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Abstract

We derive some rational solutions for the multicomponent and matrix KP hierarchies gen-
eralising an approach by Wilson. Connections with the multicomponent version of the KP/CM
correspondence are discussed.

1 Introduction

The KP hierarchy is an integrable hierarchy of partial differential equations generated by a pseudo-
differential operator of the form

L=D+uiD™ ' +uD7 2+ ... (1)

Here the (u;);>1 are elements of a differential algebra A of smooth functions of a variable = (with
D = 9/0z) and a further infinite family of variables £ = (¢;);>1 . The evolution of L is determined
by the following system of Lax-type equations:

L =B, L] (k=1) (2)

where 0y = 0/0t; and By = (L*)y. All these equations commute, and the variable x may be
identified with ¢;. This hierarchy of equations is naturally viewed as a dynamical system defined
on an infinite-dimensional Grassmann manifold, as discovered by Sato [9]. In [10] Segal and Wilson
developed a very general framework for building solutions to the KP hierarchy out of the points of
a certain Grassmannian Gr(H) of closed subspaces in a Hilbert space H.

The multicomponent KP hierarchy (mcKP) is a generalisation of the KP hierarchy obtained by
replacing A with the differential algebra of r x r matrices whose entries belong to an algebra of
smooth functions of a variable x and r further families of variables

O =tz ot = ()i
which we will collectively denote by t. The operator () now becomes

L=D+UD ' +U;D %+ ... (3)
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where (U;);>1 are r x r matrices. To define the evolution of L we introduce a set of r matrix
pseudo-differential operators R, of the formlY

Ry = Ey+ RiogD™ ' 4+ Roo D72 4. .. (4)

where F,, is the matrix with 1 in the entry (a, ) and zero elsewhere. These operators are required
to satisfy the equations [L, Ro] = 0, [Ra, Rg] = 0 and ), Rq = I, (it can be shown that such
operators do exist). The evolution equations for the mcKP hierarchy are then

Ool = [Bras L]  (k>1,a=1...7) (5)

where O, = 8/815;;1) and Bpo = (L*R,);. The variable z may be identified with Zv tgv); if we

define also for each k > 2 the new variables t; = Z'v t,(J) then the corresponding flows determine a
sub-hierarchy of equations that we call the matriz KP hierarchy.

In [I2] George Wilson obtained a complete classification of the rational solutions to the KP
hierarchy. More precisely, he proved that the coefficients of an operator L satisfying (I]) are proper
(i.e., vanishing at infinity) rational functions of z exactly when L comes from a point of a certain
sub-Grassmannian of Gr(H ), which he called the adelic Grassmannian. This space turns out to be
in one-to-one correspondence with the phase space of the rational Calogero-Moser system [I3]; this
provides a geometric explanation for the phenomenon, first noticed by Krichever in [6], that the
poles of a rational solution to the KP equation evolve as a system of point particles described by
the Calogero-Moser Hamiltonian. On the other hand, the adelic Grassmannian may also be seen
as the moduli space of isomorphism classes of right ideals in the Weyl algebra [2], thereby linking
the subject to the emerging field of noncommutative algebraic geometry. This web of connections
is sometimes referred to as the “KP/CM correspondence” (see also [I] for a wider perspective on
that matter).

The purpose of this paper is to establish some rationality results, obtained in the author’s PhD
Thesis [11], for the solutions of multicomponent and matrix KP hierarchies. Our main motivation
is to understand how the above-mentioned results generalise to the multicomponent setting. The
paper is organised as follows. In section 2] we briefly recall the mapping between points in the
r-component Segal-Wilson Grassmannian Gr(r) and solutions of multicomponent KP. In section
we analyse the multicomponent rational Grassmannian Gr*®*(r) and display an explicit formula
for the Baker and tau functions associated to these points. In section Ml we prove two rationality
results: in Theorem [2] we consider mcKP solutions coming from certain (very special) points in
Gr"(r), whereas in Theorem [3 we restrict to the matrix KP hierarchy but consider a much larger
subset of Gr**'(r). Finally in section Bl we briefly comment on the relevance of these results for the
multicomponent version of the KP/CM correspondence.

