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Linear time-varying parameters discrete
grey forecasting model

ZHANG Ke, LIU Si-feng

(College of Economics and Management, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China)

Abstract This paper analyzed the reason for invariable growth rates of the DGM(1,1) model’s simu-

lated values. In order to overcome that shortcoming, a new time-varying parameters discrete grey model

(which is called TDGM(1,1)) was constructed by introducing linear time-varying terms. Then, this paper

researched properties of the new model, and reached the conclusion that TDGM(1,1) not only possessed

white exponential law coincidence, linear law coincidence and consistency of stretching transformation, but

also solved the problem that simulated values of original DGM(1,1) were geometric sequences. Further-

more, the paper applied optimization method to optimizing the iterative starting value of the new model,

and introduced the steps of using TDGM(1,1) to predict. Finally, the new model was compared with

another two discrete grey models through an instance. The results prove the new model greatly improves

the simulation and prediction precision.
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@��A�,$<0'�B	�,:

X(0) = {x(0)(1), x(0)(2), · · ·x(0)(n)},
�$:CD0'

X(1) = {x(1)(1), x(1)(2), · · ·x(1)(n)},
��, x(1)(k) =

∑k
i=1 x(0)(i), k = 1, 2, · · · , n.

=> 1[10] C

x(1)(k + 1) = β1x
(1)(k) + β2

,����	
 (Discrete grey model, DGM), EC, GM(1,1) 	
���-�.
=? 1[11] @ DGM(1,1) 	
�	��		�0' X̂ = {x̂(1), x̂(2), · · · , x̂(n)}, û(k) � X̂ �/-&, B

û(k) = x̂(k+1)−x̂(k)
x̂(k) , �� k = 2, 3, · · · , n, J û(k) = β1 − 1.

�� 1 <� DGM(1,1) 	
�	��		�CÆDEK$/-&, DF��D��% �0'$�;
F�	��		.@. "�G�
�0'LL�$���% , DFM ';=%�. K��E�N '"
@%��CD�	
��$� β ,(��, H DGM(1,1) ,F*��,��	
. %IJFK���LG

��, ���,0'�H�M�K�,0'��ONA
GN,HP0F*O�, ?��I��QR�$�
�8�S�I�JT�, DFE��
(�$�	
��	��		. ÆBPK
F*��G<LC���
�	
��(�$�, � F*�,$�� DGM(1,1) 	
.

=> 2 C

x(1)(k + 1) = (β1 + β2k)x(1)(k) + β3k + β4 (1)

,F*�,$�����	
 (Linear time-varying parameters discrete grey model, TDGM), �� x(1)(k)
,CC0'�$:CDJ'0'.

=? 2 @0J0'

X(0) = {x(0)(1), x(0)(2), · · · , x(0)(n)}
�$:CD0',

X(1) = {x(1)(1), x(1)(2), · · · , x(1)(n)},
J TDGM(1,1) 	
 x(1)(k + 1) = (β1 + β2k)x(1)(k) + β3k + β4 �"UKL$�� ��M,:

β̂1 =
B1

A
, β̂2 =

B2

A
, β̂3 =

B3

A
, β̂4 =

B4

A
,

��,

A =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)2
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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B1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k + 1)x(1)(k)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k + 1)x(1)(k)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

kx(1)(k + 1)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

x(1)(k + 1)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

B2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)2
n−1∑
k=1

x(1)(k + 1)x(1)(k)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k + 1)x(1)(k)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

kx(1)(k)
n−1∑
k=1

kx(1)(k + 1)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

x(1)(k)
n−1∑
k=1

x(1)(k + 1)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

B3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)2
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

x(1)(k + 1)x(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

kx(1)(k + 1)x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k + 1)
n−1∑
k=1

k

n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k + 1) n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

