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We briefly review results on nonlinear kinetic equation oftBmann type which describe the evolution of
wealth in a simple agents market. The mathematical stractithe underlying kinetic equations allows to use
well-known techniques of wide use in kinetic theory of razdfgases to obtain information on the process of
relaxation to a stationary profile, as well as to identify gieninteraction rules which are responsible of the
formation of Pareto tails.

I. INTRODUCTION in many aspects a trading market composed of a sufficiently
large number of agents can be described using the laws of sta-

In kinetic theory of rarefied gas, the evolution of the phasdistical mechanics, just like a rarefied gas, composed ofyman

space density is described by the Boltzmann equdtidn []1, 12nteracting particles. In fact, there is an almost literahtla-
tion of conceptsmoleculesare identified with thegentsthe

0., . ) articles’energycorrespond to thagents’ wealthand binar
Ef(t,x,v) ==V Def (6%, v) + QF (X, V). Eollisionstrangl)gte int(;)rade intera?:tions This modelling ig
. . . . clearly ratherad hog but if one is willing to accept the pro-
This equation contains terms accounting for the two ways thabosed analogies between trading agents and colliding- parti
the density can change. The cles, then various well established methods from kinete th
—v- Oy F(t;,V) ory and statistical physics are ready for application t_diéiel
of economy. Most notably, the numerous tools originally de-
term represents the effectssifeaming that is, the motion vised for the study of the energy distribution in a rarefied ga
can now be used to analyze wealth distributions. In this way,
Xorr X+ (t—t)vo Vo> Vo (12)  the kinetic description of market models via a Boltzmann-
type equation provides one possible explanation for the de-

of molecules between collisions. TREf(x,v,t)) termrepre-  aj5nment of universal profiles in wealth distributions eat
sents the effects of binary collisions and describes rél@xa o.onomies.

to the local Maxwellian equilibrium [11, 12]. The distributi f ith i K .
The collision termQ accounts for all kinematically possi- e distribution of wealth in a market economy Is nowa-
ys of great interest. Among other approaches, the de-

ble (those that conserve both momentum and energy) binary®>> T . ) .
cription of market models via kinetic equations is a fertil

collisions. The post—collisional velociti®s andw* are given .
by groun_d for research, well documented by numerous contrlbu—
tions in the recent books![3, /14,118, 33| 34], or by the intro-
ductory articles [15, 24, 25, 836]. The bridge between Maxwel
(V+w—|v—win), molecules and nonconservative economies has been outlined
(1.1) by F. Slaninal[32]. In this paper, a clear parallelism betwee
in whichn is a unit vector. the evolution of wealth in a simple economy and the evolu-
For Maxwellian molecules [2/ 45, 9] tion of the particle density in a one-dimensional dissigti
gas has been established. This paper motivated to eventuall
Q(f)(v) = / B((v—w)-n)[f(v')g(w*)]dwdn—pf(v).  adaptmore and more of the ideas, which have been developed
Rix (1.2) in the studies of dissipative Maxwell gases, to the economic

NI =

v = %(v+w+ v—wln),  w—

B(-) is a measure of the collision frequendly denotes the ~ramework.
normalizedsurface measure on the unit sphs%eand It should be emphasized, however, ttiadre aresubstantial
differences between the collision mechanism for clasgjaal
p=[ f(vdv. molecules and the modelling of trade interactions. In the ne
R3 framework, interactions can lack the usual microscopic con

servation laws for (the analogues of) momentum and energy;
moreover, random effects play a crucial role. In fact, thg k
step in establishing a reasonable kinetic market modelkes th
definition of sensible rules on thwmicroscopiclevel, i.e., the

it prescription of how wealth is exchanged in trades. Suctsrule
tare usually derived from plausible assumptions iregrhoc
manner. (This is clearly in contrast to the original Boltama
equation, where the microscopic collisions are governed by

the laws[(1.11).)