Acknowledgements. The author would like to thank George Wilson, Igor Mencattini, Claudio
Bartocci and Volodya Rubtsov for helpful discussions related to this work.

2 Preliminaries

We start by briefly recalling the definition of the r-component Segal-Wilson Grassmannian [10, [§].
Consider the Hilbert space H(") = L?(S*,C"); its elements can be thought of as functions C — C”

LGreek indices will henceforth run from 1 to 7.



by embedding S in the complex plane as the circle vz with centre 0 and radius R € R*. We have
the splitting H(" = HJ(:) & H'") in the two subspaces consisting of functions with only positive
(resp. negative) Fourier coefficients, with associated orthogonal projections m1. The Segal- Wilson
Grassmannian of H(™), denoted by Gr(r), is the set of all closed linear subspaces W C H") such
that 7|y, is a Fredholm operator of index zero and 7_|,, is a compact operator.

If we take the elements of H(™ to be row vectors for definiteness, the loop group LGL(r, C)
naturally acts on H(") (hence on Gr(r)) by matrix multiplication from the right. We define T'; ()
as the subgroup consisting of diagonal matrices of the fornd?

diag(g1,...,9-) with go € 'y (6)

where I';_is the group of analytic functions g: S — C* that extend to holomorphic functions on the
disc { 2 € CP! | |z| < R} and such that g(0) = 1 (cfr. [10]). It follows that for each g, there exists

a holomorphic function f, such that g, = efe (with f,(0) = 0), and by letting f, = D1 tl(-a)zi

we have _
Ja(2) = exp Z tl(-a)zl (7)

i>1

Thus a generic matrix g € I'; (r) may be written in the form

g = exp diag(z tgl)zi, ce Z tz(-r)zi) (8)

i>1 i>1

and is totally described by the family of coefficients £ = (¢, ... (")),

We now recall the mapping between points of Gr(r) and solutions to the multicomponent KP
hierarchy. In what follows we will say that a matrix-valued function 1 (z) belongs to a subspace
W € Gr(r) if and only if each row of 1, seen as an element of H)  belongs to W.

For every W € Gr(r) we define

Dy (W :={gel,(r)| Wg~! is transverse } (9)

where “transverse” means that the orthogonal projection Wg=! — HJ(:) is an isomorphism. For
any g € 'y (r)" the reduced Baker function associated to W and g is the matrix-valued function

1) whose row 1), is the inverse image of e, € HJ(:) (the a-th element of the canonical basis of C")
by 74 |yg-1- It follows straightforwardly that

dwl(g.2) =1+ > Wilg)z" (10)

i>1

for some matrices (W;);>1. Now, since each row of the matrix &W belongs to the subspace Wg~1,

each row of the product matrix 1y g will belong to W; the Baker function associated to W is the
map 1y which sends g € I'y (1) to this matrix:

vl ) = (1 + W) ot (1)

i>1

2More generally, we could consider the subgroup determined by a maximal torus of type r (where r is any partition
of r) in GL(r, C); this gives rise to the so-called Heisenberg flow of type r. However, as shown e.g. in [4], these flows
are simply the pullback on Gr(r) of multiple lower-dimensional mcKP flows.



Notice that for every n € LGL(r, C) one has z/NJW,, (g9,2) = Dw (gn~1, 2), so that

Ywn(g,2) =vw(gn " 2) 1 (12)

We now recall that expressions such as ([I]) are in one-to-one correspondence with zeroth-order
pseudo-differential operators of the form

Kw=1I+Y WD (13)

i>1

where we consider g as a function of the coefficients £ defined by [®). From Ky we can define a
first order pseudo-differential operator Ly, via the following prescription (“dressing”):

Lw = KwDKy! (14)
The following result was proved in [3]:

Theorem 1. For any point W € Gr(r) the operator Ly defined by (Idl) satisfies the multicomponent
KP equation.

We remark that the correspondence (4] is not one-to-one: if K’ = KC where C = I, +
Y51 CD™ for some family (Cj);>1 of constant diagonal matrices then L = L’. At the level
of Gr(r) this “gauge freedom” is expressed by the action of the group I'_(r) consisting of diag-
onal r X r matrices of the form diag(hi,...,h,), where each h, belongs to the group (denoted
I'_ in [10]) of analytic functions h: S — C* that extend to holomorphic functions on the disc
{2 € CP!'||z| > R} and such that h(oc0) = 1.