B4 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)2
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k + 1)x(1)(k)

n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k + 1)x(1)(k)

n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

kx(1)(k + 1)

n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k
n−1∑
k=1

x(1)(k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

BC @0' X(0) = {x(0)(1), x(0)(2), · · · , x(0)(n)}, (β̂1, β̂2, β̂3, β̂4) , TDGM(1,1) 	
�$�� �,
�	�� x̂(1)(k + 1) = (β̂1 + β̂2k)x(1)(k) + β̂3k + β̂4 <L x(1)(k + 1), k = 1, 2, · · · , n− 1, 1(%��N��
S =

∑n−1
k=1 [x(1)(k + 1) − β̂1x

(1)(k) − β̂2kx(1)(k) − β̂3k − β̂4]2. PR"UKL�, � S "U� (β̂1, β̂2, β̂3, β̂4)
�>OD:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂s

∂β̂1

= −2
n−1∑
k=1

[x(1)(k + 1) − β̂1x
(1)(k) − β̂2kx(1)(k) − β̂3k − β̂4]x(1)(k) = 0,

∂s

∂β̂2

= −2
n−1∑
k=1

[x(1)(k + 1) − β̂1x
(1)(k) − β̂2kx(1)(k) − β̂3k − β̂4]kx(1)(k) = 0,

∂s

∂β̂3

= −2
n−1∑
k=1

[x(1)(k + 1) − β̂1x
(1)(k) − β̂2kx(1)(k) − β̂3k − β̂4]k = 0,

∂s

∂β̂4

= −2
n−1∑
k=1

[x(1)(k + 1) − β̂1x
(1)(k) − β̂2kx(1)(k) − β̂3k − β̂4] = 0.

P�1(:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β̂1

n−1∑
k=1

x(1)(k)2 + β̂2

n−1∑
k=1

kx(1)(k)2 + β̂3

n−1∑
k=1

kx(1)(k) + β̂4

n−1∑
k=1

x(1)(k) =
n−1∑
k=1

x(1)(k + 1)x(1)(k),

β̂1

n−1∑
k=1

kx(1)(k)2 + β̂2

n−1∑
k=1

k2x(1)(k)2 + β̂3

n−1∑
k=1

k2x(1)(k) + β̂4

n−1∑
k=1

kx(1)(k) =
n−1∑
k=1

kx(1)(k + 1)x(1)(k),

β̂1

n−1∑
k=1

kx(1)(k) + β̂2

n−1∑
k=1

k2x(1)(k) + β̂3

n−1∑
k=1

k2 + β̂4

n−1∑
k=1

k =
n−1∑
k=1

kx(1)(k + 1),

β̂1

n−1∑
k=1

x(1)(k) + β̂2

n−1∑
k=1

kx(1)(k) + β̂3

n−1∑
k=1

k + β̂4(n − 1) =
n−1∑
k=1

x(1)(k + 1).

PRASQ�JT�R08:F*��E, H1(�� 2 P=$�� �.

=> 3 0' X(0)�X(1) �M TGDM(1,1) 	
$�� �S�� 2 PR, T x̂(1)(1) = x(0)(1), J0'
X(0) �$:CD	��QQR�,:

x̂(1)(k + 1) = (β̂1 + β̂2k)x̂(1)(k) + β̂3k + β̂4, k = 1, 2, · · · , n − 1 (2)

UC�	��:

x̂(0)(k + 1) = α(1)x̂(1)(k + 1) = x̂(1)(k + 1) − x̂(1)(k), k = 1, 2, · · · , n − 1 (3)

3 :;1F

=? 3 @ X(0) ,0J0', �� x(0)(k) = eak, k = 1, 2, · · · , n, x̂(0)(k) ,� TDGM(1,1) 	
�	�
�, J x̂(0)(k) = eak = 1, 2, · · · , n.

