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Existence of simple Berge equilibrium for
non-cooperative games under uncertainty

ZHANG Hui-juan1,2, ZHANG Qiang1

(1. School of Management and Economics, Beijing Institute of Technology, Beijing 100081, China;

2. Civil Aviation Engineering Consulting Company of China, Beijing 100854, China)

Abstract Under the assumption that the domain of the undetermined parameters can vary is known,

the existence of simple Berge equilibrium for non-cooperative games is investigated. Based on the concept

of simple Berge equilibrium and NS-equilibrium introduced by Zhukovskii for non-cooperative games, the

notions of Pareto simple Berge equilibrium (PSBE) and Weak Pareto simple Berge equilibrium (WPSBE)

are defined, and theorems of existence of the equilibrium are also provided by means of the Ky Fan

inequality. Finally, a numeric example is raised to illustrate the proposed method’s feasibility.
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��
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$��
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D>�0
�2<&34@6�9, ���9:E�� Berge �
 (PSBE) +T9:E�� Berge �
 (WPSBE), �
-US Ky Fan[11] �'�����
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2 PQRS

V7RT n " !?"@: G = (I, X, f(x)), �$ I = {1, 2, · · · , n} ÆW!$"ST�U!, n ≥ 1,
Xi ⊆ R

ni , ni ≥ 1 Q!$" i �0XU, x ∈ X =
∏n

i=1 Xi Q !?"@�!U, f = (f1, f2, · · · , fn),
fi : X → R :V i �"�VWX<. Q5YV!$"�:TY3!$".

QW�"#�Z[, ��9Z�\]:
∀K ⊂ I,\ I−K Q −K,^ K = {i}-,\ I−{i}Q −i. \

�

X = Π
i∈I

X−i, �$ X−i =
∏

j∈−i

Xj ÆW�

� −i$!$"�0XU. V x, x′ �_:!$" i�[�0X,\ x||x′
−i = (x′

1, · · · , x′
i−1, xi, x

′
i+1, · · · , x′

n),
x′
−i ∈ X−i, ÆW�� −i $�!$" j `!U x $�0X xj aT x′

j , #V i �!$"�0X�&)P�X

!U. B1, x||x−i = x.
Abalo , Kostreva YZ�� Berge �
���.
UV 1[6] V R = {Rt}t∈M Q I �����, S = {St}t∈M , �$ St ⊆ I, x̄ ∈ X bQ G � Berge �
,

�c frm(x̄) ≥ frm(x̄||xSm), ∀m ∈ M , ∀rm ∈ Rm, ∀xSm ∈ XSm .
�_d, \ Ri = {i}, ∀i ∈ I, [ R = {Ri}i∈I : I �����, ] Si = −i, ∀i ∈ I, [�� 1 �Q

Zhukovskii ����� Berge �
.
UV 2[3] x̄ ∈ X bQ G ��� Berge �
, �c fi(x̄||x−i) ≤ fi(x̄), ∀i ∈ I, ∀x−i ∈ X−i.
��
� �:\^�� I − {i} $���!$"�e^_�
$ x̄, V i �!$"�VW�1��

fi(x̄), (`:\
 x̄i, a�!$" i fgY3�Æ!$"�VW. ��
h]�"4b1$�ij%Q, �
�����()�c#, $�()&*"#.

UV 3[12] x̄ ∈ X bQ G � Nash �
, �c fi(x̄||xi) ≤ fi(x̄), ∀i ∈ I, ∀xi ∈ X−i.
W 1 1�� 2+�� 3��d��� Berge�
� Nash�
�e_: 6�gY3Æ"^_, :UÆ%

Q, /%T`�7c:� !?Xa!?; #��gY3�"^_, :Uk%Q, T`�7cb#: !?.
Larbani , Nessah clSd�9X<����� Berge �
��
�.
UV 4[4−5] V Xi Q R

ni /�fU, fi : X → R, ∀i ∈ I : X /�geX<, ��X<

ϕ : X × �

X → R, ϕ(x,
�
y) =

n∑
i=1

(fi(x||�y−i) − fi(x)),

�$ x ∈ X , �
y = (�

y−1,
�
y−2, · · · , �

y−n) ∈ �

X =
∏n

i=1 X−i.
YZ 1[4−5] 0X x̄ ∈ X : !?"@ G ��� Berge �
^�3^ max

�
y ∈�

X

ϕ(x̄,
�
y) = 0.

