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Abstract. Th e article describes the limiting parameters of the rising branch of adhesive characteristics. Attention 
is paid to the actual results of experimental research conducted by the authors. A summary of the obtained knowledge 
is made. In addition, a test stand of tram wheels driven by the synchronous motor and the carried out experiments are 
described. A comparison of the achieved results is drawn.
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1. Introduction

Adhesive characteristics (Čáp 1988; Lata 2008; Berthier 
et al. 2004; Kawamura et al. 2004; Yamazaki et al. 2004; 
Bureika 2008; Spiryagin et al. 2008) are the property of 
the mechanism of tangential power transmission be-
tween the wheel and the rail and is defi ned as the de-
pendence of tractive force T or the coeffi  cient of adhe-
sion μ on relative creep, i.e. T = f(s), resp. μ = f(s).

In this respect, the rising branch of adhesive char-
acteristics is the most signifi cant factor which at the 
same time is one of the most important inputs of regu-
lating systems. Such ordering enables the most effi  cient 
exploitation of the tractive and braking abilities of the 
vehicle (Bureika and Mikaliūnas 2008, Dailydka et  al. 
2008; Spiryagin et al. 2008).

Th erefore, it is necessary to determine the value of 
initial steepness cTs, or cμs defi ned as an increment of 
tractive force, adhesion coeffi  cient, or in relation to a 
small increment of relative creep.

Th eoretical examinations as well as practical re-
search have dealt with this subject for quite some time 
now, and therefore our participation in this fi eld brings 
new discoveries. However, before starting, have a brief 
look back to history.

2. Evaluation of the Existing Knowledge 
Regarding the Steepness of the Rising 
Branch of Adhesive Characteristics

Th e fi rst essentially correct solution was introduced by 
F. W. Carter in the late twenties deriving tangential force 
intensity between the wheel and the rail from relative 

creep. In his paper, Carter (1926) defi nes the following 
equation:

= ⋅T f s , (1)

where coeffi  cient f includes wheel diameter, the width of 
the contact surface and standard wheel force. In another 
paper (Carter 1928), he states that in order to reach the 
coeffi  cient of adhesion μ = 0.35 on the locomotive wheel, 
relative creep s = 2.86·10-3 ≈ 0.3% is necessary. When 
Carter’s equation to calculate the maximum steepness of 
adhesive characteristics (r1x – wheel radius; Q – vertical 
force):

= ⋅ ⋅ ⋅3
max 11.46 10Ts xc r Q , (2)

is converted using the formula:

μ = Ts
s

c
c

Q
, (3)

then the steepness of adhesive characteristics marked as 
the dependence of the adhesion coeffi  cient on relative 
creep is defi ned as:

μ = ⋅ ⋅ 13
max 1.46 10 x

s

r
c

Q
. (4)

Kalker’s (1973, 1978) equation based on the dimen-
sions of the contact surface (E – Young’s modulus; a – 
major semi axes of contact ellipse; b – minor semi axes 
of contact ellipse):

⎛ ⎞= ⋅ ⋅ ⋅ + ⋅⎜ ⎟
⎝ ⎠

max 1.25 0.4Ts

a
c E a b

b
, (5)

converted in the same way will give us the formula for 
calculating steepness as defi ned above:



μ
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Q
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Our own research, based on Freibauer’s (1983) 
theory and the relation between the coeffi  cient of fric-
tion ϕ and adhesion μ, published earlier, (ε – gradient of 
tangential stress in the contact area), where:

ε⎛ ⎞μ = ⋅ϕ⋅ ε +⎜ ⎟π + ε⎝ ⎠2

2
arctan

1
, (7)

shows that the steepness of adhesive characteristics may 
be determined directly by means of diff erentiation:

μ
μ ε

= ⋅
εs

d d
c

d ds
. (8)

Th e resultant formula then is:

( )
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π ρ + ε
2

2

4 1 1

1
sc . (9)

Letter ρ stands for the constant of the contact sur-
face to which the following formula applies:

⋅ π ⋅ ⋅
=

ρ ⋅

21 2

3

a b K

Q
. (10)

Th e parameter discussed in formula (9) reaches its 
highest value when ε = 0, i.e.:

μ = ⋅
π ρmax

4 1
sc . (11)

Hence, our discovery shows that the effective 
branch of adhesive characteristics reaches its maximum 
steepness at the initial stage and that this steepness is 
independent of the coeffi  cient of friction ϕ. Apart from 
4/π, it depends only on the constant of the contact sur-
face ρ, see (10).

If a substitution for it is made in equation (11), 
we get:

μ
⋅ ⋅

= ⋅
2

max

8

3
s

a b K
c

Q
, (12)

which is also an alternate expression of Kalker’s (1973, 
1978) coeffi  cient c11, though in addition, it includes the 
elasticity constant of touching object materials (K) the 
value of which has experimentally been found to be K = 
2.5·1010 kN·m-3.

