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Abstract

A microeconomic model is developed, which accuyapekdicts the shape of personal income
distribution (PID) in the United States and thelation of the shape over time. The underlying
concept is borrowed from geo-mechanics and thusbeaoonsidered as mechanics of income
distribution. The model allows the resolution ofparital and definitional problems associated
with personal income measurements. It also sewesfiam fundament for definitions of income
inequality as secondary derivatives from persamabme distribution.

It is found that in relative terms the PID in thé& ias not been changing since 1947.

Effectively, the Gini coefficient has been almoshstant during the last 60 years, as reported by
the Census Bureau.
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81.1. Introduction

Income distribution is a fundamental process ineatbnomic systems. Conventional economic
theories provide a variety of views on the mechandgiving the division of gross domestic
product among economic agents. Income distributibrpersonal level did not deserve the
highest attention of the mainstream economists aredocused on households. We do not share
this approach and considpersonalincome as a natural and indivisible level for tletmal
consideration. Total income of families and housghocorresponds to a higher level of
aggregation and the dynamics of their evolutiorprisne to all disturbances associated with
fluctuations in their composition and average smer time. Therefore, we introduce and
elaborate a concept describing the distributiopessonal income and its evolution. Because of
data availability, quality and time coverage anwodable choice for our study is the United
States.

Redline of our investigation follows up the answerthe key question: Whether the
configuration of personal incomes in the US is tbsult of distribution of a random part of
nominal GDP growing at a rate prone to stochastieraal (in economics - exogenous) shocks
or there exists a deterministic and fixed hierarohpersonal incomes, which evolution defines
the rate of GDP growth? If the distribution istachastic process together with the part of GDP
related to personal incomes, i.e. with gross peaisamcome (GPI), one should develop a
statistical approach. If the distribution is fixadd defines the overall growth of economy one
would be able to formulate a deterministic (e.g.chamical) model. In this Chapter, we are
trying to prove that the second answer is valid dred evolution of each and every personal
income is predictable, potentially as accuratenasassical mechanics.

We do not feel that economics as a science igtlyrable to provide adequate concepts
and methods to analyze personal incomes in quawdit&erms. So, we adapt an interdisciplinary
approach, which has already shown its fruitfulnessany scientific and technological areas.
This success is achieved not only due to the adémue of formal description of various
physical, chemical, biological, and sociologicabgesses, but also expresses the existence of
very deep common roots in the nature. For examtpke,power law distribution of sizes is
observed in economics (Pareto distribution), ingdeencies of words in longer texts, in
seismology (Guttenberg-Richter recurrence curvepngechanics (fractured particle sizes), and
many other areas. Recent studies associate the pewelistribution with a realization of some
stochastic processes known as “self-organizectality” (SOC).

Economics and its numerous applications in réaldemand huge amount of numerical

data in order to estimate current state of a geeomnomy and future development. Such data
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have been continuously gathered from the very Ioéggnof capitalism as an economic system,
but the 28' century and especially its second part is chariaet® by a dramatic increase in the
number of economic observations and measuremehts.rdsulting data set has become an
object of a thorough study not only for professiae@onomists but also for specialists in many
other disciplines. There are many examples of ssfok application of mathematical and
physical methods from many adjacent disciplinesuioderstanding economic phenomena and
processes.

Personal income distribution (PID) represents aft@gh-quality sets of quantitative data
with a history of more than sixty years of contineaneasurement with increasing accuracy.
Irrelevant to the nature of these data, even thepleist scatter plot reveals some specific
features, which are often observed in physics: groand fall is well approximated by
exponential and power law functions. Some of thiesetions are the solutions of ordinary
differential equation, and thus one can presumettieprocesses behind the data can be also
described by such equations. This makes it vergdaive to apply standard methods of analysis
and to model the evolution of personal incomes i@tog to ‘first principles’ adopted in the
natural sciences.

Among numerous possibilities, we selected the gmbtvanical model of a solid with
inhomogeneous inclusions proposed and developaddyRodionov and co-authors (1982) as
an analogue of an economy expressed as a setsainagincomes. The economy plays the role
of a solid body and personal incomes corresponthetastic stresses on the inclusions. We
expected that some of the already available equaand solutions for a solid would provide an
adequate description of incomes, and some of thatems would need modification. The
intuition behind such an assumption was based nigtan our professional experience in both
disciplines but also on a formal equivalence of e in the United States and the Guttenberg-
Richter recurrence curve.

The original geomechanical model describes thérilligion of stresses in solid by
separating them into elastic and inelastic comptnémnelastic stresses are concentrated only on
inhomogeneous inclusions and play an important nolehe processes of deformation and
fracturing. In the model, the size distributioninélusions,d(l), is chosen to retain constant the
total volume for any siz&é d(I)~I">. In other words, the number of inclusions of aegisizel
(per unit volume) decreases inversely proportidaahe size cubed. This is a power law or scale
free size distribution. The lower limit dfis likely constrained by the characteristic length
atom and the largest size should be substantialftier then the size of the solid.

The growth rate of inelastic stresses is propodido the rate of elastic deformation.
Inelastic stresses are irreversible and dissipate ttme. This is a fundamental property of real
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solids — no stress or deformation can be retaioeevér and even such hard rock as basalt
undergoes plastic deformation and dissipation offest energy. The defining property of the
geomechanical model consists in the assumptionthieatate of dissipation of inelastic stresses
is inversely proportional to the size of inclusiame, the larger is the inclusion the longer tirse i
needed to dissipate the same level of inelastassi(When applied to economics this rule says
that larger incomes more resistant to declinethey decay at a lower rate than small incomes.)
To simplify relevant mathematics, only one defororatprocess with a constant rate is usually
considered in the geomechanical model. The defitomas caused by some external forces,
which provide a constant energy supply.

This geomechanical model has been adapted andiewbftir the purposes of economic
modelling. Formally, the size of inclusion is irgegted as the size of some tool or means, which
is used to generate or earn income. Such wordgyasetate”, “produce”, “earn” and their
synonyms are equivalent in the framework of our eh@hd express the assumption that the sum
of all personal incomes is equal to GDP. The predorodel is anicroeconomienodel because
it addresses the evolution of personal incomes rabpg on individual properties and
conditions. On the other hand, when aggregated theswhole working age population, the
model allows anacroeconomidevel of consideration. Thus the model is a dusd expressing
the fact that by definition Gross Personal Incoi&®l) is equal to GDP. Here we assume that
GPl is equal to Gross Domestic Income and then® isnpersonal income, because any income,
personal or corporate, ultimately has its persooaher who can use this income for
consumption, saving or investment.

In contrast to the geomechanical model, obsemsatad income force the size of earning
means to be distributed uniformly from some nonzaiaimum to a finite maximum value.
Uniform distributions of sizes are not usual in glog. As a rule, larger objects are less frequent.
Because the PIDs measured in the US and their gajgieare well predicted with a uniform size
distribution of earning tools, we did not thorougtdnalyze alternatives. It could be a good
exercise for students, however.

In the microeconomic model, deformation cause@xtigrnal forces is interpreted as the
capability of a person to generate income independé the size of earning means. As an
inherent characteristic of a person it could harokychanged under normal conditions. This
property is related only to money earning and doasdepend on other personal talents and
deficiencies. In a sense, two persons with equahtan some profession have quite different
salaries. Unlike talent, the capability to earn eywis a measurable characteristic expressed in

monetary units.



The income earned per year or income rate, as raogue of inelastic stress
concentrated on an inclusion, is proportional ® phoduct of the size of earning means and the
capability to earn money. These capabilities (aegaof external deformation) are also
distributed uniformly among people of working agbe capabilities and sizes of earning means
- both are getting larger as real GDP per capibavgr As a result, the evolution of the system of
personal incomes is described by equations, whiclude some features additional to those in
the geomechanical model. The microeconomic modsl the same functional dependence
between defining variables and similar formal solut So, in mathematical terms, we are ready
to start modelling personal incomes.

Before one starts a quantitative modelling, adbgh investigation of data availability
and quality should be carried out. No model caprosed valid or invalid when relevant data do
not provide an appropriate resolution. The breaktbhs in the natural sciences always happen
at the edge of resolution leaving behind firm kneage. Following this tradition, 81.2 is fully
devoted to the assessment of data quality. Thakdisbn of personal incomes is measured by
various institutions, both governmental and privatée rely on the data which have been
gathered by the US Census Bureau in the March Sopgpits of the Current Population Surveys
since 1947. Other sources cover shorter periodsawee gaps in measurements. Moreover, the
Census Bureau provides the dependence on ageatuaefenost important for an evolutionary
model. At the same time, there are numerous anerseleficiencies in the CPS data. The most
painful and dangerous for the consistency of qtethte modelling is the incompatibility of data
after any new revision to the CPS questionnaire: uhit of income measurement has been
randomly changing through time. In physics, mefglavas introduced several centuries ago
and always serves as a backbone of any empiricasiigation.

The microeconomic model is formally introducedsih.3. This is the final result of an
extended empirical investigation. To select somgalnmodel from numerous alternatives, to
modify it for matching a bulk of observations, atal estimate empirical parameters and
coefficients required time and efforts. In its qarter version, the main loop of the model
programmed in FORTRAN took around 25 lines. A favbgograms allow different levels of
aggregation: from individual income to GPIl. Thegnamming is a straightforward one and one
can repeat it in no time using defining equatiomd eeported parameters. Real GDP per capita is
the driving force of the model. Therefore, we dd need to numerically integrate ordinary

differential equations, but to use measured GDP.

To begin with we test the predictive power of thedel by estimating the overall PIDs in
the United States. This is an intermediate levedggregation which disregards the dependence



of individual incomes on age. Together with presglicPIDs, 81.4 introduces initial conditions
for actual modelling. Initial values of defining naaneters are obtained by standard trial-and-
error method. Since the Pareto law is an empirmaé and is obtained directly from
observations, the microeconomic model covers omylow income zone. This zone includes
90% of working age population, however.

One of basic results of 81.4 consists in findim@ aigid hierarchy of personal incomes.
When normalized to gross personal income and tetaking age population all PID between
1994 and 2001 collapse to one curve. In other wdids normalized PID is an invariant. In
classical mechanics, such invariants (in closedesys) as energy and momentum provide
fundamental constraints on possible evolution @& #ystems and also result in strict links
between aggregate variables. These links are ysaeafiressed in homonymic equations of
classic mechanics. One can refer to the represeméagiven by Euler and Lagrange, for
example. If similar invariants would exist in reeaconomy one could derive numerical
conclusions, and likely a sound theory.

Understanding and modelling of age-dependent PIBs dieserve special attention as
demonstrated in 81.5. There are really dramatiogbs in the shape of PID: from practically
exponential fall in the youngest and eldest ageiggao a piecewise function in the mid-age
groups. All these features are successfully moddte the period between 1994 and 2002. The
success is even enhanced by the fact that the ssmalgd prediction was based on the same
microeconomic model and parameters as obtainedh&oroverall PID in 81.4. It is a formal
quantitative validation of the model — it predib&syond the set of data used for the estimation of
empirical parameters and coefficients.

Therefore, the microeconomic model quantitativedgatibes the evolution (with age and
over time) of each and every personal income amaetibn of the individual capacity to earn
money, the size of earning means, and real econgioweth. At this stage, the modelling of age-
dependent PID was not accompanied by the expliediption of the level of income inequality.

In paragraph 1.6, a different set of data is medeH the dependence of average and
median income on work experience. This data setsspdonger period since 1967. Here we first
test the consistency of the model at higher incodessribed by the Pareto law. The modelling
meets significant difficulties related to the chasgn the portion of GPI in GDP and income
definition in the CPS questionnaire. The revisibtmgshe CPS and population estimates after
decennial censuses create artificial steps in {Bs.P Median income may be a more robust
variable due to lower sensitivity to higher incomieés dynamics is relatively better predicted by
the model. Overall, the dependence of mean andamesh work experience and its evolution
over time validates the model.



Paragraph 1.7 addresses several problems assowilidtie Pareto distribution. There is
no general understanding and formal model of thecgsses leading to the power law
distribution of personal incomes. This is a chajkerfor the future. However, there are several
quantitative features of the Pareto distributiorialvtcan be modelled. Of crucial importance is
the dependence of the portion of people in the tBadsstribution on work experience.
Apparently, the youngest and eldest age group dhioellcharacterized by lower portions than
intermediate groups. The model is able to accyraieddict this dependence and its evolution
through time. It is another point in favour of tiedel.

Numerous quantitative features related to econameiguality are discussed in 88 1.8 and
1.9. This type of inequality is an apparently it@ble and multi-dimensional phenomenon in
any social system. Due to practical and emotiomgdortance for everyone, inequality attracts
high attention of economists, politicians, and oady people. The former ones are focused at
revealing potential quasi-deterministic or stateitilinks between economic inequality and
numerous micro- and macroeconomic variables. Tiero clear understanding whether the
economic inequality is a positive or negative fadty such fundamental economic parameters
as real economic growth, inflation, and unemployni&albraight, 1998).

Income inequality is one of gquantitative measurésanomic inequality. There are
many theories of inequality arising from the disttion of income. Neal and Rosen (2000)
presented an almost comprehensive overview of-efadet in this field. In spite of the efforts
associated with the development of a consistentetnotiincome distribution there are some
problems yet to resolve. Moreover, modern econdimories do not meet some fundamental
requirements applied to scientific theories - aotsm description of accurately measured
variables and prediction of their evolution beyorlde period of currently available
measurements.

In 81.8, we model the most popular aggregate measiumcome inequality - the Gini
coefficient, G, for PIDs in the United States. This coefficientclsaracterized by a number of
advantages such as relative simplicity, anonymggale independence, and population
independence. On the other hand, the Gini coeffficteelongs to the group of operational
measures: its evolution through time is not theca#y linked to macroeconomic variables and
the differences in Gini coefficient observed betwe@rious countries are not well explained.
These caveats make the Gini coefficient more usefpblitical and social applications but not
in economics as a potentially quantitative (haoirsce.

As a rule, the Gini coefficient is estimated fromukehold surveys, and inequality is
reported at family and household levels. Such agreagation is affected by social and
demographic processes, which may bias true econorachanisms driving income inequality.
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Theoretically, the indivisible level for the studfincome inequality is the personal income. In
our framework, personal incomes are presumed 8ebsitive only to macroeconomic variables.

Paragraph 1.9 describes the data on personal ind@trébution in various age groups,
presents estimates of relevant Gini coefficientsh@ates on empirical PIDs, and compares the
evolution of observed Gini coefficients to that gictked by our model. The age-dependent PID
in the youngest group is characterized by largeeidihces from the overall PIDs. Obviously, all
individuals start with zero income and the inifrt of income trajectory in time, as personal
income observations show, is close to an exporiagptiavth. In the mid-age groups, PIDs are
similar to the overall PID. In the oldest age groB{D is also different and is closer to that ia th
youngest group. Accordingly, Gini coefficient ungees a substantial evolution from the
youngest to the oldest age groups.

In 81.10, we join the vivid discussion of increagi®@conomic inequality in the United
States. Our quantitative assessment of personami@adnequality is quite different from that
articulated by many economists. In 81.8, we coretliquantitative estimates of Gini coefficient
using personal income distributions, which havenbeported since 1947 by the US Census
Bureau , and found that this coefficient was pratly constant over time. Having a constant
Gini coefficient since (at least) 1947, one mighdfit strange that other researches and media
thoroughly discuss increasing inequality during thst 25 years. It was difficult to actually
understand why those researches do not use the dobSu€ data despite the Census Bureau

(2004) explicitly states:

Because of its detailed questionnaire and its éspeed interviewing staff trained to
explain concepts and answer questions, the CPS ASHG@ source of timelypfficial
national estimates of poverty levels and ratesanaidely used estimates of household
income and individual earnings, as well as theithstion of that income.

Paul Krugman, the 2008 Laureate of the SverigestRikk Prize in Economic Sciences
in Memory of Alfred Nobel, explained why he and ethresearchers are forced to deny the

estimates based on Census Bureau data:

First, because Census data are based on a limategles, not the whole population,
they’re unreliable in tracking the income of sngibups — and the really rich are a small
group, who just happen to bulk large in the econoBgcond, the questionnaire is "top-
coded": if the individual interviewed has earnirfugher than $999,999, those earnings
are recorded simply as $999,999. Since a lot adnm& growth in the last few decades
has taken place among people with multimillion-dolhcomes, the Census data miss an
important part of the story.
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In practical and theoretical terms, both statemrdgasons) are wrong. First, in hard
sciences, one is not often able to measure trugeesalf desired variables, but usually measures
some portions of them. For example, nobody trie;mtent a weighting machine in order to
measure the Earth’s mass. It is enough to measaxétyg acceleration in one point since this
acceleration is proportional to the total mass. réfuge, if a portion of a whole object is a
representative one and is measured consistently twee, one can carry out a reliable
guantitative analysis. A randomly changing portias, sometimes happens to macroeconomic
variables after introduction of new definitions, wid, obviously, ruin any such quantitative
analysis. So, using surveys of small population @ashndoes create a problem with internal
precision, but should not necessary disturb resiltsverall quantitative analysis. This Chapter
provides extensive quantitative results which aomfinat the Census Bureau has been collecting
high-quality data.

Second, the "top-coded" approach does not harneshiemates of income in the "the
richest of the rich" group. This effect is knownmaohan hundred years already. Higher incomes
are very accurately distributed according to theetedaw. As a matter of fact, one does not need
to measure any personal income in the high-incorepy S/he needs to estimate the number of
persons with income above some given (high) thidsfAden, one can use simple mathematical
equations to obtain accurate population densigngtincome level and also total income above
any threshold.

The logic of the presentation of a new model inoakbcardinally differs from that of
scientific research itself. When studying some psscor phenomenon, one does not possess
complete knowledge about defining relationships @adameters. This state of incomplete
knowledge gives birth to numerous questions an@llpnas one has to address during the study.
When the research is finished, the obtained molkelld accurately describe corresponding
observations and all (or almost all) wrong hypoithesd irrelevant assumptions are eliminated.
As a result, the presentation of a finished modwlaily skips all unnecessary details and is
focused on a comprehensive description of relekgationships and parameters. Following this
tradition, in Chapter 1 we first present our moaletl then demonstrate how accurate it predicts
various quantitative properties of personal incadisributions in the US as related to some
measured macroeconomic and demographic paraméteesmodel is validated according to
standard procedures involving comparison of predieind observed data.
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§1.2. Measurements of personal income

Before starting any quantitative research one needsaluate data consistency and quality. This

paragraph addresses several questions associdketh@/guality of income measurements:

What is personal income?
Are there alternative definitions of personal in&¥m
How is personal income measured?
How large is the uncertainty of income measurentents

What improvements are necessary for successfutitatare modelling?

The history of income measurements in the UnitedeStstarted in 1947, when a question about
individual income was first included in the firstnAual Social and Economic Supplement,
ASEC, (former Annual Demographic Survey, ADS, orriha Supplement) to the Current
Population Survey (htp://www.census.gov). Fullycélenic tables presenting personal incomes
by detailed socioeconomic characteristics have Ipedtished by the US Census Bureau since
1994. Scanned versions of hard copies of incomiedadince 1947 are also available via the
Census Bureau.

The electronic tables include information on thember of people with income in
relatively narrow intervals of $2500, starting frarero income and current losses, up to the
highest income of $100,000. These tables also geowiean incomes in five-year wide age
groups, except that for the youngest group, whigans the ages from 15 to 24 years. The
detailed income tabulations from the CPS relategeisonal income are available since 1994
and aggregated data - for a longer period sinc&.18&fore 1994, data representation has been
changing through time with numerous revisions toome definition and methodology of
measurements.

The definition of personal income has been actidedgussed by the Canberra Group on
Household Income Statistics (2001) under the urteoid] the United Nations. As a matter of
fact, there are many definitions of personal incoamel, thus, there are many measures of
income. From the point of view of the orthodox ewmarncs, the Haig-Simons-Hicks (HSH)
concept could provide the theoretical framework &y definition of personal income. The
concept defines the income as the maximum amoaht#n be consumed in a given time period
without any change in real wealth. Technically, tmost elaborated definitions of personal
income in the US are given by the Bureau of Ecocofmalysis (BEA) and the Census Bureau;
both measure only different portions of the HSH antoTherefore, there is always some room
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for improvement in the definitions. The Internaéwnue Service’s definition is of lower
theoretical interest for quantitative modelling dese it excludes too many sources of income
for unbiased estimates.

The BEA conducts the estimates of personal incorom fadministrative record and

defines it in the following terms:

Personal incomelncome received by persons from all sources.cluises income received from
participation in production as well as from goveamnand business transfer payments. It is the
sum of compensation of employees (received), suppis to wages and salaries, proprietors'
income with inventory valuation adjustment (IVA)dacapital consumption adjustment (CCAd)),
rental income of persons with CCAdj, personal ineamceipts on assets, and personal current
transfer receipts, less contributions for governnseial insurance

This is the approach which considers personal ircama portion of GDP for macroeconomic
purposes. As one can judge, this is a technicfhiien and relevant income measurements
need enormous efforts for data gathering and psougs Private companies or scientific
foundations can hardy repeat such measurementserefbhe, alternative measurements of
personal income, as defined by the BEA (and CeBssau), are not feasible.

The Census Bureau uses the microeconomic approatimaasures money (personal)
incomes in the ASEC Supplement to the Current PaisBurvey (CPS), which are aimed at
understanding of income distribution. Under thianiework, income is split into categories
related to the types of transaction disregarding sburces of income. Overall, the Census

Bureau defines personal income as

. as total pre-tax cash income earned by persowmdding certain lump sum payments and
excluding capital gains.

A striking difference for a researcher carrying sténdard analysis consists in the total
personal income reported by the BEA and CB. In 208#& former agency reported $8.678
trillion and the latter published the estimate aigg personal (money) income of $6.446 trillion.
The difference is $2.232 trillion or 35%. Disrediag any details of the difference in personal
income components following from both definitionseoshould assess the difficulty met by
quantitative modelling. The uncertainty of 35% e¢aake any reasonable model an appropriate
one, and also allows denying almost any modelassstally unreliable.

In this study, we use only the data on personabrime distribution gathered by the
Census Bureau. The reasons for this choice foltomfthe “Guidance on Differences in Income

and Poverty Estimates from Different Sources. Aud@9s 2004
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» The CPS ASEC provides @nsistent historical time seried many decades in
length at the national level...
» ..detailedquestionnaire and its experienced interviewindf $tained to explain
concepts and answer questions...
» The CPS ASEC provides the most timely amolst accurateross-section data for
the nation on income and poverty.
Hence, the defining factor consists in the avadlilgbof the detailed and accurate age-sex-race
tabulation in various income bins since 1947. THeABreports only the aggregate Gross
Personal Income value. For a quantitative model ditailed data are of crucial importance, but
one has to bear in mind the possibility of highigded personal income estimates to be present.
Our working hypothesis is that the extra persomedime reported by the BEA is distributed over
the working age population in a way, which does aisturb the personal income distribution
reported by the Census Bureau. Obviously, this isrude extrapolation, but it does not
contradict our empirical findings. We also disneh@ersonal income definitions related to
decennial censuses, the American Community SumheySurvey of Income and Participation
Program, and the Small Area Income and Povertyntaséis. They do not provide either the
national level of coverage or the continuous timees.

The next question concerns the procedure of iecamasurements conducted by the
Census Bureau. The CPS is basically a labor faroeey covering 60,000 households, and the
ASEC uses a sample of about 100,000 addressesaerGurrently, the questionnaire contains
50+ sources of income. For each person of 15 yadrand over in the sample, the CPS asks
questions on the amount of money income receivaldrpreceding calendar year from each of
the following sources: earnings, unemployment camp#gon, workers’ compensation, social
security, supplemental security income, publicsiasce, veterans’ payments, survivor benefits,
disability benefits, pension or retirement inconmeerest, dividends, rents, royalties, and estates
and trusts, educational assistance, alimony, chjgbort, financial assistance from outside of
the household, other income. The income statigscgathered during one month but
covers the whole preceding calendar year. Thisodinices a bias into such demographic
characteristic as age.

The CPS does not measure capital from the saleoplepty, including stocks, bonds, a
house, etc.; withdrawals of bank deposits; monaydweed; tax refunds; gifts; and lump-sum
inheritances or insurance payments.

A crucial issue for our analysis is the precisainncome measurements. (Because the
true personal income is not defined one can measuyeinternal consistency of measurements,

l.e. precision, not the distance between measurddrae value, i.e. accuracy. However, we do
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not make any major difference between the ternifig¢re are two principal sources of errors in
income measurements - sampling error and non-sagpliror as presented by the US Census
Bureau (2002). The first is related to the differemetween the CPS sample and working age
population as a whole. The CPS sample may diffenany ways from the population controls as
obtained from decennial censuses and further dorescbetween the censuses for total deaths,
migration, and people in the armed forces. WhenQR§ is projected to the total population in
the weighting procedure, the biases may still bes@nt and affect income estimates in the
unknown way. Statistical accuracy of this type afoe can be estimated and included into
analysis.

The non-sampling error includes all other potensialirces of error including under-
coverage, definition difficulties, variations intémpretation of questions, incorrect information
due to unwillingness or inability to recall, etcu®to the intrinsic nature of these type errors
their magnitude is unknown. Small population nurshedated to specific income-age-sex-race
groups deserve closer attention. In relative tethressampling and non-sampling errors are both
most prominent where the enumerated populatioriisparable to the measurement accuracy.
For example, the number of very young and verypadple with very high incomes is always
small. As shown in §1.5, there is no people regbimesome income bins near $100,000 in the
age group between 15 and 24 years. An obvious gmgblvhich hardly can be resolved by any
population survey, is associated with the measunemmkvery low incomes near $1 per year.
Also due to definitional problem, many persons widry low incomes are reported as people
without income. So, the uncertainty in these semsgroups is very high and one should not
expect any quantitative modelling to fit relevaatal On the contrary, a good quantitative model
validated by accurate data can provide an invatabkistance in the development of a sound
definition and related measurement procedure. iShasstandard situation in the natural sciences,
where theoretical predictions stimulate more adeuraeasurements, i.e. determine what and
how to measure.

The US Census Bureau also constantly improves tbeisoon of the personal income
measurements. This process includes extension efnttmber of interviewed households,
covering some specific groups such as Hispanicimrigtc. The last major change in the
procedure occurred in 2002, when the total numldethe surveyed units became 99,000.
Between 1994 and 2001 there were 60,000 unitseibésic CPS and additional 21,000 units for
the March Survey, i.e. 81,000 in total. As expljcistated by the US Census Bureau, these
changes make it sometimes difficult tompareincome data sets obtained in different years.

Most prominent revisions were as follows:

Income year Change
1947 Data based on 1940 census population controls.
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1961 Implementation of first hot-deck procedure to imgutissing income entries (all income
data imputed if any missing). Introduction of 19&hsus-based sample design.

1965 Implementation of new procedures to imputesimgsdata only.

1966 Questionnaire expanded to ask eight incomstigums.

1967 Implementation of a new March CPS processistem.

Implementation of a new March CPS processing sysfamstionnaire expanded to ask 11

1974 income questions.

1975 These estimates were derived using Pareto intdipoland may differ from published data
which were derived using linear interpolation.

1976 First year medians are derived using both Pareddiaear interpolation. Prior to this year
all medians were derived using linear interpolation

1979 Implementation of 1980 census population cont@lgestionnaire expanded to show 27

possible values from 51 possible sources of income.
1985 Recording of amounts for earnings from longasincreased to $299,999.
Data collection method changed from paper and pemcomputer-assisted interviewing.

1993 Limits either increased or decreased in some ca&gyo
There are two versions of the 2000 income datdahlai One version is based on the
2000 traditional sample of about 50,000 households afldatsthe use of 1990 census popula

controls. The second version is based on a sarh7i@,000 households, reflecting a 28,000
household sample expansion and the use of Cen&lsp2pulation controls.

The income part of the CPS questionnaire has rit¢red major revisions since 1980.

There are several important items which would ber@griate to include in the next revision, as

proposed by the Canberra Group. Among them arehimisehold transfers and some fringe

benefits. In addition, some items such as wagasster payments, and self-employment require

substantial improvement due to clear misreporting.