[\ 1[4−5] V µ = min
x∈X

max
�
y ∈�

X

ϕ(x,
�
y), [ G �
�� Berge �
�*28.: µ = 0.

3 ]^Æ_`abcde Berge fg

9ZPQ�.�0�2<� !?"@ G1 = (I, X, Y, f(x, y)), �$ I = {1, 2, · · · , n} ÆW!$"ST
�U!, n ≥ 1, Xi ⊂ R

ni , ni ≥ 1 Q!$" i �0XU, x ∈ X =
∏n

i=1 Xi Q !?"@�!U, Y :R>2

<U, Y ⊂ R
m, m ≥ 1; f = (f1, f2, · · · , fn), fi : X × Y → R :V i �"�VWX<.

W 2 B1, ^ Y = ∅ m Y = {y} -, G1 :
. !?"@"#, /%�.�0�2<� !?"@:

."@"#�fn.

Q5\

R
m
+ = {u = (u1, u2, · · · , um) ∈ R

m|ui ≥ 0, i = 1, 2, · · · , m},
intRm

+ = {u = (u1, u2, · · · , um) ∈ R
m|ui > 0, i = 1, 2, · · · , m},
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∆ =
{

λ = (λ1, λ2, · · · , λm) ∈ R
m|λi ≥ 0,

m∑
i=1

λi = 1, i = 1, 2, · · · , m
}

.

9Z�� !?"@ G1 � PSBE , WPSBE.
UV 5 0X (x̄, ȳ) ∈ X × Y bQ G1 �9:E�� Berge �
 (PSBE), \lh
1) ∀i ∈ I, ∀x−i ∈ X−i, fi(x̄||x−i, ȳ) ≤ fi(x̄, ȳ);
2) ∀y ∈ Y , f(x̄, ȳ) − f(x̄, y) /∈ R

n
+\{0}.

W 3 �� 5 � 1) :\: ^�0��2< y = ȳ -, x̄ :
. !?"@ (I, X, f(x, ȳ)) ��� Berge
�
; 8. 2)  ii ȳ :�85"# (Y, f(x̄, y)) �9:E.F�, �j.!$"f:ok,pq�.

UV 6 0X (x̄, ȳ) ∈ X × Y bQ G1 �T9:E�� Berge �
 (WPSBE), \lh
1) ∀i ∈ I, ∀x−i ∈ X−i, fi(x̄||x−i, ȳ) ≤ fi(x̄, ȳ);
2) ∀y ∈ Y , f(x̄, ȳ) − f(x̄, y) /∈ intRn

+.

W 4 �� 6 � 2) :\ ȳ :�85"# (Y, f(x̄, y)) �T9:E.F�.
B11�� 5 ,�� 6 �>, PSBE r1: WPSBE, hl�Tm.

4 Æ_`jk PSBE l WPSBE cmnj

?Ænm Ky Fan �'�
�� PSBE , WPSBE ��
�. �9��:
	� Ky Fan �'� [11].
UZ 1 V X : Hausdorff n�oopq E $� ppfU, f : X × X → R lh
1) ∀y ∈ X, x → f(x, y) 
 X /:9sge�;
2) ∀x ∈ X, y → f(x, y) 
 X /:rt�;
3) ∀x ∈ X, f(x, x) ≤ 0.