Another way to describe the Baker function associated to a point of Gr(r) relies on the so-called
tau function. Here we do not need to enter into the details of its definition (see again [3]); the key
fact is that to each subspace W € Gr(r) we can associate certain holomorphic functions on I'y (1),
denoted Ty and Tyag for each pair of indices o # 3, determined up to constant factors, such that
the following equality (“Sato’s formula”) holds:

) ™w (g(qZ)Ot) 1f a = ﬁ
¢W(gvz)a5 = w.d (15)
Z—ITW%@(QQZ,@) 1f «a 75 ﬁ
w(9)
where for each z € Cand @ = 1,. .., r we define ¢,, to be the element of I'y (r) that has ¢,(¢) := 1—%

at the (a, ) entry and 1 elsewhere on the diagonal.

3 The multicomponent rational Grassmannian

3.1 Definition

For the sake of brevity we will denote by R the space of rational functions on the complex projective
line CP!, by P the subspace of polynomials and by R_ the subspace of proper (i.e., vanishing at
infinity) rational functions. We consider the space R” of r-tuples of rational functions with the
direct sum decomposition

R =P ®&R" (16)



and associated canonical projection maps 74 : R™ — P" and 7_: R" — R".
We define the Grassmannian Gr'®t(r) as the set of closed linear subspaces W C R for which
there exist polynomials p,q € P such that

pP"CW Cq 'P" (17)

The virtual dimension of W, denoted vdim W, is the index of the (Fredholm) operator p4 1= 7|y ;
one has
vdim W = dim W’ — rdegp (18)

where W' := W/pP" is finite-dimensional. We denote by Gr*®*(r) the subset of Gr'®t(r) consisting
of subspaces of virtual dimension zero.

This space can be embedded in the r-component Segal-Wilson Grassmannian Gr(r) by the
following procedure: given W € Gr™*(r), we choose the radius R € R* involved in the definition
of Gr(r) such that every root of the polynomial ¢ appearing in (I7) is contained in the open disc
|z| < R; then the restrictions f |’YR for all f € W determine a linear subspace whose L?-closure
belongs to Gr(r). This embedding automatically defines a topology on Gr***(r) and its subspaces
by restriction.

Lemma 1. A subspace W € Gr*®(r) has virtual dimension zero if and only if the codimension of
the inclusion W C ¢~ 'P" coincides with rdegq.

Proof. Condition ([[7]) may be rewritten as gpP” C ¢W C P", so that the codimension of W in
q~'P" is the same as the codimension of ¢W in P”, namely dim P"/qW. Taking the quotient of
both those spaces by the common subspace ¢gpP” we get an isomorphic linear space which is the
quotient of two finite-dimensional spaces:

pr o fpr/qpfpr
qW  qW/qpP"

Moreover, qW/qpP" = W/pP"™ = W’, so that
codim,—1pr W = r(deg ¢ + degp) — dim W’
By using ([I8) we finally get
codimg-1p» W = rdegq — vdim W (19)
from which the lemma follows. O

Let’s introduce a more algebraic description for Gr'®*(r) in the same vein as [I2]. For every
k=1,...,7, s € Nand A € C we define the linear functional evy ; » on P" by

<6Vk,s,)\, (p1, L. ,pr)> — pl(cS) ()\)

These functionals are easily seen to be linearly independent; we denote by €™ the linear space
they generate, and think of it as a space of “differential conditions” we can impose on r-tuples of
polynomials. We also set

(r) .
€\’ :=span{evy s }ti<k<r seN



and -
T
(fm = Spaﬂ{er,s,,\}lgkgr, 0<s<t

with the convention that CKO(T)? = {0}.

Given ¢ € €, the finite set of points A € C such that the projection of ¢ on (fy) is nonzero
will be called the support of c. For every linear subspace C' C €, its annihilator

Vo i={(1,...,pr) €EP" | {c,(p1,...,pr)) =0forallce C}

is a linear subspace in P".