Summarizing the quantitative properties of persamame measurements in the United

States relevant to our modelling we would liketress that:

Personal income definition has suffered severesi@vs in the past, but does not meet yet
the complete set of requirements associated witlalMas in the natural sciences. The
“right” definition of personal income should proeidhe full coverage of working age
population, not only the most obvious groups swgtvarkers and pensioners.

The right definition of personal income has toyie the gross personal income equal to
GDP.

The uncertainty of personal income measuremenisherently related to two sources:
definition and methodology, the latter being eataesolve.

The magnitude of the uncertainty varies with ageer sex, and income level. Due to
non-sampling errors it is difficult to estimate thbsolute and relative magnitude of the
uncertainty.

Potentially, the upper limit of the uncertainty fmigbe estimated as the difference
between various definitions of income. In that ¢dke uncertainty is unacceptably high
in some age groups and income bins.

Quantitative properties of personal income distidou and their evolution over time
might be helpful for the proper definition of pensdincome.
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After the start of this research, the problem ofalqu and accuracy of income
measurements immediately became a fundamental Go®d measurements are always based
on a positive feed back from scientific knowledgetéchnological implementation and vise
versa. Metrology, which embraces both theoretical eexperimental determination of
uncertainty, is always the first step in any safentesearch. In other words, any quantitative
theory or model demands the units of measuremepstem of units and the development of
measuring techniques. Economics, if acceptingcttadlenge to join the natural sciences, needs
to demonstrate a sufficient level of uncertaintarelcterizing major data sets. No surprise that,
in line many empirical studies in physics, we stanery chapter with sometimes extended but
very specific review of accuracy related to studeednomic variables. Otherwise, our concept

cannot be realized in quantitative models.
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81.3. Microeconomic model of the personal incomestribution and evolution

Historically, the model is the result of a long @ess. Initially, the idea was to represent the
distribution and evolution of personal incomes afinkéd by geo-mechanical model of a solid
with non-linear inhomogeneous inclusions. This geudel is characterized by a specific sizes
distribution, which retains constant total volunoe &ll sizes of inclusions. The initial idea had
undergone a number of modifications and correctiogfore was confirmed in its final form.
Because of the geo-mechanical legacy we calledirtiented a new term for economics
presented in the framework of (geo-) mechanics troaomics”. Later on, this term was
applied to the research as a whole.

Therefore, the microeconomic model for the evolutdd personal incomes is based on a
“first principle” approach expressed as an equabatancing money production and money
dissipation. The former is formally equivalent b tproduction of goods and services. The latter
is the result of a number of factors acting agaimdividual production efforts and reducing the
amount of money earned below its potential levehil@rly, efficiency of a steam engine is not
100% because of heat losses and friction. Suchepses are often referred as dissipative
processes or dissipation. In that sense, our medmh analogue to numerous physical models
including the model of solid with inhomogeneoudusons. Thus we use the term “dissipation”
instead of economic terms like “depreciation” irder to stress that economic systems are
similar to physical systems.

The model presents functional dependence for cootis evolution of all personal
incomes in an economic system and attributes @aiamic growth to personal efforts to earn
money. Such an approach links the model to thesrobteconomic activity because the only
source of any income or wealth consists in perseffairts. Due to natural interactions and
inevitable economic ranking in any society personabmes are distributed not in a random, but
in predefined and fixed way, and actual PIDs derrates a simple functional dependence on
real economic growth.

Figure 1.3.1 illustrates schematically some priacifeatures of personal income
distribution in the USA, which undoubtedly has te hddressed in any model of income
distribution. These features were a part of theigogb intuition behind our model. The Figure
displays the dependence of mean income (averagéd-year intervals) on work experience in
the USA in 2002. The empirical dependence is naeedlto its peak value and is approximated
by two functions:(1-exp(aot)) (a0=0.089 in the interval of work experience from O to 39
years, and by(l-exp(aoTe))exp(mt) (a1=0.06) aboveT,=39 years. In spite of a good

description of the observations, this approximatioes not present a correct model because it
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does not distinguish between people with differeebmes and does not provide any driving
force for the evolution of personal income. Thisarsexample of the approximation often used
instead of “first principle” model. It demonstraté®mwever, potential simplicity of the processes
underlying income distribution, which lead to simflinctional dependencies.

The microeconomic model presented in this paragtagbs the advantage of recent
accurate measurements of personal income diswibuti the USA. There was no such data for
the period before 1947, and individual incomes wé#reught to be unpredictable. This
unpredictability is valid for an individual, if tbrace his/her income evolution in time. But any
individual can only follow one of the predefinedajactories predicted by the model. If
somebody suddenly jumps to a new and higher incoahge some other individual with the
income value equal to the new income of the fiestspn has to drop to first person’s income
value in order to retain fixed PID. One can trdas tobservation as a manifestation of a
conservation law for PID — relative number of pasis with given income is conserved. This is
similar to the level’'s degeneracy in quantum phg/sic

Conventional economic models of income distributiack these natural roots aiming at
artificial division of total personal income intanployee compensation and corporate profits
with further (again artificial) separation into ggs attributed to various types of economic
activity: consumption, savings, and investment.aied importance of these parts separated by
force varies with time depending on individual démns to split a personal income into these
three portions. This decision is based, howevdy, on the individual effort to earn income and
can be random in the sense of incomplete informadizd wrong interpretation. That’s why one
can not construct a precise model for the econogmimution expressed in terms of these
artificial parameters and any economic policy baseda full control of these parameters
ultimately fails. There is nothing except the peeaoincome production in any developed
economy and the production volume expressed in tapnaunits is predefined. The PID
evolution can be exactly predicted to the exterthefaccuracy of population counting and GDP
measurements as we demonstrate in the followinagpaphs.

Principal assumption of the microeconomic modehet every person above fourteen
years of age has a capability to work or earn mars#tyg some means, which can be a job, bank
interest, stocks, interfamily transfers, etc. Amast complete list of the means is available in the
US Census Bureau technical documentation (200#)easources of income are included in the
survey list. Some important sources of income areimcluded, however, what results in the
observed discrepancy between aggregate (gros®natiscome, GPI, and GDI.

Here we introduce the model as described by Kig®05a). The rate of income, i.e. net

income a person earns per unit time, is proportiomaer/his capability to earn money, The
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person is not isolated from the surrounding world the work (money) s/he produces dissipates
through interaction with the outside world, decheggesulting income rate. The counteraction
of external agents, which might be people or ameioexternalities, determines the price of
goods and services a person creates. The pricadepet on some absolute measure of quality
of the goods but on the aggregate opinion of theosading people on relative merits
(expressed in monetary units) of the producers,goods. For example, the magic of famous
brands provides a significant increase in incomes their owners without proportional
superiority in quality because people appreciate theators not goods. As a whole, an
equilibrium system of prices arises from aggreggii@ions on relative merits of each and every
person not from the physical quantities and quslitf goods and services. Personal incomes are
ranked in some fixed hierarchy and, when expressedhonetary units, the hierarchy is
transformed in a dynamic system of prices. Sineehikrarchy of incomes is fixed, the amounts
and qualities of goods can only reorder individuatg change the final aggregate price of
everything produced — GDP.

Analogously to many cases observed in natural segenthe rate of dissipation is
proportional to the attained income (per unit tine)el and inversely proportional to the size of
the means used to earn the monéyBulk heating of a body accompanied by coolingtigh
its surface is an analogue. For a uniform distrdyubf heating sources, the energy released in a
body is proportional to its volume or the cube baacteristic linear size and the energy lost
through its surface is proportional to the squdréne linear size. In relative terms, the energy
balance or the ratio of cooling and heating is iegly proportional to the linear size. As a result,
a larger body undergoes a faster heating becasss telatively less energy and also reaches a
higher equilibrium temperature. In line with thisnsideration, one can write an ordinary

differential equation for the changing rate of immearned by a person in the following form:

dM(t)/dt= ot)- aM(D)/A(t) (1.3.1)

where M(t) is the rate of money income denominated in dolfss year [$/y]t is the work
experience expressed in years [g{t) is the capability to earn money [§yand a is the
dissipation coefficient also expressed in [§)(yThe size of earning meand, is expressed in
[$/y]. General solution of equation (1),d{t) andA(t) are considered to be constant (as shown

later these two variables evolve very slowly withd), is as follows:

M(t) = (dla)A(L-exp(at/A) (1.3.2)
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In quantitative modelling, we integrate (1) numaliig in order to include the effects of the
changingoit) and A¢). Equations (1.3.2) through (1.3.4) are derived arsgudsed in detalil
below to demonstrate some principal features ofptioposed model. These equations represent
some particular solutions of (1.3.1), where measwieange inof) and A¢)in all terms of
(1.3.1) is neglected.

One can introduce the concept of a modified cajgd earn money as a dimensionless
variable 2{t)=o(t)/a. Absolute value of the modified capabilityf(t), and the size of earning

means evolves with time as the square root of GEdP per capita:

2(t) = X(to)sqrt{GDP(t)/GDP(b)]
and
A(t) = A(to)sqrt{GDP(t)/GDP(b)],

where GDP(iy) and GDP(t) are per capita values at the start point of theetliod, to, and at
time t, respectively. Then the capacity of a “theoreticaérson to earn money, defined as
2(H)A(t), evolves with time as real GDP per capita. Effesdiy equation (1.3.2) states that the
evolution in time of a personal income rate depesdyg on personal capability to earn money,
the size of means used to earn money, and ecorgnonath. The latter factor is common for
everybody and does not affect relative distributtbpersonal incomes just the overall level.

The modified capability to earn moneyt), and the size of earning meanit),
obviously have positive minimum values among aiflividuals in a given economymin(t) and
Amin(t), respectively. One can now introduce relative andedtisionless values of the defining
variables in the following ways (t)=2(t ) Zmin(t) andL )= A& ) Amin(t).

From a calibration procedure described below, aldnmental assumption is made that
possible relative values &(b) andL(tp) can be represented as a sequence of integer numbers
from 2 to 30, i.e. only 29 different integer valuaisthe relativeS(p) and L(tp) are available:
$1=2,..., $9=30; L=2,..., L2=30. The |largest possible relative value of
Sna=S20=30 max=L 29 is only 15 (=30/2) times larger than the small@sssible values=S5
andL=L; (in the model, the minimum valuek,i, and 2, arechosen to be two times smaller
than the smallest observed valeés1, and2;). Because the absolute values of variables;,
/lmin, @nd Z,in €volve in time according to the same law, the nsdaind dimensionless variables
Li(t) andS(t), i=1,...,29, retain the same discrete distributionsTheans that the distribution of
relative capability to earn money and the sizeashimg means is fixed as a whole over calendar

years and also over ages.
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Figure 1.3.2 depicts several examples of the eiwiwdf personal income. The curves are
normalized to the maximum income possible in thedehc SL=30x30=900, and dissipation
factor a=0.07. The predicted income for a person using a mearmsnoénsionless size=2/30
and having a dimensionless capability to earn m@wy30 approaches its maximum possible
level of 4/3G (relative to the overall maximum possible of/30°=1) just in few years after the
start of work. During the rest of her/his life, therson has the same relative personal income,
and the absolute level of the income increasesgptiopally to the growth of per capita GDP.

In the case wher&=15/30 andL=15/30, a longer time is necessary for a person to
approach the maximum potential income equal t&/308 This person reaches 95% of the
potential income in 10 to 15 years from the stdrtvork. Then, almost no change in relative
income is observed as in the case of the lowemigcperson.

It is interesting to compare two cases with thmegotential maximum level of income
but differentL values. These cases &=2/30,L=30/30; andS=30/30,L=2/30. Corresponding
curves in Figure 1.3.2 reach the same level ineysyand approximately 3 years, respectively.
Hence, the earning means’ size plays a key rol¢hén evolution of theoretical PID. This
parameter defines the change of effective dissipatte in (1.3.2), becauaeis constant. Thus,
effective time constant in (1.3.2).4#8a . The larger is the effective time constant, thegkr time
Is needed to reach the same relative level of ircddo, increasing value @fleads to slower
relative income growth.

Now, one can carry out appropriate substitutiond iB.2) and normalize the equation to
the maximum valueSyax andLmax. The normalized equation for the rate of incog(t), for a

person with capabilitys and the size of earning meahgjs as follows

Mij (t)/ (Smadmax) =
= (Zmin /lmin)(S/Smax)(l—j/Lmax)(l - eXp('O/A min Lmax)t/(l—j/l—max))) (1-3-3)

or
M'ij (t) :Zmin(t)/lmin(t)S'i L'j{l - exp[-(lein)(dt/L'j)]} (1.3.3')

whereM'jj (t)=M;; (t)/(Smaxt-max); Si=(Si/Smax); L'j=(Lj/Lmay); @ =0 max Smax=30, andLma=30.

Below we omit the prime indice$he term Z,in(t)min(t) corresponds to the total (cumulative)

growth of GDP per capita from the start point gbexsonal work experience,(t,=0), and is

different for different start years. This term ntigie considered as a coefficient defined for

every single year of work experience because this predefined external variable. Thus, one

can always measure personal incomes in uyg(to)1min(to). Then (1.3.3") becomes a
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dimensionless one and the coefficient changes ftdinas GDP per capita evolves relative to
start year.

Equation (1.3.3’) represents the rate of incomeafperson with the defining parameters
S andL; and work experiencerelative to the maximum possible personal incoate, which is
obtained by a person witg,,=30/30=1 and.,s=30/30=1 at the same work experienc&he
term Z/N\min in the exponential term evolves inversely promordl to the square root of GDP per
capita. This is the key term for the evolution argonal incomes, which accounts for the
differences between the start years of work expeeeNumerical value af/ /i, is obtained by
calibration carried out for the start year of cepending modelling. This calibration assumes
that Nmin(to)=1 (and Znin(t))=1 as well) at the start point of the modelling and only the
dimensionless dissipation factar has to be empirically determined. In thisse, absolute value
of a depends on the start year of modelling.

This is a good place to speculate on the suffigerd of economy in terms of population,
which follows up from the distribution of earningpability and means size. There are 841
(=29x29) different states or income trajectoriesilable for people in a given economy. It is
natural to assume that each state should be octhpiat least 841 persons, each of them having
an equal chance to join any other state. So, Italfipossible states 841x841=707281 people are
needed. This number of people is related to theedainth year. There are about 50 different
years of age in a standard working age populatiodeveloped countries. Then the number of
people in the sufficient size economy is estimated-35,000,000. This is a very crude estimate,
but it gives a useful threshold discriminating dmahd large economies. Working age
population is such self-consistent economies asn@eay, France, the UK, Italy, Spain scatters
around this level. The economies are charactebyepractically full set of internally produced
goods and services, which provides economic indigaese and sustainability. Personal income
distribution in these countries should be driventlby uniform distribution of capabilities and
earning means. In other words, income distributiothese countries should mimic that in the
United States. Thorough investigations are needdhais field, although.

The world’s biggest economies, the US and Japes,easentially bigger than the
threshold and must be characterized by the belefiteen the modelled and observed personal
income distribution. This conclusion follows frommet number of people in each single year of
age group reaching 4,500,000 and 1,700,000, regplctThe overwhelming number makes the
distribution of people among 841 available statesenuniform or less volatile.

In smaller economies, say less than 1,000,0000005000 people, there are not enough
people to fill all income states uniformly and hegldisparity between theoretically equal states
Is observed. As a result, personal income distvbuin such smaller countries might be biased
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relative to that predicted by the model. In mangesasocial policy aimed at a lower income
(economic) inequality. However, these countries arethe brink of self-consistency and
sustainability. In many cases they depend on langeghbours or are focused on few products.
Vulnerability is a common consequence.

As Figure 1.3.1 indicates, money earning capa8ty;, drops to zero at some critical

time, T¢, in any personal work experience history and tiet®n of (1) becomes as follows:

Mij (t) =
Mij (Ter)exp(an(t-Ter)/ Amin Lj) = (1.3.4)
= { Zmin() Amin()SL;j(L-exp(aTed Amin Lj))} exp(-a(t-Ter)! Amin Lj)

The first term is equal to the level of income rat&ined by the person at tinig,, and the
second term represents an exponential decay ohtleene rate for work experience abovg.
The latter variable also evolves in time as theasguoot of GDP per capita:

Ter(t) = Ter(to)sqrt(GDP(t)/GDP(§)) (1.3.5)

The exponent indexa; is different from a and varies with time. It was found that the
exponential decrease of income rate abdyeresults in the same relative (as reduced to the
maximum income for this calendar year) income tatel at the same age. It means that the
index can be obtained according to the followirgtrenship:

az=-In(M; )/(Ar —Ter) (1.3.6)

whereM; is the relative level of income rate at the rafieeeagée?;, both are effectively constant.
Thus, when current age reachfsthe maximum possible income radiy (for i=29 andj=29)
drops toM,. Income rates for other values iofandj are defined by (1.4.4). For the period
between 1994 and 2002, empirical estimates arelk&sve: M, =0.72 andA,=64 years. In our
model, the exponential roll-off observed for theamencome in Figure 1.3.1 corresponds to a
zero-value work applied by individuals with workpexience beyond, to earn money. People
do not exercise any effort to produce income stgriiom some predefined (but changing) point
in time, T¢;, and enjoy exponential decay of their incomess iimportant that this critical work
experience is below the age or retirement and wes wer in the past.

A physical analogue of such exponential decay icg of a body, for example - the
Earth. When all sources of internal heating (gedionhal, rotational, and radioactive decay)
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disappear, the Earth only will be loosing the acolated internal heat through the surface
before reaching an equilibrium temperature withdh&er space. This process of cooling is also
described by an exponential decay because theflogairom the Earth is proportional to the
difference of the temperatures between the Eastirface and the outer space.

The probability for a person to get an earning rseafnrelative sizé; is constant over
all 29 discrete values of the size. The same isl¥al S, i.e. all people of 15 years of age and
above are distributed evenly among the 29 groupshi® capability to earn money. Thus, the
capacity for a person to earn money is distribaeer working age population as the product of
independently distribute® andL; - SL; = {2x2/900, %3/900, ..., %30/900, ¥%2/900, ...,
3x30/900, ..., 3830/900}. There are only 841 (=29x29) values of tltmmalized capacity
available between 4/900 and 900/900. Some of tbases seem to be degenerate (for example,
2x30=3x20=4x15= ...= 30x2), but as discussed abdief them define different time histories
according to (1.3.3’), wherk; is also present in the exponential term. The discspectrum of
the capabilities and sizes of earning means betWeand 29 is obtained by a trail-and-error
method. The values were varied in a wide rangerderoto obtain a good agreement between
observed and predicted PIDs. Figure 1.3.3 illusgrahe final result of the variation — the
oscillations in the observed PIDs for 1994, 199 2001 are well represented by the model in
the low-income zone. One can test that other discspectra associated with different
combinations of maximur8 andL do not provide the same accuracy of the descnpifqeaks
and troughs and actual roll-off of the observed®I[Also the discrete and even distribution of
the two defining variables is very simple and naltur

In reality, no individual income trajectory is pedthed, but the model puts a strong
constrain that it can only be chosen from the sét@ 841 predefined individual future for each
single year of birth.

It is not possible to quantitatively estimate ttadue of dissipation facton, using some
independent measurements. Instead, a standardatialibprocedure is applied. By definition,
the maximum relative value &f (L) is equal to 1.0 at the start point of the stugiedod,to.
The value omin(to) is also assumed to be 1.0. Thus, one can aanyorder to match predicted
and observed PIDs, and the best-fit valueao$ used for further predictions. Figure 1.3.4
presents some examples of income evolution foouareffective values af in the range from
0.09 to 0.04. This range is approximately the samebtained in the modelling the PID for the
time period from 1960 to 2002 (Kitov, 2005a). Adtimatial value of a is found to be 0.086 for
t0=1960. The value oflmi, changes during this period from 1.0 to 1.49 acewydo the square
root of real GDP per capita growth. The cumulagvewth of real GDP per capita from 1960 to
2002 is 2.22 times.
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Because the exponential term in (1.3.2) includessthe of earning means growing as the
root square of real GDP per capita, longer anddotigne is necessary for a person with the
maximumrelative valuess,g andL ,g to reach the maximum income rate. There is a atitevel
of income rate, however, which separates two incoames with different properties. This level
is called the Pareto threshold of income. FiguB5lillustrates the increase in time necessary to
reach the Pareto threshold depending on the decheakssipation factax. Fora=0.1, the time
is about 6 years, and for the current value of D080 years. Effective dissipation will decrease
in future according to GDP per capita growth. Ollethis process results in fewer and fewer
young people to be able to reach the Pareto disioity, i.e. to become rich.

Below the Pareto threshold, in the sub-criticabime zone, observed PIDs are accurately
predicted by the microeconomic model for the evotlubf individual income. One can crudely
approximate the PID in this zone by an exponent wismall negative index. Above the Pareto
threshold, in the supercritical income zone, thesPdre governed by a power (equivalent to the
Pareto) law. The presence of the high-income zoiik the Pareto distribution allows any
person reaching the threshold to obtain any incontee distribution, with rapidly decreasing
probability, however.

The mechanisms driving the power law distributiord aefining the threshold are not
well understood not only in economics but also lirygics as well for similar transitions. The
absence of any explicit description of the drivingchanisms does not prohibit the usage of well
established empirical properties of the Paretommedalistribution as measured in the USA —
constancy of the exponential index through time tredevolution of the threshold in sync with
the cumulative value of real GDP per capita (Kit@@05a, 2005c). Therefore we include the
Pareto distribution with empirically determined gaeters in our model for the description of
the PID above actual Pareto threshold. The usagepofver law distribution of incomes implies
that we do not need to follow each and every irtligi income above the Pareto threshold as we
did in the sub-critical income zone. All we needkimow the number of people in the Pareto
zone, i.e. the number of people with incomes abtihe Pareto threshold, as defined by
relationships (1.3.3) and (1.3.4).

The initial dimensionless Pareto threshold is fotmdbe Mp(tp)=0.43 and it evolves in

time as real GDP per capita:

Mp(t)=Mp (t0)[GDP(t)/GDP(b)] (1.3.6)

When a personal income reaches the Pareto thresholtlergoes a transformation and obtains

a new quality to reach any income with a probaptiéscribed by the power law distribution.
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This approach is similar to that extensively usecatural sciences involving self-organized
criticality. Due to the exponential (with a smakgative index) character of the growth of
income rate the number of people with incomes ibisted according to the Pareto law is very
sensitive to the threshold value, but people wighfenoughS: andL; can eventually reach the
threshold and obtain an opportunity to become tiehto occupy a position at the high-income
zone, as shown in Figure 1.3.6. It is illustratthat nobody with botts andL below 20 can
reach the threshold. As measured, only 10 perafetiotal population is eventually able to reach
the threshold, however. This portion exactly dedittee dimensionless threshold in the model.

There is another feature of the observed PIDs, lwhas to be addressed in the model.
Actual income distributions span the range fromt@&@everal hundred million dollars, and the
theoretical distribution extends only from $0 tooab $100,000. The power law distribution
starts from the Pareto threshold somewhere bet%4@/900 and $60,000. Above the threshold,
the theoretical and measured distributions shouddrde. What is the exact threshold? Figure
1.3.7 presents the predicted and observed depemd@nacome of the cumulative (normalized)
number of people with incomes below given level 899. The curves start at the point (0,0) and
practically coincide up to $54K since our modelwaately describes the low-income branch of
the PID. This value is the determined absolute evalfithe Pareto threshold for 1999, which
corresponds to the dimensionless Pareto threstadlok vof 0.951 in 1999 and 0.430 at the start
point of the modelling in 1960.

Above the Pareto threshold, the predicted distioutrops with an increasing rate to
zero at about $100,000. This limit correspondshabsence of the theoretical capacity to earn
money,SL;, above 1.0. The dimensionless units can be cortvénte actual 2000 dollars by
multiplying factor of $120,000, i.e. one dimensisg unit costs $120,000. Actual and
theoretical absolute income intervals are differabpove the Pareto threshold but contain the
same portion of total population (~10%). Thus, tibkal amount of money earned by people in
the Pareto distribution income zone, i.e. the sdiallgpersonal incomes, differs in the real and
theoretical cases.

Here one can introduce a concept distinguishingvi¢hreshold (subcritical) and above-
threshold (supercritical) behavior of the incomeness. Using analogues from statistical
physical, Yakovenko (2003) associates the subatlitiaterval for personal incomes with the
Boltzmann-Gibbs law and the extra income in theet®azone with the Bose condensate. In the
framework of geomechanics, as adapted in the modeadf personal income distribution (Kitov,
2005a), one can distinguish between two regimeteabnic energy release (Rodionov et al.,

1982) — slow subcritical dissipation on inhomogéagof various sizes and fast energy release
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in earthquakes. The latter process is more effidieterms of tectonic energy dissipation. The
frequency distribution of earthquake sizes also/sltiee Pareto power law.

If to sum all personal incomes in the Pareto ztime the net actual income is 1.33 times
larger than that would be earned if incomes wesé&itiuted according to the theoretical curve,
in which every income is proportional to the capatd earn money. This affectively means that
in average every person in the Pareto zone eaBBstiilnes more money than prescribed by the
model. Figure 1.3.8 illustrates the concept. Twaves in the Figure correspond to the
theoretical and observed total income receiveddoppfe with incomes below a given value, i.e.
the sum of all personal incomes from a given vatueero income. The theoretical curve is not
corrected for a 33% increase for each personamecabove the Pareto threshold.

This multiplication factor is sensitive to the defion of the Pareto threshold. In order to
match the theoretical and observed total amounh@fmoney earned in the supercritical zone
one has to multiply every theoretical personal meoin the zone by a factor of 1.33. This
equalizes the theoretical and observed number @blpeand incomes in both zones: sub- and
supercritical. It seems also reasonable to asshatehe observed difference in distributions in
the zones is reflected by some basic differendbearcapability to earn money.

The model is finalized. An individual income grouvstime according to relationship
(1.3.3’) until some critical agé&.(t). Above T, the income rate is exponentially decreasing
according to (1.3.4). When the income is above Rageto threshold it gains 33% of its
theoretical value in order to fit the overall inoerabove the Pareto threshold. Above the Pareto
threshold, incomes are distributed according tooagy law with an index to be determined
empirically. It is obvious that if a personal incerhas not reached the Pareto threshold before
Ter, It never reaches the threshold because it tatdecrease exponentially. A personal income
above the Pareto threshold at critical work expeedl ., startsto decrease and can reach the
Pareto threshold at some point. Then it losesita 3% value.

All people above 14 years of age are divided 8#& groups according to their capacity
to earn money. Any new generation has the samebdison ofL; andS as previous ones, but
different start values ofi,i, and Znin, Which evolve with real GDP per capita. Thus, attlhape
of PIDs depends on the single year of age populatistribution. The population age structure
is an external parameter evolving according t@vts rules. The critical work experienciy(t)
also grows proportionally to the square root of papita real GDP. Based on independent
measurements of population age distribution and @Bé¢ can model the evolution of the PID
below and above the Pareto threshold.

Because of the reverted logic of presentationyltesre presented later than the model

itself. In the following paragraphs various datésselated to personal income distribution are
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used for calibration of the model, i.e. for obtamiaccurate estimates of defining parameters,
and for validation as well. An adequate model leapredict the evolution of observed PIDs in
the past, i.e. before the start year of modellamgl also in the future.
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81.4. Modelling the overall personal income distribtion in the US between 1994 and 2002

The essence of a quantitative model consists ind#geription of a set of variables and the
prediction of their behavior beyond the period agedeby data. The higher is the accuracy of
description and prediction, the more reliable is thodel. In order to prove the adequacy, our
model has to describe several important aspectsrafome distribution. Among them are: the
evolution of PID over calendar time, the dependesfaadividual income on work experience,
the time history of the number of people in vasisucome bins. The data counted in the CPS
are aggregated in various ways. This paragraphew®tdd to quantitative modelling of the
overall, i.e. aggregated over age in given binssg®al income distribution in the US from 1994
to 2002.