[ ∃x̄ ∈ X , s ∀y ∈ X, . f(x̄, y) ≤ 0.
op 1 VU! Xi, i ∈ I , Y �_: R

ni + R
m /� ppfU; (x, y) → fi(x, y), i ∈ I : X × Y /

�geX<.
���_\�, �9W�ftm
YV 1 /.
Q���� Berge �
��
�, Sd�9X<.
UV 7 X< ϕλ : Z × �

X × Y → R,

ϕλ(z,
�

t , y′) =
∑
i∈I

(fi(x||t−i, y) − fi(x, y)) +
∑
i∈I

λi(fi(x, y) − fi(x, y′)),

�$ z = (x, y) ∈ Z = X × Y,
�

t = (t−1, t−2, · · · , t−n) ∈ �

X, y′ ∈ Y , λ ∈ ∆.
W 5 ∀z = (x, y) ∈ Z, \u

�

t = (x−1, x−2, · · · , x−n) � y′ = y, [ ϕλ(z,
�

t , y′) = 0.

/% ∀z ∈ Z, sup
(
�
t ,y′)∈�

X×Y

ϕλ(z,
�

t , y′) ≥ 0.

UV 8 X< φλ : Z × Z → R,

φλ(z, z′) =
∑
i∈I

(fi(x||x′
−i, y) − fi(x, y)) +

∑
i∈I

λi(fi(x, y) − fi(x, y′)),

�$ z = (x, y) ∈ Z, z′ = (x′, y′) ∈ Z,
�

x′ = (x′
−1, x

′
−2, · · · , x′

−n) ∈ �

X � λ ∈ ∆.
W 6 B1 ∀z ∈ Z, φλ(z, z) = 0. �� 8 ��� 7 �e_
�, ^u� x′ -, x′

−i = x′ − {x′
i}, #�� 7

$
�

t = (t−1, t−2, · · · , t−n), � t−i ∈ X−i.
YZ 2 V !?"@ G1 lh
1) ∀(x, y) ∈ Z, ∀i ∈ I, X< t−i → fi(x||t−i, y) : X−i /�tX<;
2) ∀x ∈ X, ∀i ∈ I, X< y → fi(x, y) : Y /�pX<.

[�
 z̄ ∈ Z, s sup
z∈Z

φλ(z̄, z) ≤ 0.

qr 1YV 1, ) Z = X × Y : ppfU, � z → φλ(z, z′) : Z /�geX<.
9� ∀z = (x, y) ∈ Z, z′ → φλ(z, z′) : Z /�tX<.
∀z ∈ Z, V z1, z2 ∈ Z, z1 = (x1, y1), z2 = (x2, y2), β ∈ (0, 1). 1 XuY �p�, .

βx1 + (1 − β)x2 ∈ X, βy1 + (1 − β)y2 ∈ Y.
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v

φλ(z, βz1+(1−β)z2) =
∑
i∈I

(fi(x||βx1
−i + (1 − β)x2

−i, y) − fi(x, y))+
∑
i∈I

λi(fi(x, y) − fi(x, βy1 + (1 − β)y2)).

18. 1) )

fi(x||βx1
−i + (1 − β)x2

−i, y) ≥ βfi(x||x1
−i, y) + (1 − β)fi(x||x2

−i, y), ∀i ∈ I (1)

18. 2) )

fi(x, βy1 + (1 − β)y2) ≤ βfi(x, y1) + (1 − β)fi(x, y2) (2)

s! (1) , (2) )

φλ(z, βz1 + (1 − β)z2) ≥ βφλ(z, z1) + (1 − β)φλ(z, z2).

v ∀z ∈ Z, z′ → φλ(z, z′) :t�.

q1r 6 ), ∀z ∈ Z, φλ(z, z) = 0.

/%, 1 Ky Fan �'�, ∃z̄ ∈ Z, s ∀z ∈ Z, φλ(z̄, z)) ≤ 0, v sup
z∈Z

φλ(z̄, z) ≤ 0.