*e-mail address: giuseppe.toscani@unipv.it Nevertheless, strong analogies remain. Maybe the mostim-

The Boltzmann description relies on a maimsatz While the
number of gas molecules is enormously high so that collssion
between molecules do not retain memory, in view of rarefac
tion only binary collisions are important for the evolution
Starting from the pioneering works of Mandelbrot|[28],
is now commonly accepted by the kinetic community tha
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portant one is related to the fact that, as it happens in ththe model designed by Chakraborti and Chakrabarti [13], and
classical Boltzmann equation [11,/12], where relaxation toon variants of it. In the class of conservative in the statis-
Maxwellian equilibrium is shown to be a universal behaviortical mean, we focus on models witisky investmentsorigi-

of the solution, here the corresponding output of the modehally introduced by Cordier, Pareschi and the authar [18 T
are themacroscopicstatistics of the wealth distribution in applied analytical techniques, however, easily generatiza

the society, to which the solution is shown to relax. Mostly broader class of conservative economic games. These tech-
important, while relaxation to equilibrium in the Boltzmran niques have been applied in the current mathematical ditera
equation is achieved by looking at the monotonicity of the enture [19, 21:-23, 29-31], where kinetic econophysics has bee
tropy functional, relaxation to the steady wealth profile be  treated in the framework of Maxwell-type molecules. The in-
achieved by looking here at the monotonicity of new convexterest reader, who wishes to obtain a deeper understanfling o

functionals. the mathematical roots (and possible extensions) of the ap-
The comparison of this output with realistic data is up toplied tools, is referred e.qg. to [10,/35].
now the only means to evaluate a-posteriori— the quality The kinetic approach is complementary to the numerous

of a proposed model. For instance, it is commonly acceptetheoretical and numerical studies that can be found in the re
that the wealth distribution should approach a stationary ( cent physics literature on the subject, from which it defer

in general, a self-similar) profile for large times, and ttteg ~ several subtle points. In our point of view, the evolution of
latter should exhibit &areto tail Such overpopulatedtails are wealth dendity is entirely based on the spatially homogeseo

a manifestation of the existence of an upper class of vely ric Boltzmann equatioassociated to the microscopic trade rules
agents, i.e. an indication of an unequal distribution oflifea of the respective model. Agents on the market are treated as
The various articles in [18] provide an overview over histor a continuum just like molecules in classical gas dynamics.
cal and recent studies on the shape of wealth distributg®es; Not only does this approach constitute the most natural gen-
also [15] for a collection of relevant references. eralization of the classical ideas to econophysics. Butemor

In general, the richness of the steady states for kinetie maiover, it clarifies that certain peculiar observations madeni-
ket models is another remarkable difference to the theory o$embles of finitely many agents and in numerical experiments
Maxwell molecules [8]. While the Maxwell distribution ise¢h  (like the apparent creation of steady distributions of iitdin
universal steady profile for the velocity distribution of leo-  average wealth, e.g. [15417]) are genuinée size effects
ular gases, the stationary profiles for wealth can be mahifol  For the sake of completeness, a comment on the justifica-
and are in general not explicitly known analytically. Intiac tion of kinetic market models is in place. The socio-ecormmi
they depend heavily on the precise form of the microscopibehavior of a (real) population of agents is extremely com-
modelling of trade interactions. Consequently, in ingssti  plex. Apart from elements from mathematics and economics,
tions of the large-time behavior of the wealth distributione  a sound description — if one at all exists — would neces-
is typically limited to describe a few analytically accddsi  sarily need contributions from various other fields, inahgp
properties (e.g. moments and smoothness) of the latter. psychology. Clearly, the available mathematical modeds ar

A variety of models has been proposed and numericallyoo simple to even pretend to reflect the real situation. How-
studied in view of the relation between parameters in the miever, the idea to describe economic trades in terms of ai&inet
croscopic rules and the resulting macroscopic statisit®  equation gives rise to a variety of challenging mathemhtica
features typically incorporated in kinetic trade modetssav-  problems, both from the theoretical and numerical point of
ing effects and randomness. Saving means that each agenwisw. In particular, it is remarkable that this class of sienp
guaranteed to retain at least a certain minimal fractioni®f h models possesses such a wide spectrum of possible equilib-
initial wealth at the end of the trade. This concept has probria (some of which indeed resemble realistic wealth digtrib
ably first been introduced in_[13] (see al$o|[1, 20]), where dions). Moreover, kinetic market models are extremely flex-
fixed saving rate for all agents has been proposed. Randonble with respect to the introduction of additional effecta
ness means that the amount of wealth changing hands is notiis way, the described models should be considered as ba-
deterministic. Among others, this idea has been develaped isic building blocks, that can easily be combined, adapted an
[19], in order to include the effects of a risky market. Degpen improved.
ing upon the specific choice of the saving mechanism and the
stochastic nature of the trades, the studied systems peoduc
wealth curves with the desired Pareto tail — or not.