Lemma 2. A subspace W C R" belongs to Gr*®*(r) if and only if there exist a finite-dimensional
subspace C C € and a polynomial q such that W = ¢~V ; moreover W € Gr™(r) if and only
if rdegqg =dimC.

Proof. Let’s suppose that W = ¢~ 'V for some finite-dimensional subspace C' in € and let
{A1,-.., Am} be the support of C. For every i = 1,...,m let t; be the maximum value of s for the
functionals evy 5 5, involved in the elements of C. By letting p := [/~ (2 — ;)% it follows that
pP" C Ve, hence a fortiori pgP" C Vi € P" and dividing by g we see that W € Gr'®*(r). Now, if
rdegq = dim C then codimp- Vo = dim C = r deg ¢ and lemma [l implies that W € Gr*®*(r).

For the converse, let W € Gr*2*(r). Then there exist p,q € P such that gpP” C ¢W C P"; this
means in particular that the linear space W is obtained by imposing a certain (finite) number of
linearly independent conditions in the dual space of P"/gpP". The latter can be identified with
C"®U, where U is the linear space of polynomials with degree less than deg p+deg g, so that ¢W is
determined by a finite-dimensional subspace in (C"®U)*. On the other hand, this space is generated
by the elements of (") (e.g. using the functionals % ev,s,0 that extract the s-th coefficient of the
k-th polynomial). Thus, there exists a linear subspace C C %) of finite dimension such that
Vo = gW. If moreover vdim W = 0, then by ([I8) the linear space W' = ¢WW/gpP has dimension
rdegp, so that it must be defined by rdegp linearly independent conditions. It follows that the
subspace C' has dimension r deggq. O

In the sequel, the subspace ¢~V singled out by this lemma will be denoted simply by (C, q)*.

Lemma 3. Two subspaces Wi = (C,q1)* and Wa = (C,q2)* determined by the same conditions
space C in Gr™'(r) lie in the same T'_(r)-orbit.

Actually, the matrix n := Z—;IT belongs to I'_(r) (notice that ¢ and g2 are both of degree
rdim C) and is such that Wyn = Wa.

We say that a finite-dimensional subspace C' C (") is homogeneous if it admits a basis consisting
of “l-point conditions”, i.e. differential conditions each one involving a single point:

C=Cx where Cy:=CNE," (20)
AeC

We denote by Gr™(r) the set of subspaces (C,q)* € Gr'®(r) such that C is homogeneous,
dim C'\ = rn) for some natural numbers n) € N and ¢ = q¢, where

go = [[Gz=n™ (21)

AeC



3.2 The Baker and tau functions

We would now like to determine the Baker function of a point (C,q)* € Gr"™'(r). By Lemma [J it
is enough to consider the case ¢ = z%. Thus, we suppose that dim C' = rd and take the subspace
W = (C, 2%)*; we claim that ¢y must have the form

d
ow(a2) = (14 W0 )at) )

Indeed, by standard arguments (cfr. [12] Sect. 4]), on the one hand we have that each row of the

matrix-valued function 2%y (g, 2) (for every fixed g) belongs to the L2-closure of V¢ in HJ(:) (for
some value of the radius R), and on the other hand that each functional evy s » extends uniquely

to a continuous functional on H_(‘_T); hence (29w ) € Ve for every a. Now,

(o Yo = (Zd5a6 3 Wias (g)zd-j>gﬁ<z>

Jjz1

and if we require every matrix element to be a polynomial, we see that every W; with j > d must
be the zero matrix.

To determine the matrices Wy, ..., Wy, let (c1, ..., crq) be a basis for C; for each a we take the
a-th row of 2%y and impose the equalities (c;, (2% )a) = 0 (with i = 1,...,7d). This yields the
following linear system of equations:

d
(ci, (zdéaﬁ +) Wiag (Q)Zdj) 9s(2)) =0 (23)

Jj=1

In other words, we have a family of r linear systems, each of which involves rd equations, for a total
of r2d scalar equations. The unknowns are of course the 72 entries of the d matrices {W1,..., Wy};
the coefficients of these unknowns involve, as in the scalar case, the gg’s and their derivatives
evaluated at the points in the support of C.