YZ 3 \ ∃λ ∈ ∆, � ∀i ∈ I, λi > 0 lh
∀y ∈ Y,

∑
i∈I

λi(fi(x, ȳ) − fi(x, y)) ≤ 0,

[ ȳ :�85"# (Y, f(x, y)) �9:E.F�.

qr YV ȳ �:�85"# (Y, f(x, y)) �9:E.F�, [ ∃y′ ∈ Y , s f(x, ȳ)− f(x, y′) ∈ R
n
+\{0}.

� ∃i0 ∈ I, s ∀i ∈ I − {i0}, . fi(x, ȳ) ≥ fi(x, y′) � fi0(x, ȳ) > fi0(x, y′).

1 ∀i ∈ I, λi > 0, )
∑
i∈I

λi(fi(x, ȳ) − fi(x, y′)) > 0, vw.

���)s� 4.

YZ 4 \ ∃λ ∈ ∆, lh,

∀i ∈ I, ∀y ∈ Y,
∑
i∈I

λi(fi(x, ȳ) − fi(x, y)) ≤ 0,

[ ȳ :�85"# (Y, f(x, y)) �T9:E.F� .

qr YV ȳ �:�85"# (Y, f(x, y)) �T9:E.F�, [ ∃y′ ∈ Y , s f(x, ȳ)− f(x, y′) ∈ intRn
+.

�

∀i ∈ I, fi(x, ȳ) > fi(x, y′).

1 λ ∈ ∆, )
∑
i∈I

λi(fi(x, ȳ) − fi(x, y′)) > 0, vw.

UZ 2 V !?"@ G1 lh
1) ∀(x, y) ∈ Z, ∀i ∈ I, X< t−i → fi(x||t−i, y) : X−i /�tX<;

2) ∀x ∈ X, ∀i ∈ I, X< y → fi(x, y) : Y /�pX<;

3) ∃λ ∈ ∆, ∀i ∈ I, λi > 0, ∃u ∈ X, ∃v ∈ Y s

fi(x||t−i, y) ≤ fi(x||u−i, y), ∀y ∈ Y, ∀x ∈ X, ∀i ∈ I, ∀t−i ∈ X−i,

�
∑
i∈I

λifi(x, y′) ≥ ∑
i∈I

λifi(x, v), ∀y′ ∈ Y. [ !?"@ G1 �
 PSBE (WPSBE).

qr 18. 3) +�� 7 ,�� 8 ), ∃z′ = (u, v) ∈ Z, s

∀(
�

t , y′) ∈ �

X × Y, ϕλ(z,
�

t , y′) ≤ φλ(z, z′).

q1s� 2 > ∃z̄ = (x̄, ȳ) ∈ Z, s

sup
(
�
t ,y′)∈�

X×Y

ϕλ(z̄,
�

t , y′) ≤ sup
z∈Z

φλ(z̄, z) ≤ 0.

v1r 5 )

sup
(
�
t ,y′)∈�

X×Y

ϕλ(z̄,
�

t , y′) = 0.
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/%, ∃z̄ = (x̄, ȳ) ∈ Z, ∀(
�

t , y′) ∈ �

X × Y , s∑
i∈I

(fi(x̄||t−i, ȳ) − fi(x̄, ȳ)) +
∑
i∈I

λi(fi(x̄, ȳ) − fi(x̄, y′)) ≤ 0 (3)

9� z̄ : !?"@ G1 � PSBE. ∀i ∈ I, u t−i = x̄−i,, [� (3) &Q

∀y′ ∈ Y,
∑
i∈I

λi(fi(x̄, ȳ) − fi(x̄, y′)) ≤ 0.