In this short review, we describe the Boltzmann-like ap-
proach to wealth distribution, and compare a selection -of re
cently developed models. We will mainly treat two different We consider a class of models in which agents are indis-
types of interactions. The first type is such that the binantinguishable. Then, an agent’s “state” at any instant oktim
trade is microscopicallgonservativewhile the second type t > 0 is completely characterized by his current wealth 0.
is such that the binary trade i®nservativen the statistical When two agents encounter in a trade, tipeg-trade wealths
mean only. In these situations, the mean wealth in the model, w change into thpost-trade wealths'yw* according to the
Boltzmann equation is preserved, and one expects the formadle
tion of a stationary profile.

In the class of pointwise conservative trades, we focus on VE=pv+quw, W= oV paw (2.3)

I1. BOLTZMANN MODELSFOR WEALTH
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Theinteraction coefficientsjmndg; are non-negative random In its most basic version, the microscopic interaction is de
variables. Whilgy; denotes the fraction of the second agent’stermined by one single parametére (0,1), which is the
wealth transferred to the first agent, the differepge- gz is  globalsaving propensityin interactions, each agent keeps the
the relative gain (or loss) of wealth of the first agent due tocorresponding fraction of his pre-trade wealth, while tbstr
market risks. We assume thatandg; have fixed laws, which  (1—A)(v+w) is equally shared among the two trade partners,
are independent afandw, and of time.

In one-dimensional models, the wealth distributii(b; w)

1 1
Vi=Av+=(1-A w' = A =(1-A .
of the ensemble coincides with agent density and satisfies v 2( Jv+w), W 2( Y+ w)

the associated spatially homogeneous Boltzmann equation o . (2.8)
Maxwell type [1.2) In resu_lt,_ a_II agents become equally rich eventually. Non-
deterministic variants of the model have been proposediavhe
af+f=Q.(f,f) (2.4) the amount(1—A)(v+w) is not equally shared, but in a
stochastic way:

on the real half linew > 0. The collisional gain operator

Q. (t;Vv), which quantifies the gain of wealthat timet dueto V' =AV+E(1=A)(v+w), W =Aw+(1—€)(1-A)(v+w),

binary trades, acts on test functiopiéw) as (2.9)
with a random variable € (0,1).

Quf, NI = [ owQu(1.1)(w)dw

1 B. Conservativein the mean models
=5 [, (P(V) (W) (V) f(w)dvdw
! (2.5) Cordier et al.|[19] have introduced the CPT model, which
breaks with the paradigm of strict conservation. The idea is
with (-) denoting the expectation with respect to the randonthat wealth changes hands for a specific reason: one agent in-
coefficientsp; andq; in (Z3). The large-time behavior of the tends toinvesthis wealth in some asset, property etc. in pos-
density is heavily dependent of the evolution of the averagé&ession of his trade partner. Typically, such investmeeds b
wealth some risk, and either provide the buyer with some additional
i wealth, or lead to the loss of wealth in a non-deterministic
M(t) := My (t) = w(t;w)dw, (2.6)  way. An easy realization of this ideia [29] consists in cougli
R the previously discussed rulds (2.8) with sorieky invest-