BC @A, B1, B2, B3, B4, TDGM(1,1)	
$�� ����$�. D, x(0)(k)=eak, k = 1, 2, · · · , n,
J x(1)(k + 1) = eax(1)(k) + ea, PR�� 2 1(:

B1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)x(1)(k + 1)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)x(1)(k + 1)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

kx(1)(k + 1)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

x(1)(k + 1)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)(eax(1)(k) + ea)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)(eax(1)(k) + ea)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

k(eax(1)(k) + ea)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

(eax(1)(k) + ea)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ea
n−1∑
k=1

x(1)(k)2
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

ea
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

ea
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

ea
n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ea
n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

ea
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

ea
n−1∑
k=1

k
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

ea(n − 1)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= eaA.

K�V�1( B2 = 0, B3 = 0, B4 = eaA, DF β̂1 = ea, β̂2 = 0, β̂3 = 0, β̂4 = ea. �CC0' X(0)

>W� TDGM(1,1) 			
, x̂(1)(k + 1) = eax̂(1)(k) + ea, k = 1, 2, · · · , n − 1. DF x̂(1)(k + 1) =
ea + e2a + · · · + ea(k+1). PR�W 3, x̂(0)(k + 1) = ea(k+1), k = 1, 2, · · · , n − 1.

�� 3 <� TDGM(1,1) 	
$�+��%  &*, DF��!/-0'�;F�	��		.@.
K�*.�
�V�X�: SCC0'/-&(��, $� β2, β3 ,Y, 	
X�,U� DGM(1,1) 	
. D
FV�" DGM(1,1) 	
A, TDGM(1,1) 	
�$V-�, SCC�R/-&�D(��Z�V�ONL
#.

=? 4 @ X(0) ,0J0', �� x(0)(k) = a + kb, k = 1, 2, · · · , n, x̂(0)(k) , TDGM(1,1) 	
�	�
�, J x̂(0)(k) = a + kb, k = 1, 2, · · · , n.

BC @ A, B1, B2, B3, B4 , TDGM(1,1)$�� ����$�. D, x(0)(k) = a+kb, k = 1, 2, · · · , n,
J x(1)(k + 1) = x(1)(k) + a + kb + b, P�

B1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)(x(1)(k) + a + kb + b)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)(x(1)(k) + a + kb + b)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

k(x(1)(k) + a + kb + b)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

(x(1)(k) + a + kb + b)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1∑
k=1

x(1)(k)2
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(a + b)
n−1∑
k=1

x(1)(k)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

(a + b)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

(a + b)
n−1∑
k=1

k
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

(a + b)(n − 1)
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

kx(1)(k)2
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

x(1)(k)

b
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2x(1)(k)2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

kx(1)(k)

b
n−1∑
k=1

k2
n−1∑
k=1

k2x(1)(k)
n−1∑
k=1

k2
n−1∑
k=1

k

b
n−1∑
k=1

k
n−1∑
k=1

kx(1)(k)
n−1∑
k=1

k n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= A.
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K�V�1( B2 = 0, B3 = bA, B4 = (a+b)A,DF x̂(1)(k+1) = x̂(1)(k)+(k+1)b+a, k = 1, 2, · · · , n−1.
PR�W 3 1( x̂(0)(k + 1) = a + (k + 1)b, k = 1, 2, · · · , n − 1.

�� 4 TY TDGM(1,1) 	
��ZW	�F*0', % DGM(1,1) 	
�$�>*�. */-&<�
��, F*0'�/-& û(k) = b/(a + kb) UVW,�XY, DF�� 4 STY� TDGM(1,1) 	
�/-
&VW,��0'$�;F�	��:, AA� DGM(1,1) 	
	��,�@0'�I>.

=? 5 @0J0' Y (0) , X(0) ��L,#0', �� y(0)(k) = ρx(0)(k)(ρ ,0JX�). � X(0) �

Y (0) �M>W TDGM(1,1) 	
, [ (β1, β2, β3, β4) ,CC0' X(0) �	
$�� �,(β̄1, β̄2, β̄3, β̄4) ,,
#0' Y (0) �	
$�� �, J:

β1 = β̄1, β2 = β̄2, β3 = ρβ̄3, β4 = ρβ̄4.