1s� 3, ȳ lh�� 5 �8. 2).
u y′ = ȳ, [ (3) &Q

∀t−i ∈ X−i,
∑
i∈I

(fi(x̄||t−i, ȳ) − fi(x̄, ȳ)) ≤ 0.

x� i ∈ I, [
fi(x̄||t−i, ȳ) − fi(x̄, ȳ) +

∑
j∈I,j �=i

(fj(x̄||t−j , ȳ) − fj(x̄, ȳ)) ≤ 0. (4)


 X−i /�u t−i, �V ∀j 
= i, t−j = x̄−j , [∑
j∈I,j �=i

(fj(x̄||t−j , ȳ) − fj(x̄, ȳ)) = 0.

1 (4), ∀t−i ∈ X−i, fi(x̄||t−i, ȳ) ≤ fi(x̄, ȳ). 1 i �� �, )

∀i ∈ I, ∀t−i ∈ X−i, fi(x̄||t−i, ȳ) ≤ fi(x̄, ȳ),

v x̄ lh�� 5 �8. 1).
/%, z̄ : !?"@ G1 � PSBE (WPSBE).
1�� 2 ,s� 4 C)9Z��.
UZ 3 V !?"@ G1 lh
1) ∀(x, y) ∈ Z, ∀i ∈ I, X< t−i → fi(x||t−i, y) : X−i /�tX<;
2) ∀x ∈ X, ∀i ∈ I, X< y → fi(x, y) : Y /�pX<;
3) ∃λ ∈ ∆, ∃u ∈ X, ∃v ∈ Y s

fi(x||t−i, y) ≤ fi(x||u−i, y), ∀y ∈ Y, ∀x ∈ X, ∀i ∈ I, ∀t−i ∈ X−i,

�
∑
i∈I

λifi(x, y′) ≥ ∑
i∈I

λifi(x, v), ∀y′ ∈ Y. [ !?"@ G1 �
 WPSBE.

qr ��� 2 4t, vX.

5 tuvw

9Z]SV 4 Æ�7�, �� !?"@� PSBE (WPSBE).
x 1 V I = {1, 2} ÆWuy/�[�wv, X1 = X2 = [0, 1], x = (x1, x2) ∈ X = X1 × X2 ÆW[wv

xzyzz�<{ (�wQx), y = (y1, y2) ∈ Y = [−1, 1]× [−1, 1]ÆWyzwv^_��0�2<, fi(x, y)
ÆWwv i = 1, 2 �^_,

f1(x, y) = x2
1 + 2x1 − 2x2 + y1, f2(x, y) = −x1 + 2x2

2 + x2 + y2,

� !?"@ G1 = (I, X, Y, f(x, y)).
B1, Xi, i = 1, 2, Y �_: R+ R

2 /� pfpU,�X< (x, y) → fi(x, y), i = 1, 2: Z = X×Y

/�geX<. �-X< fi(x, y), i = 1, 2 lh�� 2 �8. 1)–2). �{u λ = (1
3 , 2

3 ), [ u = (0, 0) ∈
X, v = (−1,−1) ∈ Y lh�� 2 �8. (3). /%, G1 �
 PSBE. q1�� 7,

ϕλ(z,
�

t , y′) = 2(x2 − t2) + (x1 − t1) +
1
3
(y1 − y′

1) +
2
3
(y2 − y′

2).

|C{�, z̄ = (x̄, ȳ) = ((0, 0), (−1,−1)) s ∀(
�

t , y′) ∈ �

X × Y , ϕλ(z̄,
�

t , y′) ≤ 0. v1�� 2 ���>, z̄

: !?"@ G1 � PSBE(WPSBE).
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6 yz

Q5

. !?"@�� Berge �
�4+KL/, 7! Zhukovskii � NS �
��, ��M4+�
�.�0�2<�9:E�� Berge �
��
�"#. �.�0�2<� !?"@:
. !?"@
�fn, |o}� !?"@�]S4@, �.|n}��S�,��}~. 1#, Q534+�9:E��
Berge �
��
�"#, /%4+�0��9�| !?"@�
���
�"#~:9�~�85.
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