Th e original Kalker’s (1973, 1978) coeffi  cient was 
based on his theory of elastic deformations published by 
Fiehn et al. (1979). However, its practical application at 
Knorr-Bremse Company failed. Saumweber and Winkle 
(1981) state that ‘adhesive characteristics based on the 
assumption of elastic deformations are not applicable for 
the braking mode’.

Numerous experiments have shown that the steep-
ness of the rising branch is, in fact, signifi cantly smaller 
than that suggested by this theory. In his paper, Kalker 
(1978) responded that the slip and elasticity of touch-
ing objects were infl uenced by the actual condition of 
the object surfaces. Th is claim was based on the experi-
ments conducted by Johnson (1958). According to their 

fi ndings, the deformations of the wheel and the rail do 
remain elastic; however, their surfaces, though are never 
ideal, have an infl uence on the actual size of creep which 
means that characteristic steepness is, in fact, smaller in 
comparison with the previous theories.

Now, let us have a look at some typical combina-
tions of wheel radius r1x and vertical force Q.

Th e numerical values of steepness will be calculated 
using (4), (6) and (12) and then compared to the results 
of the conducted experiments.

In addition, the relative creep size is provided cor-
responding to the chosen value of the adhesion coeffi  -
cient (μ = 0.3 in this case) which serves as a comparative 
parameter.

r1x = 0.5 m; Q = 100 kN:

  (4): cμs = 1.03·102 (s(0.3) = 0.0029);
  (6): cμs = 1.55·102 (s = 0.0019);
(12): cμs = 1.66·102 (s = 0.0018);
(11): cμs = 1.64·102 (s = 0.0018).

r1x = 0.625 m; Q = 105 kN:

  (4): cμs = 1.13·102 (s = 0.0024);
  (6): cμs = 1.66·102 (s = 0.0018);
(12): cμs = 1.88·102 (s = 0.0015);
(11): cμs = 1.88·102 (s = 0.0016).

In both cases, the presented results may be com-
pared to the values obtained through experiments con-
ducted by Cejka (1968) and Fiehn et al. (1979).

cμs = 1.50÷2.0·102  (s = 0.0015÷0.0017).

Th ose measurements took place in the late sixties. 
Later, similar measurements were carried out by Fiehn 
et al. (1979) but this time on vehicles driven by asyn-
chronous motors. Th e results were as follows:

cμs = 1.20·102  (s = 0.0025) dry rails, V = 47 km/h;
cμs = 0.54·102 (s = 0.0055) wet rails, V = 90 km/h.

Steepness ranges for typical surface conditions:

cμs = 1.60÷1.40·102 (s = 0.0018÷0.0021) dry;

cμs = 0.90÷0.55·102 (s = 0.0033÷0.0054) wet;

cμs = 1.00÷0.90·102 (s = 0.0030÷0.0033) wet, sanding.

Frederich (1970) carried out extensive experiments 

on tram vehicles; his article provides valuable informa-

tion on drawing a comparison. First, let us present the 

calculated theoretical values of tram wheels:

r1x = 0.36 m; Q = 30 kN:

  (4): cμs = 1.60·102 (s = 0.0018);

  (6): cμs = 1.90·102 (s = 0.0015);

(12): cμs = 1.20·102 (s = 0.0025);

(11): cμs = 1.17·102 (s = 0.0025).

In Frederich’s (1970) article, theoretical values are 

calculated using equation (12).

Th e measurements carried out on a specially modi-

fi ed tram powered by the vehicle of 600 V DC and DC 

serial motors are of a considerable signifi cance. From the 
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tables published, steepness cμs can be determined in the 
range of cμs = (0.6–1.0)·102 for s = (0.0030–0.0050) while 
the maximum value may be cμs = 1.2·102 for s = 0.0025.

We share the same area of interest applying to the 
tram wheel driven by a synchronous motor.

3. Our Experiments Conducted on the Test Stand

At the Jan Perner Transportation Faculty of the Univer-
sity of Pardubice, experimental research was conducted 
in the fi eld of driving dynamics and adhesion. A special 
test stand consisting of a rotating rail rig and a tram 
wheel driven by a synchronous motor was constructed. 
Th is project was originally carried out by the company 
VUKV a.s. (Research, Development and Testing of Rail-
way Vehicles). Later, the stand underwent an extensive 
reconstruction of its mechanical and electrical parts, in-
cluding (Fig. 1):

1) a supporting frame with a handling platform;
2) a pneumatic control system of vertical thrust 

generation;
3) driven wheel with a propeller shaft ;
4) synchronous traction motor;
5) rotating rail;
6) asynchronous brake motor.

Th e angular velocities of the tram wheel and ro-
tating rail rig are scanned using highly sensitive rotary 
sensors. Th ere are 4000 impulses per revolution in the 
wheel sensor and 1024 of those in the rail sensor. Th e 
hardware and soft ware of the test stand work with the 
time interval of 64 ms which only allows for lower ac-
curacy.

Currently, the wiring and operating system are 
complete. In this area, we work together with the spe-
cialists from the Department of Electrical Engineering, 
Electronics and Traffi  c Safety Technologies as operating 
a synchronous motor is no simple matter.