We have formally introduced the model for the etioh of personal income distribution
depending on economic growth in 81.3. PID is on¢hef key economic parameters. Despite
some principal uncertainties in the data set osqre&l incomes, it represents the longest and the
most detailed and accurate source of informationthen distribution of income (individual,
family, household) for a quantitative analysis amodelling. (As discussed in 81.2, other source
provide estimates, which either cover a shortefodeor less resolved, like the BEA gross
personal income estimates.) Original income distrdns, i.e. the number of people in given
income bins, for even years between 1994 and 26®displayed in Figure 1.4.1. The width of
corresponding bins is fixed to 2500 current dollaes it is not corrected for inflation. For the
sake of clarity, the numbers of people with incamsde original $2500-wide income intervals
are aggregated into $10,000-wide intervals. Théridigions show an increasing number of
people in the fixed bins with income above ~$20,800 a decreasing number below this value.
(Notice the lin-log coordinates.) This is an expéctesult of population growth, real economic
growth, and inflation. The first of the three preses potentially leads to an upward
displacement with time of the curves as a whole displacement is uniform (in relative terms)
when the population added every year is distribotegt income in the same way as before, i.e.
when the PID of the added population mimics thgioal PID. The US population grows at a
rate of approximately 1% per year due to the exadsbirths over deaths and positive
immigration.

The latter two processes result in the changbethape of the distribution. Inflation (as
represented by GDP deflator) in the US between E@142002 was measured between 1.2% in
1998 and 2.4% in 2001. The effect of inflation dstssin higher nominal incomes potentially
obtained without real economic growth. Because [ajmn was counted in fixed income bins

during the entire period, one can expect that sg®eple from lower income bins were
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eventually lifted into higher income bins. Moreovem increasing portion of people were
moving into the zone above the highest income efgtrvey - $100,000. These people find
themselves outside the detailed counting schem@ma@dannot calculate population density, i.e.
the number of people in a given bin divided bywidgth, because the upper end of the income
scale is open. With time, this effect became smmiment that it forced the Census Bureau to
introduce new income intervals for higher incomdtera2000. Because of much lower
population density at the highest incomes, thesenials are $50,000-wide, i.e. twenty times
wider than the standard bins. Here we observedhanaleficiency in the CB’s reporting
methodology — it does not retain the resolutioR i@ uniform through time.

With respect to the evolution of PID in the Unit8thtes, real economic growth leads to
an effect similar to that caused by inflation. Therement in the volume of goods and services
produced by the US economy results in an increadbea gross personal income, GPI, which
according to our definition must be equal to GD®EEGPI). People earn more and drift with
time in the direction of higher incomes. In someergears of economic contraction, personal
incomes drop and some people may fall back int@tancome bins.

An aggregate effect of these three processesdlithid distributions into two zones —
lower and above mean income, as seen in Figurd.1llhe mean income increases from
$23,278 in 1994 to $32,222 in 2002 (in currentasl. So, the turning point between these two
zones is somewhere between these values.

The next step of our analysis is to normalize dhniginal PIDs to several aggregate
values. A natural normalization is associated withal population. Such representation
suppresses the effect of population change anccesdilne original PIDs to population density
distributions, (PDD). These PDDs can be consideagdorobability density functions (pdf)
because the integral of a PDD over income, or tha below the PDD curve, is equal to unit. As
shown later on, these density distributions betteracterize the hierarchy of personal incomes
in the US. Figure 1.4.2 illustrates the evolutidrthee PDD during the period between 1994 and
2002.

As often happens in scientific research associaiiéid empirical data, a trail-and-error
method enhanced by some new conceptual assumpmiiongles a fruitful approach. However,
the underlying logic of this new approach is opfmgd the logic of the representation of
obtained results. One cannot know the final rdsedlbre the completion of the search, but knows
exactly the final result when reports. In fact,\otfie final result really matters. But it became a
standard to present all principal stages of comedimg search procedure and most important

outcomes.

32



In order to find an invariant in the US PIDs, wavl conducted a series of corrections to
the original PIDs and related PDDs. The informat@nthe growth rate of real and nominal
GDP and the changes in total population in the @S lteen used to reduce the distributions to
those in 1994. A well-known procedure of such aioidn is the adjustment for inflation. Since
the March Supplement of the CPS gives the numbpeople with incomes in fixed $2500-wide
bins one has first to correct the enumerated Hidions for the change in dollar value. This
correction can be implemented as the contractiomadme scale by a factor, which entirely
compensates the extension caused by inflationekample, in order to correct for 10 per cent
inflation, one has to compress the income scala Bgctor 1.1. Thus, the bin between $50,000
and $52,500 is transformed into the bin between4&band $47,727, with its center shifted
from $51,125 to $46,591. Both bins are effectivedypivalent in terms that $50,000 income in a
given year has a value equivalent to $45,455 irpthgious year, when the rate of price inflation
is 10% per year. Hereafter we associate measwaees/of population density with the centers
of relevant income bins. For nonlinear functiongragimating actual PDDs, this is not a
guantitatively accurate procedure. Estimated pajmmalensities should be associated with the
incomes, which provide the exact values of the axprated PDDs. This procedure will be
described in 81.8, where the Gini coefficient is deleed. However, for the purpose of
illustration and comparison the difference betwtdmncenters and exact incomes is negligible.

The original PID for 1994 is the starting and refeee distribution. The distributions for
the following years are corrected for inflation, represented by GDP deflator. Obviously, the
corrected curves should reveal the change over itnteal PIDs. Figure 1.4.3 displays some
results of the correction for inflation between 4%hd 2002 as applied to the population density
distributions. These PDDs demonstrate an increaghd portion of people with higher real
incomes. This observation is consistent with theitp@ growth in real GDP during the studied
period. Due to weak real GDP growth in 2001, thevedor 2000 is very close to that for 2002.
One can observe the contraction of income scaldteelsfrom the corrections described above -
the centers of the bins corrected for inflation dnéting to the center of coordinates with time.

The same correction procedure has been appliftetohanges associated with nominal
and real economic growth, both total and per capithen there is no total (working age)
population change and inflation, the correctionrial economic growth could potentially reveal
the changes in the distribution of gross personabme in the same (in number but not in
individual representation) population. Figures 4.4nd 1.4.5 compare the effects of the
correction for the growth in nominal GDP on thegoral personal income distribution, and the
correction for the growth in nominal GDP per capia corresponding population density
distribution. Both corrections address the questibthe redistribution of the increasing income
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generated by inflation and real economic growthrdkie growing population. Is the increment
in nominal and real volume of money distributed rdye(in relative terms) among income
groups or some selected groups benefit from thistrémution? This is a political question as
well, but first it must be answered using quarntigaestimates provided by the Census Bureau.

The curves representing PIDs in Figure 1.4.4 aaetgally parallel. This indicates that
the increase in working age population forces amyupward movement of the 1994 curve.
Because these curves are parallel, the relativease in the number of people in every income
bin is the same, and the distribution of the incaneement among the newcomers is exactly
the same as among experienced people. In otheswiye PID in the US is characterized by the
existence of a hierarchy, and this hierarchy isdrigver time and generations. This is a
fundamental conclusion. It is better illustratedFRigure 1.4.5, where the population density
curves for the studied years practically coincitemeans that equivalent portions of total
(working age) population always receive equal poriof gross personal income. This fixed
income distribution implies the constancy of incomequality between 1994 and 2002. In §81.8,
we will extend this conclusion to the period betwé&847 and 2006.

It is important that the hierarchy is observedaoth branches of actual (and modelled)
PIDs: sub- and supercritical one, as characteribgdquasi-exponential and power law
distributions. Figure 1.4.6 depicts all PDDs betw&894 and 2002 (corrected for the growth in
nominal GDP per capita) and introduces two nonlitieend lines. This graph also illustrates the
presence of a rigid hierarchy.

Using the set of defining equations developed IrB8we start the modelling of the
overall PIDs with some simple examples. Our initiabdel is constrained to reproduce all
aspects of actual observations at any level oflidateon, but only aggregated values are
important at this stage. The model is characteribgda number of external and internal
parameters. The external parameters include thetiynate of GDP: both real and nominal, total
and per capita, and the distribution of populabeer (single year of) age. The internal defining
parameters of the model are the initial criticarkvexperienceT(to), and the initial dissipation
factor, a.34The34former parameter can34be34estimated usmg sidependent34 observations
and the latter one - only by calibration, i.e. bgltand-error.

Various estimates of the growth rate of GDP betw#850 and 2002 are presented in
Table 1.4.1. Total increase of the nominal and @BP during this period is 35.7 and 5.7,
respectively. Relevant GDP per capita, correctedhe difference between total population and
that above 15 years of age, changed by a facta7 & and 2.5, respectively. The latter value
indicates that the real GDP per head for working pgpulation changed only by a factor of 2.5
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during the fifty two years after 1950. It is 2.281¢s less than the total change in the real GDP.
Actual economic development is not as fast as sémssome economic news.

Thus, the observed growth of real GDP is half tluthe population growth or extensive
growth. The proposed model includes the distrilbutsd working age population over age as a
key parameter defining fine and aggregated chaiatibts of personal income distribution.
Figure 1.4.7 depicts the single-year-of-age popuiagstimates for some selected calendar years
as obtained from the US Census Bureau (2004b).| Pojaulation in the United States grew
eventually from 152,200,000 in 1950 to 286,200,00@001. Total population of 16 years of
age and over grew during the same period from DDI0®0 to 225,670,000.

As found above, the increase in total populatiGuits only in a parallel shift of the PIDs
for the years between 1994 and 2002. What imporsatite change in the portion of population
with given age through time. Figure 1.4.8 displthe same population distributions as in Figure
1.4.7, but normalized to the largest populationdibiages. The age of the peak humber evolves
over time and was 45 years in 2001. The populaigaked at this age gives the largest share of
the total population with almost the highest a#diaverage income. In other words, the current
age distribution in the US corresponds to a vefgotive case for income earning — a larger
portion of working age population receives almbst naximum possible income, as defined by
our model. Effectively, people between 45 and 5&y@f age are closing the critical age when
the increase in mean income turns to the expondaligsee Figure 1.3.1).

When the age peak surpasses the (predefined stragéure and the initial level of GDP
per capita, as shown in Chapter 2) critical workexgerienceT(t), which is also growing with
time, these favourable conditions for income eaymill start to deteriorate, but not severely.
There will be only a 10% drop in the share of pagah with the peak income in the next 15
years. Five years after 2002, however, are margefouan increase in gross personal income
extra to that associated with the age distributiortbe past. Figures 1.4.7 and 1.4.8 demonstrate
the importance of the changes in the age distohutr our model. As a thought experiment one
could imagine that all population has the same yédrirth and track the evolution of mean
income over time. In the beginning, when all peapke 16 years of age and start working career,
the mean income is zero. A}, it finds its peak, and then exponentially decaith time. The
age distribution smashes this pure evolutionaryepatby mixing a large number of similar
curves with various time shifts.

It is worth noting in this paragraph that there sigible variations in the population
counts within 10-year age windows, which are usgdhe US Census Bureau for averaging
personal income readings. This can cause subdtaatiations in the average income estimates,

especially in the youngest age group, where theopat income increases exponentially with
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age. Fortunately, the estimates of single yeagef population are available from 1900, with a
varying accuracy. We estimate the accuracy of tymulation counts for single years of age as
5% to 7%. In wider age intervals, this accuradyigher and may reach 1% to 2%.

In the model, the population of each single ydaage for each calendar year (in the
studied period) is divided by the number of diffarexcome states. Resulting values represent
the portions of total population with the same dngtof income evolution, because only 841
different combinations of the product of capabilityearn money, S, and means to earn money,
L, are available. One should bear in mind that coatimns §=2, L=30) and $=30, L=2) are
quite different due to the fact that the means kidefines the time constant of dissipatiofil,.
People in a given group have the same income equbk product of the current level of GDP
per capita (relative to the start year) and timpetelent functions in (1.3.3’) and (1.3.4). For
example, the age group of 50+ year-olds has wopemence of ttto=) 35+ years. Current value
of L is the size of real earning means in the grougttive to the initial value. Actually, there are
as many age groups as listed in the tables publiblgehe US Census Bureau. Because of the
uncertainty associated with the enumeration inrgldgroup the model includes only ages from
16 to 75 years. Admittedly, the number of eldeslyot large and is prone to strong fluctuations
due to the changes in the population controls. Tiimigation can potentially affect the modelling
of the overall personal income distribution: someogle of working age and their incomes
counted by the Census Bureau are not includedeimitdel.

The internal parameteiig,(t) anda(t) depend on time. To estimate their values by trial-
and-error method, a series of calculations forotegitime intervals between 1950 and 2002 has
been conducted to fit the measured PIDs. For 1858 starting point, the best fit estimates are
T=23.5 yearsg =0.097, respectively. According to (1.3.5), theakies can be reduced to any
other years using the level of GDP per capita (sble 1.4.1).

Having the externally measured age distribution @GBdP per capita as well as the above
of the internal model parameters, one can predebterall PID for any year. For the purpose of
this paragraph, we chose the period between 19842602. Technically, the model is very
simple and consists of three main steps. Firstcaleulate personal incomes for all 841 income
states (trajectories) and for all ages under modgllas defined by (1.3.3’) and (1.3.4). As a
result, the number of different incomes in the mddea given year reaches 841 times the age
range (chiefly, 60 years between 16 and 75). Seceadh income estimated in step one is
multiplied by the number of people with this inconmeactual economy, i.e. the number of
people of relevant age divided by 841. Third, w@ragate over income or age intervals, as
appropriate. In the case of the overall PID, weraggte over all ages in 0.0025 model units

bins. Since the model is dimensionless, we intredan empirically determined calibration
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factor, which transforms between current and dinoesss spaces. In other words, total
personal income in reality, i.e. the integral oDRiver income, must be equal to total personal
income in the dimensionless space multiplied bipcation factor.

Figure 1.4.9 presents predicted overall PIDs irrenirdollars for some selected years
between 1960 and 2002. (Notice the log-log cootdma The evolution of the predicted PIDs
reproduces some principal features of the obsedisdbutions: the level of population density
decreases at lower incomes and increases at higteene. The point where these two processes
meet is somewhere between $20K and $30K. The cuares obtained from relevant
dimensionless curves scaled with a factor of $Aj001990. This means that one unit of the
dimensionless scale costs $70,000 (current) for year of 1990. The scaling factor is
proportional to nominal GDP per capita. In 2002 $icaling factor was about $105,000 and the
predicted personal income distribution in curred@(2) dollars extends to $103,000. This value
is the largest income which would have been predidty the model if we do not recall that
actual distribution at higher incomes is governsdthe Pareto law. The purpose of this
paragraph is to predict PID between zero incometlaadPareto threshold. As mentioned in 81.3,
the model defined by (1.3.3) and (1.3.4) describesevolution of individual incomes for 90%
of working age population. PID beyond the Parbteshold is described and modelled in 81.7.

Figures 1.4.10 through 1.4.12 compare the obseamddpredicted distributions for 1994,
1998, and 2001. The observed distributions, agtedgm $10K intervals, are interpolated by
splines in order to present continuous distribugiorin reality, fine structure of the observed
PIDs may differ from these smooth lines. But we sider this way of representation as an
adequate one because the uncertainty in actualiBllasge enough and the smoothed curve is a
good visual characteristic of the PID suppressirgasarement errors and related fluctuations.
So to say, we expect that the shape of real PIDduvoei very close to that of predicted one if the
former is measured precisely. The predicted distidims are obtained from a model with the
following parameters: start37yelgr1960,37T(1960)=26.5 year®=0.087. These calculations
were carried out in dimensionless units and curdatiars. Therefore, the initial value of the
Pareto threshold of 0.43 evolves in time as nonBiaP per capita. The dimensionless width of
counting bins is 0.001 and effective current ddtlsxs expand over time. The conversion factor
between dimensionless units of the model and cudeltars in 1960 is $10,500. This means
that the entire 1960 theoretical PID can be pldmetdveen $0 to $10,500; the whole 1980 PID
spans from $0 to $40,000 because nominal GDP ppitlacgrew by a factor of 3.8 from 1960 to
1980. There are no people in several highest diibeless income groups, however, because
nobody approached the level 1.0 (dimensionlessudiiring the period of income growth, i.e.
beforeTy;.
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The PIDs for 1994 are presented in Figure 1.4Th& predicted distribution coincides
with the observed one in the range between $5K$3&K. The latter value is very close to the
Pareto threshold for this year situated somewheteden $35K and $45K. Beginning from the
Pareto threshold, the observed and predicted loligions diverge because of different character
of decay, as described in 81.3. The observed hiigion decays with income according to a
power law. The predicted distribution decays slobkt above the threshold, but then the rate of
the decay grows very fast and it intercepts thendesl distribution near $60K.

Figures 1.4.11 and 1.4.12 illustrate the evolutbrthe distributions and corresponding
Pareto threshold. With time, the threshold movestds higher incomes. It was around $45K in
1998, and near $52K in 2001. Because the Pare¢shbld quickly moves to $100,000, as a
result of the observed intensive nominal economawvth in the US, one can expect that in the
near future the overall PIDs measured by the CB mot contain the Pareto portion of the
distribution in the range from $0 to $100,000. Hfere, the US Census Bureau will not be able
to correctly describe personal income distributiBren now, the distribution contains only a
narrow range where the power law rules. As a respatie Pareto zone has been covered with
$50,000-wide bins since 2000.

The above analysis of the overall PID demonstrdbes existence of some fixed
hierarchical structure in the personal income iistron in the United States. The PIDs
normalized to the total population above 15 yedrage and corrected for nominal GDP per
capita effectively coincide for the years betwe8@4Land 2002.

The structure of the measured personal incomaliigon can be simulated by using the
microeconomic model with some simple assumptioladae to the distribution of capabilities to
earn money and sizes of earning means. In the loweme zone, the observed and predicted
distributions coincide up to the income level ipteted as the Pareto distribution threshold or
the minimum possible income in the Pareto distrdsutThe Pareto part of the actual PIDs is
considered to be a result of some processes as=beigth self-organized criticality and does
not need any additional modelling except the pteshcof the portion of the total population in
the Pareto zone. This portion is of about 10 pat aed its distribution over work experience is
also exactly predicted by the microeconomic moaelklescribed 8§1.7.

The evolution of the overall PID is also well pictdd depending on nominal GDP
growth from 1994 to 2002. This includes the predictof the subcritical zone width and
relevant change of the PID slope with time. One easily predict the future PIDs as a function

of GDP growth and population changes.
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On the other hand, the observed accurate predicidhe US PIDs for years between
1994 and 2002 demonstrates validity of the microeoac model and general concept
inherently related to the personal income as tie ssurce of the economic growth.
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81.5. Modelling the age-dependent personal incomasttibution in the US between 1994
and 2002

In 81.4, we revealed the importance of severalpaameters defining the model and estimated
their empirical values. These parameters providetarministic description of the overall PID
and its evolution between 1994 and 2002. At thighHevel of aggregation, the model provides
accurate predictions for incomes below the Pateteshold. At a lower level of aggregation, as
represented by age-dependent PIDs, one observesrsameffects representing a big challenge
to the model. Therefore, in order to answer thigllenge, the age-dependent personal income
distribution in the United States was modelled gdime same (microeconomic) model and the
parameters obtained in the overall PID modellinbhis is an independent validation of the
model: it was not tuned to describe new PID featuvben the overall PIDs were fitted. In any
case, a model with empirically determined paranseaecurately (and quantitatively) predicting
neweffects beyond its initial scope is of high scientalue.

In 81.3, the concept of two branches of PID in UA is introduced: a low-income
branch and a high-income branch. The former isrately described by the model and the latter
is a standard power law (Pareto) distribution. &tunal sciences, the Pareto distribution is a
common observation and is thought to be a resué ntimber of processes called as a whole
“self-organized criticality”. There is no economieodel available to formally express some
processes at micro level leading to the Paretaildigion, as we did in 81.4 for the quasi-
exponential distribution at lower incomes. Howewang can accurately predict the number of
people in this distribution using the developednmeconomic model and their distribution over
age. In a sense, the number of people and théiibdison over age is the only feature needed to
model measured Pareto distribution, because otraneters of the distribution follow up from
the definition and properties of power law. Therefahe age dependence of personal income
plays the defining role for the empirics of thedaraw in economics.

The overall PIDs presented in 81.4 include persmtames of all Americans above 15
years of age as published by the U.S. Census BuBgadesign, since 1994 the Census Bureau
has been reporting population counts in relativelyrow income bins of $2500, also in five to
ten-year-wide age groups. It is obvious that eaxchevery personal income undergoes important
changes with age or, what is equivalent for theedixage of workforce joining, with work
experience. The starting point for all personabmes is apparently zero at the age of 15 years.
Then personal incomes grow at a decreasing ratere peak values defined by giveandL.
Between 1994 and 2002, the average income measuthd USA usually reached its relative

maximum value at some age between 45 and 55 yedithan started to decrease exponentially.
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The overall PIDs in 81.4 are not able to expresthake complex features and processes
due to the absence of age resolution. These mesemnd features, however, are extremely
important from personal point of view as a preadietof potential income trajectory. They are
also a big challenge to any model for the persmtaime distribution and its evolution.

The overall PIDs in the USA demonstrate a verylstabcial structure in respect to the
distribution of gross personal income. However, dbserved PIDs change very fast from one
age group to another. There are income data sdtshwgh age resolution for the years between
1994 and 2002. These sets include information ennilimber of people in 5-year-wide age
intervals starting with 15 years of age. The fioit is 10-year long, however, and spans the age
interval between 15 and 24 vyears. This wideningeces severe problems in income
measurements in this age group, where standardititefis of income do not cover all potential
income sources as, for example, intra-family mamaysfer (see discussion in 81.2 for details).

Figures 1.5.1 and 1.5.2 display the PIDs measuret98 in various age groups in
absolute values and normalized to total populafiorgiven age group) of 15 years of age and
over, respectively. In the youngest age group dik&ibution is close to an exponential one, as
expressed by a straight line in the lin-log cooati&s, with strong variations observed at incomes
above $50K. As discussed in 81.2, this is the teduthe small size of the survey, which covers
only approximately ~100,000 households. When tkellef PID in this relatively narrow age
group drops by three orders of magnitude, suchrageecan not provide adequate estimates.
Some bins at higher incomes are not populated!dhdahe Figures, the absence of population is
manifested by gaps in the curves and zero valuesnmesponding tables published by the CB.
When using the CPS data for quantitative modellomgg should bear in mind that the high-
income tails of age-dependent PIDs are not religidé populated). In natural sciences, there are
many cases when size distributions expressed bgplaww are characterized by high-amplitude
fluctuations at the upper size extreme. Thesduhatmns are usually artificial as well as those
observed in Figures 1.5.1 and 1.5.2 in the youngesip. The gaps induced by low resolution
are also partly responsible for the underestimaticeiverage income in the youngest age group.

With increasing age or work experience, the ageeddent PIDs obtain a slowly
extending quasi-flat part at lower incomes followsg an exponentially decreasing part. The
PID for the age group between 70 and 74 yearswaade is characterized by an exponential
roll-off similar to that for the youngest group.igholl-off clearly demonstrates that a significant
part of elderly population in the USA loses incoveey fast with time and not many of them can
retain the same income as they had before: contpareldest group with the group between 60
and 64 years of age. Figure 1.5.2 illustrates fhriscess in relative terms. The curve

corresponding to the eldest reported age groupbbé&sy the curve for the age group between 25
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and 29 years for incomes higher than $30K and asdlve the curve for incomes below $20K.
The middle age groups are characterized by alnuesttical population density distributions.
The observed PIDs for the year of 1998 reveal sooneplex features of the evolution with age.
The PIDs for other years of the studied interval similar and demonstrate the same principal
features.

PID in a given age group also evolves over caletidee. The features associated with
this evolution are also of principal importance foe model - is it capable to predict well PID
changes in all age groups. Figure 1.5.3 displags RHDs (current dollars) in the youngest age
group aggregated in $10K bins for the calendar syedir 1994 and 2002. An exponential
regression gives a negative index, increasing @425 in 1994 to -0.095 in 2002. The ratio of
the indices is 1.32. This value is very close @t thbserved for the growth in nominal GDP per
capita from 1994 to 2002, equal to 1.34 (BureauEcbnomic Analysis 2005). Thus, an
adjustment for the change in nominal GDP per caditee that applied to the overall
distributions, should completely merge the curves.

From the above Figures, we would like to highlightee important features of the
original PIDs’ dependence on work experience. Firgtome distribution in the youngest age
group is exponential over the whole reported rar®gcond, the distributions normalized to
population are characterized by the developmerat qQbiasi-constant (slightly decreasing) part,
which spans the range from zero income to appraein®30K in the age groups above 25
years. Third important phenomenon is the exponledéerease in the distribution for the eldest
age group. This distribution is similar to thattive youngest age group. One can assume that in
some older age group, say above 75 years of age?lib is equivalent to that in the youngest
group.

The adjustment for nominal GDP per capita effedjiveduces the overall population
density distributions to one line. It is instruivo apply the same procedure to the PIDs in
various age groups. Because the adjustment mighupe different outcome depending on age,
some principal cases are presented in Figures théodgh 1.5.6. In the youngest age group, the
adjustment results in the same pattern as obseimedhe overall distribution. The only
difference is higher scattering at large incoméated to low reliability of measurements in this
age interval. The largest differences between ¢ldeiced PDDs are observed in the age groups
from 45 to 49 years and from 50 to 54 years (Figur®.5 and 1.5.6, respectively). These ages
are near the critical work experiencg,, where the empirical relationship between mean
personal income and work experience turns from traw fall. This critical age also changes

with time as the square root of GDP per capita. @ can expect the largest disturbance in
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these PDDs as induced by real economic growth aftation. In 2002, the critical age was
somewhere between 50 and 55 years in the USA.

Having studied some features of the age dependidd, Rve calculated theoretical
distributions in the age groups defined by the W&asus Bureau. Since the model predicts each
and every individual income for people of 15 yeafsge and over, it is a simple aggregating
procedure to estimate the number of people in amgngage and/or income interval. As
discussed in 81.4, the model takes into accouryt &l distinct individual income histories for
every single year of age and then weights indiMitch@omes using total number of people of the
same age. People of the same age are effectivatediinto 841 equal sub-groups, and the size
of these sub-groups changes with age and caleimdar fEor the sake of simplicity we assume
that all people of the same age have the samedbythnd first working day. This makes the
model a discrete one.

Everybody can choose and follow up one of the &4dilable trajectories. The person
may also leap from one trajectory to another. I ¢hse when all income positions in a given
economy are filled, the change actually must bexamange. In other words, the leap forces the
person who occupied before this new position tgpdmthe trajectory abandoned by the first
person: the trajectories can be only swapped bucreated over the fixed number. Actually,
much longer swap chains are possible. In any qag®ylation density distribution in any given
age group is always fixed despite any finite numiiieexchanges in income trajectories. The
ratio of personal incomes of two persons of diffierage but the samle and S depends on
economic growth during their job careers.

As in 81.4, the best fit defining parameters f@6Q areT.=26.5 years andr=0.087,
respectively. After aggregation of individual incesiin 10- and 5-year bins we obtained PDDs
in all predefined age groups. Figures 1.5.7 throtigh10 depict the predicted and observed
distributions in the age groups from 15 to 24 yefosn 25 to 29 years, from 30 to 34 years, and
from 60 to 64 years in 1998. The year of 1998 hasdvantage of simple conversion factor
between dimensionless units and current units gg)llequal to 100,000. As has been already
shown, the other middle age groups have distribstiery similar to those for the age groups
from 30 to 34 years and from 60 to 64 years.

In the youngest age group, the curves in Figube/ldiverge almost everywhere. The
predicted distribution lies above the actual onee @an explain this observation using the
factors discussed above: the low resolution in ginegip, the undercount at higher incomes and
the absence of adequate income sources in the €dBgreau’s questionnaire (West &
Robinson, 1999). So, this deviation is expectallé should be resolved somehow in further

income surveys. We presume that this deviatiomdsiced by some deficiencies in the current
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design and methodology of the surveys not by thelahoHowever, both distributions are
characterized by the same index of exponential ydéa@an the zero income bin to the bin
starting at $40K. The observed distribution hasamly an emergent part characterized by the
Pareto distribution (above $48K) and also has gelamumber of people with very low income.
The latter observation is well predicted. Agaire #tcuracy of enumeration at lower incomes is
under doubt due to the limitations in the questarem

In the middle age groups, evolution of the prediceend observed distribution is
described with a reasonable accuracy. Here we agagh the low income counting problem. In
the eldest age group among all presented here @ito 64 years of age), the theoretical curve
fits the measured one with an excellent precisispparently, the CPS covers the elderly
population with the highest resolution and defindequate sources of income. This effect will
be also discussed in §1.9, as related to age depefuini coefficient. In Figure 1.5.10, as with
the overall PIDs, one can distinguish a sub-clizcae, a zone where the theoretical distribution
is above the observed and a zone of an opposigvizehin 81.3, this age group was used for
calibration of the earning capabilities.