The tau functions associated to W = (C, 2%)* € Gr"™'(r) are readily obtained by imitating the
calculations in [3]; they are built out of the following family of (rd+ 1) x (rd+ 1) matrices (indexed

by o, B=1,...,7):

<01791> <Crd,91> 0

: : 2~
(c1,gr) . (Crd, gr) 0
(c1,291) o (Crd,291) 0

: : 21-d

Mg = (e, 2gr) . (Crd, 2gr) 0 (24)

{e1, 297 g1) ... {epa, 297 1gr) 0

: : 271
<Cluzd_lgr> oo <Crd72d_1gr> 0

(c1, zdga> cee Acrd, zdga> dap



where in the last column the only nonzero element is on the 5-th row of each block. Notice that in
an expression like (¢;, g,), gy must be interpreted as the row vector having g, in its y-th entry and
zero elsewhere.

In terms of these matrices, the “diagonal” tau function 7y is simply the cofactor of the element
0o = 1 in the lower right corner, or equivalently the determinant of the rd x rd minor obtained by
deleting the last column and the last row:

mwg) = det((c0.)) iy (35)

This is just the matrix of coefficients of the linear system (23)), so that the system has a solution
exactly when g € I'y (r)", as expected. The “off-diagonal” tau function mwas (with o # f3) is the
cofactor of the element z~! in the last column:

W (9) = (1) det((er. /7 gy + 8jadyo(200 ~ 9D oy ra (26)

Observe that an expression such as 277! g, may equivalently be read as 8{; ! g~; this will be useful
in what follows.

4 Rational solutions

We can now prove a rationality result for the solutions of the mcKP hierarchy coming from subspaces
in Gr™(r) defined by a set of condition whose support is a single point.

Theorem 2. Let W € Gr™(r) and suppose that W = (C, qc)* with C supported on a single point
A e C. Then:

1. Each diagonal entry of the reduced Baker function Yw is a rational function of the times
tgl), o ,tY) that tends to 1 as tga) — 00 for any «;

)

2. The tau function Tw is a polynomial in tgl with constant leading coefficient.

Proof. The two statements are equivalent by virtue of the diagonal part of Sato’s formula (IH), so
it suffices to prove one of them; we choose the first. By hypothesis we have W = (C, (z — A\)%)* with
C C ‘K)ET) of dimension rd; let (ci,...,cqq) be a basis for it. Consider the subspace U := (C, 2%)* €
Gr'®*(r); its tau function is given by ([25). To compute the diagonal elements of the corresponding
Baker function we use Sato’s formula for U:

- 70 (9%¢a)
YUaa = 27
o Tu(9) 27
(here we consider ¢ as a parameter and z as a variable). Since we are only interested in the times

with subscript 1 we will work in the stationary setting, i.e. we put t,(ca) = 0 for every k > 2,
a = 1...m. Each condition ¢; is supported at A, hence we can define a family of polynomials

{bir}i=1..rd,v=1..r (with ¢;y only depending on tg’Y)) by the equation

(ciy g'y> = g’y()‘)(bi'y (28)



To apply (27)) we need to know the determinant of the matrices (’9{;1<ci,gv> and 8{;1@1-,97(1 -
davyg)). As for the first, by using ([2]) its generic element can be written in the form

a{;l (ciygy) = 8{;1(97()\)@” =gy(M)(014 + )‘)j_l(biv (29)
For the second matrix we have
- z . . z
a{’y 1<Ci=9v(1 - 5a72)> = 6{7 1<Ci797> - 6{7 1<Civ 6avgvz> (30)

The first term is exactly (29), whereas the second is

5&78{7 <Ci7 g’y><71 = 5&78{7 (g'y (A)(bz'y)cil = 50479’)’()‘) (al’v + A)j(bi’ycil

By putting all together, equation (B0) becomes

gv()‘)(alv + )‘)jil (¢i7 - 5av(alv¢m + )‘¢iv)cil)
that we can rewrite as
1

a’yC — )\al'y(bi'y) (31)

A .
(N1 = 0oy ) (Ory + A Yy — 0
But (1 — 5047%) = gca(A)y, so plugging ([29) and (BI)) into ([27) we obtain

det (((917 + )\)j_l ((bz'y - 60{7 C,L)\al’y¢i’7))
det (014 + A\)~ 1)