BC PR�� 2, 8�H�'W.
=? 6 @0J0' Y (0) , X(0) ��L,#0', �� y(0)(k) = ρx(0)(k) (ρ ,0JX�). [

x̂(0)(k), ŷ(0)(k) �M, X(0) � Y (0) � TDGM(1,1) 	
	�� (		�). J:

ŷ(1)(k) = ρx̂(1)(k),
ŷ(0)(k) = ρx̂(0)(k).

BC PR�� 5, 8�H�'W.
�� 5 � 6 ZR��L,#� TDGM(1,1) 	
$��	���[!, <�0'I
�L,#=�

TDGM(1,1) 	
	����C0'�	��S��O���L,#. DF TDGM(1,1) 	
$�!",
#$!*, �CC0'���L,#�[!	
	��		��O�%�. �CC0'�\];=�V�	
\��Y��Z�, #�	
[[I>.

4 :;GHIJKL

,\���, �B\�� TDGM(1,1) 	
^]T;<�� x̂(1)(1) = x(0)(1), H_@"UKL�&�	

�NÆM]��I
 (1, x(0)(1)) .. S>	�R X(0) ,��F*�$V0'�, >_@'W; "PR"
UKLC�, �&]F/0$�I
 (1, x(0)(1)) ., DF^��	
;<������, #�%�C`�^
Q. PK��W 3 	
���D�����G, 1( (4) �P=��	
.{

x̂(1)(k + 1) = (β̂1 + β̂2k)x̂(1)(k) + β̂3k + β̂4, k = 1, 2, · · · , n − 1
x̂(1)(1) = x(0)(1) + ε

(4)

� (4) �$� (β̂1, β̂2, β̂3, β̂4) _�� 2 1(. �
;<V1 (5) �.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x̂(1)(1) = x(0)(1) + ε

x̂(1)(2) = (β̂1 + β̂2)x̂(1)(1) + β̂3 + β̂4

...
x̂(1)(n) = (β̂1 + β̂2(n − 1))x̂(1)(n − 1) + β̂3(n − 1) + β̂4

(5)

�� x̂(1)(k)(k = 1, 2, · · · , n) ,O� ε �$:
G�, ,�	�%�"U, >W (6) �P=&`^��	
.

min
n∑

k=1

[x(1)(k) − x̂(1)(k)]2 (6)

B Q =
∑n

k=1 [x(1)(k) − x̂(1)(k)]2, J Q,O� ε�K:
G�, ? ε2 G��,���. DFB dQ
dε = 0,

V�_1 ε. _� d2Q
dε2 > 0, P� ε , Q �aU�..

N�PR, TDGM(1,1) 	
>	���		
�V�,Sa?/:
Step 1 PR�� 2 1(	
$�� (β̂1, β̂2, β̂3, β̂4);
Step 2 �
 (5) � `Æ� ε � x̂(1)(k), k = 2, 3, · · · , n � Q =

∑n
k=1 [x(1)(k) − x̂(1)(k)]2, _�;<


�@;_a, ��R;
�V��
 Matlab 
G�`�_T;
Step 3 _T (6) ���I>, 1(;<����G ε;

Step 4 
���;<��, PR (3)(4) ���	��		;
Step 5  `	�%�, ��	
����.
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5 OPQR

ÆB�bb`Scbdcc^VTde��		,?, @;ÆB	
 (TDGM) ����	
 (DGM)
�M0�:��	
 (NDGM) �	��		��. CC�ReG 1, �R�da�b� ffb.