The observed PDDs suffer from lack of resoluiiorthe most important for our model
age group — from 15 to 24 years of age, where ymarmics of income evolution is the fastest
and the range of income change in the largestraige of change is a crucial parameter for the
reliability of any model; for a zero-wide-range aimctional dependence between variables is
void. One can find a link between measured vargldely when they are changing. The
observed PDD in this age group actually consistemivery different single year PDDs. Figure
1.5.11 displays the predicted evolution of the leingear of age PDDs for 1998 starting from 3
years of work experience. This is the decompositban aggregated distribution into single
year of age distributions. During the first twoaye of work the predicted incomes are
concentrated in the lowermost income bins and arevorth displaying.

The predicted evolution reveals some important feldures. During the first eight years
of work, nobody is able to reach the Pareto thriesbb$48K. This might be the reason for the
U.S. Census Bureau to aggregate all the persooaies between 15 years and 24 years of age.
Otherwise, there is literally nobody filling theghier income bins in the Pareto distribution
range.

There are actually quite a few people startingrtjoda career before reaching the age of
15 years. There is no official statistics for thgmmple, however, and their overall impact is
negligible in the PID evolution because they affealy the youngest age group with the

lowermost incomes. With age, all these differenndke start year of work should disappear.
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In addition to a higher resolution, the predicBI® can be extrapolated years back and
ahead. Figure 1.5.12 and 1.5.13 display predictBd i 5-year-wide work experience intervals
for calendar years 1980 and 2002. One can obskatdhe PIDs span very different ranges of
income despite the same virtual procedure of cagriti $2500 wide intervals.

In 1980, the predicted distributions span the ineamterval from $0 to $35K. The Pareto
threshold was at about $20K according to the irsréa nominal GDP per capita by a factor of
2.9 from 1980 to 2002. Actual distribution, if maesd, would be characterized by power law
above $20K. The actual distribution is also extenttevery high incomes well above the level
of $35K predicted by the model in the sub-criticaige.

In 2002, the Pareto threshold was at the leved5®K and the predicted distributions
occupy the whole actual income range of the survépm $0 to $100K. One of the effects of
the observed PID stretching with time is that re&y lower numbers of people occur in the
predefined income intervals. This effect resutighe observed oscillations in the PIDs. The
PIDs in 1980 look much smoother than in 2002 dusnt@othing effects of the large numbers.
Oscillations in the predicted PID are only indudsdthe discrete distribution of the capacity to
earn money, which was revealed by the model’s lin procedure.

The overall personal income distribution in the US4s modelled for the period
between 1994 and 2002 and an excellent match bettireepredicted and measured PIDs has
been found. Defining parameters of the model ataioed and are accurate in prediction of the
PIDs’ evolution in time. The prediction of the ewtbn was almost solely based on the
assumption that critical tim@,,, anda evolve as the square root of the per capita ré®.G

This paragraph addresses a more complicated pnobleage structure of the observed
PIDs. Complexity of the problem is obvious duehe tardinal changes in the PID shape with
age. The model, however, meets this new challengeaccurately predicts not only the overall
behavior of the age-dependent PIDs, but also someedetails. Moreover, the model unveils
some shortcomings of the income survey methododéoglydesign, which lead to degradation of
the observations’ accuracy with time.

The data on the age-dependent PIDs are obtaiogdtire U.S. Census Bureau web-site.
Two important features of the data should be maetiohere. Definition of income adopted by
the Bureau in its questionnaire is very limited atwks not comply with broader definitions
based on consumption or expenditures. This kinohiieihs better present the production side of
the income definition adopted in the model. Themassumption of the model is that personal
income is exactly equal to the total price of tmedaced goods and services. This assumption
effectively balances net expenditures and incomethe society. Difference between the two

definitions under discussion is the largest inltweer income zone where pure money earnings
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sometimes are not the major source of income. fartely money transfer also can be of
importance in this zone. The difference is cleaemwlve compare the observed and predicted
distributions in this zone. The majority is concated in the first income bin from $0 to $2500,
where also people with total loss are placed. Tlaeeesome doubts, however, that a person
without any income can survive for a long periodiofe. If to consider the real expenditures of
the person to stay alive as his/her income we &ffdg have our definition of the personal
income. At higher incomes, the difference is obslgulower because principal sources of
income have here some monetary form. It is wortingaalso that the net income in the poorest
group is less than that in the middle and higheorme groups and plays only a marginal role in
the total economic development.

The second feature of the data is related to threrage of the age and income intervals.
With the PIDs stretching with time over wider andider income range, smaller and smaller
number of people is counted in the designed incbim& In the youngest age group, the number
of people in the predefined income bins changesalboyost four orders of magnitude with
income, i.e. if there are 10,000 people in the lomest income interval, less than ten people are
present in the highest measured income bin. Moreeanesome income bins there is nobody
counted in. These measurements do not presenpéms®nal income distribution, but reveals
only increasing problems in the current survey glesiThere are two ways to resolve the
problem: not to publish the data characterized byyvhigh uncertainty or to increase the
population coverage (number of households) to nfage&lata more accurate and representative.

The presented model is a good basis for the deredat of a new methodology for the
income distribution measurements and definitiong@fnomic equality/inequality. The model
predicts the evolution of the PID with economicwtio and reveals important future changes.
For example, the overall economic growth resultdoimger time necessary to reach higher
income (in relative terms). This makes young peagatively poorer - a trend which is
observed in the USA. Further increaseTgfand decrease af will accelerate this process in
near future. Also, people reach the peak persowalne later in age, but before the retirement

age: the former approaching the latter with theralVeconomic growth.
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81.6. Modelling the average and median income depaéence on work experience in the
USA from 1967 to 2002

This paragraph analyses and models a differer¢ sliche overall data set available from the
same US Census Bureau web-site (2004b) — the depeadof average income on work
experience. The average income has been reporteel $967 as one of aggregated measures of
income distribution. Due to some major changefhéiincome survey procedure applied before
and after 1967 the accuracy of relevant measurexrteat likely been progressively improved,
but were accompanied by a significant loss in datapatibility.

Unfortunately for the purpose of this paragrapéspnal incomes have been averaged
only in 10-year intervals since the beginning. @Aftl994, 5-year intervals were introduced,
which allowed better resolution of the critical waxperience.) Corresponding electronic table
contains mean personal incomes for male and feseglarately. Therefore, additional efforts are
necessary for obtaining gender independent estanditeés possible because the number of
people with income is also listed for each gendet aach age group. For the youngest age
group, data are available only from 1974, and liere¢ldest age group, from 65 to 74, only from
1987. This difference is induced by major changaté CPS procedures.

The electronic table presents both current doltard chained 2001 dollars estimates.
Figure 1.6.1 illustrates the dependence of avenageme on work experience as measured in
current dollars. Here and below in this paragraphk, use cubic spline to interpolate the
dependence between discrete readings, which aceiaesd with the central points of work
experience intervals, i.e. 5, 15, ..., 55 years. iBsubsed before, the centers are not exact points
related to mean incomes for exponential dependeboe, we neglect the difference in
illustrations. There are two striking features Ire tcurves, better demonstrated in tbg-lin
coordinates: quasi-exponential growth and roll-@ifithe mean income with work experience,
and the existence of some critical work experiefige,This critical point divides the curve into
two branches: a part increasing as a function (lkexp(at)), and an exponentially decreasing
branch beyond the critical work experience. Higtalty, this plot was behind the first intuition
that the character of income distribution is eql@nt to several well-known processes in
geomechanics and physics. The authors have nodfamy major research addressing this
crucial empirical finding neither in quantitativemin qualitative terms. Our search can not
pretend to be a complete one, but the effect idessr and prominent that must be a part of each
and every (micro-) economic theory related to pessancome distribution. In our model, the
dependence of mean income on age allows to emipjrieatimate two key parameters: the

dissipation factorg (andal), and critical work experiencég. The former defines the rate of

a7



growth beforel,,. The later may be directly measured from the cuime=igure 1.6.1. However,
the width of averaging intervals (10 years) doespnovide sufficient age resolution and we use
the trial-and-error procedure to fit the curvesaghole for the estimation at,.

Figure 1.6.2 shows the same average income depend® work experience expressed
in chained 2001 dollars. The only visible differenftom the curves in Figure 1.6.1 is in the
amplitude of the overall increase in level. Thevgtoin the real mean income is much smaller
than in the nominal one and differs between agepmgothe mean real income in the age group
from 25 to 34 years increased by a factor of 1.@Wwben 1967 and 2001, from 35 to 44 years -
by 1.40, from 45 to 54 years - by 1.5, and front®564 - by 1.59. This is also a big challenge to
any theory of income distribution to explain sucdtliveergence in growth rates.

Another important effect to be mentioned and ex@diconsists in a smaller real mean
income change observed between 1967 and 1991 cedhparthat between 1991 and 2001,
despite the fact that real GDP between 1967 and i89eased by a factor of 2, and between
1991 and 2001 only by 1.4. This discrepancy carsibply explained as associated with the
evolution in the portion of people with income dwithese years as displayed in Figure 1.6.3.
There was a strong increase from 0.8 in 1967 tdaed around 0.95 in 1980 in all age groups
except the youngest one. The latter group hasransalconstant participation factor near 0.75.
When corrected for the participation factor the maeome distributions look more consistent
with the observed monotonic growth in real GDP igpldyed in Figure 1.6.4.

There was a dramatic increase in the number oflpesiph income between 1977 and
1979. Surprisingly for conventional economic thesyithis increase did not cause a proportional
growth in real GDP during these years. So, the sgnoes personal income was distributed over
a larger number of people. The average income$ aga groups changed proportionally to the
growth in real GDP. In other words, the level diatancome does not depend on any implicit or
explicit mechanisms of income distribution.

To address the effect of population without incofigure 1.6.4 presents a natural mean
income dependence on work experience, estimatéatalsncome in a given age group divided
by total population in this age group, while Figurke6.1 and 1.6.2, undoubtedly, show biased
dependencies. Apparently, the portion of peoplérwitome is arbitrarily defined by income
survey procedures and fluctuates with time relatovérue number according to the changes in
the survey questionnaire. We consider as a reliatéethe definition of mean income based on
the concept of personal income presented in §IhJhysical terms, our definition is based on
the full size of a closed (economic) system, ang tmaturally obeys all conservation laws. As
discussed in Introduction, no definition based ovagying portion of a closed system is valid
since it is prone to uncontrolled fluctuations. é&tbook example here is the gas laws — one
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would not be able to reveal any link between pressiemperature and specific volume when
measuring them in open atmosphere or using randonalgging gas volume.

Among all age groups, the largest correction e people without income has to be
applied to the youngest one. This group is alsontlost affected by the procedure of income
estimate because a larger part of a young persootsne comes from internal, and thus not
covered by the CPS, sources. Therefore, one caalicexpect a higher average income in this
group when such sources are included. In reatitg,the income from these sources that permits
the people “without income” to survive.

The intra-family sources might be very important $§ome age groups and individuals,
but do not substantially change the overall distitm. The income obtained from external
sources and estimated during the CPS is much ldahger that redistributed inside family.
Because the portion of population without incomesnmaller, the bias in mean income is larger
in the youngest age group, and other age groupslamacterized by more accurate income
coverage. All in all, direct measurements of giaseme and entire population represent a valid
object for quantitative analysis and modelling.

Figure 1.6.5 displays dimensionless mean incoma famction of work experience for
some selected years between 1967 and 2002. All imeames are normalized to the largest
values among all age groups in relevant calendarsyelherefore, the peak value of the
normalized functions is always 1.0. The shape efrtbrmalized curves evolves in time with a
clear tendency of the critical agky, to grow. However, due to low age resolution idificult
to estimateT., accurately. Another feature should be mentiondte Turve for 1981 has an
unexpected trough in the work experience inteneivieen 30 and 40 years. We interpret this
strong deviation as measurement error associatédtia@ introduction of new questionnaire in
1980 and the new population controls after the 1@&tknnial census. Such a prominent error in
the estimation of mean income demonstrates thespcesof problems in the CPS and puts the
expected of uncertainty at a very high level.

Figure 1.6.6 presents the evolution of normalizeshmincome in each age group as a
function of calendar year. Between 1967 and 2004,peak mean income resides in two age
groups: from 20 to 29 and from 30 to 39 years ofkwexperience. The intercept occurred in the
middle 1980s. Unexpectedly, the older group alst $@me years of superiority during the late
1960s and early 1970s. We interpret the interaedi9i74 as induced by substantial changes in
the CPS. An important factor influencing the averagcome dependence on work experience
consists in the evolution of the age-dependentigpoxf gross personal income estimate by the
CB, in GDP estimated by the BEA, as discussed i.81
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From Figure 1.6.6, one can easily estimate wheeepeak mean income value was or
will be in various age groups with time. Figure6.1.through 1.6.10 present linear regressions
of the normalized mean incomes. The obtained lidependencies are extrapolated in the past
or in the future before they intercept the unieliln the youngest age group, the slope estimated
by the linear regression is -0.004, as displayeHigure 1.6.7. It gives the estimated intercept
time around 1790. When we use the slope of -0.@85pbtained in other age groups, the
intercept time moves to the beginning of th& 2@ntury. Potentially, people between 15 and 24
years of age had a dominating income position én1i®' century. One should bear in mind that
life expectancy a hundred years ago was very lawpawe to current one in the US.

In the age group from 25 to 34 years, the slofi87, as shown in Figure 1.6.8. This
group was at the top of personal income pyramid the late 1940s. The group from 20 to 29
years had the peak mean income value until the Init@i80s. This was the only transition of
peak mean income between adjacent age groups dobgrihe US Census Bureau. During the
last 20 years, the peak mean income has had an@nttemove towards the group with 40 to 49
years of work experience. One can predict thatgrosip will take the lead around 2015. It is not
too far away and will be a good observation validabur concept — the growth iy, is driven
by the size of earning toolk, Hopefully, one will be able to resolve the cudliage with an
appropriate accuracy by 2015.

As discussed in the Chapter 2, the value of afitieork experience potentially defines
the average rate of real economic development.nguhe last 60 years, the trend of real GDP
growth or economic potential was exactly equalhe teciprocal value of,,. Effectively, if
mean personal income grows during 50 years from &eits peak value, one can suppose that
average annual GDP growth is 1/50 or 2%. The cunalue ofT, in the USA is approximately
40 years. Thus, the current trend in real GDP gnawt2.3%. During the 1950s, whég was
approximately 25 years, the trend was at the lelvépo.

Because the averaging intervals are relatively Wideyears), it is difficult to determine
the exact value of critical work experience valuenf a single distribution. The full set of
curves, however, allows revealing some changesanctitical work experience value. Figure
1.6.11 demonstrates the evolution Qf as a function of real GDP per capita according to
relationship (1.3.5) for the years between 19502002. The predicted,; was about 25 years in
the late 1950s, reached the 30 years in the 1at8sl@&nd is currently near the 40-year threshold.
One has to take into account the difference betwleetheoretical ., predicted for every single
year of age, and the empirich): obtained from 10-year wide intervals. The lattes la several

year lag relative to the former.
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There is another defining parameter one shouldnes# from the average personal
income —oy, Which varies over time according to (1.3.6). Width of averaging window also
causes substantial variations in the estimatedesatd the indices of exponential decay above
critical work experience. Therefore, it would béfidult to exactly match all the observations of
mean income in one set of model parameters. Figuéel? illustrates the difference in
exponential decay obtained from 10-year and 5-gwaraging intervals for the year of 2001.
The latter intervals demonstrate much faster debay the former ones. In order to fit the
observed exponential decay beydndfor the period between 1967 and 2001 we fixedixea
(i.e. normalized to the peak value) income at the/q=60 years tdV;,=0.84. These values are
slightly different from those in 81.3, but are mhsithe uncertainty associated with the fall of
individual incomes beyondl,. Both sets provide very close trajectories of exgaial fall and
thus very close inputs to the mean income.

Total input of incomes above the Pareto thresheldompletely defined by the factor
1.33, as discussed in 81.3. Technically, we cateuhdividual incomes for a given population,
select those above the Pareto threshold, sum tpesnd multiply by 1.33. The result is the total
income of all persons in the Pareto branch of FHGY. the estimation of average income, the
number of people and their total income is all wed

Now we can predict the evolution of age dependgatage income for the years between
1967 and 2001. Figure 1.6.13 displays some restittee mean income modelling. The observed
curves are represented by mean incomes correctedofaulation without income, with the
largest correction in the youngest group. Becalisartodel calculates mean incomes in internal
dimensionless units, we had to estimate the scd#iotpr to fit actual measurements of mean
income. This factor has to be constant over yddhse definition of personal income does not
vary over time. Any change in the definition potelly results in relevant change in the portion
of gross personal income (CB definition) in GDP MBHlefinition) as well as in the
redistribution of the GPI over age groups. In Feyl.6.13 the scaling factor is 72. This factor
has no physical sense and plays no role in the imgletself. It is only used to compare
predicted and observed mean income.

In 1967 and 2001, the observed and predicted cuyomaegically coincide almost over the
whole range of work experience between 0 and 6@syecept in the youngest age group,
where the measured value in 1967 is smaller thanptledicted one. The underestimation is
likely induced by caveats in income definition. $apedly, the overall fit between the 2001
curves is better because of improving precisiothefCPS. A prominent and expected difference
between the curves for 1967 and 2001 consists anirtbrease inl¢,. Therefore, the model
predicts not only the shape of overall and age-dépat PIDs below the Pareto threshold, but
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also the observed evolution of mean income depaeden work experience. Again, we would
like to stress that the prediction over the 35-ygenod was based on a few simple equations
using the same set of empirically estimated defjiarameters.

Figure 1.6.14 presents similar curves for 1974 &887, the years of considerable
changes in CPS procedures. The Figure revealsiitiohs in the scaling factor from 72 in 1967
and 2001 to 79 in 1974 and 1987. Other yearslacecharacterized by some variations in the
scaling factor, but their amplitude is smaller tithnse observed in the original values of the
mean income, as shown in Figures 1.6.15 and 1.G:46.conversion factor for the original
values varies in the range from 76 for 2001 to®@51B74. The conversion factor is 90 for 1967.
There are two sources of these variations: 1)ltieuation in the portion of GPI in GDP; 2) the
change in the portion of people with income. Therfer will be analyzed in §1.8. Here we are
more interested in the evolution of the shape ef dependence of mean income on work
experience.

Unexpectedly for our modelling, the original meaonomes are modelled much better
than the corrected ones. Neglecting the changegeiacaling factor in Figures 1.6.15 and 1.6.16,
the predicted curves coincide with the measuread omer the whole income range, including the
youngest age group. One can assume that the CR&Iggoa good cross section of actual
personal income distribution, i.e. the shape ofdines, but a biased (under-) estimate of gross
personal income, i.e. the level of the curve. Ttiterence between the corrected and original
mean incomes is the lowermost in the age groupsenthe portion of people without income is
negligible, as will be discussed in §1.9.

Figures 1.6.17 and 1.6.18 illustrate some resultstie years after 1994, when mean
income readings are available in 5-year age inkenBoth, original and corrected mean income
values are modelled. Due to higher resolution, ¢hébration of the decreasing branch is
different from that used in the modelling of 10-y&aervals: at the age oA(=) 80 years the
level of mean income is onlyM(=) 0.45 of the peak value. Overall agreement beatwée
curves is good, except two clear outliers in 198% observed mean income in the work
experience groups between 30 and 34 years and dre#®and 44 years. Such outliers are not
observed in other years between 1994 and 2001 rankikely associated with some changes in
survey methodology in 1994. In the youngest agegrthe predicted value of mean income in
2001 is slightly higher than the observed one. ®hginal mean income values better fit the
observations in the youngest group. A positive ifigant improvement upon the results for 10-
year intervals consists in a much better fit beytmal critical work experience. All in all, the
model provides an adequate description of actuanmacomes, including the effect @t
increasing through time.

52



Direct modelling of the evolution of thk, is hindered by the absence of measurements
with appropriate resolution. True valuef usually resides somewhere between the end points
of 10-year (5-year after 1994) intervals used en@PS survey. As an alternative, one can model
the evolution of (normalized) mean income in eadrknexperience interval, as presented in
Figure 1.6.6. The evolution should be defined eydhowth in real GDP per capita, and thus, in
Ter. The evolution is not a mechanical and unifornréase of mean income in each of the age
groups, but results from myriads of interactionsMaen people of various ages and leads to the
redistribution of income in favour of the age grawiph the largest mean income.

The evolution of mean income in a given age groupr calendar time provides a
representation equivalent to that used in FigugelB. Figures 1.6.19 through 1.6.23 display the
results of modelling for five work experience greufrom the youngest group (from 0 to 9
years) to the oldest group (from 40 to 49 years)o Bbserved curves (original and corrected for
population without income) in all the Figures arawin in the whole range of available data and
the predicted curves — between 1960 and 2001.

In the youngest age group (Figure 1.6.19), theected observed curve and the predicted
mean income curve diverge considerably in line wite above discussion on the CPS
questionnaire — the youngest group is the mostl@nuditic for measurements and thus for
modelling. The original mean income values are neloker to the predicted ones. The same is
valid for the other four groups: original mean ine® values are better fitted in relative terms.
After 1980, the predicted and observed curves dstrate similar downward trends.
Furthermore, a plateau after 1995 is also a comieamre.

The interval between 10 and 19 years of work egpee, presented in Figure 1.6.20, is
characterized by a better prediction. The theasktiarve has a slightly smaller slope than both
empirical curves and no through near 1994, likelgted to the changes in the CPS. Considering
the full range of the change between ~0.65 and5-h@& prediction is accurate most of the time.
As in the youngest age group, neither empiricaltheoretical mean income normalized to the
peak value among all age groups can reach thdinmit

The first group reaching unit is between 20 andy28rs of work experience (Figure
1.6.21), where empiricdl,, resided at least between 1967 and 1987. TheallgiiT,, left the
group several years earlier — around 1980. As beftine empirical curves demonstrate
fluctuations of higher amplitude. The predictedveuis smoother because it has no measurement
errors. It is expected that the empirical curvesthbhaving a small upward segment around
2000, will continue to evolve along the downwarehtt driven by increasing GDP per capita and
Ter.
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The next group between 30 and 39 years, presenteligure 1.6.22, shows an
outstanding behavior — all curves stay at unit Eh@ost all the time. It means that the peak
mean income resides in this age group. The predics excellent, except the period between
1967 and 1974. Finally, the prediction in the eldgeup, depicted in Figure 1.6.23, does not
contradict the observations, if to take into accaine range of overall increase from 0.83 to
0.88. Again, there is a trough in the empiricavesraround 1994.

The above comparison of the predicted and obsasueges shows an important overall
agreement of the curves and a considerable diveegeluring some relatively short time
intervals for some age groups. For example, tre@nialmost 10% deep trough between 1980
and 1990 in the observed mean income curve in thapgbetween 30 and 39 years. The
predicted curve does not show such behavior amsheetts value close or equal to 1.0. There
are also 2% to 4% amplitude variations in the oleicurve from that predicted for the group
between 20 and 29 years. This discrepancy can g pelated to CPS procedures and changes
in the population estimates related to decenniaseges. The latter can reach several percent in
some age groups. For example, one can compareitigcedt mean income estimates obtained
in 2000 and based on two different population est&® — postcensal and intercensal.

Thus, there is some concern about the accuratlyeahean income estimates. In fact, in
order to derive exact mean incomes from the CPShaseto obtain true PID. Any error in the
high-income end of measured PIDs leads to a lange & the mean income because of larger
relative input of the high-income population in thet income. The low-income population does
not add much to total income and usually is re@yibetter presented in the CPS surveys just
because it is larger. The problem of people withmebme can also be resolved by adding
people with zero incomes because their incomeslatest negligible in any case. There is an
alternative to mean income.

A more accurate quantitative characteristic obme dependence on age is potentially
median income, i.e. the income which divides pessorcome distribution into two equal parts.
Median income is not sensitive to measurement £abhigher incomes — the number of people
there is too small. Therefore, median income @sal to low incomes and represents a robust
characteristic of PID and a good parameter to model

The Census Bureau is a major source of data omaméacome in the U.S. It provides
electronic tables since 1974. Figure 1.6.24 ilatss the difference between overall mean and
median incomes, both expressed in 2001 CPI-U-R&statj dollars. The mean income grows
much faster than the median one and the curvesgdivaver time. This divergence between the
curves implies a faster growth of personal incomeligher levels: the same portion of people
above the Pareto threshold gets increasing poadficatal personal income. A surprising feature
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is the presence of several quasi-flat segment®iin turves; the longest is the period between
1974 and 1983 in the median income curve. The drawtreal GDP per capita should be
accompanied by proportional growth in GPI. Thug flat segments might be related to the
decreasing portion of GPI in GDP. Such effects lmarmncorporated in our model only in form
of scaling factor, as shown for mean incomes.

In this paragraph, we are interested in age demgnueasures of personal income.
Figure 1.6.25 illustrates the effect of smaller vgito rate of median income in two most
important groups with work experience between 20 2@ years and between 30 and 39 years.
These are the groups where the critical work erpes, T, resides during the last 50 years. In
the group between 20 and 29 years, the ratio deeseiom 0.85 in 1974 to 0.75 in 2002.
According to the model and following the observehtl, the ratio will continue to fall.

Having calculated all individual incomes for ajjes one can find the median one without
additional efforts. Figures 1.6.26 through 1.6.28spnt results of the median income modelling.
The observed and predicted median incomes aresliglely better agreement than those for the
mean income corrected for population without inco@iace only aggregated income measures
are available, one cannot correct median incomedpulation without income as easily as mean
income.

In the group between 10 and 19 years of work eepee (see Figure 1.6.26), both the
observed and predicted curves normalized to thk palae among all age groups demonstrate a
downward trend. Therefore, this group is charaoteriby a diminishing relative income —
people are getting poorer relative to the grouphwitaximum median income. The model
predicts this tendency with a good accuracy, tréat the through near 1994 as an artificial one
and associated with the CPS questionnaire.

The group between 20 and 29 years (Figure 1.&@@dainedT,, for a long time. The
time when the critical work experience left the gyds also well predicted. Fluctuations in the
empirical curve are of higher amplitude, but otheenare small — around 0.03. One can expect
that this group lost the largest median income Vereif the evolution of personal income
distribution in the US will follow that predicted/lour model.  The next age group (Figure
1.6.28) got the highest median income approximaitel$990. Since then it contains thg .
Theoretically, the transition should happen aro@885. The difference between the predicted
and observed curves between 1985 and 1990 is smdlllays in the bounds of uncertainty
associated with the CPS.

Our model meets a major problem associated wehatituracy of the mean and median
income estimates. We model the observed valueshtaih empirical estimates of the defining
parameters, which correspond to the best fit modeely measurement errors in the observed
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values are directly transformed into equivalenbesiin the defining parameters. On the other
hand, the parameters obtained in the previous &vagoaphs are the same as obtained from the
modelling of the mean and median income measuredga relatively long period of time.
This validates, to some extent, the model and biserwations. Hence, one can conclude that our
modelling is successful in spite of several proldememaining in the observational and
modelling parts. Moreover, the model reveals wealkts in the current procedure of personal
income estimation and provides a good foundatiorfiufmre corrections and improvements. This
is a standard situation in the natural sciencegrevkhe loop experiment-theory-experiment- ...
is infinite. To transform economics to a form apptate for joining the club of hard sciences is
our main goal.

The model provides an opportunity to extrapolat dbserved behavior into the future
and thus to test its predictive power. As showhapter 2, the growth rate of real GDP has a
trend associated with the reciprocal valud @f The trend is near 1.6% between 2002 and 2022.
We used this value to predict the evolution of tinectional dependence of mean income on
work experience. Figure 1.6.29 presents curvealf mean income (2001 dollars) with five
year spacing. The evolution of population duringsen years is taken from the population
projections also provided by the Census Bureaunigrating the curves over work experience
one obtains an estimate of total real GPI.