By the end of the year 2008, two types of experi-
ments had been conducted on the test stand. First, the 

simulations of exceeding the limits of adhesion with 
varying input parameters of velocity were carried out 
and the conditions of contact surfaces were established; 
second, the processes of transition from braking to trac-
tion and vice versa took place under varying conditions.

At the start of each experiment, breaking torque 
(loading motor torque) was set to the value (approxi-
mated from the vertical thrust and creep), where the 
coeffi  cient of adhesion corresponded to the normal trac-
tive mode. Th en, torque was gradually increased until it 
reached the limit of adhesion where a signifi cant creep 
rise was observed.

Th e simulation of reaching the limits of adhesion 
was conducted at varying speeds on dry contact sur-
faces which consequently were degreased with benzine 
and the limits of adhesion were tested again at the same 
speeds as before.

On the contrary, in the second set of the carried out 
experiments, i.e. the simulation of transition between 
the tractive and braking modes reaching adhesion limits 
in either mode was undesirable.

Th e main attention was given to the course on ad-
hesive characteristics around the point zero in transition 
between the opposite quadrants of complete adhesive 
characteristics. Th e variables were the same as for the 
simulation of reaching the limits of adhesion, i.e. the 
velocity and condition of contact surfaces. To verify the 
existence of B–H loops in adhesion characteristics, its 
course being monitored in both directions during each 
test. Th e thrust of 400 kN was applied in all cases while 
speeds were 15, 26, 40, and 60 km/h.

4. Evaluation of Results

First, let us have a look at the recorded readings. Th e 
fi rst set of readings shows the limit values of adhesion 
between contact surfaces. At the velocity of 15 km/h, the 
coeffi  cient of adhesion μ = 0.2 was reached. In the fol-
lowing experiments, this value reached 0.3 as a result of 
an increased coeffi  cient of friction aft er contact surfaces 
had been cleansed.

Another experiment reveals that a greasy layer was 
applied for both wheels and measurements and taken at 
the speeds of 40 and 60 km/h. Th e coeffi  cient of adhe-
sion was signifi cantly smaller this time and nearly the 
same for both speeds, i.e. μ  = 0.12–0.14. Considering 
such surfaces, these values may probably be considered 
to be the minimum (Fig. 2).

Before the following experiments were performed, 
contact surfaces had been thoroughly degreased with 
benzine. At the speed of 15 km/h, the peak value of the 
previously recorded adhesive characteristics was gradu-
ally rising up to the highest coeffi  cient of adhesion 
reached with the value lower than 0.4.

Th e further rising of the previously reached limit of 
adhesion has been explained by the authors to be due to 
the fact that with each slip of the wheel, contact surfaces 
are a little cleaner. At the speeds of 40–60 km/h, the limit 
value of adhesion was found to be μ = 0.44–0.48 (Fig. 3).

Fig. 1. Th e main parts of the test stand
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Now, let us have a look at the analysis of the rising 
branch of adhesive characteristics. Th e rising branch has 
been approximated by a linear function. Fig. 4 shows the 
ranges of the slopes of its lines for diff erent velocities 
and contact surface conditions. Th e measured values of 
steepness are as follows:

Fig. 2. Th e linear approximation of the rising branch 

of adhesive characteristics (at the speed 

of 40 km/h on a slippery surface)
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Fig. 3. Th e linear approximation of the rising branch 

of adhesive characteristics (at the speed 

of 40 km/h on a dry surface)
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Fig. 4. Ranges of steepness under diff erent conditions
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Fig. 5. Th e measured values of steepness compared 

to other authors
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Fig. 6. Transition from traction to the braking mode 

(on dry surface)
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Fig. 7. Steepness of transition for dry and slippery surface
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cμs = 0.14·102÷0.27·102,  slippery surface;

cμs = 0.35·102÷0.60·102,  dry surface.

In Fig. 5, the above ranges are compared to the re-
sults of the experiments undertaken by Čáp (1988) in 
1975–1982 at the University of Žilina and to the fi ndings 
of the other authors.

20 M. Lata, J. Čáp. Th e steepness of the rising branch of adhesive characteristics between wheel and rail



Th e results of the experimental simulation of tran-
sition between the tractive and braking modes were also 
used to determine the steepness of the rising branch of 
adhesive characteristics (Fig. 6). In the region of very 
small slips (0.5%), the following values of the slope of 
linear dependency have been derived (Fig. 7):

cμs = 0.14.102,  slippery surface;

cμs = 0.35.102,  dry surface.

5. Conclusion

Two sets of experiments have been conducted on the 
tram wheel test stand. Th e fi rst one was designed to de-
termine the highest coeffi  cient of adhesion reached re-
cording complete adhesive characteristics. Th e second 
set of experiments observed transition between traction 
and braking modes. In rising branches, the gradient was 
determined which is important for anti-slip regulation 
devices. Research will be continued. Th e reconstruction 
of the mounting mechanism of the rotating rail rig is 
currently taking place which will allow to set it at dif-
ferent angles and observe the deformation of adhesive 
characteristics at non-zero rising angles.
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