U 1 1997–2006 VWXYZ[\]^_`abc#d (e)

�c 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

gh 5160.3 5425.1 5854.0 6280.0 6859.6 7702.8 8472.2 9421.6 10493.0 11760.0

T 1997–2003f�R,CC0', �M>W DGMNDGM � TDGM 	
, S� (7)–(9) P=, /�
�
(10)  `UC	��. i@	
 1997–2003f	��� 2004–2006f		�eG 2. 	��N^O�%��
Mi?		%�eG 3. {

x̂(1)(k + 1) = 1.0959x̂(1)(k) + 4819.5
x̂(1)(1) = 5160.3

(7)

{
x̂(1)(k + 1) = 1.2151x̂(1)(k) − 759.18k + 5077.5
x̂(1)(1) = 5160.7

(8)

{
x̂(1)(k + 1) = 0.2924x̂(1)(k) + 0.0345kx̂(1)(k) + 3644.4k + 5277.9
x̂(1)(1) = 5164.1

(9)

x̂(0)(k + 1) = x̂(1)(k + 1) − x̂(1)(k), k = 1, 2, · · · , n − 1 (10)

�
G 2V�Bd(C����	
�	��		�/-&CÆ, 9.5%, % TDGM(1,1)�NDGM(1,1)
	
�e�>I>. PRG 3 �	�%�@;�E�N, ÆB	
�	��N^O�%�, 0.52%, Hf 
� DGM(1,1) 	
, j � NDGM(1,1) 	
. �� NDGM(1,1) 	
�
�� DGM(1,1) 	
�08:G
�;<��� �	�%�, "�		��T%�Pa�. *		%�<���, TDGM(1,1) 	
�		
%�CÆ � DGM(1,1) � NDGM(1,1), /?�i?fek^ � 1.5%, $�gF��-l		.@, %
DGM(1,1) � NDGM(1,1) �gi?%�h( 6%, 		�:jH�D. PR���?, ÆB	
�	��	
	���Æ;C��	
^�=i�!.

U 2 ghijiklmnopqrs (e)

�c Mht DGM 7m>9t NDGM 7m>9t TDGM 7m>9t DGM jk NDGM jk TDGM jk

1997 5160.3 5160.3 5160.7 5164.1 0.0 –0.4 –3.8

1998 5425.1 5314.4 5427.9 5446.3 110.7 –2.8 –21.2

1999 5854.0 5824.1 5835.7 5790.6 29.9 18.3 63.4

2000 6280.0 6382.5 6331.2 6302.4 –102.5 –51.2 –22.4

2001 6859.6 6994.5 6933.2 6922.2 –134.9 –73.6 –62.6

2002 7702.8 7665.2 7664.7 7644.6 37.6 38.1 58.2

2003 8472.2 8400.3 8553.4 8482.7 71.9 –81.2 –10.5

2004 9421.6 9205.8 9633.2 9457.2 215.8 –211.6 –35.6

2005 10493.0 10089.0 10945.5 10596.3 404.0 –452.5 –103.3

2006 11760.0 11056.3 12539.1 11933.7 703.7 –779.1 –173.7

U 3 ghijuikolmvq (%)

7? 1iflgk hm>9gk jm>9gk nm>9gk

DGM 1.96 2.29 3.85 5.99

NDGM 0.53 2.25 4.32 6.61

TDGM 0.52 0.37 0.98 1.47
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6 wx

1) ÆBi�����	
$�(��oj, �
E�F*��G, � �,$�����	
, AA�
C��	
	��/-&(��I>. K� TDGM(1,1) 	
�C DGM(1,1) 	
�$n-�, �>	�R
�Do&��% �, Z�V�ONL#.

2) �
 TDGM(1,1) 	
��, p�	
$�� �� `R�, /.�>	
$�+��%  &*
F*%  &*�M!",#$!*, �/-&VW,��0'$�;F�	��		�:.

3) �
"������ TDGM(1,1) 	
;<��I>, >W���	
/��_T`�. <��
>
	
>	���		�?/, /�
�?�	
�.*���., 8@G�ÆB	
;N�����	
$
�B!�	��		��.
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