We failed to find similar personal income datassi other developed countries.
Equivalent income distributions would be of crucialportance for validation of the results
obtained for the US. Fortunately, there exists erraative income estimate. The UK Inland
Revenue publishes distributions of taxable incomeluding mean income as a function of
working experience for years 1999 through 2002orbter to compare PIDs in the UK and US
one should scale them to the same currency. Atscarf adequate comparison the largest mean
incomes over all age groups have to be equal bedhaescritical age experience depends on real
GDP (=GPI) per capita. For example, the level @l ®DP per capita in the UK in 2002 was
$26,500. The US reached the same level in 198@ur&il.6.30 compares relevant estimates of
mean income normalized to the peak value amongagdl groups. The curves practically
coincide most of the time, except the differencetriends at large work experience likely
associated with shorter averaging intervals inllke The agreement between the curves is a
quantitative evidence in favour of our model ddsog the distribution of personal income and
its evolution with time. The model can be furthafigated using appropriate data from different
developed countries and also the data from futureeys in the US. Both logical and historical

inferences are useful.
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This study uses GDP per capita as an externalnedea. The distribution of personal
income is proved to be a predetermined functiorthi$ parameter. One can interpret this
relationship in opposite direction as well. Perdaneomes, as a result of individual efforts to
earn (or produce) money, represent the drivingefar€ real economic growth expressed in
monetary units. It is the sum of personal inconted tmakes real GDP. So, the growth rate of
real (and nominal) GDP per capita is unambiguouldtermined by current distribution of
personal income, which in turn, depends on ageillision. As demonstrated in this Chapter,
the shape of mean income dependence on time igtledtby values at two points - the starting
point of the distribution and,,. The latter is defined by GDP per capita and trenér is an
external variable associated with the influx of nesople in a given economy. One can expect
that the number of newcomers somehow influencegtheth rate of real GDP per capita. This

intuition will be quantitatively tested in Chaptr
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81.7. Modelling high incomes — the Pareto distribubn

One of essential features of the PIDs measurechenUnited States and addressed in our
microeconomic model is the existence of two inhttyedifferent regimes of money earning.
Both regimes have one-to-one analogues in phyBigyUlesku & Yakovenko, 2001). The first
regime, referred to as “subcritical”, corresponalghte evolution of income proportional to the
capacity of a person to earn money, i.e. to thelygebof the capability to earn money and the
size of earning means. The capability is an inhefiesature of each and every person in a given
economy arising from numerous interactions betwsple as economic agents. The capability
is evenly distributed among 29 ranks as well assiies of earning means. As a result, the
model defines a discrete ranking of the capabtlityearn money, which accurately describes
PIDs at low and middle incomes. The portion of dapan covered by the subcritical regime is
~90%.

The second regime is a “supercritical” one. It spdhe range of higher incomes
described by the Pareto law distribution. This megistarts at some relatively large income
threshold, the Pareto threshold, and supposedighysical disciplines, the supercritical regime
with power law distribution of sizes is an oftenepbmenon. The mechanisms leading to the
Pareto law are not well understood or modelled L& Paczuski, 2002) and usually are
explained by a number of processes known as sg#rized-criticality (SOC). We also do not
understand the mechanisms behind the Pareto lapefsonal income distribution. Instead, we
assume that the distribution is purely probabdistny person in this income interval can reach
any income with corresponding probability. Indivadicapability to earn money is not important
above the Pareto threshold: all people reachinghifeshold have equal probability to reach any
feasible level of income. Thus, the only quanttatiequirement for people dreaming to get rich
is to reach the Pareto threshold.

A good (and close to our profession) example frardhsciences is the initiation of an
earthquake. Share stresses in solid Earth shaglilc@me some critical value in order to start
fracturing. When fracturing is started, the craek propagate any distance from the smallest to
the largest possible. In other words, even suchstaiphic earthquake as the one occurred on
December 26, 2004 at Sumatra started as the sialéek. Since the frequency distribution of
earthquake sizes is also described by a power fgvgmall crack obtains a non-zero probability
to become the largest earthquake when stress awescthe critical value or threshold. Same is
valid for personal incomes: every person can remth possible income level, but first s/he

needs to reach the Pareto threshold.
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As mentioned above, the mechanisms leading te $oe¢ (power law) distributions of
sizes are studied in more detail in the naturaérems. In economics, the nature of such
mechanisms is still a big challenge, but one carclcale that the mechanisms work very fast.
There is no delay between the moment, when somsompa&r income reaches the Pareto
threshold, and the moment, when the income leajis teew position in the Pareto distribution.
The observation behind this conclusion is simgiere is no deficiency in the observed PIDs at
any income level, i.e. all vacancies arising froanious processes are filled at no time. In solid
Earth, final size of an earthquake is usually redckeveral seconds after fracturing starts.

Because the PIDs measured by the Census Bureawhitedty reveal the presence of
Pareto distribution it is possible to directly imporate this observation into the model with
relevant empirical parameters. This is the simplegtnot the best way to fully use available
information. Despite the fact that we do not untderd the mechanisms driving the Pareto law,
there are several quantitative problems one casivesn the framework of our microeconomic
model. One important task is to accurately deteemine Pareto threshold separating the
subcritical and supercritical regimes. There isektively wide transition zone between the
branches where the subcritical (exponential) angemuitical (power law) distributions
practically coincide. The model distinguishes tlomes by matching various characteristics of
observed and predicted distributions.

The portion of people having incomes in the supicat zone depends on work
experience. Really, young people have no time toemse income to the Pareto threshold and
elderly are losing income exponentially in averégrens. One could expect the highest density
of rich population in the mid-age group, i.e. ire tiwork experience interval wheTg, resides.
Thus, the portion in the Pareto income zone shgudd to some critical age and then fall. Such
complex behavior should be quantitatively predictegd any model of personal income
distribution. Moreover, such models should alsodptethe finer changes in the shape of
personal income distribution evolving over time.isTis a good quantitative test of predictive
power.

Our model does not rely on any conventional econdheory or approach. It simulates a
wide range of independent observations of persimtaime made in the United States. In part,
these observations are carried out for economipga@s and are based on some definitions
adapted from the field of theoretical economics. &mample, gross domestic income is divided
into personal and corporate portions, despite #ioe that at the end of the day the latter also
belongs to some selected people. In our framewhbi&,partition is treated as an artificial one.
Our model includes only variables related to ecaomystem as a whole, because parts of the
system are prone to random fluctuations. One baaya introduce a formal model which links
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measured variables and take into account no exteneaning of the data. Although our
guantitative model has no roots in the mainstreaom@mics, its merits have to be assessed by
predictive power and resolution capabilities.

The overall PIDs from 1994 to 2001 with two brarglaee shown in Figure 1.4.6. The
observed value of the power law exponent obtainedegression analysis is -3.97. The original
annual distributions of the absolute number, asmivy the U.S. Census Bureau, are normalized
to the total population for corresponding calengaars. The obtained population density
distributions are adjusted for the growth in noni@®P per capita and the width of adjusted
income bins according to the procedure describegilid. The normalized and adjusted curves
demonstrate a high degree of similarity. This dffe@s been interpreted as the existence of a
rigid PID structure.

Several PIDs in various open-end income intervadasured in 1994 are presented in
Figure 1.7.1 as discrete functions of work expexemvith 5-year spacing. The curves are
normalized to the peak value among all age groapsorresponding income intervals and
illustrate the evolution of PID with increasing leemd threshold. The first interval starts with a
zero income threshold. This interval also incluthesse people who are reported in the original
Census Bureau table as having no income or loSsee®nd curve corresponds to the PID which
includes all people with income above $10K, andsowith $10K increment. The last curve
represents PID for the people with income aboved&10

The evolution of shape is remarkable. The firstveuhas its peak in the first work
experience interval — between 0 and 9 years. Agea young people entering the US economy
have very low income between $0 and $10K duringstaeting 10 years. Many of them stay in
this interval forever. With increasing low-end tsineld, the curves are gradually transforming
into a bell-like (uni-modal) shape, with the peaddue moving towards the work experience
group between 30 and 39 years. As expected fostalition governed by a power law, the
curves with low-end threshold above $60K practicalincide, i.e. they are scale free. This
observation also confirms the assumption that iglhincome positions, even with the highest
possible incomes, are filled momentarily. Otherwisavould not be possible for the youngest
age group to be characterized by a scale freelistn.

The portion of the observed PID described by Padbstribution seems to be the
simplest one. Really, the observed behavior otz at higher incomes obeys a simple law and
should not change in time, at least theoreticdllye total number of people with income in the
zone controlled by the power law develops with tiasea linear function of nominal GDP per
capita and population growth. This theoretical ¢asion is confirmed by observations. Figure
1.7.2 depicts the number of people with income alf%i00,000 normalized to relevant working
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age population for the period between 1994 and 20O normalization is necessary to
eliminate of the effect of growing working age ptgiion. The linear regression line

demonstrates that our assumption is correct. Iri28@®und 3% of working age population had
incomes above $100K, and this portion will grow othe.

Figure 1.7.3 presents the number of people whchezh100K income as a function of
work experience for selected years between 19942@64. The numbers are normalized to total
population in corresponding age group. There wasigoificant change in the shape of the
curves over time, considering the accuracy of tR&CHence, the observed PIDs are fixed in
relative terms at higher incomes confirming thestace of a rigid hierarchy of personal
incomes independent on age. Is our microeconomareimeapable to predict this observation?

The best-fit personal income distributions in thgh income zone in the United States
are obtained using the model with the followingiciely parameters: the start year is 1960,
T¢(1960)=26.5 yearsg=0.087, Nmin(1960F1.0 and 2ir(1960F1.0, and initial value of the
Pareto thresholtfp(1960)=0.43. We also use varying indexwith defining parametera,=80
years andV,=0.45, as obtained in 8§1.6 for the period betwe3%land 2001.

Figure 1.7.4 compares predicted and observed nuoflj@Eople with income above the
Pareto threshold in 1994 and 2002. Apparently,thismber depends on work experience. In the
youngest age group, one cannot expect too manypadple. Overall, the predicted values
confirm this assumption. In the age groups wellvabthe critical work experiencé,, the
number of people with high incomes is also decrgpsiith age, in absolute and relative terms.
The portion of people above the Pareto threshotdahpeak neaf,. It is worth noting again
that the predicted curves better match the obseraed in age intervals where personal income
has an adequate definition and the portion of peopthout income is the smallest.

In Figure 1.7.4, the Pareto threshold is evolvindine as real GDP per capita. Initial
dimensionless Pareto threshold is 0.43 in 196@&cbordance with GDP growth, the threshold
reaches the level of 0.829 in 1994 and 0.953 ir2200e predicted curve is slightly lower than
the observed one in 1994, but the curves for 20@2naexcellent agreement.

The discrepancy between the theoretical and obdeweres might be induced in part by
the uncertainty in income measurements. The résolwf income distribution is fixed at
$2500, what also affects the amplitude of the djgancy. One can only use discrete data with
$2500 step. Effectively, one cannot distinguishweetn $50,000 and $52,499 — both values are
inside the same income interval. The Pareto tloldshcreased in nominal terms from $43.5K
in 1994 to $57.6K in 2002, i.e. only by ~$14000r le@ample, we used the income interval
above $42.5K to present the actual distribution @lodously overestimated the total number of

people in any work experience interval, becausahallpeople with incomes between $42.5K
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and $43.5K were counted in. In the model, the ineoamd time resolution of income
distributions is not limited. For practical purpesee fixed the resolutions to $1K and 1 year.

All'in all, the most important result of the comigan in Figure 1.7.4 is that the shape of
the observed curves is accurately predicted overvihole range of work experience. This
demonstrates the adequacy of our model in desgribie underlying physical and social
processes governing the principal features of dretB distribution.

Since the power law defines a scale free sizeiloligion any threshold above the Pareto
one should provide equivalent curves. The reasamctease the threshold far above teis to
avoid the uncertainty in the estimation of the Ratkreshold. There is a transition zone between
the sub- and supercritical regimes of income egraimd the former might introduce a bias in the
quantitative estimates of the latter near the bamnd Figure 1.7.5 presents the portion people
who reached $100K (current dollars) as a functibwark experience in 1994 and 2001. The
predicted curves are in a good agreement with lbiserved ones in shape and level. Again, there
is a slight difference in the initial parts of ttreeoretical and actual distributions. More people
are counted in the very first work experience graugomparison with the predicted values.
Despite a minor influence of this observation oa tverall distribution in terms of the total
income, one can argue that this difference is dua wrong estimate of dissipation factar,
used in the model. This factor defines the timestamt in (1.3.3’) and the rate of income growth
at the initial part of individual income trajectas/the most sensitive to the factor.

We have no convincing quantitative explanationtf@ observed discrepancy, but should
mention that actual start point of work experiefaresome people is well below 15 years of age
and the accuracy of measurements at higher incéongbe youngest group is definitely low.
Also, the resolution of income data is very lowe thidth of the first interval is 10 years. A data
set with a finer resolution could help to revea teason for the discrepancy.

Figure 1.7.6 depicts theoretical curves of popatatiensity (income) distribution above
the Pareto threshold as a function of work expesdor selected years between 1980 and 2002.
The curves are normalized to total population gnBareto income zone for corresponding years
and present a clear picture of the evolution dutirgmodelled period. In the beginning of the
1980s, when effective dissipation facted/1nn was as large as 0.08, the work experience
needed to reach the (normalized and dimensionkasto threshold of 0.43 was lower and
people with the highest capabilities, easily attained this level in the first 10 to y€ars of
work. This corresponds to an almost linear growihthe number of people reaching the
threshold in the first decade of work. With inclieas/Nnn, effective dissipation factor was
decreasing and the time needed to reach the thdeslas growing. The start segment of the

curves became smoother and the fastest growth t@igfeom the first to the second decade of
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work experience. Accordingly, the peak value haankghifting to larger work experiences. The
usage of actual age pyramid introduced visibleudistnces in the curves.

So, the model predicts the exact number of peopéehing the Pareto threshold
depending on work experience. Relevant populatemsitly distribution also evolves over time
in a manner predicted by the model. The model loanalso used to predict the future
development if projections of population structarel GDP per capita are available. Figure 1.7.7
presents such a prediction for selected years leet\2002 and 2023 based on the population
projection published by the Census Bureau and tioevtg trend of real GDP per capita
estimated as ~1.6% per year. This prediction issiptes because there is no random or
deterministic process which leads to observed featof power law distributions except the
process of the personal income growth to the lef¢he Pareto threshold. In fact, if any other
process does exist and adds (subtracts) sufficiemiber of people to that observed above the
Pareto threshold, the agreement between the peeldactd measured curves would be destroyed.

The model explicitly states that when all positiom the Pareto distribution are
occupied there is no opportunity to create a nee with equivalent properties and occupy it.
All positions are enumerated. Individuals may swagr positions, however. When a person has
a low capability to earn money, there is no waygai rich because s/he cannot reach the
threshold with that capability. If this person lagh capability but small earning means, s/he is
likely capable to change the means to a biggeramdereach the Pareto threshold. Theoretically,
an exchange of capability between two people ispnahibited, but the ranking is rigid and it is
difficult to imagine somebody to overcome the systd external evaluation, which put her/him
to current rank.

When one’s personal income reached ~$57,000 i6,20W0as a good start to obtain a
higher income with the probability inversely profional to the income cubed, as defined by the
empirical exponent in actual Pareto distributioee(§igure 1.4.6). In 881.8-1.9, we discuss the
Pareto law index in detail, because its variatithects the estimation of Gini coefficient. In this
paragraph, we are focused on the model, not onraralpiindings.

Because the observed PIDs in the United States é@wmonstrated their rigidity over a
long period one can conclude that just few peopleaver reach the Pareto threshold and have a
non-zero probability to become rich. The majorapout 90%, is below the Pareto threshold
forever and it gets income exactly proportiongbéosonal capability to earn money.

We developed the concept of personal income digidn and relevant quantitative
model during the period between 2003 and 2004.dewvelopment included standard trial-and-
error procedures with empirical assessment of ohgfiparameters based on contemporaneous
data. The period covered by the measurements ofaPIBigh incomes was limited to 1994.
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Later, the Census Bureau opened an access to & fisefwhole period since 1947. These PIDs
were given in form of scanned images of originalSQRports, what required some additional
time and efforts to digitize them for usage in guative analysis. Therefore, these new PIDs
served as an independent source of informationciwhillowed validating and testing the
predictive power of the model. Really, all definipgrameters of the model were estimated using
data in a short time interval, and the future aast gvolution was predicted beyond the interval.
Figure 1.7.8 illustrates the predictive power. Diserved and theoretical curves for the year of
1980 are in an excellent agreement over the wiaslge of work experience. The fluctuations in
the measured curve are likely associated with mieasnt errors. In the following two
paragraphs, the model is extended to a wider tmberval between 1947 and 2006 and all
characteristics of personal income distributiorthe United Stated modelled in 881.4-1.7 are
also available. Hence, it is instructive to furthbest the predictive power of the model together
with the estimate of income inequality as expredsethe Gini coefficient.

This is a good place to briefly speculate on tifeernce between capitalism and
socialism as economic systems. Because this discussfully qualitative, it has no impact on
our model and may be skipped by readers without lasg of consistency. In the first
approximation, the socialist system is based dmearttical assumption that personal income is
proportional to the time necessary to produce sgows or service using some capability to
produce varying among workers. This is the prirecipf socialism - to obtain income exactly
proportional to the price of produced goods. Theepis determined by (economic or political)
authority according to some rules developed to rzaainputs of time and productivity of
population. As we have seen above, this assumpiso works precisely in the capitalist
economic system for the overwhelming majority opplation. Ninety per cent of the population
of 15 years of age and above gets personal incexesly proportional to their capability to
produce income, as described by the microeconomidem When extended to the whole
population, this rule limits personal incomes adgé ten per cent of the population, which has
incomes above the Pareto threshold. In the socialstem, they would obtain incomes
according to theoretical values, as determinedhaymodel. Capitalism, however, has some
extra feature. These ten per cent of the populdtee personal income not proportional to the
capability. Fortunately for capitalism, their incesnare described by a power law distribution,
which is extended to incomes of several millionlalsl and above. These people actually
produce some additional income (and thus, GDP)eexkiag the theoretical value by ~35%. In
other words, they produce 45% of gross inco@e|. If they would produce in the subcritical
regime, i.e. in the regime realized in the sodiaisonomic system, their input would be only
34% of GPI. After simple calculations, one can conclude tegitalism has an advantage of
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personal income distributed by the Pareto law, wincreases gross personal income or GDP
by at least 20% compared to that in socialismh&lbong run, this excess provides progressively
increasing additional GDP. Hence, developed cagitabuntries have been growing at a higher
rate than socialist ones because of the presencehopeople. This might be a fundamental

feature of capitalism.
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81.8. Modelling Gini coefficient for personal incores in the USA between 1947 and 2005

The microeconomic model developed is previous papts describes personal income
distribution in the United States and its evolutitmough time. This model is based on the
prediction of each and every individual incomettog population of 15 years of age and over. It
accurately predicts the overall PID, the averagmnme dependence on work experience, the
evolution of PIDs in narrow age groups, and the Ineinof people and age dependence in the
income zone described by the Pareto distributiohe Thodel also provides quantitative
predictions for these variables beyond the yeamsrevborresponding data are available. Having
a complete and precise description of the US Pidution one can compute the evolution of the
Gini coefficient. This makes the Gini coefficientlp of secondary importance.

The purpose of this paragraph is to accuratelynedé the Gini coefficients associated
with the personal income distributions providedthg US Census Bureau and to model the
evolution of these coefficients between 1947 an@b2@e. during the period of continuous PID
measurements. An extended analysis of the PIDsbkas carried out and the discrepancy
between observed and predicted Gini coefficientsnisrpreted in terms of the changing
accuracy and methodology, including income defini$si, used in the CPS during the studied
period.

The Gini coefficientGi, is a standard measure of income inequality. Bindien, Gi is
the ratio of the area between the Lorenz curvdaee@lto a given PID and the uniform (perfect)
distribution line, and the area under the uniforstribution line. The Lorenz curve&,=F(X), is
defined as a function of the percentagef the total income obtained by the bottehof people
with income. Having measured values of individuatames for all people with income and
ranking them in increasing order one can precisalgulate corresponding Gini coefficient. It is
also possible to include in the consideration thpseple who do not report nonzero income
according to contemporary income definition. Inlitgathere are some difficulties potentially
affecting the accuracy of the PID estimates anditieertainty of associated Gini coefficients.

The US Census Bureau has been measuring persmuahe distribution in the USA
since 1947 in annual current population surveysthibldology of the measurements and sample
size has been varying with time (US CB, 2002). €fm@e, one has to bear in mind potential
incompatibility of the CPS results obtained in éiint years. Changes in income definitions,
sample coverage and routine processing influeree®s$timation of various derivatives of the
PIDs, for example, measures of inequality. Morepsach changes in procedures and definition

are likely accompanied by some real changes in RIs - the latter changes are hardly
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distinguished from the former ones. The true Plihesdistribution of incomes when all sources
of personal income are included.

There are two principal effects of the changingme definitions on the measured PIDs.
First, the number of people with income criticatlgpends on definition of income near zero
value. Due to a high concentration of people inldve-income range of the measured PIDs in
the USA the number of people without income is prdo large variations dependent on
introduction of new or exclusion of old sourcesrmfome in the CPS questionnaires. In addition,
it is difficult to give accurate definitions to n@mous potential sources of annual incomes near
$1, and even more difficult to distinguish betw&dnand $2 per annum. Due to high uncertainty
and low resolution of the current CPS methodologythe low-income end it is practically
impossible to measure true PIDs. Thus, the meadeied represent only a varying portion of
the true PIDs, the latter being the actual objecolur modelling. (Here we assume that the gross
personal income is an exactly measured (true) bigriand its distribution among people is fixed
and can be also exactly measured. In this sense,RID and Gini coefficient do exist and,
theoretically, can be measured.) This variatiogat#s some problems for the modelling and
interpretation of results.

Figure 1.8.1 demonstrates the evolution of theratithe number of people with income
to the working age population. There is a significeacrease in this ratio: from the lowermost
value of 0.64 in 1947 to the highest 0.93 in 19B& ratio has been slightly decreasing since
1989 - to 0.89 in 2005. Such fluctuations shoul@initely introduce a significant bias in the
estimates of Gini coefficient — people without in@ bring a large increase in the coefficient, if
included. Therefore, when estimating the Gini doefht one has to consider both cases — all
population of working age and the portion with ine@ The true PID and Gini coefficient has to
be somewhere between these two limiting cases.i@ngy the entire working age population,
including persons without income according to comerary definitions, one significantly
overestimates the Gini coefficient. This effecegpecially high in the beginning of the studied
period. When only people with income are includéide Gini coefficient is obviously
underestimated because zero income, quantitativelyglso income. With time, these two
estimates have to converge as the portion of ptpalaithout income decreases.

Second effect of the revisions to income definiteord CPS procedures is related to the
change in the portion of gross personal income DPGThe introduction of new sources of
income in the CPS questionnaires should resulhimerease in the estimated GPI. Figure 1.8.1
depicts the evolution of the GPI portion in the GBP: from 0.76 in 1951 to 0.86 in 2001. A
significant and fast drop in the portion is obserbetween 2001 and 2005 — from 0.86 to 0.82.
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The net change in the GPI portion between 19472808 is smaller than the change in the share
of population with income.

A fundamental assumption of the model for the etwotu of individual incomes
presented in 81.3 is that all people older thany&drs have nonzero annual income and
contribute to GPI, which is equivalent to gross dstit income and GDP under our framework.
This assumption allows modelling the evolution dDRusing real GDP per capita, which
completely determines the time histories of the ehodefining parameters. The actually
measured PIDs are associated with a changing pafiGDP.

In addition to the principal difficulties asso@dtwith definitions and procedures there
are some technical problems for the estimation ofhi @oefficient as created by the
representation of relevant data and the resolufaime measured PIDs. The US Bureau of the
Census has been publishing the numbers of peoplaemated in income bins of varying width.
There were only 14 bins, including the open-end famehe highest incomes, in 1947 and 48
bins in 2005.

In the absence of information on each and everivithgial income, the Gini coefficient
can be calculated by some approximating relation.example, if X, Y;) are the values obtained
from the CPS, with the indexed in increasing ordeK4 < X; ), whereX; is the cumulated
proportion of the population variable, axdis the cumulated proportion of the income variable
then the Lorenz curve can be approximated on eatdrval as a straight line between

consecutive points, and

Gig=1- (X = %) (Yia+Y), i=1, ..., n (1.8.1)

is the resulting approximation fdi. One can also approximate the Lorenz curve using
exponential function and a power law, where appab@rfor the interpolation of the underlying
PID, as discussed in  81.4.

The choice of an appropriate function for the iptdation reveals an important pitfall of
the CPS - the usage of the same income bins foeseptation of data counted during relatively
long period of time. The growth rate of nominal GBPthe USA was high - more and more
people obtained incomes above the upper limiten@PS income reports and found themselves
in the group " $MAX and over". So, the coveragehaf populations below and above the Pareto
threshold, also proportionally growing with timeasvsignificantly different. This variation in
the coverage might potentially result in a bettemvorse overall resolution and corresponding

bias in the estimation of Gini coefficients.
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The US Census Bureau provides several versiortsedPIDs between 1947 and 2005. In
some reports, there are presented the tables omgatounts in year-specific income bins
expressed in current dollars. Some reports givesRIEBing CPI-U adjusted (constant) and/or
current dollars but in the same income bins foryakirs staring from 1947 to the year of the
report issuance. Figure 1.8.2 shows some selectigihal PIDs normalized to the total
population (15 years of age and above) for corneding years and additionally divided by the
widths of corresponding income bins. These curves population (or probability) density
functions,pdf, and show the number of people in $1-wide binaf@iven income level. Such a
representation allows a direct comparison of th®sPbecause they are independent on
population size and reduced to the same income Bisdefore, we associate the population
density with mean income in given bins.

These “mean” densities obtained for bins of varyindth might be a poor approximation
for the densities at the edges of the bins. Themiglthe bin the poorer is the approximation. It
is worth noting that such a representation natyrakcludes the open-end high-income bin
because there is no width and mean income assoeigtte this bin.

The PIDs between 1947 and 1987, shown in Figur2d,.&re obtained using the same
ten income bins as defined by the following bouretaexpressed in current dollars: $0, $2000,
$4000, $6000, $8000, $10000, $12500, $15000, $20RXED00, and above $25000. The latter
open-end bin is not shown in the Figure becaudeas not have finite width for normalization
of the PID reading in this bin. Thus only nine bdescribe the PIDs between 1947 and 1987.

Figure 1.8.2a illustrates the problems of resotutidgth constant income bins. The PID
for 1947 (and also for the years between 1948 @%D)ldoes not contain any reading for
incomes above $9000. This is due to the absenceeople reporting such incomes in
corresponding CPS population samples, but not Isecalithe absence of such people at all. The
best resolution (among the PIDs shown in the Figatrdigh incomes, i.e. in the Pareto zone, is
observed in 1957 — there were seven bins covenmgane. At the same time, there are only two
bins covering the low-income zone in 1957. For B in 1987, the Pareto threshold is larger
than $25000, and the PID contains only one readindpe Pareto zone corresponding to the
open-end bin, and this reading is not shown inRigere. Obviously, this PID provides the best
resolution in the low-income portion of the distrilon — nine bins. Therefore, the constant bins
fail to provide a uniform description of the PIDstlween 1947 and 1987 and the estimation of
Gini coefficient can be severely biased.

The PIDs between 1947 and 2005 presented in FilgBr2b are characterized by income
bins which are better adjusted to the observed PiBsse bins cover both low and high incomes
better than in Figure 1.8.2a, with a varying reBoly however. As mentioned in 81.4, the years
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after 1994 are characterized by the highest rasol@nd the narrowest income bins of $2500
between $0 and $10000. Because of the increasingo&m of people with incomes over

$100,000, three $50000-wide bins were introducedd@0, covering incomes up to $250,000,
extra to those provided by standard CPS reportesdtwide bins allow a more accurate
representation of the Pareto distribution and spweading Gini coefficient.