. mentthat yields an immediate gain or loss proportional to the
Conservative models are such that the average wealth of ﬂb%rrent wgalth of the investing%gent prop

society is conserved with timéi(t) = M, where the value
of M is finite. In terms of the interaction coefficients, this is
equivalent to{py + Gp) = (p2+ 1) = 1. vi= (A m)vea-Aw w = (A n)ws (1= A
The Boltzmann equatiof(2.4) belongs to the Maxwell type. (2.10)
As briefly described in the Introduction, in the Boltzmann The coefficients),, n, are random parameters, which are in-
equation for Maxwell molecules the collision frequencyrisi dependent of andw, and distributed so that always, w* >
dependent of the relative velocity [8], and the loss ternhim t O, i.€.11, N2 > —A. For centered;,
collision operator is linear. This introduces a great sifirpl
cation, that allows to use most of the well established tech- (V' +W') = (1+(n))v+(1+(n2))w=v+w,  (2.11)
nigues developed for the three-dimensional spatially hggno
neous Boltzmann equation for Maxwell molecules in the fiel
of wealth redistribution.

dimplying conservation of the average wealth. Various spe-
cific choices for tha); have been discussed [29]. The easiest
one leading to interesting resultsrjs= +u, where each sign
comes with probability 12. The factoru € (0,A) should be

A. Pointwise conservative models understood as thietrinsic risk of the market: it quantifies the

fraction of wealth agents are willing to gamble on.

The first explicit description of a binary wealth exchange
model dates back to Anglel[1] (although the intimate rela-
tion to statistical mechanics was only described about one
decade later [20, 26]): in each binary interaction, winmet a
loser are randomly chosen, and the loser yields a random frac
tion of his wealth to the winner. From here, Chakraborti and _In conservative markets, whel(t) = M, the details of the
Chakrabarti [13] deve'oped the C|asss:bﬁct|y conservative b|nary trade determ|ne the prOflle Of the Steady Wealth IdIStr
exchange models, which preserve the total wealth in each ifution. We introduce the characteristic function
dividual trade, 2

S5 = 5( 3 () -1 (3.12)

I11. BOLTZMANN EQUILIBRIA

VW =v4w 2.7)
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which is convex ins > 0, with S(0) = 1. Also,S(1) = 0 be-  seminal work of Bobylev [7.8], is well-suited to treat celtin
cause of the conservation propefty (2.11). The results frorkernels of Maxwellian type. In particular, the Fourier repr
[21,129] imply the following. UnlesS§(s) > 0foralls>0,any  sentation is particularly adapted to the use of various iEour
solutionf (t;w) tends to a steady wealth distributi®a(w) =  metrics.

feo (W), which depends on the initial wealth distribution only  According to the collision rul€{2]3), the transformed gain
through the conserved mean wedlith> 0. Moreover, exactly  term reads

one of the following is true:

(PT) if S(a) = 0 for somea > 1, thenP,,(w) has aPareto Q:(f. 1) (&) = :_2L <fA(le)fA(qﬁ) + fA(sz)l?(Q2f)>-
tail of indexa; (3.13)

(ST) if S(s) < O for all s> 1, thenPx(w) has aslim tail; The initial conditions turn into
(DD) if S(a) =0 for some 0< a < 1, thenP,(w) = dp(w), a fo(0)=1 and onl(O) =iM.
Dirac Deltaatw = 0.

In case (PT), exactly the momeds(t) with s> a blow up Hence, the Boltzmann equatidn (2.4) can be rewritten as

ast — oo, giving rise to a Pareto tail of index. We emphasize

~

that f (t;w) possesses finite moments of all orders at any finite f(t;¢) ~ . 1 = ~ -~ ~
time. The Pareto tail formis the limit t — co. o T f(t:d) = §<f(p1£)f(q1€) +1(P28) 1(a2¢))-
In case (ST), all moments converge to lirrlit(t) — Mg, (3.14)
so the tail is slim. Equation[[3.IK) can be easily treated from a mathematical

In case (DD), all momentsis(t) with s> 1 blow up. The  point of view owing to the well-known techniques introduced
underlying process is a separation of wealth as time ineseas so far to study the Boltzmann equation for Maxwell molecules
while more and more agents become extremely poor, fewesind its caricatures, mainly Kac equation/[27].
and fewer agents possess essentially the entire wealtte of th
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The main tool to obtain the aforementioned results is theedged.
use of the Fourier transform. This idea, which goes backeo th
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