Yvaalg, Q) = (ac(N)* (32)

The factor (g¢(\))? disappears when we go back from 1y to 1w; we are left with the ratio of

two determinants of matrices with polynomial entries in the times tg'Y), which is clearly a rational

function. Moreover, if we expand the numerator of ([B2) by linearity over the sum, we see that
the term obtained by always choosing ¢;, exactly reproduces the polynomial at the denominator,
and all the other terms involve a polynomial which has degree strictly lower than 7 in some tg'Y)

(since we replace ¢;, with one of its derivatives); this proves that 1/~)Waa — 1 as all the tga) tend to
infinity. O

We now consider the evolution on Gr(r) described by the flows of the matrix KP hierarchy.

Recall from the Introduction that these are given by the vector fields 9/0tx, where ), = >__ tl(J).
Equivalently, we can take the matrix g € I'; (r) to be of the form

g= diag(eg(flt’z), e ,eE(Flt’z)) (33)

where t = (t)k>1 (and t; = z). Let’s define § := ef" "2 and h := ¢5(t2) (so that g = gl and
g" = h); then the Baker and tau functions for the matrix KP hierarchy are naturally expressed in
terms of h only, since that single function completely controls the flows of the hierarchy.

Theorem 3. Let W € Gr™™(r), then:

1. 1/~JW(h, z) is a matriz-valued rational function of x that tends to I, as x — 0o;



2. tw(h) and Twap(h) are polynomial functions of © with constant leading coefficients.

Proof. Let W = (C, q¢)* with C homogeneous and let (\1,...,\g) be its support with each point
counted according to its multiplicity (so that the \; are not necessarily distinct); finally for each
i=1...dlet (cij)j=1..r be aset of r linearly independent conditions at A;. In this way we get a basis
(c11, - -, cqr) for C made of 1-point conditions. Now consider the subspace U := (C, z%)* € Gr™*(r);
it is related to W by the following element of T'_ (r):

d d )\k:
n= H g=(Ai) "', = exp (Z > fz_’“)’r (34)

k>0 i=1

This corresponds to multiplying the tau function by

r d T d
i=TLew(~ X3 x) = T TLan0 =TT 00 (39)
a=1 k>0 i=1 a=1i=1 i=1

since g, = ¢ for every a and §" = h.

Let’s define the family of polynomials {¢;jy} (for ¢ = 1...d, j = 1...7, v = 1...r) by the
equation

(cijr 9v) = 9(Xi) Pijy (36)

Again, this works precisely because each c;; is a 1-point condition; notice that, although g, = g for
every 7, the polynomials ¢ still depend on + since it is the index of the only nonzero entry of the
row vector on which ¢;; acts.

We can now easily compute the tau functions associated to U by retracing the same steps as
in the proof of theorem 2] but now using the polynomials defined by [B6). Then 7 (g) is the
determinant of the matrix whose generic element is

G(N) 01y + X)L gy

The term g(A;) does not depend on the row indices (k,v) so that we can factor it out from the
determinant and get

d
= [[@O)" det ((O1y + X)* ' ijy) (37)
=1
But [T,(g(N\:))" =11, h(X\i) is exactly the inverse of (B3], so that
mw = det (D1 + \i)* " dijy) (38)

is the determinant of a matrix with polynomial entries in tga) = T, hence a polynomial in z and the
coefficient of the top degree term involves only the constants ;. By Sato’s formula, this implies
that z/?w(m — 1 as x — oo.

Now take o, 8 € {1,...,m}, a # (8 and consider the off-diagonal tau function 74z (g); it is given
by the determinant of a matrix M,g(g) which coincides with the one involved in the definition of
717(g) except for the row corresponding to k = d—1, v = 3 which is replaced by the row {c;;, %, ga)-
But since g, = gs = § we can again collect out of the determinant the same factor as before, so
that Twag(g) = det ;; -, with

O, = (O1y + X)Ly ifk#dory#B (39)
D (O1a + i) ija ifk=dandy=3

10



This is also a polynomial in x; moreover we can write
(010 + Xi)%Pija = (010 + X)) (Nidija + O1adija) (40)