As we have found in 81.4, the PIDs between 19942812 practically collapse to one
curve, when normalized to the working age poputattmd nominal GDP per capita. This
observation demonstrates a fundamental propetiyeopersonal income distribution in the USA
— it is characterized by a fixed hierarchy of in@snwhich changes very slowly over time as
induced by the evolution of age structure and GIaP per capita.

The PIDs measured for the years before 1994 altowalidate this property and to
extend the presence of such a fixed hierarchy enRlDs by 47 years back in the past (and 3
years ahead). There is a problem related to thaalaation factor, however. The years between
1994 and 2002 are characterized by the constanttyegbortion of the GPI in the GDP and the
population with income in the working age populatias Figure 1.8.1 demonstrates.

This is not the case for the years before 1980,elvew As a consequence, when
normalizing to nominal GDP, one has to replace ithwmominal GPI in order to accurately
represent the evolution of the PIDs after 1947.hSacprocedure should compensate the
difference in the evolution of the GDP and GPI sslesources of personal income were
considered in the earlier years and income scake efectively biased down. Figure 1.8.3
displays the cumulative growth in the nominal GDi &PI between 1947 and 2005 as reduced
to the total working age population and the popaottatvith income. The curves diverge with
time. The increasing deviation permits a more rolmh®ice of an appropriate variable for a
normalization, which we expect to be able to cona#irPIDs for the years between 1947 and
2005 into one curve. Figure 1.8.4 depicts the RID2005 normalized to the four variables in
Figure 1.8.3. One can clearly distinguish betwdmnresulting normalized PIDs in the low- and
high-income zones.

Figures 1.8.5 and 1.8.6 display some results ohtitenalization of the measured PIDs to
the measured nominal GPI, as reduced to the p&afiiencome. For the period between 1947
and 1987 (Figure 1.8.5), where the PIDs were medsur the same bins, the normalized PIDs
practically collapse to one curve with only minavédtions likely associated with measurement
errors. For the period between 1947 and 2005, wheprogressively higher resolution is
available with the widths of income bins decreasmgelative terms, the normalized PIDs for
population with income (Figure 1.8.6a) are alsoyvelose. Narrower bins result in higher

fluctuations due to measurement errors, howevethétsame time, the normalized PIDs for the
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entire working age population demonstrate a lardarergence with time because the
normalization is associated with the nominal GRlueed only to the population with income.
So, the choice of normalization basis must corredgo the variable under consideration.

Overall, the normalized PIDs in Figures 1.8.5 an8.6h are close. This observation
extends the presence of a fixed hierarchy of palsimcomes, as expressed by the portion of
population having a given portion of gross persamadme, to the years between 1947 and 1993,
and beyond 2002. Therefore, one may expect onliight svariation in the Gini coefficient
related to the PIDs measured since 1947. The presanthe hierarchy also represents a strong
argument in favour of our model for the evolutidnmalividual and aggregated income.

Having studied some principal properties of the fbr the years between 1947 and
2005, one can start a direct estimation of the Gaafficient using (1.8.1). However, there are
several technical problems related to the disarepeesentation to be first resolved. The PIDs
provide only the estimates of total population hot the total income in given income bins.
Only for the years after 2000, the mean incomeeiermined for every bin allowing for an
accurate estimate of cumulative income. No meaanmes are reported for the previous years,
however.

When replacing true mean incomes with central goiot corresponding bins, one
introduces a slight bias in the estimate of Gireftioient, as Figure 1.8.7 shows. Thus we need
more reliable estimates of mean incomes. The lteste would be to approximate the observed
PIDs in the low-income zone by exponential functibm determine corresponding exponent
index for each year, and to calculate the Gini fieht for in this approximation. This
procedure might potentially provide a good estimaitehe Gini coefficient if corresponding
population estimates in given income bins are ateurUnfortunately, the accuracy is
inhomogeneous over the bins of varying width and #@mdvantages of the exponential
approximation might disappear, as Figure 1.8.8 destnates. Therefore, we use a different
approach in the low-income zone.

The mean income estimates are available betweeh &) 2005 and it is easy find their
average distance from central points of relevans.bFigure 1.8.9 presents such deviations and
corresponding regression line (mean deviation)2fa®d1 and 2005. The average dimensionless
distance, i.e. the difference in $ divided by thewidth in $ ($2500 for the years between 2000
and 2005), is -0.12. Thus, in the following estimas$ of the Gini coefficient we use the mean
income values corrected for this deviation fromdakaters of bins in the low-income zone.

In the high-income zone, a power low approximatisna natural choice for the PIDs, as
demonstrated in Figures 1.8.5 and 1.8.6. Theotigtiche cumulative distribution function,
CDF, of the Pareto distribution is defined by thi#dwing relationship:

71



CDF(X) = 1 - (% /X)
for all x>xn, wherek is the Pareto index. Then, the probability densityction,pdf, is defined as
pdf(x) = kogk/XH (1.8.2)

The functional dependence of the probability densiinction on income allows an exact
calculation of the population in any income bintatcand average income in this bin, and the
input of the bin to relevant Gini coefficient besauthepdf exactly defines the Lorenz curve.
Thus, if populations are enumerated in a predefsetdof income bins then relevant Lorenz
curve can be easily retrieved using a known valuéhe Pareto indexk. Therefore, we use
(1.8.2) in the following estimation of empiricalrsicoefficients in the Pareto zone. As described
in 81.3, the Pareto threshold (in current dollaagdlves proportionally to nominal GPI per
capita. Such an evolution provides the rigid shapéhe normalized PIDs because it retains
unchanged the relative income level, where thesitian from the low- to high-income zone
occCurs.

Now we are ready to estimate the Gini coefficiemt the measured PIDs using the
corrected mean incomes in the low-income zone hagower law approximation in the high-
income zone. To begin with, we compare our estimafeGi with those reported by the US
Census Bureau, as shown in Figure 1.8.10. Fordhesybetween 1994 and 1997, the curves are
very close. In 1998, a sudden drop by ~0.01 ifQBecurve is not repeated by the estimated one.
There is no clear reason for the drop — macroecanonthat related to the CPS procedures. It is
likely that there was some change in the Censugdts approach to the estimation of Gini
coefficient in 1998. After 1998, the curves conénto slightly diverge, but move in sync
otherwise. The difference between the curves resa@l in 2005. Overall, our estimatesGf
seem to be consistent with the CB’s ones. Thisrghsen partly validates the Gini estimation
procedure we have developed.

Figure 1.8.11 presents the estimatesofor the PIDs in current dollars, which do not
include people without income. There are “cruddineates ofGi obtained for the populations
counted in the same income bins between 1947 afd. 0 “fine” PID is available from the
year specific bins for the period between 1947 20@5. Despite corresponding income bins in
the second case also were used several yearswm ghe overall resolution of the PIDs is higher
andGi estimates are of a lower uncertainty. Two curveBigure 1.8.11b present the evolution
of Gi for the two sets of PIDs — crude and fine oned.947, the curves are spaced by 0.1. When
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approaching 1970, they slowly converge. Between4l@id 1984, the curves are hardly
distinguished. In 1985, a new period of divergesieets. The observed discrepancy between the
curves is related to the coverage of the PIDs logesponding sets of income bins.

Figure 1.8.11a illustrates the difference betwewem ltorenz curves for 1947. The crude
set of bins does not resolve the Lorenz curve wall relevant Gini coefficient is highly
underestimated as compared to that estimated fnerfirte set. For the years between 1974 and
1984, both sets provide a compatible resolutior (thmber of bins is 10 and 18, respectively)
and the estimates converge.

In fact, the Gini curve associated with the fin®#®Ihovers around 0.51 between 1960
and 2005 despite the increase in the GPI/GDP aatbthe portion of people with income during
this period (see Figure 1.8.1). This is a crucladeyvation because of the active discussion on
the increasing inequality in the USA as presentgdthie Gini coefficient for households.
Supposedly, the increasing Gini for householdsotdl some changes in their composition, i.e.
social but not economic processes defined by tteilglition of personal incomes.

Between 1947 and 1960, the fiG@curve monotonically grows from 0.45 to 0.50. This
growth may be associated with the increasing réisolun corresponding PIDs. One can expect
a further increase in the estimates of Gini cogffitwhen a finer grid is used. The possibility of
a slight increase in the estimates@ifassociated with the inclusion of new (and trugpme
sources is also not excluded. All in all, the Gioefficient for the true PIDs is likely to be highe
than that predicted using the fine PIDs for popatatvith income.

In the absence of the true PIDs, it is possibleaiwy out an estimate for the limit case —
to include all people without income in the fistdome bin with zero width, i.e. from $0 to $0. It
is difficult to believe that a person without incermight potentially survive. However, current
income definitions do not cover the sources, whicimg actual personal incomes of people
“without income”. In any case, the inclusion of $bepeople in the PIDs creates a problem for
the Gini coefficient estimation. Figure 1.8.12bgmets two time series of Gini estimates for the
crude and fine bin sets. In 1947, the differend@® what can be explained by the properties of
corresponding Lorenz curves, as Figure 1.8.12actepihen, the curves converge and intersect
in 1971. Between 1971 and 1984, the curves arealesg and diverge again since 1985. These
observations are similar to those associated wighRIDs for the population with income. The
only difference is that the curves for the PIDshwibtal working age population undergo an
expected decrease with time according to the dsicrgaoortion of population without income.
Therefore, the Gini curves associated with thel wwtaking age population and with its portion

having nonzero income should converge over timeefihe portion with income reaches 1.0,
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i.e. everybody has a nonzero income, the curvek b@tome identical. So, where is our
prediction ofGi(t) relative to the empirical curves?

In the model, the evolution of personal incomesdafined by a number of parameters,
which we have determined empirically in previougagaaphs. For the estimation of Gini
coefficient a crucial parameter is the Pareto lagek,k, which defines how “thick” is the PID
tail in the high-income zone. There are two indejeen techniques for the estimationkof

First, for a Pareto distribution with indéoand minimum valuex,, the mean value is

Xav = (K+1)x/k.

Therefore, the measured average incomes for th@-ep@ income bins provide valuable
information on corresponding Pareto indidesx,/(Xav-Xm). Figure 1.8.13 presents the estimates
of indexk for the years between 2000 and 2005. These vallgeg multiple estimates using the
increasing number of people with incomes above $&) $200,000, $150,000, and $100,000 —
all in the Pareto zone. For example, the averagmniie for people with incomes above $100,000
in 2005 is $176,068 and, for people with incomes over $250,000 is $470,&6responding
Pareto indices are 1.31 and 1.13, respectively.|diter estimate is obtained using the average
incomes for male and female separately, as praséytéhe Census Bureau. In 2005, there were
10,896,000 people with income above $100,000 ahdB34,000 above $250,000. Bearing in
mind that the population estimates are also obdaurng only a relatively small population
sample (~80,000 households), one can consideratetd?index for the population with income
over $250,000 as less reliable than the formerevalliso, the average income in the open-end
bin may be slightly shifted up due to the effectf@# super-rich people, who do not obey the
Pareto distribution. Such a deviation from the polaes distribution is also often in the natural
sciences and usually considered as statisticaluiion related to the under-representation in
any finite subset of infinite distribution. For erple, catastrophic earthquakes may not obey the
Gutenberg-Richter frequency-magnitude relation.okding to Figure 1.8.1%=1.3 is our best
choice.

Second method is a direct estimatiorkaising a linear regression technique in the Pareto
income zone. For such a regression, we represermrtbability density functions in the log-log
coordinates, as shown in Figure 1.8.14. The sldgbeoregression line is -3.36. Therefore, the
Pareto index i¥=3.36-2=1.36, i.e. consistent with the results ot by the first method.

Figure 1.8.15 demonstrates the effeck oh the Gini coefficient predicted by our model.
Obviously, lowerk values create “thicker” tails in corresponding BlDe. more people with
higher incomes, and largési values. The effect ok on Gini is a nonlinear one and the
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difference of 0.3 units in the index results in Giai coefficient difference of 0.01 to 0.015. One
should not neglect such a difference when compamadicted and measured Gini coefficients.

Another parameter of the model, which criticallypdads on the Pareto index, is the
effective increase in income production in the modéative to that in the sub-Pareto income
zone (see 81.3 for details). Figure 1.8.16 depietsdependence of the corresponding ratid.on
As obtained previously, the empirical value of 1e8@&ctly corresponds te=1.35. This ratio is
very sensitive t&, and the effect is also slightly nonlinear.

Having estimated the empirical parameters defirtlirgmodel and the age structure of
the US population between 1947 and 2005 one catigphe evolution of Gini coefficient (for
personal incomes) during the studied period. FiguBel7 compares the measured and predicted
Gini coefficients. The predicted curve is in a g@gteement with that obtained using the PIDs
for the persons with income. The latter curve betow the former one during the entire period.
The empirical Gini coefficient for the PIDs inclugj all working age population is always above
the predicted curve. Hence, the predicted curvaydwakes the place just between the empirical
ones and the latter two likely will converge to fredicted curve in the future, when accurate
definitions of income are introduced.

This is an expected result of the modelling — rezithf income definitions given by the
Census Bureau can provide an adequate descrigdtitwe ¢rue personal income distribution and,
thus, all of them fail to predict the true Gini &o@ent. The usage of biased Gini values may
lead (and leads!) to economic misinterpretation saocial confusion. The Gini coefficient for
personal incomes in the USA underwent a slightease between 1947 (0.5346) and 1962
(0.5378), and then has been monotonically decrgasirthe current value of 0.524. There was
no significant increase in income inequality in th8A during the last 60 years, as expressed by
the Gini coefficient for personal incomes predidbgdour model.

There are several simple, but meaningful findingkted to the estimation of the
empirical Gini coefficients. First and most impartaconsists in the fact that the estimates of
Gini coefficient critically depend on definition @icome. The inclusion of new income sources
in the CPS has resulted in a large change in tihebeu of people with income and also in the
ratio of GPl and GDP. The current set of definiias far from the true PIDs.

Second, the Gini coefficient associated with thérempopulation of 15 years of age and
over and that associated with people with nonzecome converge with time as the portion of
people without income decreases. The true Ginifiobefit has to be somewhere between these
two estimates. Thus, the empirical estimates camaaonsidered as reliable for the purposes of

economics as a theory.
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Third, the resolution of the empirical PIDs dirgcthfluences the estimates of Gini
coefficient. A higher resolution guarantees a semalariation in Gini coefficient over time. Poor
resolution leads to a negative bias in the Ginmeses.

Fourth, the empirical PIDs collapse to one curveemwimormalized to the cumulative
growth in nominal GPI for the studied period betwd®47 and 2005. The remaining differences
in the PIDs are well reflected in the changes afi @oefficient obtained using the population
with income.

The model predicts the unchanged (normalized) Rk Gini coefficient between 1947
and 2005. Some weak changes in the PIDs and Genredated to economic growth and the
changes in the age structure of American populailitve decreasing portion of young and thus
relatively low-paid people in the working age paidn effectively leads to a decrease in the
Gini coefficient. The increasing portion of the pégdion older than the critical ade, (55 years
in 2005) results in an increase in the portionebdtively poor people because of the exponential
decrease of personal income (including average with)age. As a net result of these effects,
the empirical Gini coefficient has a minimum of 238 in 1990 and then starts to grow again,
reaching 0.5266 in 2005.

Such defining model parameters as the Pareto laexir{1.35) and the ratio of the
efficiency of money earning in the Pareto zonetnadao that predicted by the model (1.33) are
well calibrated by the empirical PIDs and Gini daeént. Our microeconomic model is very
sensitive to these parameters.

The empirical Gini curves converge to the predicted. Asymptotically, the empirical
curves should collapse to the theoretical one vdietine working age population will obtained
an appropriate definition of their incomes. Thisieergence should be seen more clearly in the
age dependent PIDs, where the portion of populatwthout income decreases with work
experience. For example, in the age group betw8&easnd 54 years this portion increased from
0.78 in 1960 to 0.94 in 2005. Hence, the portiors wansistently larger and changed less than
that for the working age population. One can expedbwer difference between the two
empirical estimates and a better prediction.

The Gini coefficient is a crude and secondary measti inequality for economics as a
science. It could be useful for social and polltideéscussions as a relative and operational
measure without any specific meaning of its abgsokalue. What is important and has a primary
significance for scientific models are the PIDs,ichhdemonstrate a fixed hierarchy during a
very long period between 1947 and 2005. (It is werlkely that this hierarchy will be destroyed
in the near future.) The shape and the evolutioth@fmeasured PIDs are well predicted for the
whole period between 1947 and 2005.
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The Census Bureau focuses its attention on the Gamfficients related to the
measurements of income inequality at a family amalskhold level. Corresponding coefficients
change over time and are presented as evidenewauif of the increasing economic inequality
in the United States. Our estimates of the Giniffament for the PIDs, both empirical and
theoretical, demonstrate that the inequality is ctf@nging so dramatically. Therefore the Gini
coefficient associated with households should lbectdd primarily by some changes in their

structure.
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81.9. Modelling the evolution of age-dependent Gimoefficient between 1965 and 2006

Understanding and modelling of the age-dependanbpal income distribution deserves special
attention. Dramatic changes in the shape of PIDobserved with age. In 81.5, we successfully
modelled the age-dependent PIDs in the United Statethe period between 1994 and 2002.
Our microeconomic model quantitatively describes d¢volution (with age and over time) of
each and every personal income as a function a¥ithehl capacity to earn money and real
economic growth. The sum of all personal incomeedigted by the model builds a
macroeconomic model. The modelling of the age-dépenPIDs was not accompanied by an
explicit estimation of the level of income inequpali

Slight changes observed in the overall PIDs amdetvolution of theGini is related to
economic growth and changes in the age structuee h#Ve also demonstrated that empirical
estimates of Gini coefficient converge to theomdtianes when all working age population has
income. We have suggested that such convergend# fmegclearly observed in age-dependent
PIDs since the portion of population without incodezreases with age.

The age-dependent PID in the youngest group isackenized by large differences from
the overall PIDs. Obviously, all individuals starth zero income and the initial part of personal
income time history is close to exponential growththe mid-age groups, PIDs are similar to
the overall PID. In the eldest age group, PID soalifferent and is closer to that in the youngest
group. Accordingly, the Gini coefficient undergaesubstantial change from the youngest to the
oldest age groups.

The purpose of this paragraph is to present aacueatimates of Gini coefficients
associated with the age-dependent PIDs publishedebyS Census Bureau. We also model the
evolution ofGini in various age groups between 1967 and 2005juring the period where the
estimates of total personal income in each of tlegegroups are available.

The portion of population with income varies ovgeand time. These variations might
affect the estimation of Gini coefficient assocthteith personal incomes, as demonstrated in
81.8. In the youngest age group between 15 (14rdeif®87) and 24 years of age, only from
65% to 80% reported some income, as presentedjurd-1..9.1. Corresponding curve has a peak
in 1979. Since then, the portion of people withome in this age group has been decreasing.
This effect, obviously, needs a thorough examima#iod might be induced by the appearance of
some new actual sources of income, which were noluded in the contemporary CPS
questionnaires. An increasing level of intra-familycome redistribution is a potential

mechanism to consider.

78



Figure 1.9.1 demonstrates that the portion of peepth income increases with age
before reaching its peak and then falls again.da52 the largest portion of around 98% was
measured in the group between 55 and 64 yearseofTdgs observation is consistent with the
fact that the critical work experiencg&,, in our model was moved in this age group. Between
1967 and 1977, the curves for all age groups, éxttepyoungest one, were converging; and
after 1979 the scatter was almost constant. An itapbobservation is the presence of a step in
all time histories (except the youngest one) betw®@77 and 1979. According to the Census
Bureau, this step is related to the introductiom@iv income definitions and significant changes
to the CPS methodology. In average, this step i4fercentage points. For example, the
portion of population with income in the workingeagopulation as a whole jumped from 83%
in 1977 to 92% in 1979. One can expect that furdi@oration of income definition will finally
result in the 100% participation in income disttibn. There should be no persons without
income.

For people of 44 years of age and above, the postibh income is more than 95%.
Therefore, in corresponding age groups, the diffiezebetween the Gini coefficient associated
with people having income and that associated thighworking age population as a whole has
to be the smallest among all age groups. Theseyaygps provide the best opportunity to test
our model because almost everybody has some rdporteme, which might be biased by
inaccurate definition, however.

The procedure of Gini coefficient estimation isailed in 81.8. The main amendment
consists in the dependence of indean age, as Figure 1.9.2 demonstrates. The evolafitme
Pareto law index (slope) with age is as follows:1.91 for the age group between 25 and 34
years;k=-1.48 between 35 and 4K5-1.38 between 45 and 54;-1.14 in the age group between
55 and 64. It is clear th&tdeclines with age. Obviously, smaller indegorresponds to a larger
population density at higher incomes and a larger €efficient. The decrease kndeserves a
special study because it should be inherently tinicesome age-dependent dynamic processes
above the Pareto threshold. We limit our analygithle empirical findings, however.

The decliningk is a specific feature of the age-dependent PIDs&clwishould be
incorporated in our model. In 81.8, we found tketl.35 for the population of 15 years of age
and over, i.e. within the range of its change vagfe. It is not excluded, however, that the age-
dependent and overdImight also undergo some changes over time. Ther ladex may vary
just because of the changing age pyramid, i.e.ingryput of various ages to the retror the
empirical estimates of the Gini coefficients cadrieut below, the observed variation in this

index plays insignificant role because we use &ciueome distributions. For theoretical

79



estimates, the Gini coefficient might be overestadafor the youngest age group and
underestimated in the oldest age group when orekask 35 everywhere.

As mentioned before, the Census Bureau presentsdrgmns of PID — for total working
age population and for that with reported income Ndve calculated empiric&ini in several
(fixed) age groups between 1967 and 2005. Figu®e3 Idisplays its evolution in all groups
except in the youngest one. The latter group isacterized by severe variations in methodology
and definition of income. This makes it impossitdedistinguish actual and artificial features in
the evolution ofGi. The curves associated with all people aged iargranges are marked “all”,
and those including only people with incomes — fwwéime”. The major revision to income
definition between 1977 and 1979, which dramatcalcreased the portion of people with
income, induced sharp decrease in the curves néaatiedand opposite changes in the curves
“w/income”. For obvious reasons, the Gini coeffide for people with income are
systematically lower than those for the entire pafon. The curves in Figure 1.9.3 have to be
predicted by our model.

Before 1977, the portion of population without ine® was big enough to introduce a
significant bias in the estimates of Gini coeffitielt was overestimated for the entire population
and was underestimated for the population with imeoSame effect is observed for the age-
dependent Gini. Before 1977, one can observe lelngages over time. After 1977, all curves
are approximately horizontal, with only a slightclilee. Hence, one can expect large deviation
between these empirical curves and theoretical befese 1977.

The accuracy of theoretical estimates of Gini dogit is related to the quality of PIDs'
prediction. Figure 1.9.3 demonstrates that the Goeifficients for the age groups over 34 years
vary in a narrow range. This observation presurhas winderlying PIDs are very similar. We
have already demonstrated that the PIDs for theeenbrking age population (with income) for
the years between 1967 and 2005 collapse pragti¢allone curve when normalized to
populations and nominal GPI (instead of GDP). ReBIP drives two key parameters in our
model: critical work experiencd,;, and the size of earning toold(t). However, when GPI is
not equal to GDP (the equality is assumed in thdef)amne should use the former variable for
the normalization of the PIDs. The GPI/GDP ratis baen varying through time since the start
of the CPS.

Figure 1.9.4 (similar to Figure 1.8.3) presentsdfelution of various measures of mean
income (i.e. GPI per capita) using: GDP; GPI repibrby the BEA; and GPI reported by the
Census Bureau, as estimated in the annual CPS. pgopaolation estimates are used for

calculations of these mean values — total workigg population (all) and people reporting
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income (with income). According to current inconediditions, the GPI reported by the BEA is
larger than that estimated by the CB because tiesioincludes additional sources of income.

In the case of age-dependent PIDs, one shouldaepaestimate total personal income
in each age group. Accordingly, Figure 1.9.5 preséme evolution of mean personal income in
various age groups. There are two cases showalilfpeople of given age (including those with
no income) and for people who reported income. @Bfinition, mean personal income is the
ratio of total personal income and relevant popaiief One can observe significant differences
between the youngest people and those in the gratthsthe largest mean income. These
curves, obtained from the estimates provided by Geasus Bureau, are used to normalize
relevant age dependent PIDs.

Before normalizing the age-dependent PIDs to totzdme and population one needs to
reduce them to the same units of measurementsnaltig the PIDs are obtained in income bins
of varying width. For example, Figure 1.9.6a digpléhe PIDs for the age group between 35 and
44 years in 1967 and 2005. Income bins are nobumifin 1967 creating local troughs and
peaks. In 2005, income bins are uniform betweerargd $100,000. Obviously, the number of
people in a given bin depends on its width andtesin the distribution. As discussed early in
this Chapter, a reasonable way to reduce theseniogeneous distributions to the same units is
to divide the number of people in a given bin sywtidth. This mathematical operation defines
population density, i.e. the number of people pkra$ a given income level. Figure 1.9.6b
depicts the PIDs (shown in Figure 1.9.6a) normdliwethe width of relevant income bins. The
troughs and peaks are essentially smoothed in émsity curves. It is likely that the true
population density distribution can be represenbgd an exponent undergoing a smooth
transformation into a power law function near tlaeg®o threshold.

Finally, we have population density curves, whick defined in the same units. To
reduce the curves to one dimensionless scale, weatiae them to the total population and to
the increase in total personal income over yeam®lgvant age intervals, as defined in Figure
1.9.5. We expect that the normalized curves shaalthpse to one within the bounds of
uncertainty related to measurement errors. Figle Misplays the normalized PIDs in various
age groups for years 1967, 1993, and 2005. There ssgnificant difference between the curves
except that in the age group between 15 and 24 ydamge, where the data are available only
since 1974. Unfortunately, we have to exclude #itett age group from the modelling due to
very high uncertainty in income measurements. likely that any conclusion drawn from this
group would be severely biased. The overall Pl@sa#so presented and match the expectation.

Apparently, the similarity between the normalizelD$ results in practically constant
Gini coefficients in all age groups between 196d a@005. On the other hand, this similarity
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supports our basic assumption that relative distiobn of personal income has not been

changing over time not only overall, as shown imM8hbut also for any given age above 15 years.
One can conclude that there exist internal (ecoopsucial, etc.) forces, which always return

personal income distribution to its fixed shape.other words, PID is an invariant in the US

economy. This is an observation, not an assumption.

Comparison of observed and predicted Gini coeffitse

To obtain theoretical estimates of the age-depof@nit coefficients we start with the
modelling of corresponding PIDs. Following our aysé of the observed age-dependent PIDs in
Section 2 we have predicted PIDs in the same agepgr The model is characterized by a
resolution of 1 year of age and 1 year in calerithae. Therefore, we have to aggregate all
personal incomes in the age groups predefineddZ#nsus Bureau. The start year of the model
Is 1967 with the following defining parametersny=0.071; T(1967)=32.0 years;
Mp(1967)0.43. Indexk is taken for given age groups from the empiricgtingates in Figure
1.9.2. Other parameters are the same as in §1eBagdé distribution was reported by the Census
Bureau, and thus, is prone to future revisions.debected age groups, such revisions may reach
several percentage points. This might result ghsldeviations in the predicted Gini coefficients.

Figure 1.9.8 depicts predicted and observed PiéDshie age groups between 24 and 35
years of age, between 45 and 54 years of age,caride entire population over 15 years of age.
For the narrow age groups, the PIDs measured i %@9e chosen, and for the whole working
age population the year of 2005 was modelled. Gpmeding indices are those estimated
empirically and are as follow%=-1.91; k=-1.38, andk=-1.35. These values precisely fit the
slope in relevant PIDs’ above the Pareto threshiidthe low-income zone, the best fit is
observed for the whole population. This is likehetresult of a better resolution in the entire
population curve at lower incomes in 2005. In 199 resolution at low incomes was poor.
This was one of the reasons for new questionnaicemaethodology introduced in 1994. The
number of income bins underwent a dramatic incréase 23 (including the open-end one for
the highest incomes) to 42. All in all, the obsenad modelled PIDs demonstrate very good
similarity.

