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Abstract

Let >, denote the class of functions f which are harmonic, mero-
morphic, orientation preserving and univalent in U = {z : |z| > 1}.
This paper defines and investigates a class of meromorphic univalent
harmonic functions that are starlike of complex order with respect to
conjugate points. The authors obtain convolution and convex combina-
tion properties.
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1 Introduction

A continuous function f = u + iv is a complex valued harmonic function in a
complex domain D C C if both v and v are real harmonic in D. Hengartner and
Schober [1], among other things, investigated the family ) ,, of functions f =
h + g which are harmonic, meromorphic, orientation preserving and univalent
in U ={z:|z| > 1} where

h(z) =z + Zanz*", g(z) = anz’", an>0,b,>0,z€U. (1)
n=1 n=1
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Motivated by the results of [1], Jahangiri and Silverman [3] and Jahangiri [2]
studied the classes of functions in ), which are starlike or convex in U. In
particular, they investigated starlike and convex functions in the class ),
consisting of functions f = h + ¢ where h and g are of the form

h(z) =24 lanz™, g(z) ==Y |balz™", 2€U. 2)
n=1 n=1

In [5], Nasr and Aouf introduced the class of starlike functions of complex
order b. Denote S§*(b) to be the class consisting of functions which are analytic
and starlike of complex order b(b is a non-zero complex number) and satisfying
the following condition

Re {1+%(Zﬁg)—1)}>o, ceU=1{z:]7 <1}

In [4], Janteng and Abdul Halim were motivated to form a new subclass of
> 4 based on Nasr and Aouf’s class as follows.

Definition 1.1 Let f € Y ,,. Then f € >, Si(b,«) is said to be harmonic

meromorphic starlike of complex order with respect to conjugate points, if and
only if, for 0 < a < 1, b non-zero complex number with |b| < 1, 2/ = &(z =

re), f'(z) = %(f(z) = f(re?)), 1 <r <oo and 0 <6 < 2m, %

Re {1—1—1( 2:/2) —1)}2a, |z| =7 > 1.
b\ #(f(2) + £(2))

If f takes the form (2) then we denote it as ) 5 Sk (b, a).

2 Main Results

The following theorem proved by Janteng and Abdul Halim in [4] will be used
throughout in this paper.

Theorem 2.1 Let f = h+g be given by (1). If

N n+1—|b] +albl =~ (n—1+b] — alb|
Z( =)l )'“”'*Z( = a)fi )'b”'“’ )

n=1 n=1

where 0 < a < 1 and b a non-zero complex number with [b| < 1 then f

is harmonic, orientation preserving, univalent in U and f € Y, S:(b, ).
Condition (3) is also necessary if f € Y 5 Sx(b, ).
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Next, we show that the class ) 5 S’(b, ) is invariant under convolution and
convex combinations of its members.

For harmonic functions f(z) = 2+ >~ |an|z™™ = > 07 |by]Z 7" and F(z) =
z4+ > 07 Az =" | BalZ 7", we define the convolution of f and F as

(f * F)(z —z+2|anA|z Z|bB|"”. (4)

In the next theorem, we examine the convolution properties of the class > ", S¥(b, o).

Theorem 2.2 For0 <3< a<1,let fe) 555ba)and F € 7 Sxb,3).
Then (f % F) € > 5 Sk(b,a) C > 53 Sx(b, ).

Proof. Write f(z) = z 4+ > o lanlz™ = > 07 [by|Z ™ and F(z) = z +
Yoo |Anlz™™ =320 |Bnlz 7. Then the convolution of f and F' is given by
(4).

Note that |A,| <1 and |B,| < 1since F' € > 5 S¥(b, 3). Then we have

> [ — (bl = afb| = Dllaal[Aal + D [0+ (o] = afb] = 1)][ba]| Bl
< > I (bl = alb] = Dllas| + Y+ (bl = alb| = 1)][bal-

Therefore, (f x F) € Y 5 S5(b,o) C Y 5 S5(b, 3) since the right hand side of
the above inequality is bounded by (1 — «)|b| while (1 — a)|b] < (1 — 8)[b].

Now, we determine the convex combination properties of the members of
S 20, )
Theorem 2.3 The class Y 5 S5 (b, ) is closed under convex combination.

Proof. For i =1,2,3, ..., suppose that f; € > 5 Sr(b,a) where f; is given by

oo o0
z)=z+ Z |y |27 — Z bni|z 7"
n=1 n=1

For Zf; c; =1, 0 < ¢ <1, the convex combinations of f; may be written as

oo o0 oo oo o0

doafiz) = az+ Z calanilz™ =D clbnalz M2z + Y elanalz T =) calbnalz "

i=1 n=1 n=1 n=1

= chl - Z <ch|an7i|> 7 - i (iczlbm) 5 n

i=1 n=1 \i=1

= z+ Z (Zcz|an7i|> ZT nf:l <Z z|bn77;|> z-

i=1

3
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Next, consider

§j<m—um—aw—1n§jwmm>

+ <[n+ (6] = afb] = 1)] Zci\bn,i! >

= a1y In— (bl —alp| = Dlan| + ..
+em Y [ — (1] = alb] = D)]|anm| + -
+ C1 Z[n + (|b| — a|b| — 1)]|bn71| + ...

+em Y [+ (o] = alb] = 1)][bum| + ..

= e > oln— (bl - albl = Dljani
+ I+ (bl = afb] = 1]fbu -

Now, f; € > 57 Sk(b,a), therefore from Theorem 2.1, we have

> In = (bl = alp] = Dllana| + > [n+ (1b] = alb] = D)]|basl < (1= a)lb] .
Hence

S5 ([ — (16l — albl = DI, iland )
£33 (I (6] = alb] = DS, calbu )
<(1- )T,

= (1-a)bl.

By using Theorem 2.1 again, we have Y .2, ¢;f; € > 57 Sx(b, ).
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