But now M,s has also a row (for k = d —1, v = «) whose generic element reads (\; + ala)d_lgbija,
and we can subtract this row multiplied by A; (say) to the row (@) without altering the determinant,
so that
o = J O+ X 6y, if k£ dory#
TET (01 + AU = M)dija + Dradije)  ifk=dand y=§

This means that Ty .g is the determinant of a matrix whose generic entry is equal or of degree
strictly lower than the corresponding one on 7yy; it follows that the degree of Ty o is strictly lower
than 7y, and this (again by Sato’s formula) implies that the off-diagonal components of Yw tend
to zero as * — oo. o

To see how some of the new solutions look like, take for example the homogeneous subspace

with 1-point support W = (C, Zi)\)* with C' generated by the r conditions

Ck = €Vg 1)\ Tak1 €Vi 0N+ -+ Qkyr €Vy0 ) (k =1.. .T) (41)

determined by the r x r matrix A = (a;;). These are, in a sense, the most general conditions
involving only the functionals evj s with s < 1. For the sake of brevity, let’s set t) := ril(x +
2ta\ + 3t3\% + ...); then

W (t) = det(t)\lr + At) Twag(t) = — COf&a(t)\Ir + At)

1
FEED)
where cof o stands for the (53, a)-cofactor of a matrix and A’ for the transpose of A.

More generally, we could take the element of Gr'™(r) determined by the support {A1,..., Ay}
and, for each ¢ = 1...n, a matrix A; that specifies a set of conditions of the form [{I]) to be
imposed at the point \;. The tau function of such a subspace is the determinant of the following
block matrix:

U(t,z) = I, — (tr1, + AH) 71

Y; Y,
MY+ I MYy + I
)\nfly ' _ n—2 . n—1 . _ n—2
nly 4 (n— DAL L ALY, o+ (n— 1D)AR2,

where Y; := ¢y, I, + A;'. The off-diagonal tau functions Twapg are obtained in the usual way (i.e.,
replacing the S-th line of the bottom blocks with the a-th line of the blocks AT'Y; + n/\?_llr), and
the matrix Baker function is then given by Sato’s formula. When r = 1, these subspaces are exactly
the ones described in [I3] Sect. 3].

5 Relationship with the multicomponent KP/CM correspon-
dence

Recall from [I3] that a crucial ingredient of the scalar KP/CM correspondence is the bijective map
B: C — Gr*! between the phase space of the Calogero-Moser system C and the adelic Grassmannian
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Gr*™. In the multicomponent case, an analogous mapping should be defined between the phase
space of the Gibbons-Hermsen system [5] (also known as “spin Calogero-Moser”) and some space
of solutions for the matrix KP hierarchy, as suggested by a well-known calculation [7].

In Wilson’s unpublished notes [14], a map that fulfils this role is conjectured. In order to describe
(part of) the definition of this map let’s recall (see e.g. [I3] Sect. 8]) that the completed phase
space of the n-particle, r-component Gibbons-Hermsen system is the (smooth, irreducible) affine
algebraic variety defined by the following symplectic reduction:

Cnr ={(X,Y,0,w) | [X,Y]+vw=—-1I}/GL(n,C)

where (X,Y,v,w) € End(C") & End(C") ® Hom(C",C") ® Hom(C",C") and GL(n,C) acts as a
change of basis in C". Now denote by C,/ . the subspace of Cy, , consisting of equivalence classes
of quadruples for which Y is diagonalisable with distinct eigenvalues; from each of these classes we
can select a representative such that ¥ = diag(A1,...,A,), X is a Moser matrix associated to Y
(ie. Xij = 1/(N — ;) and X;; = oy is any complex number) and each pair (v;,w;) (where we
denote by v; the i-th row of v and by w; the i-th column of w) belongs to the algebraic variety
{(n)eC" xC"|£-n=—-1}/C* where A € C* acts as

A(&m) = (A& A ) (42)

Notice in particular that none of the v;’s and w;’s can be the zero vector, by virtue of the normali-
sation condition v;w; = —1.