The microeconomic model predicts the evolutioneath and every personal income.
Therefore, it allows the prediction of an exact iGioefficient for a given set of defining
parameters because the construction of an exaenkaturve is possible. The empirical Gini
coefficients were obtained separately for the whabeking age population and for people with
income. These empirical coefficients provide ondyng estimates of the range, where the true

age-dependent Gini coefficients are likely to resid
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Figure 1.9.9 presents the evolution of the obsearetipredicted Gini coefficient in four
age groups and for the whole population over 15syeé age. For the sake of simplicity, we
have predicte@i using the same indéx=-1.35 for all ages. In the age group between 2b3h
years of age, the predicted curve is close todhtdined for the entire population in this group.
Because actual index ks-1.91, there is a slight overestimation of thedpred coefficient, but
it still resides between the empirical curves. 8it®94, the predicted curve has been deviating
from the curve for the whole population and apphiag that for population with income. This
might be an effect of a higher resolution relatethie introduction of new income bins.

In the age group between 35 and 44 years of agegrtipirical curves are closer to each
other. The predicted curve stays between themigh close to the curve for population with
income. In the age group between 45 and 54, whe@¢tical index is close to actual one, the
predicted curve reproduces the decline in both gogbicurves observed after 1983 and lays
much close to the empirical curve for populationhwihcome. This is likely that the true Gini
coefficient in this age group is consistent witle @redicted one. In the age group between 55
and 64, the predicted curve is also close to thrathfe working age population, but still between
the empirical curves. As expected, the level obme inequality in this age group is larger than
in any other age group.

It is worth noting that the gap between the emairi@ini curves is between 0.02 and
0.03. The gap between the predicted and the clesepirical curve is usually less than 0.01.
This is less than the uncertainty of the estimatdiGini coefficient as related to the discrete
representation of the observed PIDs.

In all age groups, the level of personal incomequadity, as expressed by Gini
coefficient, has been decreasing (with small lopabks) since 1967. This empirical and
theoretical observation is especially important fioe age groups above 45 years, where the
portion of population with income is close to 100%.

The predicted and measured curves demonstratéhthrue Gini coefficient is definitely
age dependent. Figure 1.9.10 displays two empicgales of Gini dependence on age obtained
in this study for 1967 and 2005, two theoreticalves predicted by our model for the same
years, and a curve reported by the Census Buraait®low resolution and large measurement
errors in the youngest and oldest age groups wi¢ don illustration to the age between 25 and
65. In this range, all curves are very close. Hmvethe CB’s curve goes beyond the limits and
demonstrates that there is a turning point at geekeetween 65 and 70. Our model supports this
observation and the average income for people abwyeritical age T, falls exponentially
with age. This fast decay is also reflected in\eesedrop in the number of people with income
above the Pareto threshold and corresponding decmedsini coefficient.
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This study was primarily carried out for validatiohthe microeconomic model defining
the evolution of personal incomes in the Unitede&taln previous paragraphs, we have revealed
some problems with income definition, which did atibw a comprehensive description of the
overall PID. The most important problem was thaarge portion of population did not report
any income. Another problem is a poor resolutiofoteel1977.

In the model, everyone is assigned a non-zero iecdris discrepancy may results in a
significant deviation between observed and prediGai coefficients. The age-dependent PIDs
allow overcoming this discrepancy because the @ouif population without income is very low
(~2%) for ages over 45 years. Therefore, one casttime a more precise prediction of the Gini
coefficient in these age groups. This paragrapHirros the assumption: the evolution of Gini
coefficient for the years with a good PID resolatiwas accurately (<0.005) predicted.
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81.10. Inequality estimates: Census Bureau vs. Inte&al Revenue Service

In previous paragraphs, we have found that PIDhenWnited States has not been significantly
changing in relative terms since 1947. As a consecg, the Gini coefficient has been varying in
a very narrow range around 0.51. Hence, the inggua personal incomes has not been
growing, as many economists report using incomienages from the Internal Revenue Service.
We suppose that the estimates made by the CensaalBare valid because they are consistent
through time and well described by our microecormomodel which also demonstrates its high
predictive power in geomechanics.

Then a natural question arises. What is the probietihh the IRS based measures of
income, which result in changing inequality as esged by the Gini coefficient? This paragraph
develops a simple answer - these inequality messanebased on income definitions allowing
floating low-end income threshold. In other wortlheg portion of population used by the IRS for
the estimation of income inequality fluctuates mamd¢ly or according to some predetermined
rule.

The effect of changing population basis due to mooeerevisions to income definition is
also observed in the CB’s income data. The poxigmeople with income severely changes over
time, as discussed in 81.2. It was increasing en1®60s and 1970s due to a strong growth in
women's participation rate. It has been fallingcsirl990, however. When people without
income are included in calculations of income iradiy, the Gini coefficient actually has been
intensively falling since 1947 due to a strong gtowf the portion of people with income. So,
one can conclude that the driving force behind itteeeasing personal income inequality, as
reported by the IRS, likely consist in biased measients and inconsistent definitions.

It is of principle importance for the current stuthyat despite the changing income
definition and corresponding population basis tlséneates of income inequality were not
changing in the group with non-zero income. Thissasbation contradicts the changing
inequality as obtained from the IRS data. Only duiive analysis can resolve this conflict. The
resolution of the conflict is the purpose of theppr. Because the results showing increasing
inequality are quantitative, it is feasible to ekacshow the reasons for the observed
contradiction and indicate caveats in the Krugmaptsroach.

Original (real gross) income distributions are mpd by the IRS. Table 1.10.1 provides
the numbers of people in predefined income bingkiained 1990 dollars) for 1990 and 2004.
Also listed are widths of income bins, which areedidelow for calculations of population
densities, and centers of income intervals (seé &it.details of the normalization procedure).
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These income bins are fixed over time and not aeljuir the growth of real economy and the
increase in working age population. The lowermnsbme bin contains zero income and net
losses. The highest income bin includes those iec@ports, which exceed $10,000,000. This is
an open-end income bin without the estimate of ayerincome. Fortunately, only several
thousand people have incomes above $10,000,006t thivusands is not the number which
could influence the overall income inequality estiem Moreover, these richest people also
distributed according to the Pareto law, i.e. messland estimated total income in this bin
should not differ much.

The IRS income tables provide a basis for curretitmates of economic inequality in the
USA. Conventional conclusion about income inequastvery consistent among economists —
the inequality has been rising during the last 2@ry. At first glance, this conclusion is
quantitatively correct, but we will argue that & wrong due to potential inaccuracy in
methodology and unacceptable misinterpretatioruahtjtative results.

Figure 1.10.1 compares income distributions forQl@8d 2004 listed in Table 1.10.1.
Since the income bins presented in the Table aiecoéasing width one can observed some
spikes in the distributions. These spikes are, aisly, related to those income bins, which are
wider than their predecessor. For example, thééiween $25,000 and $30,000 ($5000-wide) is
followed by the bin between $30,000 and $40,0000090-wide). Therefore, one can expect a
larger number of people in the latter bin thanhi@ tormer one. This effect is clearly observed in
Figure 1.10.1, where the enumerated populationsassgned to the centers of corresponding
income bins. Here and below, we prefer to usedljddg coordinates in order to present highly
changing population (and population density) disttions in the range of income spanning
seven orders of magnitude. The lowest income lomesponding to zero and negative (loss)
reported incomes, is artificially associated with $icome. The bin with incomes above
$10,000,000 is not shown because of the absenoearf income estimate in this bin.

One can easily derive an obvious conclusion frogufé 1.10.1- there are more people
with lower, middle and high incomes in 2004 than1®90. This is a mechanical result of
increasing population — more and more people genme as working age population is growing.

One should normalize the curves to total populafwith reported income) in given
years in order to obtain population independentltesin addition to this normalization one can
use population density instead of original popolatestimates in width changing bins. Income
bin width would not be a problem for constant wglthTherefore, when the measured
populations are normalized to corresponding incobre widths one obtains density of
population as a function of income, i.e. the numtifepeople per $1 bin. As before, we assign
the obtained population densities to the centersoofesponding bins. The assignment of the
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density readings to the centers can potentiallgisturb the observed curves when income bins
are very wide and income distribution is describgé power law.

Figure 1.10.2 depicts the population density csirobtained after the normalization of
the curves in Figure 1.10.1 to the number of people (IRS reported) income, which includes
also the people without income and those with inesrabove $10,000,000. The normalized
valued are divided by widths of corresponding ineohins. At higher incomes, both curves
accurately follow the Pareto law distributions, @fhare represented by straight lines in the log-
log coordinates. The most prominent features obthtained curves are the increasing deviation
between them staring from $62,500 (1990 dollars) #me fact that they are practically
indistinguishable below this income threshold. Asike, modern studies of increasing income
inequality find their conclusions in these popuatidensity curves. Seemingly, the curves
demonstrate that the portion of population withhieigincomes has been growing since 1990 and
as a consequence the inequality has been increasing

This is not the end of the story, however. Themne question left. What is the effect of
increasing gross personal income on the observedlamon density distribution? Actually, total
personal income grew from $3.41E+12 to $4.70E+8®(Q1dollars) between 1990 and 2004. So,
larger gross personal income is a possible reasuiiné increased number of people with higher
incomes. Then the same level of population densityower incomes might be an artifact
associated with inaccurate measurements at verynicovnes or exclusion of some categories of
income from the IRS definition. This may be a biglgem for the compatibility of estimates
over time, as the Census Bureau discusses in natigical documents.

What does really happen when dimensionless incastghdition is used instead of that
obtained in absolute income values? Two curvesigureé 1.10.3 represent those in Figure
1.10.1, which are additionally normalized to th@sg personal income reported by the IRS.
Income scales in 1990 and 2004 are also normaliaethese incomes and represent now
dimensionless portions of total income. As a reghk widths of the income bins in 1990 and
2004 also became different since relevant inconaégesovere compressed by different factors.
Also, the centers of the original income bins whiedre the same in 1990 and 2004 are now
shifted relative to each other.

The curves in Figure 1.10.3 represent populatiamsite as a function of dimensionless
income and practically coincide at higher incomesd diverge at low incomes. (There is a
deviation at very high incomes, but it is much derahan in Figure 1.10.2 and hardly can affect
the estimate of Gini coefficient.) Therefore, dénsof population at higher incomes, as
measured in dimensionless portions of total incoimeractically the same in 1990 and 2004,
considering the efficiency of the IRS work and ploles measurement errors. All in all, rich
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people have the same (within the uncertainty obnme measurements) portion of gross personal
income. In relative terms, these high-income peop004 are not richer than in 1990.

In the low income zone, the distributions are diyeg with time. There are several
explanations of this observation. First, this ie tlesults of some real (objective) processes of
income redistribution between rich, middle clasd aonor people in the US. This is a common
opinion in economic literature and media. Becaus¢he changes in the measured personal
income distributions one needs some driving forqaaning the process. Second reason for the
changing distribution is not related to increasimgome inequality but is associated with lower
(and varying) accuracy of income measurements allemincomes (possibly driven by
definitions).

In the case of actual income redistribution proces® can expect some consistency
between measures of income inequality provided Iferdnt agencies. For example, the
inequality estimates provided by the US Census &uyrevhich include many taxable income
sources and some extra sources as well, wouldexted to confirm the IRS results. This is not
the case, however, as shown in §1.8.

So, there is a conflict between gquantitative edisicbased on the IRS and Census
Bureau data sets. Which measure is a more rel@i®@@ Let's consider two aspects of relevant
income distributions — population basis and totatspnal income reported by the IRS and
Census Bureau. It is likely that larger portions webdrking age population and real GDP
potentially provide more reliable estimates of inaidy.

Figure 1.10.4 presents the evolution of the portdnworking age population with
income as reported by the IRS and Census Bureauwebnt1990 and 2004. The number of
people with IRS reported income is about 113,000,001990 and 132,000,000 in 2004. The
Census Bureau reported ~181,000,000 in 1990 an@@0®00 in 2004 from total working age
population of ~194,000,000 in 1990 and ~230,000j6@0D04. Corresponding portions are 0.93
and 0.58 in 1990, and 0.89 and 0.57 in 2004, réisede Therefore, the CB surveys cover a
larger portion of population with income measuretaen

Moreover, the surveys include taxable incomes asilset of all measured incomes.
Figure 1.10.5 illustrates the differences in incodedinitions between the IRS and CB. Gross
personal income measured by the CB is ~70% ofG&d — falling from 73% in 1990 to 67% in
2004. At the same time, the IRS reports only f&8#0 of real GDP in 1990 to 54% in 2004. It
is also important that the IRS curve is of a highelatility. This observation is potentially
related to changes in (taxable) income definition.

Apparently, the IRS covers a smaller portion of ylapon and gross personal income
than the Census Bureau. Basically, the IRS remmmse income subset relative to the Census
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Bureau. Therefore, the observed difference betveeenomic inequality estimates based on IRS
and Census Bureau data is likely results from lomggability of the IRS estimate. IRS income

reports cannot provide a consistent measure obpatsncome.
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81.11. Conclusion

This Chapter is very important for understanding behavior of a developed economy as a
physical system. In classical mechanics, theresteséveral well-known invariants, i.e. a
property of a closed system, which does not changer certain transformations. The invariants
facilitate quantitative description of very sophliated mechanical systems. One of famous
invariants is associated with the fundamental l&wr®rgy conservation. No process in a closed
physical system can violate this law and all indiaal components of the total energy must sum
up to its constant value, whatever happens.

No economy can be considered as a completely clegstém because it is usually
exposed to such external forces as weather, ekppdrt, and immigration, and internal
processes like demographic booms and declines erteless, there is a quantitative parameter
in the US economy, which could be treated as aariamt characterizing the economy as a
whole. This is the personal income distributiosjtameasured by the US Census Bureau in the
Annual Social and Economic Supplement to the CuiPepulation Survey.

This observation goes beyond the representatioth@fdistribution in econophysics,
where standard methods and models of statistioaiph are used (Dragulesku and Yakovenko,
2001). It is exciting to interpret economic varblin terms of “temperature” and “energy”.
However, it does not add much to the understandirigternal and external forces driving the
process of personal income distribution and ewvofutiEconophysics provides rather a
convenient interpolation of quantitative observasioghan a “first principle” model.

On the contrary, we have developed a model whicbased on “first principles”, as
presented in 81.3. It does not approximate orpolate observed data at each time step, but
accurately predicts the dependence of all defipagameters on real GDP per capita and age
structure. An essential feature of the modelsisimplicity: there is only one first order ordigar
differential equation completely defining individudut irrelevant to personalities, income
trajectories. Also, the model has deep roots irnumahtsciences that suggest that economic
activity is just a natural process governed by lawkerently following physical laws.
Economics often considers human behavior as urgieddié and even stochastic. A good
analogue of such a system in physics is an enseafbi@s particles in a box. Nobody can
predict the trajectory for a given particle. One qaedict, however, the most probable number
of particles in a given energy range and such mparameters as temperature and pressure.
Similarly, our model can exactly predict the numbEpeople in a given income range, but does

not predict their names.
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The orthodox economics treats economic system$astic heaps of unshaped bricks:
external or internal perturbations induce unexpketed random reactions such as avalanches in
stock market, inflation creep, swells of economiblles, and troughs of recession. There is a
term invented to express the nature of these uigtadte phenomena — “exogenous stochastic
shocks”. This is the core component of economicetigment — stochastic but inevitable
fluctuations. As a part of the mainstream econonties economics of personal incomes follows
this tradition and presumes the existence of sotoehastic exogenous forces driving the
changes in the distribution of income and relateelquality. As a consequence, the trends
observed in the distribution and inequality aratiee as intrinsically stochastic ones.

Our concept denies that the evolution of persomadme distribution, in particular, and
developed economies as a whole is stochastic. \We foand that the observed variations in the
shape of PID in the US are small and entirely eglab the changes in age structure and real
GDP growth. In other words, the PID has an almo#8hiie rigidity to any other external of
internal disturbances, at least to those occurremesl947. Otherwise, the model would not fit
the observations.

As a thought experiment, imagine a rigid constarctike a concrete building. How does
it react to various external forces like wind, chiaug atmospheric pressure, elastic waves from
earthquakes, etc.? It needs no technical knowléalg®nclude that such rigid systems always
react in a consolidated way, i.e. internal bondsseavarious parts of the system to interact and
create counterforce balancing the disturbance agskpving the integrity. Otherwise, the system
would collapse, as often happens when the amplinidexternal forces exceeds relevant
strength.

How does react the rigid system of personal incotoasternal and external forces? It is
observed a cooperative reaction retaining the tibyaof incomes! In other words, both real
economic growth and inflation do not disturb th®Pih relative terms. A counter question can
be raised then. Since people are the only sourcecohomic growth, how the variations in
macroeconomic variables are possible? One coulthiexp constant growth rate in per capita
values as a result of some permanent onward motidranslation in technical terms. Really, a
rigidly structured society where relative changesthe number of income positions are
prohibited should produce a constant flow of ecoicoefforts through relevant economy and
should advance at a constant pace.

If the internal human structure of a developed eomy can not be the source of the
observed fluctuations in economic growth, whahis driving force? The answer is obvious - the
changes in boundary conditions, i.e. primarily thanges in the number of young people joining
the economy. Chapters 2 through 6 present quawditavidences in favour of this assumption.
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Chapter 1 evidences that personal income distabuh the US can be exactly predicted
by our model together with the time history of #k®, as observed since 1947. Step by step, we
modelled various aggregate and fine quantitatiatutes from the overall distribution to the age-
dependent Gini coefficient. At each step, we cdesity extended the data set of personal
income or/and the length of the studied period.pAcsal attention has been paid to the Pareto
law at the highest incomes.

In 81.4, we have revealed the rigid hierarchy akpeal incomes as a whole. In order to
prove the existence of the fixed income structue had to normalize the PIDs measured by the
Census Bureau to corresponding gross personal m@ord total working age population. The
normalized overall PIDs between 1994 and 2002 laosvs to collapse to one curve unveiling
the underlying hierarchy. This fixed hierarchy des the first ever economic invariant. Taking
the classical mechanics as an example, one migistre@t an economic theory around such an
invariant, with intrinsic links expressed in eqoas similar to homonymic relationships of
mechanics.

First and most important conclusion is that thestexice of the invariant PID evidences
that the US economy is hysical system and the evolution of economic state, amelkfby
some measured variables like GPI or GDP, obeys stmnee laws. Second, there exist economic
variables linked by deterministic relations whidnde expressed mathematically. This would
characterize economics as a hard science witihalatsenal of ideas and methods developed in
physics to be potentially applicable. Third, it loisia bridge between micro- and macro levels,
the latter being a simple aggregation of the formasrin thermodynamics. It would mean that
there is no macro-variable, whose behavior is mohgletely determined by the quantitative
properties of micro-objects. And those macro-vdegshwvhich cannot be reduced to micro-level
are void.

In 81.5, we have validated the microeconomic mobgl demonstrating accurate
predictions of the shape and evolution of PIDsanous age groups. The change in the shape
over age is so dynamic that provides a very gosolugion of relevant time history: from
practically exponential fall in the youngest andesit age groups to a piecewise function in the
mid-age groups. All these features have been ssitdlysmodelled during the relatively short
period between 1994 and 2002. For the age-dependedtlling we have used the same
defining parameters as those for the overall PIbss is the best quantitative test and validation
of the model — one can accurately predict beyordstt of data formally used for the estimation

of empirical parameters and coefficients.
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Therefore, the microeconomic model quantitativedgatibes the evolution (with age and
over time) of each and every personal income ametibn of three measurable parameters: the
capacity to earn money, the size of earning mesardyeal GDP per capita.

In 81.6, we have modelled two aggregate variablése-mean and median income and
their dependence of on work experience. For thasables, quantitative estimates are available
from 1967. So, we extended the modelled period byears back in the past compared to the
previous paragraphs. The entire period since 1983 described by a model with the defining
parameters obtained for a shorter period and diftedata set. In this paragraph, we have also
introduced a new feature to model - the PID at éighcomes is approximated by the Pareto
law.

Disappointedly, a trouble has come from the sidenodme definition and methodology
of the CPS. Our modelling has met significantidifities related to the changes in the portion
of gross personal income in GDP. Significant rexnsito the CPS and the population estimates
after decennial censuses create artificial steplsarGPI and, thus, in mean and median income.
The latter income represents a more robust varidieto lower sensitivity to higher incomes.
As a result, its dynamics is relatively better pcesti by the model. Overall, the dependence of
mean and median on work experience and the evolufothe dependence with time both
validate the model in logical and historical sense.

Paragraph 1.7 addresses a different type of prqbiMnth is a consequence of the self-
organized similarity (SOC) reining at higher inc@an&he Pareto distribution of incomes, being
a manifestation of the SOC, starts at a relativegh level of income and controls only ~10
percent of working age population. Internal medtras of the Pareto distribution are beyond
the scope of the microeconomic model and we userdgerties as measured. This might be a
challenge for both economics and physics. Our mbdslsuccessfully predicted the time history
of the portion of people in the Pareto distributa@na function of work experience. Basically, the
age groups with low mean income are characterigddver portions than those with high mean
income. And again, the microeconomic model has shidsvcapability to accurately predict the
sought variables, and thus the overall input ohhigcomes.

This is a good place for a short speculation. Wiuats the Pareto law says us about rich
people? Is there any quantitative characteristiproperty, which is definitely necessary for a
person to become rich? Under our framework the angar the second question is “no”. One
really needs to have a job with a large size afiegrmeans and a high capability to earn money.
Supposedly, the latter is more important becaugeritore difficult to change personality than
job. But even these two factors do not guaranteéhipphest income in the top 1 per cent. To get
the highest income one needs a property, whiclotidrained — good luck, as described by the
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Pareto laws as a probability function. Therefohere is no individual quality making people
super-rich. As a result, the choice is random d&reftet is no fairness in the process. This
conclusion does not deny the possibility of mamy ppeople emerging from some tight group.
For example, many Russian oligarchs have similakdpamunds. Such backgrounds were not
associated with the desire of super- high incormesgever.

By definition, income inequality is a derivativeoin PID. Therefore, having an accurate
PID one should not meet any difficulty to quantualy predict income inequality. In 81.8, we
have modelled the evolution of Gini coefficient fine overall PID since 1947. So, we have
extended the modelled period by another twenty syeldo further extension into the past is
possible because of the absence of measuremente U&7 and the model has finally covered
the entire period with CPS income reports.

The modelling has unveiled severe problems withréiselution of the CPS — there were
too wide income bins for the estimation of the Giaefficient. However, relevant overall PIDs
evidence that the fixed income hierarchy has bémsermwed from the very beginning of the CPS.
There is no reason to assume that the hierarctyaiiln the near future because it has its roots
in the ranking of people’s capability to earn man€lyis feature is a solid one since it has come
from centuries of economic interactions between dnufreings as economic agents. It should not
fade away as a modern pop melody.

There are several important findings related to #stimation of empirical Gini
coefficients associated with the US income distidyu

1. These estimates of Gini coefficient critically dedeon definition of income.

2. The Gini coefficient associated with the whole plagan 15 years of age and over and
that associated only with people with incoomvergewith time as the portion of people
without income decreases.

3. Resolution of the measured PIDs (i.e. a proportioogerage of population with income
bins) and interpolation of the PIDs inside thesesbinfluences the estimates of Gini
coefficient.

4. The empirical PIDs practically collapse to one euwhen normalized to the cumulative
growth in nominal Gross Personal Income (GPI) fier $tudied period between 1967 and
2005.

Slight changes observed in these PIDs and the #wolaf Gi-values are related to real
economic growth and changes in the age structuesh&@Ve also demonstrated that the empirical
estimates of Gini coefficient converge to theowdtiones when all individuals in working age
population have income. Such convergence mightldalg observed in age-dependent PIDs,
since the portion of population without income @éases with age.
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Paragraph 1.9 has supported general findings ofptbeious paragraph and also has
extended them to the data in various age groupsh BUDs and Gini coefficients are
successfully modelled for the years after 1965. [blaeer limit comes from the availability of the
age-dependent gross personal income, which is segefor the normalization of the PIDs.

As expected, the gap between the Gini coefficiessibaiated with the entire working
population in a given age interval and that assediavith people reporting income converge
with the decreasing portion of people without ineonThe true Gini coefficient had to be
somewhere between these two estimates. In the dretyeen 45 and 54 years of age, this
portion is approximately 3% and the gap (in Gineffigient) is less than 0.02. As the overall
PIDs, the empirical age-dependent (density) PIDBagese to practically one curve when
normalized to cumulative growth in personal incaene total population for the period between
1967 and 2005.

In all age groups, the model predicts slightly éasing Gini coefficients between 1967
and 2005. The overati is approximately constant, however and minor ckargye related to
real economic growth and the changes in age steictu

The Pareto law indexg, undergoes significant changes over age: increfisas the
youngest age to approximately 67 years of age,thed drops. Such an evolution could be
expected but its actual behavior deserves a degyay.

The age-dependent PIDs demonstrate a fixed higradciiing a very long period
between 1967 and 2005. The shape and the evolotidme measured PIDs are well predicted
for the whole period. This allows exact predictiohGini coefficient and other measures of
inequality, which are defined by personal inconsgrdbution.

In 81.10, we have discussed the observation retatdte increase in economic inequality
in the United States, which contradicts our mowét. have demonstrated quantitatively that the
estimates of income inequality associated withltihernal Revenue Service are not reliable. The
principal problem of the IRS estimates is an irsignone to almost all income studies, which
base their approaches on varying portions of &systs a whole. From physics, it is well-known
that parts of a closed system are always charaeteby high volatility of measured parameters
and no relationship revealed for a part works far $ystem as a whole. In the case of the IRS,
the problem is the loose boundary associated wghlyvolatile incomes of people in the low-
end of income distribution. The loose definitionbafundary condition and the volatility related
to measurement errors, changes in definitions andiproper reportingmust result in the
observed changes in income inequality. When thigeeworking population is considered no
changes in income inequality are observed, as dlse for the age group between 45 and 54
years of age evidences.
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There is also a professional discussion and aetiga of economic research around the
idea of the influence of income inequality on reebnomic growth. Overall, relevant results are
controversial. Under our framework, the answerhgiaus — income inequality is a secondary
effect of the ranking in the capability to earn rapnin turn, the ranking has come from the
history of economic, social, psychological, etok$ between people. These links is the force
shaping current income distribution. On the othend) variations in the growth rate of real
economic growth are inherently related to demograpéariables through the rigid PID. In that
sense, the US economic system is a self-consistentand is driven internally by the PID, and
externally by demography.

What our model can propose for other developednaguay developing countries? This is
a crucial question for our model to be further daled by empirical data. The only obstacle on
this road is the absence of reliable data. Whenvamete such data will become available, we
will continue the modelling.

