A)) = # Fix(f|p(er))-

On the other hand, for every D’ € my(Fix f) distinct from D, D(e],) does not
intersect D’'; otherwise D’ also intersects (-, f™(D(el,)) C Nuon D(Em) = D.

n
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Thus we have FiX<f|D(€/n)) =D and #FiX<f‘D(e;L)> = #FiXD<f‘D(€’n)> = #FiXDf
(the final equality is due to Proposition 2.10).

Now assume that the characteristic of & is 0. Then, by [Hub98b, Theorem 3.6],
the restriction map H*(D°(e,,),A) — H'(D,A) is an isomorphism for sufficiently
large n. Therefore, by the commutative diagram

RT(D°(z,), A) —— RT(D°(c,), A)

N

RI(D,\) —9— RI(D, A),

we have Tr(f*; RI'(D°(e,),A)) = x(D,A) for such n. Hence we have # Fixp f =
X(D, ), as desired.
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