According to [I4], a point [X,Y,v,w] € C} . corresponds to the subspace W € Gr'®(r) defined
by the following prescriptions:

1. functions in W are regular except for (at most) a simple pole in each \; and a pole of any
order at infinity;

2.4 f=30s fki) (z — A\;)¥ is the Laurent expansion of f € W in ); then:

(a) f
(

Ei is a scalar multiple of v;, and
0) (f§” + aif9) - wi = 0.

Our purpose is now to show how these prescriptions translate in the language of the previous
sections.

So suppose that W € Gr'™(r) satisfies conditions ([H2); we must find a finite-dimensional,
homogeneous space of conditions C' such that W = (C, g¢)* where g¢ is given by (2I)). Condition
[ clearly implies that C' has support {A1,...,A,} and g¢ = [[\—,(z — A;). Thus, we only need to
find, for each i = 1...n, a subspace C; C %/\(:) of dimension r whose elements satisfy the conditions
2al2h). Let’s define the n polynomials

g = qc :H(z—)\j)

=N

for i = 1...n; then by a direct computation we have that

evio (acf) = a(h)fY,
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and similarly

evi(aef) = D2 T] e =078+ a0 151
£ j#i,0
whence (putting 8; := 3, (A — o)D)

qi(A:i) ézz)c = (evi,1,0 —di evi,o)(qc f)

Using these expressions, (2al) reads
evion(gef) = (N)avy,  forallk=1...r

for some a; € C, but only » — 1 of these conditions are independent because of the C*-action (42])
on v;. As we already noticed, at least one entry of v; is nonzero, say v;1 # 0. Then we can use the
C*-action to normalise v;; = 1, so that evy o, (¢gcf) = ¢:(Ai)a; and the remaining r — 1 conditions
can be written as

evion (gof) —vikevion(qgof) =0 forallk=2...r
The further condition (2D)) directly translates as

> wii (evk1x, (g0 f) + (i = 6i) evion (gof) = 0
k=1

where wy; is fixed by the equation v;w; = —1. We conclude that, in the (r — 1)-dimensional affine
cell where v;; # 0, we can take as C; the subspace

T
C; = <€V2,o,,\i —Vi2 V1,005 - > €Vr,0,0; —Vir €V1,0,\;5 Z wri(eve,1,; +(o — 6;) er,o,,\i)>
k=1
Analogous descriptions are available in the other cells, where v, = 0 for every k < k* and v+ # 0.
Repeating this argument for every ¢ = 1...n, we obtain a homogeneous subspace C' = C1®---®C,
in €") such that W = (C, qo)*, as we wanted.
To see a concrete example in the simplest possible case (n = r = 2), consider the space associated

to a point
V1w
ST Ve v At 0 vnn viz) fwn wiz) | e
seos a2 JO\00 X)) \war v T \war wae 22

Suppose further that vy # 0 and vy; # 0; the corresponding subspace W € Gr™(2) is then given
by (z — A1) (2 — X2) "V, where C C €3 is generated by the four conditions

C11 = €V2,0,\; —V12€V1 0,
C12 = W11 €V1,1,0, TWa1 €Va 1, +wii(a1 + 6) evy g, +wai(ar +6) evag a,
C21 = €V2.0,x, —V22 €V 0\,

C22 = W12 €V11,x;, TW22 €V2 1, twiz(a2 — ) €vio 2, +waz(a2 — ) eva o,

where 5 = 52 = —51 = (AQ — /\1)71, w11 = -1 - V12W21 and w1 = -1 — V22W22. After some
computation we find

w(t) = (tr, +1)(tr, +2) + 52(”221021 + wi1)(v12wa2 + w12)
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Twi2(t) = —wi2022(Ex, + 1) — wi1v12(Er, + 2) + 6 (2012022 (W12w21 — W1 W22) + Va2wi2 — V12WI1)
Twa1(t) = —waa(tr, + 1) — war(Ex, + a2) + 6 (2warwaz (vez — v12) + war — woaz)

We remark that 7y coincides with the determinant of the matrix X under the evolution described
by the Gibbons-Hermsen flows Hy = tr Y'* (taking t; as the time associated to Hy):

6(>‘1) VW2
w (t) = det ot 2SN PP B Vp
g(>‘2) VW1 o +t

g(A1) A=A 2 A2

This result fits nicely with the general formulae derived in [I4].
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