Summarizing all findings and discussions in ondesgre we would like to conclude that
the developed microeconomic model accurately dessrihe shape of the US PID and predicts

its evolution during the past sixty years.
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Tables

Table 1.4.1. GDP growth rates from 1950 to 2002

per capita per capita real
current real GDP | current dollar per capita | per capita currentf GDP growth
dollar GDP growth GDP growth real GDP | dollar GDP growth| rate. age above

year growth rate rate rate growth rate | rate. age above 1% 15
1950 1.099 1.087 1.077 1.065 1.085 1.073
1951 1.155 1.077 1.135 1.059 1.144 1.067
1952 1.056 1.038 1.038 1.021 1.046 1.028
1953 1.059 1.046 1.041 1.029 1.049 1.036
1954 1.003 0.993 0.985 0.976 0.992 0.983
1955 1.090 1.071 1.071 1.053 1.079 1.060
1956 1.055 1.019 1.036 1.001 1.043 1.008
1957 1.054 1.020 1.035 1.002 1.041 1.007
1958 1.013 0.990 0.996 0.974 0.999 0.977
1959 1.084 1.071 1.066 1.053 1.070 1.057
1960 1.039 1.025 1.023 1.009 1.027 1.012
1961 1.035 1.023 1.018 1.006 1.022 1.011
1962 1.075 1.061 1.059 1.044 1.054 1.040
1963 1.055 1.044 1.040 1.029 1.038 1.027
1964 1.074 1.058 1.059 1.043 1.057 1.041
1965 1.084 1.064 1.070 1.051 1.067 1.048
1966 1.096 1.065 1.083 1.053 1.078 1.048
1967 1.057 1.025 1.045 1.014 1.039 1.008
1968 1.093 1.048 1.082 1.038 1.075 1.031
1969 1.082 1.031 1.071 1.021 1.064 1.014
1970 1.055 1.002 1.043 0.990 1.035 0.983
1971 1.085 1.034 1.072 1.021 1.065 1.014
1972 1.099 1.053 1.087 1.042 1.078 1.033
1973 1.117 1.058 1.106 1.048 1.096 1.038
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1974 1.085 0.995 1.075 0.986 1.065 0.977
1975 1.092 0.998 1.081 0.988 1.072 0.980
1976 1.114 1.053 1.104 1.043 1.094 1.034
1977 1.113 1.046 1.102 1.036 1.093 1.028
1978 1.130 1.056 1.118 1.045 1.110 1.037
1979 1.117 1.032 1.105 1.020 1.098 1.014
1980 1.088 0.998 1.081 0.991 1.078 0.988
1981 1.121 1.025 1.112 1.017 1.109 1.014
1982 1.040 0.981 1.031 0.971 1.028 0.969
1983 1.087 1.045 1.076 1.036 1.074 1.033
1984 1.112 1.072 1.102 1.062 1.100 1.060
1985 1.073 1.041 1.064 1.032 1.061 1.030
1986 1.057 1.035 1.048 1.025 1.045 1.023
1987 1.062 1.034 1.053 1.025 1.051 1.023
1988 1.077 1.041 1.067 1.032 1.067 1.032
1989 1.075 1.035 1.065 1.026 1.066 1.027
1990 1.058 1.019 1.048 1.009 1.049 1.010
1991 1.033 0.998 1.023 0.988 1.025 0.990
1992 1.057 1.033 1.045 1.021 1.046 1.023
1993 1.050 1.027 1.039 1.015 1.039 1.016
1994 1.062 1.040 1.052 1.030 1.052 1.030
1995 1.046 1.025 1.036 1.015 1.036 1.015
1996 1.057 1.037 1.047 1.027 1.045 1.026
1997 1.062 1.045 1.052 1.035 1.051 1.034
1998 1.053 1.042 1.043 1.032 1.041 1.030
1999 1.060 1.044 1.050 1.035 1.049 1.034
2000 1.059 1.037 1.048 1.026 1.046 1.024
2001 1.032 1.008 0.998 0.974 0.997 0.974
2002 1.035 1.019 1.024 1.008 1.022 1.006
Total

increase 35.69 5.67 18.94 3.01 17.55 2.79
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Table 1.10.1. Personal income distribution accaydinthe IRS

Income bin Width Center 1990 2004

No adjusted gross income [1] 904876 1854886
$1 under $5,000 5000 2500 16478272 17039057
$5,000 under $10,000 5000 7500 14952855 17211889
$10,000 under $15,000 5000 12500 13922750 15889660
$15,000 under $20,000 5000 17500 11543228 13056490
$20,000 under $25,000 5000 22500 9572317 10990767
$25,000 under $30,000 5000 27500 7838225 8567162
$30,000 under $40,000 10000 32500 12282786 13309262
$40,000 under $50,000 10000 35000 8837067 9928723
$50,000 under $75,000 25000 62500 10944102 13635393
$75,000 under $100,000 25000 87500 3276142 4934480
$100,000 under $200,000 100000 150000 2329562 &7130
$200,000 under $500,000 300000 350000 644027 121122
$500,000 under $1,000,000 500000 750000 130252 75408
$1,000,000 under $1,500,000 500000 1250000 29060 80061
$1,500,000 under $2,000,000 500000 1750000 11581 97726
$2,000,000 under $5,000,000 3000000 3500000 15331 90473
$5,000,000 under $10,000,000 5000000 7500000 3184 6259
$10,000,000 or more >10000000 1522 5651
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Figure 1.3.1. Approximation by two exponential ftianos of the normalized mean income
dependence on work experience in the USA in 2002.
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Figure 1.3.2. Evolution of personal income for eas combinations of earning means slze,
and personal capability to earn mon8&y,The (dimensionless) Pareto distribution threshsld
0.43. Only people with high andL can eventually reach the threshold. The duratigmeriod
needed to reach the maximum potential income depend. Compare cases 30x2 and 2x30.
Because of smalldr=2, the first person reaches maximum much fastar the second person
with the means of size 30.
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Figure 1.3.3. Comparison of the theoretical PIDhviittegerS andL distributed evenly between
2 and 30 and those observed for the years 1994, 39@ 2001.
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Figure 1.3.4. Evolution of personal income for gas dissipation factors. The earning means
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Figure 1.3.5. Time needed to reach the Paretohtbl@sas a function of effective dissipation
factor (1. The earning means sikg=30/30, and personal capability to earn mo8gy30/30.

105



1.2

max(S%/900)
o o
(@] oo

™,

o
o (N

0 10 20 30 40
S
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Figure 1.3.7. Comparison of the observed and predlipersonal income distributions for the
year 1999 — a portion of population with incomeowela given value. The curves diverge at
income of $54K — the Pareto threshold.
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Figure 1.3.8. Comparison of the observed and pediiccumulative personal income

distributions for 1999 — a portion of total incomexeived by population with income below a
given value. The ratio of the observed cumulativeome of the population above the Pareto
threshold (0.450 — intercept of the vertical linedathe solid curve) and the corresponding
theoretical value (0.333 — intercept of the vettitae) and is equal to 1.35. This value is

considered as an effective increase of the averagacity to earn money for people above the
Pareto threshold.
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Figure 1.4.1. Personal income (current dollarslyithstions in the USA from 1994 to 2002. Odd
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$10K bins are shown. Notice the lin-log coordinates
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Figure 1.4.2. Selected personal income distribstiomrmalized to relevant midyear
populations. Notice the log-log coordinates.
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Figure 1.4.3. Selected population density distrdms corrected for GDP deflator

measured by the BEA.
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Figure 1.4.4. Personal income distribution corrédte the growth in nominal GDP.
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Figure 1.4.6. Personal income density distribigibalow and above the Pareto threshold
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GDP growth. A power law regression demonstrates tha adjusted distributions

practically coincide.
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Figure 1.4.7. Population estimates for the calegdars of 1950, 1960, 1970, 1980, 1990,
and 2001 (The US Census Bureau (2004b)).
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Figure 1.4.8. Normalized population estimates fer ¢alendar years of 1950, 1960, 1970,

1980, 1990, and 2001.
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Figure 1.4.10. Comparison of predicted and obsep&donal income distributions for
1994. The Pareto threshold is between $35K and $45K

118



1.0E+05

# 1.0E+03

-e— measured - 1998

—— predicted - 1998

1.0E+01 +—————t——p ey
0 20 40 60 80 100

income, $1000

Figure 1.4.11. Comparison of predicted and obsepeggonal income distributions for the
year of 1998. The Pareto threshold is between $HK$55K.
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Figure 1.4.12. Comparison of predicted and obskparsonal income distributions for
the year of 2001. The Pareto threshold is betwé&&iK &ind $65K.
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Figure 1.5.1. Personal income distribution in vasi@age groups: from 15 to 24 years (5 —
central point of corresponding work experiencervdaefrom 0 to 9 years), from 25 to 29
years (12.5), ..., from 70 to 74 years (57.5). Inftret age group (5) - from 0 to 9 years of
work experience, an exponential decrease in obgderve
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Figure 1.5.2. Population density vs. personal ineomage groups: from 15 to 24 years
(5 — central point of corresponding work experiemterval from 0 to 9 years), from 25 to
29 years (12.5), ..., from 70 to 74 years (57.5).the first age group an almost

exponential decrease in observed.
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Figure 1.5.3. Population density vs. personal ineamthe age group from 15 to 24 years.
The index of exponential regression function insesawith time from -0.125 to -0.095.
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Figure 1.5.4. Population density distribution ie tige group from 15 to 24 years adjusted
for the per capita nominal GDP growth. A strongtang at the highest incomes is
induced by lack or resolution power of the currd®EC due to undercoverage of the
population. Population density drops by three gddgrmagnitude with income increase
from $5,000 to $45,000.
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Figure 1.5.5. Population density distribution ie tige group from 45 to 49 years adjusted
for the per capita nominal GDP growth.
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Figure 1.5.6. Population density distribution ie #ige group from 50 to 54 years adjusted
for the per capita nominal GDP growth.
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Figure 1.5.7. Comparison of predicted and measpegsional income distributions in the
age group from 15 to 24 years. The actual distidbuis characterized by an emergent
Pareto part and lies almost everywhere below theglipied curve. The difference is
associated with a poor procedure of the incomeeguwhich does not take into account

money redistribution.

127



1.0E+00
——25-29
—B—25-29 real - $2.5K
1.0E-01
=
(2]
[
(]
©
§ 1.0E-02
=
=}
o
(@)
o
1.0E-03
1.0E-04 i i i i

0 20 40 60 80 100
income, 1000$ (1998)

Figure 1.5.8. Comparison of predicted and measpegsional income distributions in the
age group from 25 to 29 years. The actual distidbuits characterized by the presence of
a part with well established Pareto distributioneTifference between the curves at low
incomes is associated with a poor procedure oinit@me survey.
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Figure 1.5.9. Comparison of predicted and measpegsional income distributions in the
age group from 30 to 34 years. The difference betwkhe curves at low incomes is
associated with poor procedure of the income survey
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Figure 1.5.10. Comparison of predicted and meagoeesbnal income distributions in the
age group from 60 to 64 years. Both distributiaresquasi-exponential.
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Figure 1.5.11. Evolution of the predicted persanabme distribution (absolute number of

people) in single-year-of-age intervals between® 0 years of work experience.
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Figure 1.5.12 Evolution of the predicted personabime distribution (absolute number of

people) in 1980.
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Figure 1.5.13. Evolution of the predicted persanabme distribution (absolute number of

people) in 2002.
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Figure 1.6.1. Mean personal income (current ddllassa function of work experience for
selected years between 1967 and 2001.

134



50000

40000

$

30000

income

20000

——2001
—©—1996
—+H=-1991
—— 1986
—A— 1981
—— 1976
—%—1971
—— 1967

10000

10
work experience, years

100

Figure 1.6.2. Mean personal income (chained 200Hardd as a function of work

experience for selected years from 1967 to 2001.
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Figure 1.6.3. Evolution of the portion of populatiaith income in various age groups: all —

above 14 years of age, 20 — from 15 to 24 yeasgef 30 — from 25 to 34 years, 40 — from 35 to
44 years, 50 — from 45 to 54 years, 60 — from 5640/ears. In the group between 16 and 24
years of age, the portion has been falling sincé91Notice the break in the distributions

between 1977 and 1979 induced by large revisiondeimented in 1980 — “Questionnaire

expanded to show 27 possible values from 51 passiblirces of income.” The participation

factor in other age groups increased from 0.82-08592-0.99.
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Figure 1.6.4. Mean personal income (chained 200Hardd as a function of work

experience for years from 1967 to 2001. The meeonte readings are corrected for the
number of people without income.
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Figure 1.6.5. Normalized mean personal income #&snetion of work experience for

years from 1967 to 2001.
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Figure 1.6.6. Mean income in various age groups {fom 0 to 9 years, 15 — from 10 to
19 years, ..., 55 — from 50 to 59 years of work eiguexre) normalized to the peak value in

corresponding years.
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Figure 1.6.7. Mean income in the age group frontdl24 years normalized to the peak
value in corresponding years as a function of cderyear from 1967 to 2001. Linear

re%ression indicates that this age group couldadorihe peak value in the last quarter of
18" century. If the slope of -0.075, as obtainedtifier older age groups, is used the group
could have the peak value near the end of tfecgatury.
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Figure 1.6.8. Evolution of mean income in the agaig from 25 to 34 years normalized
to the peak value in corresponding years. The slp@.075. This age group reached the
peak value between 1940 and 1950.
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Figure 1.6.9. evolution of mean income in the ggrip from 35 to 44 years normalized
to the peak value in corresponding years. Theesi®p0.074. This age group reached the

peak value in 1986.
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Figure 1.6.10. Evolution of mean income in the ggmup from 55 to 64 years normalized
to the peak value in corresponding years. The skp®.011. This age group will reach
the peak value in around 2015.
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Figure 1.6.11. Critical work experience as a funttof calendar year as calculated from
the growth rate of real GDP per capita using refeghip 1.3.5T, was about 25 in the late
1950s, reached the 30 year level in the late 19d@0d, is currently near the 40-year
threshold.
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Figure 1.6.12. Comparison of the mean income depwrel on work experience as
obtained in 10-year and 5-year wide intervals far year of 2001. The distributions have
quite different asymptotic decay abolg.
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Figure 1.6.13. Comparison of observed and predictedn income dependence on work
experience in 1967 and 2001. The observed meamesare corrected for the population
without income. Averaging is accomplished in 10+yi@#ervals of work experience. The

factor used to scale the predicted values is 1®67Y and 2001.

146



1.2

1.0

0.8

0.6

0.4

normalized mean income

0.2

0.0

—&— predicted - 1974

—@— predicted - 1987
O real- 1974 (corrected)
O real - 1987 (corrected)

10 20 30 40 50
work experience, years

60

Figure 1.6.14. Comparison of observed and predictedn personal income dependence
on work experience in 1974 and 1987 (the years ajbrmchanges in CPS procedures).
The observed mean incomes are corrected for thelgogn without income. Averaging
is accomplished in 10-year intervals of work expece. The factor used to covert the
predicted values is the same in 1987 and 1974 Ti8.value is different from that used

in 2001 and 1967.
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Figure 1.6.15. Comparison of observed and predictedn personal income dependence
on work experience in 1967 and 2001. The observeannmcomes are as in the original

tables. Averaging is accomplished in 10-year irdbnof work experience. The factor

used to covert the predicted values is 76 in 20@1L2 in 1967.
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Figure 1.6.16. Comparison of observed and predictedn personal income dependence
on work experience in 1974 and 1987. The factod aiseovert the predicted values is 80
in 1987 and 95 in 1974.
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Figure 1.6.17. Comparison of observed and predictedn personal income dependence
on work experience in 1994 and 2001. The observeannncomes are corrected for the
population without income. Averaging is accompligha 5-year intervals (except the
first, which is 10-year interval) of work experi@enche boundary condition for the mean
income at the age of 67 years is 0.45.
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Figure 1.6.18. Comparison of actual and predictednmpersonal income dependence on
work experience in 1994 and 2001. The observed nre@mes are as in the original.
Averaging is accomplished in 5-year intervals (gtdbe first one) of work experience.
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Figure 1.6.19. Evolution of observed (original aswirected for the population without
income) and predicted average income value in tbek @xperience group from 0 to 9
years normalized to the peak average income olvetoak experience groups.
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Figure 1.6.20. Evolution of observed and predicwdrage income value in the work
experience group from 10 to 19 years normalizethéopeak average income over all

work experience groups.
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Figure 1.6.21. Evolution of observed and predict@drage income value in the work
experience group from 20 to 29 years normalizethéopeak average income over all
work experience groups.
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Figure 1.6.22. Evolution of observed and predici@drage income value in the work
experience group from 30 to 39 years normalizethéopeak average income over all
work experience groups.
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Figure 1.6.23. Evolution of observed and predicddrage income value in the work
experience group from 40 to 49 years, normalizethéopeak average income over all
work experience groups.
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Figure 1.6.24. Evolution of observed overall mead median income (in 2001 CPI-U-RS
adjusted dollars) in the USA between 1974 and 2001.
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Figure 1.6.25. Ratio of median and mean incomeadrkwexperience groups from 20 to 29
years and from 30 to 39 years. A decrease in tte iraboth groups is observed from
1974 to 2002.
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Figure 1.6.26. Evolution of observed and predictestlian income in the work experience
group from 10 to 19 years, normalized to the peakage income over all groups.
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Figure 1.6.27. Evolution of observed and predicteztiian income in the group from 20
to 29 years, normalized to the peak average inamraeall groups.
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Figure 1.6.28. Evolution of observed and predicteztiian income in the group from 30

to 39 years, normalized to the peak average inanraeall the work experience groups.
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Figure 1.6.29. Evolution of the mean income disiitn. The growth rate of per capita
real GDP is 1.6% per year. Population projectiomipled by the US Census Bureau are

used.
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Figure 1.6.30. Mean individual taxable income ie 1K (current prices) in 2002 and

average income distribution in the US in 1986
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Figure 1.7.1. Evolution personal income distribntio 1994 for incomes above a number of
thresholds: >$0K (all personal incomes), >$10K, >$100K, each normalized to relevant peak
value among all age groups. The normalized didiobs for income above $60K are similar.
Thus the underlying size distribution is scale free
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Figure 1.7.2. The evolution of the number of peapith income above $100K normalized to
relevant working age population. A linear increasth nominal GDP growth is expected.
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Figure 1.7.3. Normalized personal income distritnutfior incomes above $100K as a function of
work experience. The curves are shown for eversyfeam 1994 to 2002.
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Figure 1.7.4. Comparison of observed and predidiggendence on work experience of the
number of people with income above the Pareto lioids
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Figure 1.7.5. Comparison of observed and predidiggendence on work experience of the
number of people with income above $100,000 (ctrdetiars). All curves are normalized to
the peak value in 2001.
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Figure 1.7.6. Evolution of population density distition for people with income above the
Pareto threshold for calendar years 1980 throud)?.2Botice the increase in time needed to
reach the Pareto threshold from 1980 to 2002. &hite result of the decrease in effective
dissipation factorg/L, with increasing size of earning meahs,
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Figure 1.7.7. Evolution of normalized populatiomsigy distribution for people with income
above the Pareto threshold for selected calendas yeetween 2002 and 2023. The growth rate
of real GDP per capita is set to 0.016 per yeapuRion projections are obtained from U.S.
Census Bureau.
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Figure 1.7.8. Observed and predicted number fopleewith income above the Pareto threshold
in 1980.
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Figure 1.8.1. Ratio of nominal gross personal inep@PI, and nominal GDP for the same year,
and the portion of the US working age populatiothvincome, as reported by the US Census
Bureau.
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Figure 1.8.2. PIDs for selected years measuredmnmewt dollars: a) — for the years between 1947
and 1987 in constant income bins; b) — for the ydatween 1947 to 2005 in varying income
bins. The PIDs are normalized to the total popaltatind reduced to width of corresponding
income bins.
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Figure 1.8.3. Cumulative growth of the nominal GP& capita and nominal GPI per capita
reduced to different population groups.
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Figure 1.8.4. The PID for 2005 reduced to the catieg growth between 1947 and 2005 of the
four variables presented in Figure 1.8.3.
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Figure 1.8.5. PIDs for some selected years betwW8dii and 1987. The income scale is reduced
by the cumulative growth of the nominal GPI peritapince 1947, as obtained for people with

income. Notice consistent behavior of the PIDs ketw1947 and 1987. One can expect an
approximately constant true Gini coefficient foe tyears before 1987.
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Figure 1.8.6. PIDs for some selected years bet@®dii and 2005: a) — for people with income
and b) — for the working age population as a whdlee income axis is reduced by the
cumulative growth in the nominal GPI per capitaceil947, as obtained for people with income.
Notice the deviation between the curves for 195@ 2005 at higher incomes, which likely

manifests measurement errors induced by incomaitiefi.
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Figure 1.8.7. Comparison of Gini coefficients watberage income values and centers of income
bins. The curve with the average values also ha thdditional income bins between $100,000
and $250,000.

180



pdf

1.0E-03
1.0E-04 -
o 1947-1987 y = 0.0004213¢ 000399
R”=0.9368865
1.0E-05 ‘ ‘ ‘
0.0E+00 1.0E+03 2.0E+03 3.0E+03
income, $

4.0E+03

181



b)

1.0E-03
TS 1.0E-04 -
> 1947-2005 y = 0.0004345¢ -000413%
R?=0.8233701
1.0E-05 ‘ ‘ ‘
0OE+00 1E+03 2E+03 3E+03 4E+03
income, $

Figure 1.8.8. Approximation of the PIDs by expomarfunctions — a) between 1947 and 1987,
and b) between 1947 and 2005. Obtained indiceyereclose, but scattering is larger in the
second case, which might be of a higher resolution.
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Figure 1.8.9. Relative deviation of the averagai@ah income binsXa, from the central point
of the bin,X; : (XarXo)/dX, wheredX is the width of corresponding bin. The CPS reptuots
2001 and 2005 are compared.
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Figure 1.8.10. Comparison of the Gini coefficieaparted by the US Census Bureau for the
years between 1994 and 2005 with that estimatekisnstudy. Obviously, the US CB changed
the procedure for the estimation of Gini coeffi¢cian1998.
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Figure 1.8.11. a) Comparison of two Lorenz cunaslP47 associated with the crude and fine
PIDs. b) Comparison of two estimates of Gini caadint between 1947 and 2005 using the
crude and fine PIDs. Both coefficients are obtaift@gopulation with income.
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Figure 1.8.12. a) Comparison of two Lorenz cunaslP47 associated with the crude and fine
PIDs. b) Comparison of two estimates of the Goefticient between 1947 and 2005 using the
crude and fine PIDs. Both coefficients are obtaifezdthe working age population as a whole.
The observed change in the actual PIDs is not weficribed by the fixed income bins.
Nevertheless, the years between 1970 and 198%araaterized by a good agreement between
the curves.
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Figure 1.8.13. Estimates of indéxobtained from the average values of income inRheeto
income zone — above $100000, $150000, $200000$25@000 for the years between 2000 and
2005.
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Figure 1.8.14. Linear regression of the probabiignsity functions in the Pareto zone (the log-
log coordinates). The Pareto index ks)(1.36. This estimate is consistent with that wisd
using the average values above $100000 in Fig8r&3L..
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Figure 1.8.15. Dependence of the predicted Ginffiooent on the Pareto indeX. Lower k
values correspond to “thicker” tails in the PIDsldargerGini values. The effect d on Gini is
nonlinear.
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Figure 1.8.16. Dependence of the effective in@e@asncome production (extra income) in the
model relative to that in the sub-Pareto incomeezdrheoretical value is 1.33 and corresponds
to k=1.35. The effect dk on the ratio is nonlinear.
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Figure 1.8.17. Comparison of the estimated andigtextl Gini coefficients. The predicted curve
lies between the two estimated curves, which caqyevexrs the portion of population without
income drops. One can consider the predicted asuwepresenting the true Gini coefficient for
the period between 1947 and 2005.
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Figure 1.9.1. Evolution of the portion of populatiavith income in various age groups: all —

above 15 years of age, 20 — from 16 to 24 yeaagef 30 — from 25 to 34 years, 40 — from 35 to
44 years, 50 — from 45 to 54 years, 60 — from 564qg/ears. In the group between 16 and 24
years of age, the portion has been falling sincé91Notice the break in the distributions

between 1977 and 1979 induced by large revisiondeimented in 1980 — “Questionnaire

expanded to show 27 possible values from 51 passdalrces of income.”
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Figure 1.9.2. Evolution of the Pareto law indexogd) with agek=-1.91 for the age group
between 25 and 34 yeaks;-1.48 between 35 and 4d5-1.38 between 45 and 54, awd1.14 in

the age group between 55 and 64.
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Figure 1.9.3. Evolution of the estimated Gini cardéint for personal incomes in various age
groups between 1967 and 2005. There are two versioeach age group - first includes all
people aged in given range (all), and second imdudnly those with nonzero income
(w/income). Obviously, the Gini coefficients for e with income are systematically lower
than those including all population with given ages
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Figure 1.9.4. Evolution of various measures of tverall mean income: using GDP; GPI
reported by the BEA; and GPI reported by the Cesugau as estimated in annual CPS. Two
population estimates are used for calculationdi@fmbean values — total working age population
(all) and people reporting income (with income).cAing to current income definitions the
GPI-BEA is larger than the GPI-CB because the fonmgudes additional sources of income.
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Figure 1.9.5. Evolution of mean income (normalizedhat in 1967) in various age groups as
estimated using: a) total working age populationpbly people with income. The curves are
used to normalize corresponding PIDs.
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Figure 1.9.6. Comparison of a) original; and b)malized personal income distribution (in
current dollars) in the age group between 35 andyddrs in 1967 and 2005. Original
distributions published by the Census Bureau arenalized to the width of relevant income
bins in order to obtain population density disttibn. Income bins are not uniform in 1967
creating local troughs and peaks. In 2005, incoime hre uniform between $0 and $100,000.
Three $50,000-wide bins above $100,000 are not shidore people and larger GPI in 2005
are observed.
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b) 25 to 34
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c)45to 54
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d) 55 to 64
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e) 15 years of age and over
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Figure 1.9.7. PIDs in various age groups for peayth income normalized to the increase in
total income and total population in given groupeays 1967, 1993, and 2005 are presented.
There is no significant difference between the earexcept in the age group between (14) 15
and 24 years of age.
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b) from 45 to 54 years of age
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c) over 15 years of age
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Figure 1.9.8. Comparison of measured and predRtBd in some age groups. High incomes are
describes by a power law wiks-1.91;k=-1.38; anck=-1.35, respectively.
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Figure 1.9.9. Comparison of predicted and empir@&ali coefficient in various age groups for
the period between 1967 and 2005. In all céses.35.
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Figure 1.9.10. Comparison of Gini coefficient degemce on age, as estimated by the U.S.
Census Bureau and in this study from personal imcdmstributions in 1967 and 2005 (curves
marked — actual). The Gini coefficients predictgddur model for 1967 and 2005 are also
shown.
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Figure 1.10.1. Comparison of the taxable incomé&riligion reported by the IRS in 1990 and
2004. Income bins are characterized by increasidth. Enumerated populations are assigned
to the centers of corresponding bins. Notice thgeldg coordinates. The lowest income bin
corresponds to zero and negative (loss) reporisamas, i.e. to people without positive income.
The bin with incomes above $10,000,000 is not shbecause of the absence of mean income
estimate.

216



1.0E-03

—©— 2004
1.0E-04 A —— 1990

1.0E-05

1.0E-06

1.0E-07 A

1.0E-08 A

1.0E-09 ~

1.0E-10 A

normalized population density

1.0E-11 -

1.0E-12 T T TTTT T T T T TTT T T TTTT T T TTT
1.0E+03 1.0E+04 1.0E+05 1.0E+06 1.0E+07

normalized income

Figure 1.10.2. The readings in Figure 1.10.1 arenabzed to total population with income and
divided by width of corresponding income bins. R&isg population density distributions are
plotted as a function of income. The first (zeralth) and the last (open-ended) income bins are
not presented. The curves almost coincide below5882and then diverge with increasing
income. Seemingly, income inequality increasedhasnumber of people with higher incomes
grew faster than that with low incomes.
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Figure 1.10.3. The curves in Figure 1.10.2 aratmally normalized to gross personal income,
i.e. to $4.70E+12 in 2004 and $3.41E+12 in 1990eRet income scales are also normalized to
these incomes and represent dimensionless pomibtetal income. As a result, widths of the
income bins also become different since the incoseate in 2004 and 1990 are contracted by
different factors. In turn, the centers of the samniginal income bins in 1990 and 2004 are
shifted against each other. Effectively, the curiegigure 1.10.2 are contracted by different
factors and shifted against each other.

The curves now represent density of population &saetion of dimensionless income.
They practically coincide at high incomes and djeeat low incomes. Therefore, density of
population at higher incomes, as measured in diloeless portions of total income, is
practically the same in 1990 and 2004. In the loeeime range, density of population is
relatively higher is 2004.
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Figure 1.10.4. Portion of working age populatiothwncome, as reported by the Census Bureau
and IRS. The former provides a more reliable digbim of income with smaller variations over
time and larger portion of working age populatiotimvincome. Because of very high sensitivity
of the number of low income persons to correspandigfinition of income the IRS is likely not
able to provide a reliable estimate. About 40 pasra# working age population is beyond the
IRS definition of income.
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Figure 1.10.5. Gross personal income normalizeg@abGDP. According to the IRS, only about
a half of GDP is transformed into personal incofftee CB reports about 70% of real GDP as
personal incomes. Volatility of the IRS estimatesery high.
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